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Abstract. In this paper, we obtain a class of Novikov superalgebras which
include some nonassociative superalgebras.
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1. Introduction

Novikov superalgebras were introduced in [7] as a particular case of left symmetric
superalgebras which were called by Gerstenhaber Zj-graded pre-Lie algebras [4].
Novikov superalgebras are related to quadratic conformal superalgebras [g].

A Novikov superalgebra A is a Z,-graded vector space A = Ag + A; with
a bilinear product (z,y) — zy satisfying, for any x € A;,y € A;, z € A,

(zy)z — x(yz) = (=1)7((yx)z — y(x2)),

(zx)y = (=1)" (2y)z.
The even part of a Novikov superalgebra is exactly a Novikov algebra. The
supercommutator

[z, y] = zy — (—1)ijya:, Ve e A,y € A

makes any Novikov superalgebra A a Lie superalgebra. The passage from a
Novikov algebra A to a Lie algebra is analogous.

There are only a few results on Novikov superalgebras, such as Novikov
superalgebras with associative, even, supersymmetric and nondegenerate bilinear
forms are associative [I, [6], Novikov superalgebras in low dimensions [3] 5] and so
on.

This paper is to obtain a class of new examples of Novikov superalgebras
which include some nonassociative superalgebras. For a Zs-graded vector space
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A = Ag+ A1, a bilinear function h: A x A — C is said to be supersymmetric if
h(z,y) = (=1)?h(y,x), Vr € A;,y € A;.
Let f,g: A — C be two linear functions. Define a product on A by
rxy = f(x)y+gy)r + h(z,y)co + h(z,y)er, Va,y € A, (1)

where h is a supersymmetric bilinear function, ¢y € Ay, ¢; € A; and ¢y + ¢; # 0.
The main result in this paper is the following conclusion.

Theorem 1.1.  Assume that A = Ay + Ay is a Novikov superalgebra under
the product defined by the equation , where dimAg = n(n > 2) and dimA; =
m(m > 1), then A is isomorphic to one of the following algebras:

1. Ny is a trivial algebra, i.e., xy =0 for all x,y € Ny;
2. Ny =(eier =¢;, fier = fi|1 <i<n,1<j<m;
8. Ny = (foj_1foj = e1 = —fojfoj1|1 < j < k) for any 2k <m;

4. N§ ={eifi = fr = fiesenf; = hler, f) i = fie|2 <i < k,2 < j <m) for

any k < min{m,n};

b. Nfl’kQ = (eje; = e1, faj_1foj = €1 = —fajfoj-1|2 < i@ < k1,5 < ko) for any
1<k <n,2k <m;

Ng = <€1€1 :€1>;

No = (ere; =ejerfj=fil2<i<n,1<j<m;
8. Ny = (e1e1 =e1 +eg,eie1 =€, fier = f;12<i<n,1<j<m);
9. Ng=(ere; =e; = ejey, fjer = fij=eif|1 <i<n, 1 <j<m).
Here {ey,--- ,en} is a basis of Ag and {f1, -, fm} is a basis of A;.

Remark 1.2. 1. When dimAy = n(n > 2) and dimA; = 0, the classifi-
cation of left symmetric algebras arising from the product defined by the
equation (|1)) has been given in [2].

2. With conditions and notations in the above theorem, it is not difficult to see
that A is not associative if and only if A is isomorphic to Ny or Ny.

2. Proof of Theorem [1.1]

In this section, we suppose that A = Ay + A; is a Novikov superalgebra un-
der the product defined by the equation , where dimAy = n(n > 2) and
dimA; = m(m > 1). Throughout what follows, let e;,--- ,e, be a basis of Ay
and fi,---, f,n be a basis of A;.
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Lemma 2.1.  With the above conditions, we have f(x) = g(xz) = 0 for all
S Al .

Proof. For any x € A; and y € Aj, we have
vy = f(@)y+g(y)r + Mz, y)co + hz, y)er € Ay,

Thus f(x)y+ h(z,y)co = 0. Note that dimA, > 2, it follows that f(x) = 0 for all
x € A;. Similarly we can prove that g(x) =0 for all x € A;. [

Proposition 2.2.  [fcy #0 and c; #0, then A is isomorphic to Ny or Ni.
Proof. For any x,y € Ay, by Lemma [2.1] we have
rxy = f(x)y+ g(y)r + h(z,y)co + h(z,y)cr = h(x,y)co + h(x,y)er € Ay.

Thus h(x,y)c; = 0 which implies h(z,y) = 0 for any x,y € A;. Similarly we can
prove h(z,y) =0 for all z,y € A. Thus the product of A is given by

zxy= f(x)y+g(y)z.

Note that Ay is a Novikov algebra, then by the discussion for Novikov algebras in
[2], we have

1. f(z) =g(z) =0 for all x € Ayp;
2. f(z) =0 for all x € Ay and g(x) # 0 for some z € Ay.

In the case 1, by Lemmal[2.1] we have f(z) = g(z) =0 for all z € A, which
implies that z x y = 0. Thus A is isomorphic to Nj.

In the case 2, by Lemma we have f(z) =0 for all x € A which implies
that = x y = g(y)z. Without loss of generality, assume that g(e;) # 0,¢9(e;) =
0,2 < i < n. Furthermore, we can normalize g by g(e;) = 1. Note that g(x) =0
for all x € A;. Hence A is isomorphic to V. |

Lemma 2.3. Ifcg #0 and ¢; =0, then h(z,y) = h(y,x) =0 for any = € Ay
and y € A,

Proof.  We only prove that h(z,y) = 0,Vx € Ag,y € A;. For any = € Ay and
y € Ay, by Lemma [2.1] we have

zxy = f(@)y+ 9wz + h(z,y)co = f(2)y + bz, y)co € Ar.
Thus h(z,y)co = 0 which implies h(z,y) = 0 in this case. ]

Proposition 2.4. Ifco #0, ¢; =0 and h(z,y) =0 for all x,y € Ay, then A
is isomorphic to Ny or N&.



230 CHEN AND DING

Proof. Since h(z,y) =0 for all z,y € Ay, we have

zxy = f(x)y+ g(y)z,Va,y € Ap.

Similar to Proposition [2.2] we only need to consider the following two cases:

Case1: f(x)=g(x) =0 for all x,y € Ap.

By Lemma 2.1 we have f(z) = g(z) = 0 for all z,y € A which implies
that = xy = h(x,y)co. Then according to Lemma together with the condition
h(z,y) =0 for all z,y € Ay, we deduce that the product of A (only consider the
possible nonzero product in the following) is given by

zxy = h(x,y)cy, Vr,y € A;.

Note that h(z,y) = —h(y,z) for any z,y € A;. Without loss of generality, we
choose ¢y = e; and assume that h(fyj_1, fo;) = 1 = —h(fe;, fa;—1),j < k for any
2k < m. Thus we get that A is isomorphic to NJ.

Case2: f(x)=0 forall x € Ay and g(x) # 0 for some x € A,.

By Lemma [2.1] we have f(z) = 0 for all z € A which implies that
rxy = g(y)xr + h(z,y)co. Without loss of generality, we assume that g(e;) =
1,g9(e;) =0,2 < i <n. Moreover, g(f;) =0,1 <j <m. Similarly in the Case 1,
we assume that h(fyj_1, fo;) = 1 = —h(foy, f2j—1),7 < k for any 2k < m. We
claim that &k = 0. Otherwise set ¢y = 2?21 a;e;, we have

(€1> f2j717 fzj) = (61 * f2j71) * f2j — e % <f2j71 * f2j) =0—eicp = —asey,
(ijflaela fzj) = (fijl * 61) * f2j - f2j71 * (61 * fzj) =co— 0= cp.
Thus (e1, faj—1, f2;) = (f2j-1,¢€1, f2;) implies ¢g = 0 which is a contradiction.
Hence A is isomorphic to Nj. [ |

If ¢ #0, ¢y =0 and h(z,y) # 0 for some x,y € Ag, the product in A is
reduced to

rxy = f(x)y+g(y)z + h(z,y)co, Va,y € A

where h : Ay x Ag — C is a nonzero symmetric bilinear function. Note that the
even part of A is a Novikov algebra, then by [2], Ay is isomorphic to one of the
following algebras:

1. For every k=0,---,n—1, AEI;; = (ejej = €12 < j < k+1);
2. Ap) = (e1e1 = e1);

3. For every k=0,--- ,n—2, Ag;;)),g = (e1e9 = €1, €961 = 2e1, €969 = €3, €9€; =
ei,ejej =e3<i<n,3<j<k+2);

4. A((]4) = <€1€j = 6]"2 S ] S n},
5. Ay = (e1e1 = e1 + ez, eje1 = ;]2 < j < n);

6. A??) = (e1e1 = aey, ere; = €5, €561 = agj2 < j <n), aF#0.
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Here {e1, - ,e,} is a basis of Ag.

Proposition 2.5. If cg #0, ¢, =0 and h(x,y) # 0 for some xz,y € Ay, then
A is isomorphic to Nfl’k2, or N5, or Ng, or N7, or Ng.

Proof. The proof can be divided as follows.
Case 1: The even part is AE’B For this case, we know that f(z) = g(z) =
0, h(z,co) =0,V € Ay (see [2]). The product of A is given by

rxy = h(z,y)c, Y,y € Ag; x*xy = h(z,y)co, Y,y € Aj.
Thus, we can choose a basis {ej, - ,e,} of Ag and {fi,---, fin} of A; such that
eixe; =e,2<1<ky foranyl <k <n;
Ja—1x fa=e1 = —fau* fa_1,l < ky for any 2ky < m.
This algebra is isomorphic to Nj**.

Case 2: The even part is A(y). Similar to the Case 1, the product of A
is given by

e1ke; =e1; fu1* fa=ajey =—fu* fu1,l <k for any 2k <m
where a; # 0. Since A is a Novikov superalgebra, we have
0= (f21—1 * 61) * f2l = (f21—1 * fzz) *e1 = 61561 *ep = a%€1~

Thus k£ = 0. Hence A is isomorphic to Nj.
Case 3: The even part is Agg))’g. In this case, we have

vxy = f(x)y+ h(z,y)co,Vo,y € A

where f(z) = h(z,¢p) is a nonzero linear function on Ay satisfying f(co) = 0. We
choose some nonzero element y € A;. For any z,z € Ay, by Lemma [2.3] we have

0= (zxy)xz=(rx2)xy=[f(x)f(2)y+h(z,2)f(co)y = [(x)f(2)y.

It follows that f(z) =0 for all z € Ay which is a contradition.
Case 4 : rhe‘even part is A(()4). According to Lemma and Lemma ,
the product of A is given by

T*xY = f(:l:)y,Vx € Aan € Ala
Tr*y = h(x,y)co,VJ;,y € Ala
xxy = f(x)y+ h(z,y)co, Va,y € A,.
For any z,y € Ay, we have (y * ) *xx = —(y x ) * x, thus
0=(yxx)xz=(h(y,x)co) *x = h(y,z)f(co)x

From f(cp) # O(see [2]), we have h(y,z) = 0 for any =,y € A;. Thus the case Ng
follows.
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Case 5: The even part is Agg). The product of A is given by
rxy=g(y)z,Vo € A,y € Ay;

rxy = h(z,y)co,Vo,y € Ay;
xxy=g(y)r+ h(z,y)co, Y,y € A.

According to [2], there exists a basis {e1, -+ ,e,} and o € C,a # 0 such that
co =y v oaie;, g(x) = h(z,aer), her,e1) =1,h(e;e;) =0,2<i<n,1<j<n.
Without loss of generality, we suppose as # 0, and set

1 Co1

/ . . . /I -
6125617 62_&007 €; = €5, 3§]§TL,

J

then we can choose a basis f;,1 < j < m of A; such that the product of A is
given by as follows

eyxey =e +ey e el =¢,2<j<m
frxel = fu, 1<K <m; fo 1% fa=cey=—fox fou1,l <k for any 2k < m.
However,
(€1s fam1, for) = (€} * far—1) * for — €] % (far—1 * for) = 0 — ejely =0,

(fa—rs €y, fa) = (a1 * €1) * for — fam1 * (€] * fo) = fa—1 * for — 0 = e5.

Thus (€}, fa—1, fa) = (fa-1, €}, far) implies & = 0. Hence under the new basis, we
can get the case N7.

Case 6 : The even part is Ag%). According to Lemma and Lemma H,
the product of A is given by

rvxy = f(x)y, Vo € Ag,y € Ay;
rxy=g(y)z,Vo € A,y € Ay;
T*xY = h(:v,y)co,vyc,y € Ala
rxy = f(x)y+ g(y)x+ h(z,y)co, Y,y € Ap.
As the same proof as in C'ase 5, we obtain the product of A is given by as follows
erx e = e, e xe; =ej,e5 % e =aej,2 < j<n;
Ja—1 % fa=e1 = —fa* fa_1,l <k for any 2k < m;
froxer=afy =ae* fo,a#0,1<E <m.

HOWGVGI‘, (1 — 06)61 = (61,f2171,f21) = (fglfl,el,le) = (Oé — 1)61 implies o = 1.
Furthermore —2fy = (f217f2zf1,f21) = _<f2l717f217f21) = —fy implies k£ = 0.
Thus A is isomorphic to the following algebra

(ere; = e; = ejer, fien = fi=erf;[1 <i<n, 1 < j <m)

which is the case Ng. [ ]
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Proposition 2.6.  If ¢ =0 and ¢; # 0, then A is isomorphic to Ny or N¥.

Proof. For this case, the product of A is given by
rxy= f(z)y+ g(y)r + h(x,y)e, Vo, y € A.

Moreover, the product of Ag is reduced as follows

vxy = f(x)y+g(y)z,Vo,y € A.

Similar to Proposition [2.2] we will discuss the following two cases:

Case1: f(x)=g(x) =0 for all x,y € Ay.

By Lemma 2.1, f(z) = g(z) = 0 for all z,y € A which implies that
zxy = h(x,y)c;. Then

xxy = h(z,y)c; =y*xx,Vr € Ag,y € A;.
For any z,z € Ay and y € Ay, we have (zxy)*z = (z* z) xy = 0, thus
0= (zxy)*z=(h(z,y)a)z = h(z,y)h(c1, z)ci.

Thus we obtain h(cy, z) = 0. Without loss of generality, we assume that f; = ¢,
it follows that

eix fj=hle, fj)fi=fi*e,1<i<n,2<5<m.

Then under a new basis, we can obtain that A is isomorphic to N¥.

Case 2: f(x) =0 for all x € Ay and g(x) # 0 for some z € A,.

By Lemma [2.1] we have f(z) = 0 for all z € A which implies that
rxy=g(y)x+ h(zx,y)c;. Then we have

xxy = h(x,y)cr, Vo € Ag,y € Ay,

y*xx=g(x)y+ h(z,y)e, Vo € Ag,y € Ay
xxy=g(y)z,Vr,y € Ap.

Without loss of generality, we assume that f; = ¢1, g(e;) = 1 and g(e;) = 0 for
2 <1 <n, it follows that

fixei = h(e;, f;)f1,Vi > 2; fixer = fi+h(er, f;)fi; eixf; = hlei, fj) f1; ejxer = e;.

Note that 0 = (e; *xex) * f; = (e * f;) * e, implies h(f1,e;) =0 for 2 < k <n, and
(ej*xeq)*fi = (e f;)xey implies h(f1,e;) = 0. Furthermore (f;, e1,e1) = (e1, fi, €1)
implies h(ey, f;) = 0. Now we can choose a new basis such that the product of A
is given by

epxer =e;,1 <[ <n;

fixer=f;,1<j<m; exfi=fi=fixe;,2<i<k for any k <min{m,n}.

If there exists some 2 < i < k, k < min{m,n} such that e;x f; = f; = fixe;, then
fi = (fi,e1,e;) = (e1, fi,e;) = 0 which is a contradiction. Hence A is isomorphic
to Nl . |
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