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Abstract. Let p be an odd prime, m € N and set ¢ = p™, G = PSL,(q).
Let 6 be a standard graph automorphism of G, d be a diagonal automorphism
and Fr, be the Frobenius endomorphism of PSL,(F,). We show that every
(do#)-conjugacy class of a (do@,p)-regular element in G is represented in some
Fr,-stable maximal torus of PSL, (F,) and that most of them are of type D. We
write out the possible exceptions and show that, in particular, if n > 5 is either
odd or a multiple of 4 and g > 7, then all such classes are of type D. We develop
general arguments to deal with twisted classes in finite groups.
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1. Introduction

This paper belongs to the series started in [ACGal], in which we intend to de-
termine all racks related to (twisted) conjugacy classes in simple groups of Lie
type which are of type D ¢f. (2.1), as proposed in [AFGaV2, Question 1]. This,
although being mainly a group-theoretical question, is intimately related with the
classification of finite-dimensional pointed Hopf algebras over non-abelian groups,
see below. In this article we will focus on racks which arise as non-trivial twisted
conjugacy classes in PSL,(q) for ¢ = p™, p an odd prime.

Recall that a rack is a non-empty set X together with a binary operation >
satisfying faithfulness and self-distributive axioms, see Section 2. The prototypical
example of a rack is a twisted conjugacy class O¥ with respect to an automorphism
Y € Aut(G) inside a finite group G, = € G, with

y>z=yo(zy"), y,2€0. (1.1)
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This is in fact a quandle, as y >y =y, Vy € OY.

A rack X is said to be of type D when there exists a decomposable subrack
Y = R[|S C Xand elements r € R, s € S such that r> (s> (r > s)) # s,
see Section 2. Their study is deeply connected with the classification problem of
finite-dimensional pointed Hopf algebras, as follows.

Let H be a finite dimensional pointed Hopf algebra over an algebraically
closed field k and assume the coradical of H is kG, for a finite non-abelian group
G. Following [AG, Section 6.1], there exist a rack X and a 2-cocycle q with
values in GL(n, k) such that gr H, the associated graded algebra with respect to
the coradical filtration, contains as a subalgebra the bosonization B(X, q)#kG.
See loc. cit. for unexplained notation. Therefore, it is central for the classification
of such Hopf algebras to know when dim 98B(X,q) < co for given X, q. A rack X
is said to collapse when B(X,q) is infinite dimensional for any q. A remarkable
result is that if X is of type D, then it collapses. This is the content of [AFGV1,
Theorem 3.6], also [HS, Theorem 8.6], both of which follow from results in [AHS].

Now every rack X admits a rack epimorphism 7 : X — S with S simple
and it follows that X is of type D if S is so. Hence, determining all simple racks
of type D is a drastic reduction indeed for the classification problem, as many
groups can be discarded and only a few conjugacy classes in simple groups remain.
Only for such classes one needs to compute the possible cocycles that yield a finite
dimensional Nichols algebra. Simple racks are classified into three classes [AG], also
[J], namely affine, twisted homogeneous and that of non-trivial twisted conjugacy
classes on finite simple groups, see [AG] for definitions. Most (twisted) conjugacy
classes in sporadic groups are of type D [AFGV2], [FV]. This is also the case for
non-semisimple classes in PSL,(q) [ACGal], for unipotent classes in symplectic
groups [ACGa2] and for (twisted) classes in alternating groups [AFGV1]. Similar
results follow for twisted homogeneous racks [AFGaV1]. Affine racks seem to be
not of type D.

In this article we begin the analysis of twisted classes of type D in PSL,(q),
for ¢ odd and automorphisms induced by algebraic group automorphisms of
SL,(F,). Recall that the automorphisms in PSL,(q) are compositions of automor-
phisms induced by conjugation in GL,(¢) (diagonal and inner automorphisms),
powers of a standard graph automorphism 6 of the Dynkin diagram and pow-
ers of the Frobenius automorphism Fr,. Inner automorphisms may be neglected
[AFGaV1, §3.1]. Diagonal and graph automorphisms are induced by algebraic
group automorphisms of SL,(F,), whereas Fr, is induced by an abstract group
endomorphism. Their behaviour is therefore different [St, 10.13] and this is re-
flected in the structure of the twisted classes. In addition, if the d o 8%-class of
x in PSL,(p) is of type D, d a diagonal automorphism and a = 0,1, then the
Frjod o §%-class of x in PSL,(q) is of type D for every m and every g. Thus,
we will focus on twisted classes for automorphisms ¢ = d o 8. The analysis of
standard conjugacy classes in simple groups of Lie type (corresponding to a = 0)
has been started in [ACGal, ACGa2|. For these reasons the first twisted classes
to look at are the 1-classes in PSL,(q), where 1 is a composition of a diagonal
automorphism d with 6. In analogy to the case of standard conjugacy classes, it
is possible to reduce most of the analysis to the study of classes whose behaviour
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resembles that of semisimple or unipotent ones. However, in contrast to that
case, the choices to be made depend on the ged of || and p ¢f. Definition 3.7.
Therefore, the cases of p even and odd must be handled with different methods.
The diagonal automorphisms always satisfy (|1|,p) =1 so we restrict to the case
(||, p) = 1 and we will require p to be odd.

Set G = PSL,(q), ¥ = do 6 € Aut(G), for d a diagonal automorphism.
The study of (¢, p)-regular classes in G, i. e., of those classes replacing semisim-
ple ones, can be reduced to the study of (6, p)-regular G-orbits of elements in

PGL,(q). Such classes have a representative in a maximal torus Tirq of PGL,(q),
for some w € W%, where we can take w up to conjugation cf. Theorem 5.1. It
turns out that in most cases, the property of being of type D depends on n, ¢
and the conjugacy class of w in W?. Such classes are parametrized by a par-
tition A = (A1,...,\;) of h = [g}, with » € N, \; > 0, and a certain vector
e € Zj. Hence our result depends on the number of cycles » of A and on the
vector € = (€1,...,&,) € Z. Let 1 stand for the partition (1,...,1).

Theorem 1.1.  Let q be as above. Let x € Tirq. Then the class O%C is of type
D, with the possible exceptions of classes fitting into the following table:

| w [ n [ g [= |

r=2|e=(0,e9) | even 3.5 any
i1 = (0) 4 3,7 any

r=1 4 9,9 | f0(z) #£a!

e=(1) 4 3,7 O(x) # x*

2xodd | any | 009G ~ 096G
any™® 3,5 | any*

B 3 713 | any
A=l 4 = 3(4) | any
4 9 any

Table 1: Possible exceptions; v as in (5.5).

Actually, some of the classes listed on the table are of type D, for instance
when n > 6, n # 7 and € = (0,...,0), see Lemma 5.6. See also Remark 5.12.
We present this result in the language of Nichols algebras, as a partial answer in
this cases to [AFGaV2, Question 2], see also [AFGV1, Theorem 3.6], and loc. cit.
for unexplained notation. Consider the classes O%€ in Theorem 1.1 as racks with
the rack structure (1.1). These are simple racks.

Corollary 1.2. Let X = 0%¢ 1 ¢ qu. Then dimB(0%C q) = oo for any
cocycle q on X, with the possible exceptions of the classes in Table 1. ]

Also, an extract of Theorem 1.1 can be rephrased as follows.
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Theorem 1.1°.  Let p be an odd prime, m € N, ¢ = p™. Set G = PSL,(q),
v =dof € Aut(G), for d a diagonal automorphism.

If n > 5, ¢ > 7, then any (¥, p)-reqular class O is of type D with the
possible exception n = 2x odd, O ~ Of‘d(yil)og’g, v as in (5.5). n
When 1) = @, we obtain the following for classes with trivial (6, p)-regular

part (also called @-semisimple part) which is the content of Propositions 6.1 and
6.2:

Proposition 1.3. Let O be a 0-twisted conjugacy class with trivial 6 -semisimple
part. Then O is of type D provided

1. n > 2 1s even, the unipotent part s nontrivial, and q > 3.

2. n > 3 is odd and the Jordan form of its p-part in G° corresponds to the
partition (n). ]

The paper is organized as follows. In Section 2 we fix the notation and
recall some generalities about racks and the group PSL,(¢). In Section 3 we
discuss some general techniques to deal with twisted conjugacy classes in a finite
group. In Section 4 we focus on PSL,(q) and we begin a systematic approach to
the study of its twisted classes, that includes an analysis of the Weyl group. In
Section 5 we concentrate on #-semisimple classes and obtain the main results of the
article. In Section 6 we present some results on classes with trivial #-semisimple
part.

2. Preliminaries

Let H be a group, ¢ € Aut(H). A ¢-twisted conjugacy class, or simply a twisted
conjugacy class, is an orbit for the action of H on itself by h-,x = ha(h)~'. We
denote this class by Oﬁf. If K < H is i-stable, we will write O;f’K to denote the
orbit of h under the restriction of the -y-action to K. In particular, O, = O
denotes the (standard) conjugacy class of h € H. The stabilizer in K < H of an
element x € H for the twisted action will be denoted by K,(x) so that Hiq(z)
is H,, the usual centralizer of . For any automorphism 1 of a group H, we
write HY for the set of i-invariants in H. The inner automorphism given by
conjugation by =z € H will be denoted by Ad(z). If K < H is normal, then we
also denote by Ad(z) the automorphism induced from the conjugation by x € H.
Z(H) will denote the center of H. Recall that the group p,(F,) of roots of unity
in a finite field F, is isomorphic to Zg, for d := (n,q —1).

We denote by S,, n € N, the symmetric group on n letters. We also set
I,:={1,2,...,n}and (b)y=1+a+a*+---+a"! abeN.
A rack (X,r>) is a non-empty finite set X together with a function > : X x X — X
such that > () : X — X is a bijection for all 7 € X and

i>(jok)=(>G(>j)>(G>k), Vi, keX.

Recall that a rack (X,r>) is a quandle when i>i =1, Vi e X.
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We shall write simply X when the function > is clear from the context.

If H is a group, then the conjugacy class O, of any element h € H is a
rack, with the function > given by conjugation. More generally, if ¢ € Aut(H),
any twisted conjugacy class in H is a rack with rack structure given by (1.1), see
[AG, Theorem 3.12, (3.4)]. These are indeed examples of quandles.

A subrack Y of arack X isasubset Y C X such that Y>Y CY. A rack
is said to be indecomposable if it cannot be decomposed as the disjoint union of
two subracks. A rack X is said to be simple if card X > 1 and for any surjective
morphism of racks 7 : X — Y, either 7 is a bijection or cardY = 1.

A rack X is of type D when there exists a decomposable subrack Y = R| | S
of X and elements r € R, s € S such that

r> (s> (r>s)) #s. (2.1)

If arack X has a subrack of type D, or if there is a rack epimorphism X — Z
and Z is of type D, then X is again so. In particular, if X is decomposable and
X has a component of type D, then X is of type D. On the other hand, if X is
indecomposable, then it admits a projection X — Z, with Z simple. Hence, in the
quest of racks of type D it is enough to focus on simple racks. The classification of
simple racks is given in [AG, Theorems 3.9, 3.12], see also [J]. A big class consists
of twisted conjugacy classes in finite simple groups.

Remark 2.1. Let O be a vy-twisted conjugacy class. Then O is of type D if
there are r, s € O such that r ¢ O%L for L the 1-stable closure of the subgroup
generated by r and s, and

r(s)U* ()3 (s) # sy (r)*(s)y°(r). (2.2)

In fact, if the above conditions hold, we set S = O%L and R = O%% and then
Y = R| | S is a decomposable subrack of O which satisfies (2.1).

If v = id then the condition is also necessary: if O is of type D, then there
are r,s € O, r ¢ OF satisfying (2.2) [ACGal, Remark 2.3].

Fix n € N. Let p € N be a prime number and let k = F,. Fix m € N,
q = p™. We assume throughout the paper that n > 2 or ¢ # 2, 3.
We fix once and for all the following notation:

G = SL,(k), G = PSL, (k), G = PSL,(q). (2.3)

We also fix 7m: GL, (k) — PGL, (k) ~ G the usual projection. We keep the name
m = mg: G — G for the restriction of . We fix the subgroups of diagonal
matrices

T < GL,(k), T <G, T:=7(T) <G. (2.4)
Consider the exact sequence:

1 —2G)—G->5G—1 (2.5)
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and let F' = Fr" be the endomorphism of GL,(k) raising every entry in X €
GL, (k) to the g-th power. Taking F-points, (2.5) yields:

Then G < PGL,(q) is the image of the last arrow:
G = PSLn(q) =~ SLn(Q)/Z(SLn(Q)) = SLn(Q)/ZCh

for d = (n,q —1). The group G is simple!.

We will denote by B, U, U~ < G be the subgroups of G of upper triangular,
unipotent upper-triangular, unipotent lower-triangular matrices. Set

W := Ng(T)/T ~ Ng(T)/T =~ S,.

Recall that [SL,(q),SLyn(q)] = SL,(¢q) and [PGL,(q), PGL,(q)] = G, for
n > 2 or q # 2,3. Also, we have the identifications:

G =PGL,(q) = T [PGL,(q),PGL.(q)] = T' G
~ GLn(q)/Z(GLn(q)) =~ GLn(q)/Fy .

Recall that a diagonal automorphism of G is an automorphism induced by
conjugation by an element in T'. The graph automorphism 6: GL, (k) — GL, (k)
is given by =+ J,tz71J-1 for

L= . .y (2.6)

It induces a non-trivial automorphism of G for n > 3 and it is unique up to inner
automorphisms?. Tt also induces automorphisms of GL,(q),SL,(¢), PGL,(¢q) and
G. We will drop the subscript n and write J = J,, when it can be deduced from
the context.

By [MT, Theorem 24.24] every automorphism of G is the composition of an
inner, a diagonal, a power of Fr, and a power of ¢, so the elements in group of outer

automorphisms of G have representatives in Out(G) := (Fr,, 60, Ad(t) : ¢t € TF>.

3. General arguments
In this section we present some general techniques to deal with twisted conjugacy

classes in finite groups. We start with a well-known lemma.

Lemma 3.1.  Let H be a finite group, ¢ € Aut(H). Let K, N < H be ¢-stable
subgroups, with N < H. Fiz v € H.

'Recall that PSLy(2) ~ Sz, PSLa(3) ~ Ay < Sy.
2Indeed, this is not the choice made in [ACGal] but it is, however, more adequate for our
setting.
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1. The set O?% is a subrack of O2H if and only if for every k € K there
is t € Hy(x) such that zka™'t € K.

2. [AFGaV1, §3.1] Assume p = Ad(x) o), for some ¢ € Aut(H). Then
for every g € H there are racks isomorphisms C’)g‘P’H o~ (’);@;H and OQ‘P’N ~ (’);@N.

3. Let y € H with y € O, Then 09N ~ (’);j’N.

Proof. 1. is straightforward. In 2., we have the equality of sets Og‘P’H =
O;@H 271 and right multiplication by z defines the rack isomorphism. The second
isomorphism follows by restriction. As for 3., let g € H be such that g -,z = y.
Then the map T : 0PN — O given by T(z) = g -, z is a rack isomorphism.
Observe that if z = h -, z then T(z) = (ghg™") -, y. n

Remark 3.2. Notice that the assumption in 1. in Lemma 3.1 holds if x €
Ny (K). In particular, it always holds for K <t H. Also, 2. allows us to neglect
inner automorphisms of H.

The following slight generalization of [FV, Lemma 2.5] will be very useful.

Lemma 3.3.  Let H be a finite group and let K<A{H. Let s € H be a non-trivial
involution. Then OX s a rack of type D if and only if there is r in OF such that
|rs| is even and greater than 4.

Proof. By Lemma 3.1, Remark 3.2, OF is arack. Observe first that, if r € O
then the racks 0" and O are subracks of OK  Indeed, if r = ks = ksk™1,

then a generic element of (s, 7) has the form y,, = s%sk™'s---ksk™'s® for
a,be€ {0,1}. Let sks =1 € K. Then, if a =1 we have
Yip>s=yobs=1k" - lk'>s€OF,
yip>r =1k kT kst > s € OF

whereas if a = 0 we have

yo,bbs:ymbs:k:l_l---k:l_lbs605,

Yop 1 =klte- kIt ks o s € OF,

so the racks (’)ér’s), o ¢ OK_ Now, if an r as in the statement exists, then

re (s> (r>s)) # s and O*) and O are disjoint,
so OK is of type D by Remark 2.1 for ¢ = id. Conversely, if there is no such an
7, then for every z € OF either |zs| < 4 or it is odd, so either (zs)* = (sz)? or
08 = 08 and Remark 2.1 for ¢ = id applies once more. m

Remark 3.4. Let H be a finite group, ¢ € Aut(H), h € H.

1. Assume K = Hj is ¢-stable. If £ € K, then (’),‘f}’f( = O,f’Kh as sets and
right multiplication by h~! gives a rack isomorphism O,‘f,’LK ~ O;f’K.

2. Let L = H x (¢). Then, for z = g¢, we have the equality of sets:
0P = OL ¢~! and y — y¢ induces a rack isomorphism OF" ~ OF.



200 CARNOVALE AND GARCIA IGLESIAS

Remark 3.5. Let H be a finite group, ¢ € Aut(H). Let A be a ¢-stable
abelian subgroup of H, a € A.

1. By Remark 3.4.1, 0?4 ~ 0% as racks. Moreover v: A — A, b+ bo(b1),
is a group morphism and O = Im(y) ~ A/A? as groups.

2. If ¢ is an involution, then O%4 is of type D if and only if there is b € A/A?
such that |b| is even, > 4 by Remark 3.4 2. and Lemma 3.3.

3. Let p be a prime number dividing |H|. Let h = us = su € H be the
(unique) decomposition of h as a product of a p-element v and a p-regular

element s. If O+ is of type D, then O}, is again so, as O identifies with
a subrack of OF.

Remark 3.6. Let H be a group, let ¢,1 € Aut(H), with ¢ = ¢, and let
N <1 H be ¢-stable and 1-stable.

1L If 0PN N HY # 0, then »(OY) = O, Indeed, let = € OPY
with ¢(z) = z. Now, if y = kzg(k™') € ON = OPY |k € N, then ¢(y) =
D(R)ad(w(h)) € OFY.

2. Conversely, if 1/)((9;’3’]\[) = (’)f:’N and the map N — N, given by z
r~Y(x), x € N, is surjective, then (’)Z)’N NHY # (. To see this, fix ¢ € N such
that 1(h) = ghé(g~') and let z € N be such that g=' = z7!¢(z). Then it follows
that @ -, h € HY N Oy,

Let H be a finite group, p be a prime number dividing |H| and let ¢ €
Aut(H), with ¢ := |[¢|. Set H = H x (¢).

Definition 3.7. An element h € H is called (¢, p)-regular if hi) is p-regular
in H, i e if (|h)],p) =1. An element h € H is called a (¢, p)-element if h1) is
a p-element in H, i. e. if |hy)| = p* for some a € N.

Let 1 = 1,4, be the decomposition of ¢ as a product of its usual p-regular
part and its p-part in Aut(H). Then for every hi in H we have hp = s, (u)p =
up,(s)y where s is (¢, p)-regular and u is a (¢, p)-element in H.

In the quest of ¥-classes of type D, a first analysis can be done by looking
at subracks given by the orbits with respect to H¥" or HY». For this reason, the
analysis should begin with the cases in which either 1, =1, 7. e. when ({,p) =1,
or when 1, =1, i. e. when /¢ is a power of p.

If (¢,p) = 1, then for every h € H there is a unique decomposition
h = us = si(u) with u a p-element in H and s a (¢, p)-regular element. In
this case s is (1, p)-regular if and only if the norm Normy(s) := si)(s) - - - 1“7 1(s)
is p-regular in H. Here, if C = Hy(s) and C' = ﬁszﬁ? then Remarks 3.4 2. and
3.5 (3) give the rack inclusions

ot ~ 0l 509 5 0¢. (3.1)
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So if O is of type D, then OZ’H is again so. Hence the first classes to be attacked
are either standard conjugacy classes of p-elements in C' or twisted classes of
(1, p)-regular elements in H. The latter are dealt with in Section 5.

Similarly, if ¢ = p® for some b > 0, then for each h € H there is a unique
decomposition h = su = ui)(s) with s a usual p-regular element in H and u a
(1, p)-element. In this case u is a (¢, p)-element if and only if Normy(u) is a
p-element in H. The first reduction is to look at classes of (v, p)-elements and
the standard p-regular classes in Hy(u). We will not pursue this analysis in this
paper.

Notice that, when dealing with twisted classes in simple groups of Lie type,
there is a privileged choice for p, namely, the defining characteristic.

4. Twisted classes and PSL,(q)

In this section we collect some results that contribute to establish a systematic
approach to twisted classes in PSL,(¢). This in particular requires a detailed
study of the conjugacy classes in the subgroup of #-invariant elements of the Weyl
group, and of the corresponding F'-stable maximal tori in G, that we develop
ahead.

Recall the notation from §2, specially in (2.3), (2.4). Next proposition deals
with diagonal automorphisms d = Ad(t), t € T

Proposition 4.1. Let x € G, ¢ = Ad(t) oy € Aut(G), t € T, Let
y =tz € G". Then 02 ~ OpS. If, in addition, ¢ € Out(G) and
= O;p’PGL”(q) , then O9C ~ O¥G.

Proof. In this case, # = ty and O9¢ ~ O:}f’G by Lemma 3.1 2. The last
assertion is Lemma 3.1 3. [ |

Let ¢ = Frjof® € Aut(GL,(¢)) and let £ := [¢)|. Then ¢ induces an
automorphism of SL,(q),PSL,(¢) and PGL,(q) of the same order. Let H be
either GL,(q), SLn(q), PSL,(q), or PGL,(q), H = H x (1)).

If (¢,p) =1, then the (¢, p)-elements in H are the unipotent elements in H .
The (¢, p)-regular elements are those g € H such that Norm,(g) is semisimple.
If, instead, ¢ = p® for some b > 0, then the (1, p)-regular elements in H are the
semisimple elements in H, while the (¢, p)-elements are those g € H such that
Normy(g) is a p-element.

We will concentrate on the case (¢,p) = 1. We have the following equiva-
lence.

Lemma 4.2. Let v € Aut(GL,(q)) with (|¢],p) = 1. Then x € GL,(q) is
(¢, p) -regular if and only if v = 7(x) € PGL,(q) is (¢, p)-regular.

Proof.  Normy(z) is semisimple if and only 7(Normy(z)) = Norm,(x) isso.

We intend to study twisted classes for automorphisms induced from alge-



202 CARNOVALE AND GARCIA IGLESIAS

braic group automorphisms. By Remark 3.2 and Proposition 4.1, we may reduce
to the case ¥ = 6. We will focus on the case of p odd and we shall investigate
(1, p)-regular classes.

Remark 4.3. It was pointed to us by Prof. Vinberg that when the group is
GL,(F,) and v = 6, then the map x ~ zJ allows to identify the f-twisted
conjugacy class of  with the equivalence classes of the non-degenerate bilinear
form with associated matrix xJ. Thus, the classification of twisted classes in this
case can be deduced from the classification of bilinear forms on En. The latter,
in turn, goes over in odd characteristic, as the classification in characteristic zero
which is to be found for instance in [HoP|. From this, SL,(g)-orbits could be
also classified. However, since the action of the center by twisted conjugation is
non-trivial, the step to PSL,(¢)-orbits of elements in PGL,(¢) would need slight
care. The main reason for our apparently less natural approach is related to the
general problem of detecting twisted classes of type D in all finite simple groups.
One of the aims in this paper is to propose a general systematic approach that
could be applied, at least, to all finite simple groups of Lie type.

Lemma 4.4. Let x € GL,(q).

1. x is O-semisimple if and only if there is a g € GL, (k) such that g -4 x lies
in a 0-stable torus Ty in GL, (k).

2. x is O-semisimple if and only if there is a ¢' € SL, (k) C GL, (k) such that
g, gxeT.

Proof. 1. is [Mo2, Proposition 3.4]. Following the construction in [Mo2, page
382] we can make sure that Ty is F'-stable and that it is contained in T. For 2., let
Z = Z(GL,(k)), hence GL, (k) = ZG and 6 acts as inversion on Z. Therefore,
if z€ Z,then z-gx =222, Let g = 29’ € ZG be such that gy =t € T. Then
g -x=1t2"2€T,as Z is contained in every maximal torus. ]

The lemma above motivates the following definition.

Definition 4.5. We say that an element € PGL,(q) is #-semisimple if it is
(0, p)-regular.

In this section we collect preparatory material in order to find suitable rep-
resentatives of G-classes of §-semisimple elements in PGL,(¢q). Unless otherwise
stated, p is arbitrary.

Let H denote either G, G or GL,(k) and, consequently, set K = T, T
or T (= TZ(GL,(k))). Let w € W, w € wK and g = g, € H be such that
g 'F(g) = v (Lang-Steinberg’s Theorem). We set

K, :=gKg. (4.1)

Then K, is an F'-stable maximal torus of H and all F'-stable maximal tori in
H are obtained this way [MT, Proposition 25.1]. Two tori K, and K, are H'-
conjugate if and only if ¢ and w are W -conjugate. We will provide a #-invariant
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version of this fact in Lemma 4.7 for K = T and T. We set
F,:=Ad(w) o F, so (K,)" = gKfg™t (4.2)

The automorphisms 6 and F' preserve T, hence they induce automorphisms on W
which we denote by the same symbol. The action of F' on W is trivial, whereas
the action of # is conjugation by the longest element wy € W, so W¢ = W, .
Observe that

J(1,n)@2n—1)...(h, h+1) ifn=2h,
TV @ =1 (b h+2) ifn=2h+1.

Any 0 € W? can be written as ¢ = w7 where w permutes the 2-cycles in w, and
7 is a product of transpositions occurring in the cyclic decomposition of wqy. In
fact, W% ~'S;, x Z}, where h = [%] , the elements in S, correspond to products
cf(c) where c is a cycle in Sy, <'S,, 0(c) = wopcwy and the elements in Z} are
products of transpositions of the form (i,n + 1 — 7).

Remark 4.6.  There is a set of representatives {6} C Ng(T) of W such that
o € Ng(T)? if 0 € WP, [St, 8.2, 8.3 (b)]. In addition, G’ = Sp, (k) if n is even,
GY = SO, (k) if n is odd and W? is the corresponding Weyl group.

Lemma 4.7. Let w,0 € Wg_. Then T, and T, are SL,(q)? -conjugate if and
only if o € OZ}VH if and only if T,, and T, are 7(SLy(q)?)-conjugate.

Proof.  Since Ker(7) consists of central elements, it is enough to prove the first
equivalence. By Remark 4.6 there are representatives 1, & of w and c€G?NN(T).
By Lang-Steinberg’s Theorem applied to G’ we may find 3,z € GY such that
y 'F(y)=w, z7'F(z) =7.

Assume there is x € SL,(q)? such that 2 T, 27! = T,. Then, 7 := 2 lay €
N(T)NGY and 77 ' T =70 F (7 H)T=¢T.

Conversely, assume there is 7 € W? such that Twr™! = 0. Let 7 € G’N7 T.
Then there exist h, k € G'NT = T? = T%° such that F(7) = 7h and ¢ = 77 k.
For t € TY we set z; = 2ty € GY. Now, z; T, :1:,5_1 = T,. In addition,
zy € SL,(q)? if and only if ¢ = w (7 k7)hF (t)w~". This happens if and only if
t7H(Ad(w) o F)(t) = wh ' (#7'k~'7)w~!. By Lang-Steinberg’s Theorem applied
to the Steinberg endomorphism Ad(w) o F on T?, there is ¢t € T? satisfying this
condition. ]

Lemma 4.8. Let we W? v e W, @ € Ngo(T) and © € Ng(T) be represen-
tatives of w and v, respectively. Let y € G? such that y~'F(y) = . Then

1. dTNG’ NG £ 0 if and only if v e WP2.

2. An element v in W = Ng(T)/T has a representative in G’ n (G if
and only if ve W?.
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Proof. 1. If dT NG’ # 0, then, 6(v) € ¥T, so v € W? and we may assume
v € GY. If 9T NG # @, then F,(v) € T, that is Ad(w)(v) € 0T, i. e.
wv = vw. Conversely, assume v € W?. Now W' is the Weyl group of G’ and
F, is a Steinberg endomorphism of G? preserving its maximal torus TY. By [MT,

Proposition 23.2 ff],
(WG)Fw — (N((;,e (Te)/Te)Fw ~ N(GHQ(GFUJ (To)/(v]re N TF“’)
so any v € W2 = (W?)Fe has a representative in

Ngongrs (T?) = Ngo(T?) N G'™ = Ngo(T) N G = Ng(T) NG’ N G*™.

2. Follows from 1. recalling that 7(GY) = G, ]

We end the section with a lemma that shows how some some of the results
on the Weyl group apply to the quest of preferred representatives in a twisted
class.

Lemma 4.9. Let t € T be such that O N GL,(q) # 0. Then
1. There are 0 € W9 and 6 € 0 TNG? such that OF° NTE £0.
2. Let o be asin 1. Then Of’G NTE 40 for every w € OZVG.

3. Fiz p odd and z € OP° N GL,(q). Then OY° NGL,(q) = 0%C".

Proof. 1. Pick a set of representatives {7, 7 € W} C Ng(T) as in Remark 4.6.
Let g € G be such that F(t) = gtf(g~'), see Remark 3.6 1. Let w e UNT U7,
7€ Ng(T)N7T, s €T, v € U such that g = ursv. Then

F(t)0(g) = (FOO)F (™) - (F()0(7)0(s)) - 6(v) € BOTB.

On the other hand, F(t)0(g) = gt = ursvt = u(7st)(t 'vt) € BrB, which gives, by
the uniqueness of the Bruhat decomposition, §(7) = 7 € W and, by construction,
0(7) = 7. Also this yields F(£)0(7)0(s) = 7st, that is F(t) = (7s) gt € OFNeD
Let ¢ := 77! € Ngo(T). Then F, = Ad(5)o F is again a Steinberg endomorphism
for T and F,(t) = tsf(s~') € OP". Let r € T be such that 7~ 'F,(r) = s. Then
x=r"1yte 0" NT" Indeed,

F,(z) = F,(r YE,()0(F,(r)) = Fy(r 1)std(s ' Fy(r)) = r 0(r) = x.

Let y € G’ be such that y 'F(y) = ¢ and set z = y g2 = yary~'. Then
zeyTly = (yTy HFNOY", by (4.2) and 1. follows.

2. By Lemma 4.7 there is g € SL,(¢)? such that ¢ TZ g=' = TE. Hence,
for z € O N T we have g g2 € 0P N TE,

3. The group Gy(t) = G*47) is connected by [St, Theorem 8.1] since
Ad(t7') 0 0 is a semisimple automorphism as defined in [St, p. 51]. The result
follows from [MT, Theorem 21.11]. n
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5. Twisted classes of #-semisimple elements

We assume from now on that p is odd. Recall the notation from §2, (2.3), (2.4).
Next theorem is the first main result of the paper and a key step to apply
our strategy.

Theorem 5.1. Let x € PGL,(q) be 0-semisimple. Then there are w € W
and z € Ti such that O%¢ = O%C.

Proof. Let x € GL,(¢) be such that z = w(x). By Lemma 4.4 3., there is
g € G such that g gx =t € T. Then there is w € W? and z € Of’GﬂTi
such that O%¢ = O%C by Lemma 4.9 1. On the other hand, we have that

0% N GL,(q) = OE’SL“(‘”, by Lemma 4.9 3. The statement now follows applying
m, for z=7(z), as 7 (T}) C T, and 7 <(927SLn(q)> — 096, m

Let = be a #-semisimple element in PGL,(¢). By Theorem 5.1 we may
assume r € Ti for some w € W?. We have the following inclusions of subracks:

0¥C > OVCNT, 2 0P ™) ~ o), (5.1)

F

We will establish sufficient conditions ensuring Of}’”(TW) is of type D. If the

" . 0,6 ~ »,m(TE) . . .
conditions are not satisfied and O~ NT, # O , we will establish sufficient
conditions ensuring O%€ is of type D.

We look at the subracks 00" ~ Of’W(TE) asin (5.1). Thus we investigate
the abelian subgroups 7(TE) and 7(TE) N G?. Let w € wT NG and let y € G?
be such that y~'F(y) = w. We have

Of™ M) ~ 7(TE) (x(TE) N G?) =~ TE /K
for K ={t e T | 0(t) € tZ(SL.(q))}. Let us set

Ky = {s € T"™ | 0(s) € sZ(SL,(q))}

Lemma 5.2.  Assume O%€¢ ﬂTi # (0. If there is s € T /K, such that |s| is
even and > 4, then O%C s of type D.

Proof. Tt follows from Remark 3.4 (2) and Lemma 3.3, as conjugation by y
F
gives the group isomorphism T /K,, ~ (’)f’”(Tw), .

When conditions in Lemma 5.2 do not hold, we will use the following lemma.

Lemma 5.3. Let x € Tf; for some w € WY, and assume Og’GﬂTZ =+ (’)f;mrg),

If there is z € Of’w(Tg) ~ TFv /K, such that z* # 1, then O¥'C is of type D.

Proof. The subrack X = 0%¢ n Tf; is a disjoint union of orbits under the
F F
f-conjugation by 7(TF), one of which is R = 0™ ™) = 20" (Tw) et § =
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0P — 4 of M) — xS £ R. As T! is abelian and 62 = 1, (2.2) becomes

(ro(r)™")* # (s0(s™"))*. (5.2)
If (5.2) holds for r := x, s := t, we are done. Otherwise, we replace s by
s’ = sz € S, obtaining the desired inequality. ]

We need to describe S,, and K,,, w € W?. We will use the identification
of W with S, x Z, for h = [2]. Set {e; : 1 < i < h} the canonical Z,-basis
of Z&. Also, for A = (Ay,..., \) Aj > Ajp1 a partition of h, consider the set
E(A) consisting of all vectors ¢ € Zj such that if A\; = A;;;, then ¢; = 0 implies
€j+1 = 0.

By Lemma 4.9 2. it is enough to look at a set representatives of each
W-conjugacy class. According to [Cal, Proposition 24] such a set is given by all
one = (1,2, 00)e; (i1 + 1,01 +2,... i2)e; - -+ (ip_1,8r—1 + 1,..., h)e} .

with 4; =37, A; and € € E(N).

To simplify the exposition, let ¥ : I, — I,, be the permutation i — n+1—j.
Let us denote by s, , the permutation (p,q). As an element in S,,, w becomes a
product of cycles as follows:

w = <c10(c1)s§11719(i1)> (chH(ch)sZ‘ﬂ(ih» : (5.3)
€

i5,9(i5) "

We analyze cases n odd and even separately and apply the results in Lemma

C; = (ij—17ij—1 + 1, ce ,ij), 1 S] S h7 ’i_l = (0. We set wj; = CjQ(Cj)S

5.4.
Let n =2h+1 and w = o).. Let, for j =1,... r:

{Fﬁ. xF*., ife; =0,
q qI

F(g) :=
(]) F;z)\j, if € = 1.

Direct computation shows that T" ~ F* x [[_, F(j). For j €L, z; € F(j), we
set:

_ T ife; =0and z; = (z;,y; ldeiqN
Zji=q i = (@5, 5), and zj =7, 74 eF .
Zj, 1f€j:1,
Aj)a

Observe that as z; runs in F(j) then z; covers IFXAJ, and zg- 7 covers FX. We
q

have
- . M - .
TF = {(z,21,...,2) € B} < [[FG) | 2 [] 20" = 1} = [[F(5)-
j=1 J J=1

It follows from direct computation that

Ko ~{(z1,....%) € [[F() | 27 = 1< 5 <r, ¢ €y}
j=1
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—_1a IS given by

Hence, if v : Tfv — IE‘;AI X F;AMQ X - X IE‘:A

(21,0 20) = (28 z0250, .o Ze12 ), (5.4)

then T /K, ~ Im~.

Let n = 2h, w = 0,.. With notation as above odd we have:
: Aj)q
T = {(z1,....z) € [[FG) | [[27 =1}
j=1 J

It follows from direct computation that
Ko = {(21...,2) €T™ | 2; = (1< j <7, (€ pa(Fy)},
hence T’ /K,, ~ Im+, for v : Tf — ]F‘qXAl X ]FqXMAQ X - X F:APMT as in (5.4).

We will deal with classes Oi’”m) for x € Ti. Observe that as T, =
yTy ', x is represented by an element in T up to multiplication by matrices
in Z(GL,(q)), i- e. , up to a scalar factor in F. We apply Lemma 5.2 and the
description of T*» /K,, from Section 5 on each case to detect classes of type D. Let
1 denote the partition (1,...,1).

Lemma 5.4. Let A = (\,...,\.) be a partition of h, ¢ € E(N\) and let
w = oy, € WY Let v € Ti. Then O%C s of type D provided any of the
following conditions hold.

1. nis odd, N\ # 1.
2. niseven, N\# 1, and r > 2.
3. A=1,n#3,4and qg>5.

4. If A\=1, n=3 and ¢ =9,11 or ¢ > 13.

S5 If =1, n=4and ¢>9 and ¢g=1 mod 4.

Proof. In all cases we will provide a suitable element in the image of the map
v from (5.4) and apply Lemma 5.2.

1. Assume r > 1. If j is such that e; = 0 and A\; > 1, consider Z; = (z;,1),
for a generator x; € ]F:Aj VIt

. §1,;d _
vi=y( g, 1) = (25 ,...,a:j,le,...,l),

then | v; |=| z; |= ¢~ —1 > 4 and even. Similarly, if » > 1 and j is such that
e; =1 and A\; > 1, then it follows that if

] 81,;d(14¢™7) 14+¢%  _—1-¢Y
Y=Lz 1) = (2 N ooy 1)
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for a generator z; of IF:%, , then

2%,
by q“N — 1
”Yj ’:| "7’31'+q] ’: 2N, BV

(¢ — 1,14 ¢%)
Now, if » =1, then A = (h), h > 1. Pick Z such that z is a generator of quh.
Then

=qb —1>4.

h
d q'—1 qg—1
| (d,qh—].) d ( )q ( )‘I—
Observe that % is always even, whence the first inequality. Moreover, (h), = 4
only if ¢ =3, n =5 in which case L1 (h), = 2(h), > 4.
2. Assume now that n is even. We distinguish the following cases:
Case r >2, N#1.

Let us choose Z; such that z; is a generator of ]Fqﬂl. Choose zy = -+- =

z,—1 = 1 and z, such that z?l)qunmq =1. Then (z,...,2,) € T and

() =l 2

| Y(21,. .., 2) |>| 21 |= ¢™ — 1 > 4 and even.

3., 4., 5. If n is odd, n # 3 the computation in 1. shows that we can find
r € Imvy with |z |=¢—1>4 for ¢ > 5. If n =3, then Im~ is cyclic of order
q;—l >4 for ¢ > 9, q # 13 and always even.
If n is even, then h =r > 2. If r > 2 we may choose z; as a generator of
Fy, zo = z;' and z; = 1 for j > 3 and proceed as before. If r = 2 then n = 4.
q—1

We need z, = z; ' and, choosing z; as above we have |(z{,z})| = 4*. ]

Lemma 5.5. Let w € W% and x € TZ. If (’)EJZ’” is of type D, then O%C is so.

Proof. Let w be a representative of w in G’ NN (T), see Remark 4.6, and let

y € (@9)O = 7(G?) be such that y='F(y) = w, so x = yty~! for some t € T,
. —F —F —Fy =Fuy _q 0.C 0, G

Since G = [G ,G | = y[G ",G "Jy" we have Oy ~ O, 7 . Now, I,

is again a Steinberg endomorphism of G, and T is F,-stable. Hence, [MT,

Proposition 23.2] applies and by [MT, Exercise 30.13] there is a group epimorphism

Nz(T)N[GC™, G ™ » Wk =W,
inducing a rack epimorphism 0%¢ — Of’Ww. The statement follows from Lemma
3.1 2. ]

For A\=1and j=0,...,hweset ¢/ :=(1,...,1,0,...,0) € EN).
—— N —
(h —j) times j times

Lemma 5.6. Let w =0y, andlet x € Ti. If n 1s even and 57 > 3, or if n is

odd and j > 3, then O%C is of type D. In particular, if x € TF, then O%C is of
type D provided n > 6, n # 7.

Proof. By Lemma 5.5 it is enough to prove that (’)}ﬁgm is of type D. Now w € W
is the permutation (1,n)---(h—j,n+1—h+j) e W x 1 < W' x W”"” where

W' x W" =Sq, h—jnt1=htjm} X S{h—jt1,..n—htj} = Sah—j) X Sp—a(h—j)
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and W, = W), x W, so O})w ~ OWw OV ~ OW" . The latter is of type D by

wwo wo

[AFGaV1, Theorem 4.1]. |

Lemma 5.7.  Assume n =2h and let A\ = (\1,...,\y) be a partition of h.

L Ifw=o0y.=w...wj €W’ as in (5.3), then there is a block matriz
y = Diag(y1,...,yn) € GY such that @ = y~'F(y) is a representative of w
in Ngo(T) N SLa(q), each block y; € Spyy, (k) and w; = y; 'F(y;) € w;T.

2. If A=(\1) and w=o0yy, there are y,€ SLy, (k) and wewTNNgo(T)NSL,(q)
such that W = y~'F(y), y = Diag(y1, In, 'y 'J3) € G°.

Proof. 1. Set ij = Zlﬁj)\j’ i_l = 0, Aj = {ij—l + 1,...,ij}, 1 S ] S h.

Recall from (5.3) that w € Sy, can be viewed as an element in Sgy, X - -+ X Syy, , if

we identify Sy, with the permutation group of A; U9(A;), for 1 < j < h. Notice
j

Weyl group of a @-invariant subgroup G; ~ SpQ/\j (k) of G, namely the subgroup

of matrices:

that w; = ¢;0(c;)si, v, € Sg&j for each 1 < j < h. Hence each w; lies in the

1d
A B
( ol ), for(é[B))ESP2,\j(k)
1d

and the non-zero entries outside the diagonal are indexed by integers in A;UY(A;).
Let us denote by ¢; the graph automorphism for G;. There exists a representative
w; of w; in ng ~ Spyy,(k), as n is even. Therefore, there exists y; € G?j ~
Spay, (k) such that y; 'F(y;) = w;. We remark that [G;,G;] = 1 for i # j and
thus y can be chosen as y =y ...yp.

2. If e =0 then w lies in S), and it is represented by block matrices of
the form « = Diag(A4, Jy, '"A7J}!) € G?. We can assume that A € SLy,(¢) [MT,
Proposition 23.2], we can apply Lang-Steinberg’s Theorem to the connected group
SLA1 (k) . |

Lemma 5.8. Let n = 2h for h > 1, A = (h), ¢ = (0) and w = o).. Let
NS Ti. Then O%C is of type D provided one of the following holds:

1. 20 is not an involution and G # PSL4(3), PSLy(7).
2. n>6.

3. x6 is an involution, n =4 and ¢ =1(4), ¢ #5, 9.

Proof. We have w=(1,2,--- ,h)(n,n—1,--- ,h+1). Let y € Sp,,(k) satisfy
w=m(y ' F(y)). Set y = m(y). Thus we may assume

1 h—1 h—1

r=yn(t)y -, fort=diag(a,a?,...;a” b7 ,....b),
for some a,b € F%,. We set, for £ € k, M = 1:
q

te = diag(a, (a)?,. .., (&)™ ", (b&)" ", ... b¢) € T,
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It follows that O2™™) = y{r(te) : € € k, €Ma = 1}y~1.
Set k = kK, = w(diag(—idp,id,)) € PGL,(¢). Notice that zf is an

= F
involution if and only if z = 2~! which happens only if 2 € Of’Tw U oyt

_r . o
We claim that if = ¢ Of’Tw UOZT  then 06 N Ti £ o0 (L)

Let us compute the (twisted) action of wy € W9 = (w,wy) on 7(t). We
have

wo o T(t)t = diag(h, b?,...,09 a? ... a).

. Q,W(Tg) . -1 -1 . . .
Hence, wy -9z € Oy only if ab™ = ba™". This gives the claim.

1. We apply Lemma 5.3: we search for z € Of’W(TIF”) such that | z |#£ 1,2,4.

According to the discussion for the case n even above, (’)f’”mi) is a cyclic group of
h
order /, for { = (h)q) = (q(_ij’h), as d = (¢—1,2h) and (¢ —1,(h),) = (¢ —1,h).

If h=2, son—4 Wehaveﬂ—ﬂ,soq%i% 7 is enough. If A is odd, then ¢
is odd and ¢ > 1 since ¢ > Hq Then we can find such a z. From now we shall
assume that h > 4 is even. We distinguish three cases, according to h >q—1,
h=q—1orh<qg—1. If h >qg—1 then ¢ > 1+Z(h D= p+ qqll) >4
and we are done. The same computation proves the claim if h = ¢—1 > 4. If
h = q — 1 =4 a direct computation gives the claim. Finally, if h < ¢ — 1, then
/ > h+1 > h+h(2*2)h > 6.

2. If 26 is not an involution, then we apply 1. If xf is an involution,
then we have that either O%¢ ~ 0% or 0% ~ ©0%G | by Lemma 3.1 3. Now,
1,k € T" by Lemma 5.7 2., as we may assume y = Diag(A4,J*A~1J7!) for some
there A € GLy(k). Thus, by Lemma 5.6, O%€ is of type D if h > 3.

3. Since 1,k € TF, we apply Lemma 5.4 5. [ |

Proposition 5.9.  Let ¢=3(4), ¢ #3,7, G = PSLy(q). Let t be either 1 or
K= (‘%2 _iod2) . Then Of’G is of type D.

Proof. We will apply Lemma 3.3. It is enough to find x € G such that the
order of ztf(z)"'t in G is even and > 4. Set w; : G — G, w(x) = —xtf(z) 't =
wtJtzJt. For each e, f € Fy, A, E, F € F2*?, with E, F traceless, let us set

. A eid2 o A FE
m<A76:f)_ (fldg JztAJ21)7 H(A,E,F)— (F J2tAJ21)-

We have that u;(m(A4, e, f)) = m(A,e, f)?, u.(n(4,E,F)) =n(A,E,F)2.

Moreover, for any = € G thereare e, f € Fy, A, E, F € F2**, E, F traceless
such that u;(z) = m(A, e, f) and u,(z) =m(A, E F).

We shall exhibit a matrix m(A,0,0) = n(A,0,0) whose projective order is
a multiple of 4 and it is bigger than 8. This will prove the statement for both
t=1,k.

Let Fr; = (§) and consider the matrix z = diag(ﬁ%, —51%, —§¥,§q%l)
in SLy(F,2). The order of z is 2(¢+ 1) and 2T = diag(w,w ™, w™,w) for w a
primitive fourth root of 1, hence the projective order of z is ¢ + 1.
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We claim that 2 is PGL4(F,)-conjugate to = = m((Tr(i)/Q(l)) ,0,0) and
that Tr(z) € F). If this is the case, u;(z) = 2 and its projective order is 2!
which is even as ¢ = 3(4) and bigger than 4 since ¢ > 11.

The claim is proved if the following conditions hold, namely

det z = 1; Trz:2(§q%1—§1%q)EFq; 5%17&—5%

/2 (1)) ,0,0) is diagonalizable and it is
necessarily GL4(F,)-conjugate to the matrix z. The first and third conditions are
immediate. For the second, let o be the (involutive) generator of the Galois group

Gal(F,2,F,) of the extension F, C F,2. We need o(Trz) = Trz. But o coincides
with Fr}", that is o(£) = §7 and thus the equality holds. [

Indeed, in this case, the matrix m((Tr(i)

Lemma 5.10. Let n = 2h, h > 1, A = (h) and ¢ = (1), w = o).. Let
x € Ti. Then O%C s of type D provided that one of the following holds:

1. 20 is not an involution and G # PSL4(3), PSL4(7).
2. x e OPPe@ > 6.

3. 2O 4 ¢>09.

, , . 0,PGL, :
4. 20 is an involution, x & O @ and h is even.

Proof. In this case w = (1,2,...,h — L,h,n,n —1,....h + 2,h + 1) as a
permutation in S,. Arguing as in Lemma 5.8 we may assume that, for some
ae€Fr

qn

r=yr(t)y ', fort=t,=diag(a,a’,... a? T a ,aqh)
and y such that y ' F(y) = w.
1. Notice that x6 is an involution if and only if a? lies in F;h. Now, set,
for £ € Ff, such that £ =1 and z = 44" in C(y, C F:

h—1

te, = diag(az, (a2)%, ..., (a2)" ',... (az)"") € T .

It follows that O%™ M) = y{m(ts:) : € € k,&Ma = 1}y~1. Observe that
(ywyty™) gz = yr(t?" )y~ lies in O (Tw)
if and only if a? € F;h. In other words, if wg -g ¢ lies in Of’W(TFw) only if x0 is

an involution. If this is not the case, we can proceed as in Lemma 5.8 and obtain

that if G # PSLy(3), PSLy(7), then O%€ is of type D.

—F —F o
2., 3. Assume a € F},. Then O%Te = 091w and Ofm(Tw) NT. = ofm(Tu),

Ty— 1) F
In this case z € OO )" « OPPED 4nd we may assume a = 1, ¢ = id by

Proposition 4.1. If n > 6 this class is of type D by Lemma 5.6. Assume n = 4. If
qg=1(4), ¢ > 9, then we may apply Lemma 5.4 5. For ¢ = 3(4), ¢ > 7 we apply
Proposition 5.9.
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4. Assume a?" = —a and moreover that h is even. We apply Lemma 3.3:
We search for r € Ofe ) such that | 726 | is even and bigger than 4. Equivalently,
we look for z € G'™ such that the order of (z -9 1)0t0 = (2 -¢ )t~ is even and
bigger than 4. If h is even, then this is achieved by taking z = ¢, as t-¢t = t> and
thus | ¢ |= (h), which is even and bigger than 4, as h > 1. ]

(0

We are missing the case r = 2, A = (A1, \y) # 1. That is, the case in which
n = 2(A;1 + Ag), with Ay > 1, A\; > 2. This is the content of Lemmas 5.11 (when
g1 =0) and 5.13 (when €; = 1). Let us set

— €1 €2
w = 010(61)8)\1,n—/\1+1c20(c2)8)\1+)\2,)\1+)\2+1

where ¢; = (1,2,..., A1) and co = (A1 + 1,..., A1 + \y). We write

wy = Cle(cl)sill,n—)\l—i—l? Wwa = C29<C2)55\21+,\2,,\1+/\2+1-
The group W’ always contains w;, w, and the elements
we) = (1) Ayn =M+ 1), w =M+ 1n =) (A4 Aoy A+ Ao + 1),
which correspond to the longest elements in each block.

Lemma 5.11. Let n = 2()\1 + )\2)7 A= ()\1,)\2) with )\1 Z 2, )\2 Z 1, and
g1 =0. Let x € Ti. If ¢ > 5, then O%C is of type D.

Proof. We have z = 7(y)n(¢)n(y)~' where y'F(y) = w, t = diag(t11, t2, t12).
Here t1; and t15 are diagonal matrices of size A; and ¢y € GLsy, (k)F w2 s also
diagonal. Also, t; := diag(ti1,t12) € GLay, (k).

Assume first Wg-Oz’(:)(TFw) + OZ’(:)(TFUJ) . With notation as above, the abelian
F
w)

group (’)f’w(T is isomorphic to the image of the map . Since A; > 1 we may
choose 21 so that |y(z1,1)] = [(z{,21)] = (A1), > 4 and Lemma 5.3 applies.

We now determine when Wg-OZ’(:)(TFw) = Ofr’(:)(TFw), acting by wl"” . Arguing

as in Lemma 5.8, we see that wél) g m(t) € Oz,(;r)(ﬁer) only if ©%G ~ 0% where
7' has the form 2/ = 7(ydiag(idy,, ty, Fidy,)y~!) with ¢, a diagonal element in
GLoy, (k)2 . By Lemma 5.7 2., 2’ lies in T;. So, if Ay = 1, then the partition
associated with wy is A’ = 1 and Lemma 5.4 3. applies. If Ay > 1, then the

partition associated with wy is X # 1 so r = A\; +1 > 2 and Lemma 5.4 2.
applies. [ |

Remark 5.12. It follows from the proof of Lemma 5.11 that even in the case
q =5 the class 0% is of type D, provided Ay > 1. Also, if ¢ = 3 then this class
is of type D provided A\; > 1 and Ay > 2.

Lemma 5.13. Let n = 2()\1 + )\2)7 A= ()\1,)\2) with )\1 Z 2, )\2 > 1, and
e1=1. Let x € Ti. Then O%C is of type D.
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Proof. We follow the strategy and notation from Lemma 5.11. In this case
r = 7(y)n(t)n(y)~! for t = diag(ti1,t2,t12), and

221 —1

1) € GLay, (k)™

ty, = diag(ti1, t12) = (a,a?, ... ,anl_l,aq

Applying w(()1 and argulng as in the proof of Lemma 5.10, we see that w( ) ‘0

OGW(T Fu) 7& O

w( 7r(t
IFqX If a € FX Y then there are diagonal elements di;, di» in GLy, (k) and
dy € GLgy,(k )Fw2 such that d; := diag(di1,di2) € Gloy, (k)1 detd = 1 for
d := diag(dy1,ds,d12) and d gt = (idy,,t5,1idy,). By Lemma 5.7 the latter lies
in the F'-stable maximal torus associated with wy. In this case, r > 2 and we
apply Lemma 5.4 2. We assume from now on that a? € qu and a ¢ ]F 3,

a?'=1 = —1. Hence if g5 = 0, then

with the possible exception of the case in which a?® €

1 Ao—1  Ag—1 A -1

A_
— — q q™1 q q q q
t =tope=(a,a?,...,a bbb ,C .., C—a yeee,—a@),
for b,c € FX,., while if €5 = 1, then
I q)‘2’ )
Ap—1 Ag 2X9—1 A Ap—1
t=top=(a,a%...,a"" b,... 0" b b2 =T —a),

for b € F* SV The T#»-orbit consists of elements of the form oz bza,czs (tazy bzo s

(Al)q (/\2) — 1

respectively) for z; € F* Y and zy € F* e satisfying z; Since all

elements in qu | satisfying a? M-l = _1 lie in the same th -coset, we may assume
that |a| = 2(¢™ —1). We consider w; " -m(tsp) (wy ' m(tape), respectively). If it lies
in a different (T )-orbit than 7 (t,5) (m(tape), respectively), we apply Lemma
5.3. Otherwise, there are z; € IFXAI, e Fy, and z; € FXQ such that ¢z, = 1,

at™! = (z;, and z1z0”)7 = 1. If this is the case, then |a?™!| = |z;'zy| = 2(A1),.
Thus, there is an element in the image of v in (5.4) of even order > 4 and Lemma
5.2 applies. [ |

Remark 5.14. Lemma 5.10 does not cover the case h odd, W - OZ’(:)(TFw) =

Fw . .
(’)fr’(:)(T ), and = # 1. This actually amounts to at most a single class for each
group, up to rack isomorphism: Keep the notation from the lemma, let { be a

h
generator of Fp., n = ( 5= and set
v = yrlty)y 55)

Then z € O @ and 0%6G ~ 0%C by Proposition 4.1.
1. This class seems to be dlfﬁcult. For instance, the subrack

0,7 (TE) ~ 0,7(TFw) AN eFuw.0)(T)
Oy Ol =00

is not of type D. Indeed, |7 (t,)0| = 2 and OZ’]W(T%) ={n(ty,) : £ €k, EMa =1 2 =

€H4"} | Then for every r € Off(TFw) the order |rfm(t,)0| = |rx(t,")| divides (h),
and hence it is odd.
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2. This class does not occur when dealing with 6-conjugacy classes in G
instead of PGL,(q), if ¢ = 1(4). Let s =t, as in the proof of Lemma 5.10. Then
s lies in SL, (k) only if ¢ = 3(4). Indeed det(s) = a(™s = g(1+1") M = _g2(Ma — 1

gives a?Ms = —1. Also, —1 = a1=9MWa = ¢*3°2(Ms = (—1)"F" g0 L is odd.

2
In group-theoretical terms, the class of v is of type D if and only if the
following question has an affirmative answer:

Problem 5.15. Let n and s =t, be as above, recall the matrix J from (2.6).
Is there a matrix in A € SL,(F,)f such that the projective order of

m(A) ;= JAJ'As (5.6)

is even and bigger than 47

So far, we have seen that most #-semisimple classes in PSL,, (F,) are of type
D. Next proposition shows that there exist classes that are not of type D. This
shows that the condition ¢ # 3 in Proposition 5.9 is necessary.

Proposition 5.16.  The class Of’PSL“(?’) is mot of type D.

Proof. We adopt the notation from the proof of Proposition 5.9 to show that
the projective order of any matrix Y of the form m(A,e, f) is at most equal to
4. For such Y, we verify that detY = (det A — ef)?, that Tr(Y) = 2Tr(A), and
that the matrix Y annihilates the polynomial X? —Tr(A)X + (det A —ef). Since
Y € SLy(F3) we have § := det A — ef = 1. Therefore, whenever Tr(A) = 0,
the matrix Y is an involution in PSL4(3). Let us assume Tr(A) # 0. We have
Y2 =Tr(A)Y —§ so

Y3 =Tr(A)Y? = §Y = Tr(A)*Y — §Tr(A) — 6Y = (1 - 0)Y — § Tr(A).
If 6 =1, then Y3=41.If § = =1, then Y* = -Y2 + Tr(A)Y = —1. [
We proceed now to prove Theorem 1.1.

Proof. We cite the rows in the table according to their position in the last
column. We make the convention that the head row is the Oth one. Let us consider
the class of an element x that might possibly be not of type D. If X\ # 1 then by
Lemma 5.4 1. and 2., n has to be even and r < 2. By Lemmata 5.11 and 5.13,
the case r = 2 and either ¢y = 1 or ¢ > 5 is ruled out, yielding the first row. If
r =1 and € = (0), then by Lemma 5.8 and Proposition 5.9, the classes that are
not of type D may occur only for n = 4 and either ¢ = 3,7, or 6(z) = = and
g = 5,9. This gives the second and the third row. If r =1 and € = (1), then by
Lemma 5.10, the classes that are not of type D may occur only in the following
situations:

e n=4; ¢=3,7 and 6(x) # x~!, which is the fourth row;
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e n=4,9g=3,5"79 and x € Of’PGL”(Q). This case is considered in the last
row, as, up to rack isomorphism, this class is represented by an element in
an F'-stable maximal torus with associated partition 1.

e n twice an odd number, z € Og’PGL"(Q), which is the fifth row.

Assume now A = 1. Then, by Lemma 5.4 the only classes that could occur in
the table are those for ¢ = 3,5, or for n = 3 and ¢ = 7,13, or else n = 4 and
= 3(4), or ¢ = 9. This gives the sixth and the seventh row. |

6. Twisted classes of elements with trivial 8-semisimple part

Recall that for x € PGL,(q) there is a unique decomposition * = us with u
unipotent, s a @-semisimple element and us = sf(u). Then we have the rack
inclusions, see (3.1):
OG5 OG0,
x u

Assume s = 7w(s'), ' € T. According to [St, 8.1], Gy(s') is a connected
reductive group. By [Mol, Theorem 1.1, Proposition 3.1], any simple component of
Gy(s") is isomorphic either to Spa, (k) or to SL,(k), a € N, if n is even; and either
to Spaa(k), SLy(k) or SOz441(k), a € N, if n is odd. Taking F-invariants and
arguing as in [Ca2, §3], one sees that Gg(s')!" contains a product of finite classical
groups: unitary, special linear and symplectic if n is even, and orthogonal, unitary,
special linear and symplectic if n is odd. Then O%€ is of type D whenever the
conjugacy class of some component of u in one of these factors is so.

The group Gy(s) = 7(GF)A% =)0 might properly contain 7((GA% ) =
7(Gy(s')¥) although the latter already contains all unipotent elements. So, even
if OZ’F(G(’(S,)F) fails to be of type D, it is still possible that 056G 5 go.

The unipotent classes in PSL,(¢) and Sp,,(q) are studied in [ACGal,
ACGa2], whereas a similar analysis for unitary groups and orthogonal groups is in
preparation. This enables us to draw conclusions in case s = 1.

Proposition 6.1.  Assume n is even and g > 3. Let O be a 0 -twisted conjugacy
class with trivial 0-semisimple part and non-trivial unipotent part. Then O is of
type D.

Proof. By the discussion in Section 3, a representative of the class is a unipotent
element u € G and O has a subrack isomorphic to OLd’(GG)O ~ O5pn(@) (see
the isogeny argument in [ACGal, 1.2]). This rack is of type D with the exception
of the classes with Jordan form corresponding to the partition (2,1,...,1), for
q either 9 or not a square. Observe that the form used for defining Sp, (k) in
[ACGa2| differs from the one we consider. Explicitly, if n = 2h, then they are

related by the change of basis:
€; 1 < hodd or> h even;
e; — . .
éniv1 ¢ < heven ori> h odd.

Hence, if M is the matrix that gives this basis change, elements in G? are obtained
from matrices therein conjugating by M .
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Let us consider the partition (2,1,...,1). There are two unipotent classes
in Sp,(¢) associated with it. They are represented by u; = 1 + nie;,, and by
uy = 1+ mq€1, for m a square and 7, not a square in F, respectively. Consider
g = m(diag(—ids,id,_2)) € G and set

1
Let us consider the matrix o = ( idn 2 o) : in particular (o) € GY.

-1

Now, set 7, = w;, s; = w(0) pv; and R; = OL‘?GG, S; = Ois‘j’cg, i=1,2.
It follows that the elements r;,s; satisfy (2.1). Unless ¢ = 1(4) and n = 4, the
subracks R and S are disjoint as one is a unipotent class and the other is not.

Assume now n = 4, ¢ = 1(4). Then, for i = 1,2 there is { € F) such
that €2 # 1 and (£7;)? # 2. Indeed, this excludes at most 4 elements, hence the
case of ¢ > 5 follows, whereas if ¢ = 5, then 2 is not a square and we can take
& =2 € Fs. In this case we take g = m(diag(1,&,1,&Y)) € G and

1 &ini .
vi:—gpui—ﬂ( £2id, ), 1=1,2.
1
Then we consider r = wu;, s = 7(s) -9 v; with s; as above, R = (’)E’Ge and
S = O;‘}Ge and the proposition follows. n

If n is odd, less is known about unipotent conjugacy classes in GY. We can
still obtain the following. Recall that in this case G? ~ SO,, (k).

Proposition 6.2.  Assume n > 3 is odd. Let O be a 0-twisted conjugacy class
with trivial 0 -semisimple part. If the Jordan form of its p-part in G corresponds
to the partition (n), then O is of type D.

Proof.  As above, a representative of the class is u € G’ and O has a subrack
isomorphic to O4G" ~ 095D e apply [ACGa2, 3.7]. n

Acknowledgements. The authors are grateful to Nicolds Andruskiewitsch, Kei-
Yuen Chan, Fernando Fantino, Gastén Garcia, Donna Testerman and Leandro
Vendramin for useful discussions and important e-mail exchanges. We are also
indebted to Ernest Vinberg for the suggestion in Remark 4.3 and to the referee for
useful comments on the exposition of this manuscript.



[ACGal]

[ACGa2]

[AFGaV1]

[AFGaV2]

[AFGV1]

[AFGV?2]

[AG]

[AHS]

[Cal]

[Ca2]

[FV]

CARNOVALE AND GARCIA IGLESIAS 217

References

Andruskiewitsch, N., G. Carnovale, and G. A. Garcia, Finite-dimens-
tonal pointed Hopf algebras over finite simple groups of Lie type, I:
non-semisimple classes in PSL,(q). J. of Algebra,
doi:10.1016/j.jalgebra.2014.06.019.

—, Finite-dimensional pointed Hopf algebras over finite sim-
ple groups of Lie type. II: unipotent classes in the symplec-
tic groups. Communications in Contemporary Mathematics, doi:
10.1142/50219199715500534.

Andruskiewitsch, N., F. Fantino, G. A. Garcia, and L. Vendramin, On
twisted homogeneous racks of type D, Rev. Un. Mat. Argentina 51
(2010), 1-16.

—, On Nichols algebras associated to simple racks, in: Contemporary
Mathematics 537, Amer. Math. Soc., Providence, RI, 2011, 31-56.

Andruskiewitsch, N., F. Fantino, M. Grana, and L. Vendramin, Finite-
dimensional pointed Hopf algebras with alternating groups are trivial,
Ann. Mat. Pura Appl. 4, 190 (2011), 225-245.

—, Pointed Hopf algebras over the sporadic simple groups J. Algebra
325 (2011), 305-320.

Andruskiewitsch, N., and M. Grana, From racks to pointed Hopf
algebras, Adv. in Math. 178 (2003), 177-243.

Andruskiewitsch, N., I. Heckenberger, and H.-J. Schneider, The
Nichols algebra of a semisimple Yetter-Drinfeld module, Amer. J.
Math. 132 (2010), 1493-1547.

Carter, R. W., Conjugacy classes in the Weyl group, Compositio Math.
25 (1972), 1-59.

—, Centralizers of semisimple elements in the finite classical groups,
Proc. London Math. Soc. 42 (1981), 1-41.

Fantino, F., and L. Vendramin, On twisted conjugacy classes of type D
in sporadic simple groups, in: Hopf Algebras and Tensor Categories,
Contemporary Mathematics 585, Amer. Math. Soc., Providence, RI,
2013, 247-259.

Joyce, D., Simple quandles, J. Algebra 79 (1982), 307-318.

Heckenberger, 1., and H.-J. Schneider, Root systems and Weyl
groupoids for semisimple Nichols algebras, Proc. London Math. Soc.
101 (2010), 623-654.

Hodge, W. V. D., and D. Pedoe, “Methods of Algebraic Geometry, I,”
Cambridge University Press, 1968.



218 CARNOVALE AND GARCIA IGLESIAS

[MT] Malle G., and D. Testerman, “Linear Algebraic Groups and Finite
Groups of Lie Type,” Cambridge Studies in Advanced Mathematics
133, Cambridge University Press, 2011.

[Mo1] Mohrdieck, S., “Conjugacy classes of non-connected semisimple alge-
braic groups,” PhD. Thesis, Univ. Hamburg, 2000.

Mo2] —, Conjugacy classes of non-connected semisimple algebraic groups,
Transformation Groups 84 (2003), 377-395.

[St] Steinberg, R., “Endomorphisms of Linear Algebraic Groups,” Memoirs
of the Amer. Math. Soc., 80, 1968, 108pp.

Giovanna Carnovale Agustin Garcia Iglesias

Dipartimento di Matematica FaMAF-CIEM (CONICET)

Torre Archimede - via Trieste 63 Universidad Nacional de Cordoba

35121 Padova, Italy Medina Allende s/n

carnoval@math.unipd.it Ciudad Universitaria

5000 Cordoba, Republica Argentina
aigarcia@famaf.unc.edu.ar

Received January 30, 2015
and in final form June 15, 2015



