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Abstract. A first characterization of the isomorphism classes of k-involutions
for any reductive algebraic group defined over a perfect field was given in On the
Classification of k-involutions I using 3 invariants. In Involutions of SL(n, k),
(n > 2) a full classification of all k-involutions on SL(n, k) for k algebraically
closed, the real numbers, the p-adic numbers or a finite field was provided. In
Isomorphy Classes of Involutions of SP(2n,k), (n > 2), a similar classification
was given for all k-involutions of SP(2n,k). In this paper, we find analogous
results to develop a detailed characterization of the k-involutions of SO(n, k, 8),
where [ is any non-degenerate symmetric bilinear form and k is any field
not of characteristic 2. We use these results to characterize the isomorphy
classes of k-involutions of SO(n,k,3) for all bilinear forms, § when char(k) #
2,3, and for some bilinear forms when char(k) = 3. When n # 3,4,6,8,
then the characterization considers all involutions. If n = 3,4,6,8, then the
characterization only considers inner involutions.

Mathematics Subject Classification 2010: 14M15, 20G05, 20G15, 20K30.

Key Words and Phrases: Orthogonal Group, symmetric spaces, involutions, inner
automophisms.

1. Introduction

Let G be a connected reductive algebraic group defined over a field k£ of charac-
teristic not 2, # a k-involution of G, i.e. a k-automorphism of G of order two,
H a k-open subgroup of the fixed point group of § and Gy (resp. Hj) the set of
k-rational points of G (resp. H). The variety G/H is called a symmetric variety
and Gy/Hy is called a symmetric k-variety. For k the real numbers or the p-
adic numbers, the symmetric k-varieties are also called reductive (real or p-adic)
symmetric spaces or simply (real or p-adic) symmetric spaces. Symmetric spaces
play an important role in many areas of mathematics and physics, but probably
best known are the representations associated with these symmetric spaces which
have been studied by many prominent mathematicians starting with a study of
compact groups and their representations by Cartan [Car29], to a study of Rieman-
nian symmetric spaces and real (and p-adic) groups by Harish Chandra [HC84]
to a more recent study of the non Riemannian symmetric spaces (see for example

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



384 BENIM, DOMETRIUS, HELMINCK, WU

[vdBS97a, Far79, FJ80, OS80]) leading to a Plancherel formula in 1996 proven
independently by Delorme [Del98] and van den Ban and Schlichtkrull [vdBS97b].
These authors further develop these ideas in [AO05]. Once this Plancherel formula
was obtained the attention shifted to p-adic symmetric spaces (see for example
[DH14, CD14, Del13, HH02, HHO05]). In the late 1980’s generalizations of these
reductive symmetric spaces to other base fields started to play a role in other
areas, like in the study of arithmetic subgroups (see [TW89]), the study of char-
acter sheaves (see for example [Lus90, Gro92]), geometry (see [DCP83, DCP85]
and [Abe88]), singularity theory (see [LV83] and [HS90]), and the study of Harish
Chandra modules (see [BB81] and [Vog83, Vog82]). This prompted Helminck and
Wang to commence a study of rationality properties of symmetric k-varieties over
general base fields, see [HW93] for some first results.

To study these symmetric k-varieties for any field k, one needs a classi-
fication. The isomorphy of these symmetric k-varieties can be reduced to the
Inn(G, Gy )-isomorphy of the related k-involutions (see [HW93]). Here Inn(G, Gy)
is the set of inner automorphisms of G that leave G} invariant. A characteri-
zation of these isomorphism classes of the k-involutions was given in [Helm2000]
essentially using the following 3 invariants:

1. classification of admissible (I', #)-indices.

2. classification of the Gj-isomorphism classes of k-involutions of the k-aniso-
tropic kernel of G.

3. classification of the G -isomorphism classes of k-inner elements of G.

For more details, see [Helm2000]. The admissible (I',0)-indices determine most
of the fine structure of the symmetric k-varieties and a classification of these
was included in [Helm2000] as well. For k algebraically closed or k the real
numbers the full classification can be found in [Hel88]. For other fields a full
classification of the remaining two invariants is still lacking. In particular the case
of symmetric k-varieties over the p-adic numbers is of interest. We note that the
above characterization was only proven for k a perfect field.

In [HWDO04, HWO02] a full characterization of the Inn(G, Gy)-isomorphism
classes of k-involutions was given in the case that G = SL(n, k) which does not de-
pend on any of the results in [Helm2000]. It was also shown how one may construct
an outer- k-involution from a given non-degenerate symmetric or skew-symmetric
bilinear form g of k™. Using this characterization the possible isomorphism classes
for k algebraically closed, the real numbers, the p-adic numbers and finite fields
were classified. A similar classification for G = SP(2n, k), the Symplectic groups,
can be found in [BHJ15].

We note that much work has been done in characterizing automorphisms of
O(n, k, 8), notably the works of Diedonne in [Die51] and [Die63], Rickart in [Ric50]
and [Ric51], and Wonenburger in [Won62]. These results consider automorphisms
of G under the action of the full automorphism group of Gy, so these results do
not directly apply to the problem of isomorphy of k-involutions under the action
of the subgroup Inn(G, Gy) of Aut(Gy) as considered in this paper.
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In this paper we study k-involutions of SO(n, k, #), the special orthogonal
group with respect to a symmetric bilinear form 5 on k™. We give a characteri-
zation of the isomorphy classes of k-involutions of SO(n, k, 8), which come from
inner automorphisms Inn, of the general linear group GL(n,E). In section 2, we
state many of the important definitions and initial observations. In section 3 we
show that if a k-automorphism § = Inn, where A € GL(n, k) leaves SO(n, k, 3)
invariant, then we can assume A is in SO(n, k[\/a],5) when n is odd, and A
is in O(n, k[v/a], ) when n is even, where k[\/a] is a quadratic extension of k.
Further, we show that each entry of A must be a k-multiple of /a. To prove
these results, we require that either char(k) # 3, or we require a restriction on the
bilinear form /. In section 4, we have the main results of the paper. We determine
which A € SO(n, k[y/a], 8) if n is odd and which A € O(n, k[y/a|, ) if n is even
induce k-involutions of SO(n,k, ) of the form Inn,. We will see that when n
is odd, there is only one type of these k-involutions, and if n is even, there are
four types of these k-involutions. For each type, we determine nice conditions
that are equivalent to isomorphy of these k-involutions over SO(n, k, 8) if n is
odd and over O(n, k,5) if n is even. When n # 3,4,6,8, the k-involutions of the
form Inn, will be all of the k-involutions of SO(n, k, #). In section 5, we discuss
the maximal number of possible isomorphy classes of k-involutions of the form
Inny. In section 6 we look at some explicit examples of orthogonal groups, most
of which are the standard orthogonal group, when k£ is algebraically closed, the
real numbers, a finite field of order odd ¢ = p™ , or the p-adic numbers

2. Preliminaries

Our basic reference for reductive groups will be the papers of Borel and Tits
[BT65], [BT72] and also the books of Borel [Bor91], Humphreys [Hum75] and
Springer [Spr81]. We shall follow their notations and terminology. All algebraic
groups and algebraic varieties are taken over an arbitrary field k (of characteristic
# 2) and all algebraic groups considered are linear algebraic groups.

Our main reference for results regarding k-involutions of SL(n, k) will be
[HWDO04]. Let k be a field of characteristic not 2, k the algebraic closure of k,

M(n, k) = {n x n-matrices with entries in &},

GL(n, k) = {A € M(n, k) | det(A) # 0}

and
SL(n, k) = {A € M(n, k) | det(A) = 1}.

Let k* denote the multiplicative group of all the nonzero elements, (k*)? =
{a®* | a € k*} and I,, € M(n, k) denote the identity matrix. We will sometimes use
I instead of I, when the dimension of the identity matrix is clear.

We recall some important definitions and theorems from [HWDO04].

Definition 2.1.  Let G be an algebraic groups defined over a field k. Let Gy be
the k-rational points of G. Let Aut(G, Gy) denote the the set of k-automorphisms
of Gi. That is, Aut(G, G},) is the set of automorphisms of G which fix Gj,. We say
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0 € Aut(G, Gy) is a k-involution if 6 =Id but 6 # Id. That is, a k-involution is
a k-automorphism of order 2.

Choose A € Gy. Then the map Inny(X) = A1 X A is called an inner k-
automorphism of Gy. We denote the set of such k-automorphisms by Inn(Gy,). If
Inny € Inn(Gy) is a k-involution, then we say that Inny is an inner k-involution
Of Gk .

Assume H is an algebraic group defined over k£ which contains G. Let Hj
be the k-rational points of H. Choose A € H. If the map Inna(X) = A7 X A is
such that Inny € Aut(G, Gy), then we say that Inny is an inner k-automorphism
of Gy over H. We denote the set of such k-automorphisms by Inn(H,Gy).
If Inny € Inn(H,Gy) is a k-involution, then we say that Inn, is an inner k-
imvolution of Gy over H.

Suppose 0,7 € Aut(G,Gg). We say that 0 is isomorphic to T over Hj, if
there is ¢ in Inn(Hy) such that 7 = ¢~'0¢. Equivalently, we say that 7 and 6
are in the same isomorphy class over Hj.

In [HWDO04], the isomorphy classes of the inner-k-involutions of SL(n, k)
were classified, and they are as follows:

Theorem 2.2.  Suppose the k-involution 6 € Aut(SL(n,k)) is of inner type.
Then up to isomorphism over GL(n, k), 0 is one of the following:

1. Inny |, where Y = I,_;; € GL(n, k) where i € {1,2,...,|%]} where

I,; 0O
[nfi,i - ( 0 _]Z > .

2. Inny |g, where Y = Ln , € GL(n, k) where x is a fized element of a coset
of k*/k*?, x #1 mod k*? and

0 1 0 0
z 0 0 0
0 0 . 0 1
0 0 z 0

Note that (ii) can only occur when n is even.

0 In
For the purposes of this paper, we will use matrices of the form <$ In 0 )
2

(and their multiples) rather than Lz .. Either of these serves as a member of the
isomorphy class listed in the previous theorem. It will become apparent that the
isomorphy classes of k-involutions SO(n, k, 5) over O(n, k, ) are just isomorphy
classes of SL(n, k) over GL(n, k) that have been divided into multiple isomorphy
classes.

We now begin to define the notion of a special orthogonal group. Let M
be the matrix of a non-degenerate bilinear form [ over k™ with respect to a basis
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{e1,...en} of k™. We will say that M is the matrix of 3 if the basis {e1,...e,}
is the standard basis of k™.
The typical notation for the orthogonal group is O(n, k), which is the group

O(n, k) = {A € M(n, k) | (Az)" (Ay) = =" y}.

This group consists of the matrices which fix the standard dot product. This can
be generalized to any non-degenerate symmetric bilinear 3, which will yield the
group

O(n, k, B) = {A € M(n, k) | B(Az, Ay) = ((z,y)}.
If M is the matrix of § with respect to the standard basis, then we can equivalently
say

O(n,k,B) = {A e M(n,k) | ATMA = M}.

It is clear from this definition that all matrices in O(n, k, 5) have determinant 1
or -1. We define the special orthogonal group of 5 to be the group

SO(n, k, B) = O(n, k, B) N SL(n, k),
and we define the group of similitudes of 5 to be the group
GO(n,k,B) = {A € M(n,k) | B(Az, Ay) = af(x,y), a € k*}.
We note that
GO(n,k,B) = {A € M(n, k) | ATMA = aM,a € k*}.

We say two n x n matrices A and B are considered congruent over k if
there exists Q € GL(n, k) such that QT AQ = B. We also say that A and B are
congruent via Q).

We note a couple of important facts, the first of which will be used repeat-
edly throughout this paper.

1. Symmetric matrices are congruent to diagonal matrices when char(k) # 2,
where the entries of the diagonal matrix are are representatives of the cosets
of k*/(k*)2.

2. If #y and By correspond to M; and M,, then SO(n, k, 1) and SO(n, k, 52)

are isomorphic via
® : SO(n, k, B1) — SO(n, k, B2) : X — Q7 'XQ

for some @ € GL(n,k) if and only if QTM,Q = M, (M; and M, are
congruent via Q).

So, we will assume that [ is such that M is diagonal. Then, to classify the
k-involutions of an orthogonal group where M is not diagonal, one can apply the
characterization that will follow by simply using the isomorphism & given above.

We say two vectors z,y € k™ are said to be orthogonal with respect to the
bilinear form g if f(x,y) = 0. We will eventually see that orthogonal vectors play
an important role in the structure of k-involutions of SO(n, k, 3).

Lastly, we will always assume, whether stated or not, that n > 2 and that
char(k) # 2.
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3. k-automorphisms of SO(n,k, 3)

In this paper, we consider the k-involutions that lie in the group
Inn(GL(n, k), SO(n, k, B)). When n is odd, this group turns out to be
Inn(SO(n, k, B),SO(n, k, 3)), and when n is even, this group turns out to be
Inn(O(n, k, 8),S0(n, k, 8)). We will see that when n is odd and n # 3, that
all of the k-involutions of SO(n,k, ) will be inner k-involutions of SO(n, k, f3)
over SO(n, k, ), and when n is even and n # 4,6, 8,, that all of the k-involutions
of SO(n, k, 3) will be inner k-involutions of SO(n, k, ) over O(n,k, ). We will
show isomorphy conditions of these k-involutions over SO(n, k, 5) when n is odd,
and over O(n, k, 5) when n is even.

It follows from a proposition on page 191 of [Bor91] that the outer k-
automorphism group

Out(SO(n, k, B)) = Aut(SO(n, k, 8))/ Inn(SO(n, k, B))

must be a subgroup of the diagram automorphisms of the associated Dynkin
diagram. If n = 2m 4+ 1 and m > 2, then this Dynkin diagram is B,,, which has
only the trivial diagram automorphism. Thus, there are no outer k-automorphisms
of SO(n, k, ) when n is odd and n > 5. If n = 2m and m > 4, then this Dynkin
diagram is D,,. The group of automorphisms of this Dynkin diagram is Z, when
m > 4. So, when n is even and n > 10, Out(SO(n,k, 3)) = Z,. The outer
k-automorphisms are of the form Inn, where A € O(n,k, ) and det(A4) = —1.
When £ is not algebraically closed, then all k-automorphisms of SO(n, k, ) will
still be of the form Inn, for some A € O(n,k,3) since Inny must also be an
k-automorphism of SO(n,k, ). Thus, the characterizations that follow in this
paper consider all k-automorphisms and k-involutions of SO(n, k, 3), assuming
that n # 3,4,6,8. In the cases where n = 3,4,6,8, the results that follow only
consider the k-automorphisms and k-involutions that can be written as Inny for
some A € GL(n, k).
We now examine which k-automorphisms will act as the identity on

SO(n, k, 8). This will prove to be useful when we classify matrix representatives
for k-automorphisms.

Lemma 3.1. Assume n > 2. Let A € GL(n, k). If Inny is the identity on
SO(n, k, ), then A is a diagonal matriz.

Proof. Suppose A is such that Inny is the identity on SO(n,k,3). For 1 <
r < s <mn, let X,; be the diagonal matrix with all 1’s, except in the rth and
sth diagonal entries, where instead there are -1’s. This matrix always lies in
SO(n, k, B). So, we must have AX,; = X,sA. On the left side, the matrix is the
same as A, but with the rth and sth columns negated. On the right side, the
matrix is the same as A, but with the rth and sth rows negated. So, all entries
of A on these rows and columns which aren’t in the (r,r), (r,s), (s,r) or (s,s)
components must be equal to 0, since this is the only number which equals its
negative. To see that the (r,s) and (s,r) components of A must also equal 0, we
can repeat this process for X,;, where ¢ is distinct from both r and s. (Note that
this is where we use the fact that n > 2.) Thus, all off-diagonal elements of A are
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0, which means A is diagonal. [ ]

We want to be able to say more about the matrix A when Inny acts as the
identity. It turns out that if we make the following assumption on the orthogonal
group SO(n, k, ), then we can show that A is a multiple of the identity.

Definition 3.2. Let k be a field and suppose [ is a bilinear form on k" such
that it has matrix representation M, where M is diagonal with diagonal entries
my, ..., m,, which are representatives in k* of cosets of k*/(k*)?. If for each pair
m, and my, x%+ ’n’fb—:yZ = 1 has a solution (z,y) such that y # 0, then we call
SO(n, k, B) a friendly orthogonal group.

With this new terminology in mind, we get the following result.

Lemma 3.3.  Assume n > 2. Suppose SO(n, k,B) is a friendly orthogonal
group. Let A € GL(n, k). Then, Inny is the identity on SO(n,k,3) if and only

if A=al for some a €k .

Proof. We know from the previous lemma that A is diagonal. Let a; represent
the ith diagonal entry of A. Recall that we are assuming that M is diagonal.
Let m; represent the 7th diagonal entry of M. Then, there exists a,b € k where
b# 0 such that a® + 72b* = 1. For 1 <i < j <n, let

1 0 --- e 0
0 1 :
1
a 0 0 b
0 1 0
Yjst: 5
0 10
—%b 0 0 a
1
: 0
0 --- e 001

where the noteworthy entries occur in the sth and ¢th rows and columns. It is
a simple calculation to show that YI MY, = M, and that det(Yy) = 1. So,
Yy € SO(n, k, 5). Then, we know that AYy = Y A. By comparing both sides of
this equality and inspecting the (s,t) entry, we see that ba; = ba,. Since we are
assuming that b # 0, then it follows that a; = a,. Since we can repeat this for all
s and t, then it is clear that A is a multiple of the identity. |

This result is only useful if we can show that SO(n,k, ) is commonly a
friendly orthogonal group. In the following theorem, we see that most SO(n, k, 3)
are friendly.
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Lemma 3.4. 1. If char(k) # 2,3, then SO(n,k,3) is a friendly orthogonal
group.
my
ma
2. If M = ) 1s such that mg # —my; whenever s # t and
My

char(k) # 2, then SO(n, k, 8) is a friendly orthogonal group.

3. If char(k) = 3, i is a fized square root of —1, and i € k, then SO(n, k, ) is
a friendly group. (So, if k contains F3li] = Fy, then SO(n, k, B) is a friendly
group. )

Proof. When char(k) # 2, then we see that 1 = z® + ay® has solution
(z,y) = (%5,5%7) when o # —1. When char(k) # 3, then we see that
5 4

1 = 2% — y? has solution (z,y) = (5,5). Based on these two solutions, it is

clear that z? + %yz = 1 will always have a solution in k if char(k) # 2,3, and
also when ¢ 7 —1 and char(k) # 2.

Suppose char(k) = 3, and let ¢ be a fixed square root of —1. If i € k, then
1 = 2% — y? has the solution (0,4), which proves the third case. n

To show that this condition on orthogonal groups is not trivial, we note a
case where SO(n, k, ) is not a friendly orthogonal group.

Example 3.5. Suppose k = F3 and that S is such that M = ( In01 _01 ) .

Then, SO(n,F3, 5) is not a friendly orthogonal group, because there is no solution
to 22 — y? = 1 where y # 0.

For the remainder of the paper, we will assume that all orthogonal groups
are friendly.

Fix a bilinear form f with matrix M. If A € GL(n,k) is a matrix such
M—*ATMA = oI, , then

A€ GO(n,k,B) = {A € M(n, k) | B(Ax, Ay) = aB(z,y),a € k},

the group of similitudes of (.

We now have the following preliminary result that characterizes k- auto-
morphisms of SO(n, k, 3).

Lemma 3.6. Assume n > 2. If A € GL(n,}), then Inns(SO(n, k,5)) C
SO(n, k, B) if and only if A € GO(n,k,B3), A= pA where p €k, and

1. Ae SO(n, k,3) if n odd, or
2. Ae O(n, k,B) if n is even.

Proof. Suppose A € GL(n, k) and Inns(SO(n,k,3)) € SO(n,k, 3). Choose
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X € SO(n, k, ). Then, A~* XA € SO(n, k, 3). So,

I=(A'XA)ATIXA
=M Y ATXATMATIXA
=M TATXT(ATHTMATX A,
This implies that
ATNX T = MTATX T (AT MAT
which means
X 1= AMTATXT (A YT MA
We can rewrite this as
M7XTM = AMTATXT (A )T MA™
If we transpose both sides, then we see that
MXM™' = (AT MAXAM AT,

Solving for the X term on the left, we get that

X=M'"AYHY MA''XAM AT M
= (AMYATM) ' X (AM AT M).

By Lemma 3.3, it follows that (AM~'ATM) = al for some « € k. Thus,
A € GO(n,k,). Choose p € k such that p> = a. Then let A = %A. It
follows that M~'ATMA = SM~'ATMA = L(al) = I, which shows that A is
orthogonal. That is, A€ O(n,k,5). If nis odd and det(A) = —1, then we can

replace A with —A, and instead have a matrix inside SO(n, k, 3).
Since the converse is clear, we have proven the statement. |

In the following theorem which completes the characterization of k- auto-
morphisms on SO(n, k, ), we see that we can choose the entries of A to be in k
or a quadratic extension of k. For the remainder of this paper, we will use \/a to
denote a fixed square root of a € k*.

Theorem 3.7. Assume n > 2.

1. If n is odd and A is in SO(n, k,B), then Inny keeps SO(n, k, B) invariant
if and only if we can choose A € SO(n, k,[3) such that Innz = Inny.

2. If n is even and A is in O(n,%_, B), then Inna keeps SO(n, k,B) invariant
if and only if there exists p € k and B € GO(n, k,) such that B = pA.
Further, we can show A € O(n,k[\/a],B) where each entry of A is a k-

multiple of \/a.
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Proof. Let n > 2 be arbitrary, and suppose A is in O(n, k, 3) such that Inny
keeps SO(n, k, §) invariant. Let a;; be the (7,7) entry of A. We break the proof
into steps. At the beginning of each step, we state what we shall prove in that
step.

Step One: a,a,; + asas; € k for all 4, 7,7, s.

Let X,s be the diagonal matrix with all entries -1, except for the (r,r) and
(s,s) entries, which are 1. Since M is diagonal, it is clear that X, € O(n,k, ).
If n is even, then X,s € SO(n,k, ). If n is odd, then —X,; € SO(n,k, ). So,
we know that Inny(X,s) or —Inna(X,s) must lie in SO(n, k, 5). It is also clear
that Inns(I) € SO(n,k,5). So, both Inns(X,s) and Inns(/) have entries in k.
Let us examine the entries of Inny(X,s):

Inny(X,s) = A X, A= (MTAT)(MX,,A)

—miaiy t —miain
—My_1Gr_11 **° —My_10r_1p
myarq e myQep
alr ... Gnl
my my “Mrp1lr411 0 T4 0rg 1
al a
m_: . mL: —Ms_10s-11 *-° —Ms_10s5_1p
mgQgy e MsQgp
—Msy10s4+1,1 - —Ms410s41n
—MpQnl s —MnGnn
= <CLT,L'CLTJ' + QsiQs5 — g alialj>
l#rs (i.9)

Since Inny (X,s) and I = Inny(7) have entries in &, then so does the matrix
Inng(X,s + 1) = I + Inny(X,s). Using a similar calculation to the above, we can
see that Inna(I) + Inna(X,s) has entries of the form 2a,;a,; + 2asas;. It follows
that a,a,; + asias; € k for all 4, 7,7, s.

Step Two: a,;a,; € k for all 4, j,r.

Choose integer t distinct from r and s such that 1 <t <n. We have that

Arilyj — Qi = (QriQrj + A5i0s5) — (asias; + agiasy) € k,
which means that
1 1
ApiQpj = §(ariarj — ayag) + §(Griarj + ayay) € k,

for all 4, j,r.

Step Three: a;-a; € k for all ,7,7.

Now, we consider the bilinear form [3; which has matrix M~ (using the
standard basis for k™). We know that X € SO(n, k, 8) if and only X" MX = M.
But, if that is the case for a given X, then it follows that

X—lM—l(X—l)T — M_l.
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Thus, (X 17 € SO(n,k,B;). Since this is a group, then we also know that
XT € SO(n,k, By). It is then easy to see that X € SO(n,k, 3) if and only if
XT €S0(n, k,B).

We further claim that Innyr is a k-automorphism of SO(n, k, 51). Suppose
Y € SO(n,k,;) and consider Innyr(Y) = (AT)"'Y'AT. This matrix lies in
SO(n, k, 5y) if and only if its inverse-transpose lies in SO(n, k, 5). The inverse-
transpose of Innyr(Y) is A(YH)TA™ = Inny— (YHT) = (Inny) L ((YHT).
This proves our claim.

Since Innyr is a k-automorphism of SO(n, k, £;), then it follows from Step
Two that a;.a;. € k for all 4, j,r.

Step Four: agai; — ayas; € k, for all 4,7, s,1.

We now recall the matrices Yy, € SO(n, k, §) from the proof of Lemma 3.3.
So, it must be the case that Inny(Yy:) € SO(n, k, ). Let us examine the entries
of Inng(Ys):

Inng(Yy) = A7V, A
— (MTATY (MY, )

miai s miain
ms_10s-1,1 e Ms—_105—1n
amgsags +bmeay -+ amgag, + bmgas,
aii ani
mi le Ms410s541,1 e Ms410s41,n
Ain Ann e
pro o mi—1Q¢—1,1 mMi—10t—1,n
—bmyag; + ameay -+ —bmyas, + ama,
Miy10t41,1 ce Miy10t4+1,n
mMyani tt My Qnn
= (asi(aasj + b&tj) + ati(—basj + aatj) —+ g alialj)
st (i.4)

Since each of the matrix entries of Inn(Y;;) must lie in & and we also know
that aja;; € k for 1 <1 <n from Step Two, then it follows that

asi(aas; + bayj) + ay(—bag; + aay;)
= a(asas;) + blasarj) — blagas;) + alaga) € k.

We know b € k, and that agas; and aya:; € k by Step Two. So, we see
that aga,; — ayas; € k, for all 4, j,s,t.

Step Five: agay; € k for all 4, 7,5,1.

Substep Five A : ay(asa; — ayas;) = cay for ¢ € k.

If both ay; and a; € k, then a;sa;; € k is clear. So, we will assume a;; & k.
We will also assume that a, # 0, since if ay,; = 0, then it is again clear that
agiar; € k.
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From Step Four, we know that
AgiQtj — Q0 € K.

It follows that
asi(asiar; — aas) € klag].

Let ¢ = agay; — ayasj. Then, we have ag(asai; — agas;) = cag for ¢ € k.
Substep Five B : ay(asa1; — aasj) = dayj for d € k.
We now consider ay;(as;ai; —ayas;) = agiatj — 050y in a different fashion.
From Step Two, we know that a;a;; € k. Also recall that we are assuming a;; € k.
Since Step Two also tells us that afj € k, then it follows that a;; and a;; must lie
in the same coset of k*/(k*)2. So, there exists p € k such that a; = pas;. From
these observations, we see that

asi<a5iatj - atiasj) = (aii - asiasjp)atj-
From Step Two, we know that a?i,asiasj € k. Let d = aga;; — aas;, and note
that d € k. We have just shown that ay;(asai; — ayas;) = day; for d € k.

Substep Five C: agay; € k for all 4, 7,s,1.

Combining Substeps Five A and B, we see that ca,; = day; for some ¢, d € k.
We prove this step by considering the two cases where ¢ # 0 and ¢ = 0.

If ¢ #0, then d # 0. Further, we have that a, = gatj. From this, we see
that aga;; = gafj. Since g € k by assumption and a?j by Step Two, then we have
that agay; € k.

Alternatively, if ¢ = 0, then since ¢ = agai; — ayas, we know that azar; =
ayagj. Recall that in Substep Five B that ay,; = pa;; for p € k. Combining these
facts, we have that

A5Gt = At;As5 = PAtjQs;.

By Step Three, we know that a;;as; € k. So, it follows that aga; € k.

Step Six: A € O(n, k[y/a], 5) for some « € k.

From Step Five, it is clear that klay] = k[ay;] for all 7,7, s,t (assuming that
a;s and aj are both nonzero). Fix a nonzero entry a, of A. Let o = a?s and
denote ay; as y/a. We have shown that all the entries of A are in k[\/«]. This
means that A € O(n, k[\/a], 8), and all of the entries of A are k-multiples of v/,
as desired.

Step Seven: If n is odd, then A € SO(n, k, ).

If n is odd, then we can replace A with —A to get a matrix in SO(n, k[\/a], 5).
So, assume that A € SO(n,k[y/a],3). We now show that we do not need a
quadratic extension of k& when n is odd. Proceed by contradiction and as-
sume A € SO(n,k[y/a],B) where /o ¢ k. From Step Six we know that
VaA € GL(n, k). Then,

det(Vad) = [Va]" det(A) = a® ¢k,

which is a contradiction. So, if n is odd, then A € SO(n, k, ). [
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4. k-involutions of SO(n, k, 3)

We now begin to focus on k-involutions and their characterization, as well as the
characterization of their isomorphy classes. We will distinguish different types
of k-involutions. First, we note that for some k-involutions, ¢, there exists
A € O(n,k,B) such that ¢ = Inny, but not in all cases. Sometimes we must
settle for A € O(n, k[\/a],B) \ O(n, k, ) where each entry of A is a k-multiple of
Va.

This is not the only way in which we can distinguish between different types
of k-involutions. If Inny is a k-involution, then Inng> = (Inny)? is the identity
map. We know from earlier that this means that A% = ~I for some ~ € k. But,
we know for certain that A is orthogonal. So, A? is also orthogonal. That means
that (A?)TM(A?) = M, which implies (yI)"M(yI) = M, which means 7* = 1.
So, v = 1. Thus, we can also distinguish between different types of k-involutions
by seeing if A? =1 or A2 = —I. This gives the four types of k-involutions, which
are outlined in Table 1. It follows from our characterization of k-automorphisms

Table 1: The various possible types of k-involutions of SO(n, &, 3)

| | AcO(n,k,B) | AeO(n, k[yal], B)\ O(n, k,B) |
A2 =1 Type 1 Type 2
A? =T Type 3 Type 4

that when n is odd, that Type 2 and Type 4 k-involutions do not occur. But, we
also see that if n is odd and A is orthogonal, then A? must have determinant 1.
So, we see in addition that Type 3 k-involutions can also only occur when n is
even.

In the following theorem, we show that an isomorphy class of k-involutions
will lie neatly into exactly one of these types of k-involutions. First we need a
lemma with a condition equivalent to isomorphism over O(n, k, 3).

Lemma 4.1. Assume Inny and Inng are k-involutions of SO(n, k, ) where
A lies in O(n, k,B) or in O(n,k[\/al,8) and each entry of A is a k-multiple of
Va, and likewise for B. Then, Inng and Inng are isomorphic over O(n,k, )
(or SO(n, k,B)) if and only if there exists Q € O(n,k,B) (or SO(n,k,B)) such
that Q *AQ = B or —B.

Proof. First assume there exists @Q € O(n,k,3) (or SO(n,k,3)) such that
Q'AQ = B or —B. Then, for all U € SO(n, k,3), we have

Inng Inn s Inng-1(U) = QrATIQUQTAQ
= (Q7'AQ)T'U(QTTAQ)
= (£B)"'U(+B)
=B 'UB
= Inng(U).
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So, InngInnyInng-1 = Inng. That is, Inny and Inng are isomorphic over
O(n, k,B) (or SO(n,k,5)).

To prove the converse, we now assume that Inny and Inng are isomorphic
over O(n, k,3) (or SO(n,k,B)). So, there exists @ € O(n,k,3) (or SO(n,k, 5))
such that Inng Inny Inng-1 = Inng. Thus, for all U € SO(n, k, ), we have

Q'A'QUQTAQ = B7'UB,

which implies

BQ'AT'QUQT'AQB = U.

So, Q'AQB™! commutes with all elements of SO(n, k, 3). The center of
SO(n, k,3) is {I} if n isodd and {I,—TI} ifniseven. So, Q"'AQ = Bor —B. =

Theorem 4.2.  Assume Inny and Inng are k-involutions of SO(n, k, B) where
A lies in O(n, k,B) or in O(n,k[\/al,8) and each entry of A is a k-multiple of
Va, and likewise for B. If Inng and Inng are isomorphic over O(n,k,3), then
they must be k-involutions of the same type.

Proof. Assume Inny and Inng are isomorphic over O(n, k, 5). By Lemma 4.1
we can assume there exists @Q € O(n, k, ) such that Q"' AQ = B or —B. This
implies that

1. A€ O(n,k,p) if and only if B € O(n, k, 3); and
2. A? =T if and only if B? = 1.
Thus, Inny and Inng must be of the same type. [ ]

We introduce the notation E(A, \) to refer to the eigenspace of a matrix A
corresponding to eigenvalue \, where we assume the vectors lie in k. In practice,
we will be concerned with basis vectors that lie either in k, or a particular quadratic
extension of k.

4.1. Type 1 k-involutions.

We now find a structured form for the matrices of all types of k-involutions.
We begin with Type 1 k-involutions. When n is odd, these are the only k-
involutions.

Lemma 4.3.  Suppose 0 is a Type 1 k-involution of SO(n,k,3). Then, there
exists A € O(n,k,3) such that A= X (_OIS Iot) X! where s+t=mn, s<t, and

X = (ZEl Ty - ZL‘n) S GL(TL, k),
where the x; are orthogonal eigenvectors of A, meaning XT M X is diagonal.

Proof. Since A? = I, then all eigenvalues of A are 41. Since there are no
repeated roots in the minimal polynomial of A, then we see that A is diagonaliz-
able. We want to construct bases for F(A, 1) and E(A, —1) such that all the basis
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vectors lie in . Let s = dim(E(A,—1)) and ¢ = dim(F(A, 1)), and observe that
s+t =n since A is diagonalizable. If s > ¢, then replace A with —A, and use
this matrix instead. (It will induce the same k-involution.) Let {zi,...,z2,} be a
basis for k™. For each i, let u; = (A — I)z;. Note that

So, {uq,...,u,} must span E(A,—1). Thus, we can appropriately choose s
of these vectors and form a basis for E(A,—1). Label these basis vectors as

Y1,---,Ys. We can similarly form a basis for F(A,1). We shall call these vectors
Ysi1y---,Yn. Let Y be the matrix with the vectors yi,...,y, as its columns.

Then, by construction,
-1, 0
-1 _ s
v (0.

We can rearrange to get

Recall that AT = MAM~! | since A € O(n,k,[3). So,

(2w 1))

This implies

which means
_[s 0 T _ T _[s 0
( 0 It>YMY_YMY( 0 ft)'

So, YIMY = ( o 392), where Y; is s X 5, Y5 is t x t, and both are symmetric.
It follows that there exists N = (7' v,) € GL(n, k) such that NTYTMYN is
diagonal. Let X =Y N. Then,

I, 0 _ —I, 0 1
X( 0 L)X YN( 0 t)(YN)
B 0 —I, 0 N7Uoo L
Y(o N2)<0 )5 )7
s —1
0

where XTM X is diagonal. It follows from this last observation that the column
vectors of X must be orthogonal with respect to (. [ ]
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Now we show conditions equivalent to isomorphy. Note that we say two

matrices are A and B are congruent over a group G if there exists Q € GG such
that Q~1AQ = B.

Theorem 4.4.  Suppose 0 and ¢ are two Type 1 k-involutions of SO(n,k, )

where 0 = Inny and ¢ = Inng. Then, A = X (*Igm InjnA>X_1 and B —
Y (716”3 I 0 )Y‘l where ma, mp < %, and
n—mB
X = (.%1 Ty - xn) 7}/ — (yl Yo - yn) c GL(n7 k)

have columns that are orthogonal eigenvectors of A and B respectively. We also
have the diagonal matrices

Xy, 0
T _ 1
XMX_<0 X2>

and v
T . 1 0
YMY-(O Y, )

The following are equivalent:
1. 0 is isomorphic to ¢ over SO(n,k,[3).
2. A is conjugate to B or —B over SO(n, k, 3).

3. Xy is congruent to Yy over GL(m,k) and Xy is congruent to Y, over
GL(n—m, k), or X; is congruent to Yy over GL(%3,k) and X, is congruent
to Y1 over GL(5, k).

4. 0 is isomorphic to ¢ over O(n,k, ).

5. A is conjugate to B or —B over O(n, k, 3).
Proof. The equivalence of (i) and (iz) follows from Lemma 4.1, as does the
equivalence of (iv) and (v).

Next we show that (i7) implies (i77). First suppose that Q™*AQ = B for
some Q € SO(n, k,3). Q'AQ = B implies

-1 0 —1I 0
-1 ma -1 _ mp -1
0 X( . InmA)X Q_Y< . Int)Y .

Since the matrices on both sides of the equality above must have the same eigenval-
ues with the same multiplicities, then we see that m4 = mpg. Let m = my = mp,
and recall from Theorem 2.2 that

I, O
_Im,nfm - < 0 ]n—m ) .

Rearranging the previous equation, we have

]m,n—mX_lQY = X_IQY]m,n—ma
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which tells us that X 'QY = %1 02) , where

R, € GL(T(rL, k‘f and Ry € GL(n —m, k).
Rearranging, we have that QY = X (%1 ng) . Since @ € O(n, k, 3), then we know
that QT MQ = M.

So,

YTMY =YTQTMQY
T
_ Rl 0 T Rl 0
_(O R2> <XMX>(O Rz).

From here we see that Y; = RTX R, and Y, = RT X, R,.
Now suppose that Q 'AQ = —B for some Q € SO(n, k, 3). This implies

Qle ( _]OmA 0 ) X*lQ =Y < 1783 0 ) Yfl.

InfmA _Inme

Since the matrices on both sides of the equality above must have the same eigen-
values with the same multiplicities, then we see that my = n — mp. Since

n

ma,mp < 3, then it follows that ma = mp = §. Rearranging the previous
equation, we have

]%V%X_IQY = X_IQY]%,%7

which tells us that X 1QY = (}% %1) , where Ry, Ry € GL(%, k). Rearranging, we
have that QY = X (122 %1) . Since Q € O(n, k,3), then we know that QT MQ =
M.

So,

YTMY =YTQTMQY
T
. 0 Rl T 0 Rl
—(32 O) (XMX)(R2 ‘ )
From here we see that Y, = RTX|R; and Y, = RI X, R,.
This shows that (i¢) implies (ii7).
Now we show that (zii) implies (i7). Assume that (ii7) is the case. Specifi-
cally, assume that R; € GL(m, k) and Ry € GL(n—m, k) such that Y; = RT X, R,

and Y, = RIX5R,. Let R= ("' ). So, we have YT MY = RT(XTMX)R. Let
Q = XRY~'. We will now show that Q~'AQ = B and that Q € SO(n,k, 3).

Q'AQ = (XRY Y)Y 'A(XRY ™
= YR 'X'AXRY !
=YR Y (~ILppm)RY
=Y(~Ipnm)Y ' =B

Next, we must show that @Q € SO(n, k, 3). We first show that QT MQ = M.
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Recall that YTMY = RT(XTMX)R. So,
Q"TMQ = (XRY HTM(XRY ™)
Y HNRTXTMXR)Y ™
Y HT(yT*my)y
= M.

In the event that det(Q) = —1, then we can replace the first column of X with
its negative. This will have no effect on R or Y, so the new @ = XRY ! have
determinant 1, and it will still be the case that Q™'AQ = B and QT"MQ = M.
So, @ € SO(n, k, ).

If instead we assume that Ry € GL(m, k) and Ry € GL(n — m, k) such
that Y5 = RlTXlRl and Y] = RQTXQRQ, then if we let R = (122 %1 ), then we can
let Q@ = XRY ™! and get that Q'AQ = —B and Q € SO(n, k, 3). This shows
that (¢éi) implies (it).

We now show that (iv) and (v) are equivalent to the previous three condi-
tions. First, we note that it is clear that (i) implies (iv). So, we need only show
that (iv) or (v) implies one of the other three conditions. But, (v) implies (i)
from an argument very similar to the argument where we showed that (i) implies
(73i). Thus, all the conditions are equivalent. n

We note that this Theorem shows that isomorphy over SO(n,k, ) and
O(n, k,B) are the same for Type 1 k-involutions. We will show in an explicit
example that this does not occur in the Type 2 case. For the remaining three
types of k-involutions, we will only find conditions for isomorphy over O(n, k, 3).
Again, recall that these three Types of k-involutions only occur when n is even.
So, when n is odd, we have conditions on the matrices A and B that are equivalent
to isomorphy of Inny and Inng over SO(n, k, ).

4.2. Type 2 k-involutions.

We have a similar characterization of the matrices and isomorphy classes in
the Type 2 case. We first prove a result that characterizes the eigenvectors in the
Type 2 case.

Lemma 4.5. Suppose A € O(n,k[\/a],B) \ O(n,k,B3) induces a Type 2 k-
involution of SO(n,k, ) where /o & k. Recall that the entries of A are all
k-multiples of \/a.. Then, for x,y € k™, x + /ay € E(A,—1) if and only if
r —J/ay € E(A,1). Further, dim(E(A,1)) = dim(E(A, —-1)).

Proof. Suppose a,b € k. Then, we refer to the Galois automorphism of the
field k[\/a] over k that sends a + \/ab to a — \/ab as “\/a-conjugation.” Since
this mapping is an automorphism, it must preserve multiplication. Further, for a
matrix X =Y + /aZ for Y, Z with entries in k, we say that Y — \/aZ is the
“/a-conjugate” of X. We note that this mapping will preserve multiplication of
matrices.

Assume z,y € k", such that z + \/ay € F(A,—1). Since

Az +Vay) = —z — Vay,
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then the “\/a-conjugate” is

(—A)(z — Vay) = —z + Vay.

We note that the “y/a-conjugate” of A is —A because each entry of A is a k-
multiple of /a. We can multiply both side by -1 to see

Az —Vay) = r - Vay.

That is, © — /ay € E(A,1). An analogous argument proves the converse.

To see that dim(FE(A,1)) = dim(E(A,—1)) is the case, note that the
first statement tells us that dlm( (A, 1)) < dim(E(A, —1)), and that the second
statement tells us that dim(F(A,1)) > dim(E(A, —1)), since “y/a-conjugation”
is an invertible operator on k[y/a]™. [

We are now able to characterize the Type 2 k-involutions.

Lemma 4.6.  Suppose 0 is a Type 2 k-involution of SO(n,k,3). Let A be an
orthogonal matriz in O(n, k[\/al, 3) such that @ =Innu. Then,

A= Yoy (0T e
6] Oé]% 0

where

) € GL(n, k),

where for each i, we have orthogonal vectors x;++/ay; € E(A, —1) and orthogonal
vectors x; — \/ay; € E(A,1). Further,

X, X
T _ 1 2
X]MX—(X2 éXl)

X:(ﬂcl Ty - Xz Y1 Y2 oo Y

w3

where X1 and X5 are diagonal matrices.

Proof. We begin by constructing bases for F(A,1) and E(A, —1) such that
all the basis vectors lie in k[\/a]®. From the previous lemma, we know that
dim(E(A, 1)) = dim(£(A4,-1)) = 5. (Note that this means that n must be
even for a Type 2 k-involution to occur.) Since Inng is a Type 1 k-involution
of SO(n,k[y/a],B), then we can apply Lemma 4.3 to find an orthogonal basis
{z1+Vayy, ..., o0 +/ayn} of E(A,—1), where zy,...,on,91,...,yn € k". By
the previous lemma, we know that{x; — /ay,... , Lo — ﬁy%} must be a basis
for F(A,1). Let X = (=1 @2 @3 viv2 vz ) € GL(n, k).

We now make a couple of observations. Suppose u = z + /ay is a -1-eigenvector
of A such that z,y € k. Then, we know v = z — y/ay is a l-eigenvector of A.
Observe that

Az = —A(u+v)
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It follows from this that

Ay=——u.
a

Since Ar = —/ay and Ay = —\/Tax, then it follows that
1 B 0 —?Iﬂ
S O

Rearranging this, we see that

A——@X< 0 I )Xl.

Qa OJ% 0

Now, we need only prove the last statement to prove the Lemma. Since
{z1 4+ Vay, ... , Lo+ \/ayg} is an orthogonal set of vectors, then we know when
i # j that
0= Bz + Voys, x; + Vay;)
= (Bai, x5) + aByi,y;)) + Va(Blwi,y;) + Bla, v:)).
This tells us that
B(wi, xj) = —aB(yi, ;)
and
B(xi, y;) = —B(xj, yi)-
Since vectors from E(A, 1) and E(A, —1) are orthogonal, then we also know
that

0= ﬁ(l’l + \/ayl-,xj — \/53/])
= (B(wi, z5) — aB(yi,y;)) + Voa(=B(wi, y;) + Blxs, vi)),
regardless of if ¢ and j are distinct or equal. This tells us that
B(xi, x;) = aB(yi,y;) and

So, when 7 # j, then we know that

6(1:737 yj) = 07
B(x;,x;) =0, and
Byi,y;) = 0.

When i = j, we note that
B(@i, i) = aB(yi, yi)-

X, X
T _ 1 2
XMX—(X2 §X1)

where X; and X5 have been shown to be diagonal. ]

Then, we have
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We now show an example of a Type 2 k-involution, and apply the previous
lemma to it.

Example 4.7.  Assume that 3 is the standard dot product. Then, Inny can be
a Type 2 k-involution of SO(4,Q) if A is symmetric and orthogonal (since this
will imply that A% = I), and if the entries of A are all Q-multiples of some /a
such that \/a € k but o € k. Observe that the matrix

0 1 -1 1

q_V3|l 1 0 1 1
3| -11 1 o0

1 1 0 -1

is both symmetric and orthogonal. Since each entry is a Q-multiple of v/3, then
it is clear that Inng is a Type 2 k-involution of SO(4,Q). It can be shown that
E(A,—1) has dimension 2. An orthogonal basis for this subspace is formed by the
vectors

1 _1

2 2

1 \/_ _%

_ 2
V1 = 0 + V3 0
1 0
and

1 1

2 2

_1 _1

Uy = 12 + \/3 02

0 0

It follows from Lemma 4.5 that

: -

1 _1

Chll N R E

1 0

and

1 1

2 2
_1 _1

0 0

are orthogonal 1-eigenvectors of A, where these are the v/3-conjugates of v; and
Vg, respectively.
Following the notation of the previous lemma, we have

1 _1 1
2 2 2 2
i _1 _1 _1
x=| 2 2 2 2
0O 1 0 0 ’
1 0 0 O
3 1
.
03 0 L n
where XTX = 5V 2 and A= X 2 ) X1
5050 3 3In O
03 0 3
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We now find conditions in the Type 2 case that are equivalent to isomorphy.

Theorem 4.8.  Suppose 0 and ¢ are two Type 2 k-involutions of SO(n,k, )
where 8 = Inny and ¢ = Inng. Then,

A:_\/_a)(( 0 Ig)X_leO(n,k‘[\/a],ﬁ)

6] Oé[% 0

where
X = ( Ty Ty e TzoYr Y2 oot Y ) € GL(n, k)
and the x; + \/ay; are the orthogonal basis of E(A,—1), and

X, X
T _ 1 2
X]MX—(X2 éxl)

w3

where X1 and Xo are diagonal matrices,
and

B:_ﬂy( 0 %’)Yle()(n,k[ﬁ],ﬁ)

gl "y

where
Y= (& & -+ Iz §1 Oy -+ f» )€ GL(nk)

and the T; + \/Yy; is the orthogonal eigenvectors of E(B,—1), and

Y, Y:
T _ 1 2
Y]\/[Y_<Y2 %5/1)

where Y, and Yy are diagonal matrices, and the following are equivalent:
1. 0 is isomorphic to ¢ over O(n,k, ).
2. A is conjugate to B or —B over O(n,k,3).

3. klya] = k[\/A] and YTMY = RTXTMXR where R = ([ ) €
GL(n, k), or kly/o] = k[\/] and YTMY = R'XTMXR where R =
(“ak, '#,) € GL(n, k).

4. k[\/a] = k[\/7] and we can choose X and Y such that for R= (3 1) €
GL(n, k) we have

Y) = RT X\ R, + aRY XoR, + aRT XoRy + aRY X\ Ry

and
Yy = RYX\ R, + RTXoR, + aRY XoRy + R X\ Ry,

or for R = (_g}b _Rﬁl) € GL(n, k) we have
Yi = RITX\R, — aRYXyR, — aRTXoRy + aRY X\ Ry

and
Yy = RYX\R, — RTXyoR, — aRY XoRy + RT X R,.
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Proof.  The equivalence of (i) and (ii) follows from Lemma 4.1. So, we begin
by showing that (i) implies (7i7). First suppose there exists @ € O(n, k, ) such
that Q 'AQ = B. So, we have

L Va 0 In RPNl 0 In .
Q 7X<OJ§ 02>X Q_ /yY<’ng 02 Y

Also, we know that since A € SO(n,k[/a],3) and B € SO(n,k[\/7],B) are
congruent over O(n, k, 3), then v must be a k-multiple of «. So, k[\/a] = k[,/7].
Without loss of generality, we may assume 7 = «. Thus,

0 In 0 In
-1 n 1 _ o -1
Q X(&Ig ; )X Q_Y<a[g k )Y .

Rearranging, we see that

0 Is\ ., . 0 In
2 — 2
(&13 0 )X er=A QY(OJ’; 0 >

Let R = X~'QY, and note that B € GL(n, k). Since (1, & ) R=R (.1, ¢ ).
2

aln 0
2
then R = (/3 7). Observe that XR = QY. Also, observe that since Q €
SO(n, k,3), then we know that QT MQ = M. Tt follows from these observations

that
R XTMX)R=(XR"M(XR) = (QY)"M(QY) =Y (Q"MQ)Y =Y"MY.

If instead we assume that there exists Q € O(n, k, ) such that Q7'AQ = —B,
then we can similarly show that k[y/a] = k[,/7], so we may assume without loss
of generality that o = 7, and we can similarly show that YTMY = RTXTMXR
where R = (_f 2 ) € GL(n,k) for Ry, Ry € M(%,k). This proves that (i)
implies (7ii).

We now show that (i7i) implies (ii). First assume o = v and XTMX
is congruent to YZMY over GL(n,k) where YTMY = RTXTMXR for R =
(8 %), where Ry, Ry € GL(%,k). Let @ = XRY ~'. Then, we observe that

Q'AQ = (XRY Y TA(XRY ™
=YR Y X TAX)RY !

= —_\/aYR1< 0 Iy )RYl

(6] OJ% 0
__oVoy ( 0 Iy ) R'RY !

Q OJ% 0

o oz]% 0

To show that (i7) is indeed the case, we need only show that ¢ € O(n, k, ).
By construction, we know that @Q € GL(n,k). So, we must show QTMQ = M.
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This follows because

QTMQ = (XRY H'M(XRY ™)
= (Y HI(R'XTMXR)Y !
=Y HY'(Y"TMY)Y ' =M.

If we instead assume that @ = v and XTMX is congruent to YZMY over
GL(n, k) where YTMY = RTXTMXR for R = (_I, "), where Ry, Ry €
GL(%, k), then if we let @ = XRY ™', we can similarly show that Q~'AQ = —B
and @ € O(n, k, B). This shows that (ii¢) implies (i).

Lastly, matrix multiplication shows that (ii7) and (iv) are equivalent. m

The reader will notice that in the Type 1 case, our conditions gave us iso-
morphy of k-involutions over SO(n, k, ), but the Type 2 case gave us isomorphy
of k-involutions over O(n,k, ). In the following example, we give an example
that shows that isomorphy over O(n,k, ) is not the same as isomorphy over
SO(n, k, 5) for Type 2 k-involutions.

Example 4.9.  Consider the group SO(4,F3). That is, consider the case where
k is the field of three elements, and the bilinear form is the standard dot product.
Let 7 denote a fixed square root of 2 = —1. A Type 2 k-involution is induced by
the matrix

1100
1 2 00 4
A=i 00 1 1 € SO(4,Fsli]).
0 01 2
By analyzing suitable eigenvectors for this matrix, we see that
1020
00 20
X=1010 2
00 0 2
where
0010
o1 0001
A=iX 9500 0 X.
0200

We also see that

X, X
T _ 1 2
XX_(X2 2X1>

where X7 = ({9) and Xy =(39).
Now, we also consider the Type 2 k-involution of SO(4,F3) that is induced
by the matrix

€ SO(4, Fs[i)).

— N OO
NN OO
S O NN
S O N
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By analyzing suitable eigenvectors for this matrix, we see that for

1 0 00
01 00
Y=loo11 |
00 21
we have
0010
.11 0001
B =1Y 90 0 0 Y.
0200
We also see that
Y1 Y.
Ty 1 2
v (%5

where V) = (§9) and Yo = (39).
We have two ways of showing that these Type 2 k-involutions are congruent
over O(4,F3). First, we consider the matrix

1 2 21
1 111
2 1 21

Then, B = Q 'AQ. This is condition (ii) of the previous theorem.

Secondly, if we let R = (5 %) € GL(4,F3) where Ry = (§9) and
Ry = (41), then we get that RTYTY R = XTX. This is condition (ii7) of the
previous theorem.

We now show that there does not exist W € SO(4,F;) such that B =
W=LAW . We proceed by contradiction and suppose that there does exist such an
W. Tt then follows that A and QW' € O(4,F;) are commuting matrices. It is a
simple matter to show that matrices that commute with A must be of the form

a b c d
a+b d c+d
e f g h
f e+f h g+h
One such matrix is

11 2 2
1 2 21
9 9 99 | € SO(4,F3).
21 21

But, all other such orthogonal matrices differ from this matrix only in that an
even number of rows and/or columns have been multiplied by 2 = —1 or an
even number of rows and/or columns have been swapped. All of these actions
create matrices that will also have determinant 1. Thus, all the matrices in
O(4,F3) which commute with A are also members of SO(4,F3), which contradicts
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QW1 € O(4,F3)\ SO(4,F3) commuting with A. So, no such W € SO(4,F3) can
exist, which means we cannot strengthen the above theorem by replacing O(n, k, 5)
with SO(n, k, 8) in conditions (i) and (7).

Theorem 4.10. Suppose Inny and Inng are both Type 2 k-involutions of
SO(n,k,5). Then, Inng and Inng are isomorphic over O(n,k,[) if and only
if they are isomorphic over

SO(n, k[v/al, B).
Proof. When viewed as Type 2 k-involutions of SO(n, k, ), we can write

o \/a 0 ]% -1 T . Ul U2
A__FU OJ% 0 U™ where U MU = Uy éUl

and

R 0 In . T (W VW
——?V aIg 0 V7 where V' MV = v, évl

and Uy, Uy, V; and V5 are diagonal matrices.
When Inny and Inng are viewed as k-involutions of SO(n, k[y/a], §), then

they are Type 1 k-involutions. Further, we can choose X and Y € GL(n, k[\/a])
—In 0 —In 0

SuchthatA:X< 0’ I%>X*17 B:y< o I%>Y’1,and

1
X = §(U1 +Vals),

1
X2 - §(U1 - \/&UQ),

1
Y = §(V1 +Vala),

and ]
Y, = §(V1 —Vals).

This follows from the way in which U and V are constructed from the
eigenvalues of A and B. We need to simply have X and Y consist of the
appropriate eigenvectors, and mandate that the last ¢ columns of X and Y are
the y/a-conjugates of the first § columns. (The only exception to this is that we
may need to negate the first column of X, so that we can preserve isomorphy of
Inng and Inng over SO(n, k[y/a], B), if we are assuming that. But, this will not
change the value of Xj.)

Now, suppose Inny and Inng are isomorphic over SO(n, k[\/al, 8) as Type
1 k-involutions. Then, from Theorem 4.4 we know that Y; is congruent to either
X or X,.

In the first case, we see that

Li+Val) =Y
= (R + VaR:)" X1 (Ry + VaR,)
= (Ry+ VaR)" 5 (U + Valh) (B + Vaky),
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where R, and R, are over k.
In the second case, we see that

%(Vl +valh) =Y
= (Ry+ VaR,)"Xo( Ry +ah,)
= (R + VaRy)" LUy — Vali) (R + Vay),

where R; and R, are over k.
It follows from this that

Vi = RTU\R; + aRYUsRy + aRTUs Ry + aRYUL R,

and
Vo = REULRy + RTUR, + aRTU,Ry + RTULR,,
or
Vi = RTU\R, — aRTU,R, — aRTU,Ry + aRYUL Ry,
and

Vo = REULR, — RTUR, — aRYUSRy + RTULR,.

The previous theorem tells us that this means that Inny and Inng are
isomorphic over O(n, k, #). Since the converse is clear, then we have shown what
was needed. [ ]

4.3. Type 3 k-involutions.

We now examine the Type 3 case. Recall that ¢ is a Type 3 k-involution
if  =Inny, where A € O(n,k, 3) and A2 = —I. Such matrices have eigenvalues
+i, where ¢ is a fixed square root of —1, and are diagonalizable because the
minimal polynomial has no repeated roots. We are now able to prove results that
characterize the matrices that induce Type 3 k-involutions, and then use these
characterizations to find conditions on these k-involutions that are equivalent to
isomorphy. We will have to prove our result by looking at separate cases, depending
on whether or not ¢ lies in £. We begin by assuming that i € k.

Lemma 4.11. Assume i € k and suppose 6 = Inny is a Type 3 k-involution
—iln 0

of SO(n,k,B), where A € O(n,k,3). Then, A = X( 02 iln ) Xt for some
2
X € GL(n, k), where XTMX = ()?1 X ) , where X1 is a diagonal matrix.

Proof.  We first show that there are bases for F(A, —i) and E(A,i) that lie in
k™. Let {z1,...,2,} be a basis for k". For each j, let u; = z; + iAz;. Note that

Auj = A(zj +iAz) = (A+iA%)z; = (A —il)z; = —i(z; + iAz;) = —iu;.

So, {ui,...,u,} must span F(A,—i). Thus, we can appropriately choose m =
dim(E(A, —i)) of these vectors and form a basis for E(A, —i). Note that each of
these vectors lies in k™ since ¢ € k. Label these basis vectors as vy, ..., v,,, and

renumber the z;’s so that we can write v; = z; + 1Az;.
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Let v;- = z; —iAz; for j =1,...,m. We can show that these vectors are
linearly independent, and lie in E(A,7). Note that this shows dim(F(A,i)) >
dim(E(A, —i)). We can similarly show the reverse inequality, so we have that
dim(E(A, 1)) = dim(E(A, —i)), and m = 7.

Next, we will show that we can in fact choose bases ay,...,an for E(A, —i) Nk"
and by,...,ba for E(A, i) Nk"™ such that B(aj, @) =0 = B(bj,b) and B(a;,by) is
nonzero if and only if 7 =[. We will build these bases recursively.

First, we know that we can choose some nonzero a; € F(A, —i)Nk™. Then,
since ( is non degenerate, we can choose a vector ¢ such that [(ai,t) # 0. We
note that F(A, —i) @ E(A,i) = k™, so we can choose t_; € F(A,—i) N k" and
t; € E(A,i) N k™ such that ¢t =t_; +t;. Since f(ay,t_;) = 0, then it follows that
B(ay,t;) € k is nonzero. Let by =t¢;.

Let E; = Spang(ay, b;) and let F; be the orthogonal complement of E; in
k™. Since the system of linear equations

Blay,x) =0

B(by,x) =0
has n — 2 free variables, then we see that F; has dimension n — 2.

We now need to find ay € Fy N E(A,—i). Similar to the beginning of
this proof, we can choose = € Fj, and let ay = = + 1Ax. It follows that
as € FiNE(A,—i). Now we want by € Fy N E(A, ) such that B(ag,by) = 1. Since
Blr, is non degenerate, then there exists some y € F, such that S(aq,y) # 0.
Similar to the construction of by, we see that this implies the existence a vector
bs that fits our criteria.

Now, we let Fy = Span(ay,as, by, by) and let F, be the orthogonal com-
plement of Ey in k™. We continue this same argument 7 times, until we have the
bases that we wanted to find. Let

X:(al,...,a%,bl,...,b%).

Then, the result follows. [ |

Theorem 4.12.  Assume that i € k. Then, if Inng and Inng are both Type 3
k -involutions of SO(n, k, 8), then Inng and Inng are isomorphic over O(n, k, 3).

Proof.  Suppose we have two such k-involutions of SO(n,k, ). Let them be
represented by matrices A, B € O(n, k, 3). By the previous Lemma, we can choose
diagonal X,Y € GL(n, k) such that

e (=D 0N o
XAX_(O Z.[)_Y BY,
roo (00X
XMX_<X1 o))

and

gy (0 Y
YMY_<Y1() :
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Since X; and Y; are both invertible diagonal matrices, then we can choose
Ry and R, € GL(%,k) such that ¥; = RTX;Ry. Let R = (' p) and Q =
XRY~!. Tt follows from this that RIFXTMXR = YTMY . We will show that
Q € O(n,k,3) and Q7' AQ = B. This will then prove that Inny and Inng lie in
the same isomorphy class by Lemma 4.1.

First we show that @ € O(n, k, #). Note that

QTMQ = (XRY HY'M(XRY ™)
Y HT'RY(XTMX)RY ~*

Y HrvTmy)y

M

= y

which proves this claim.
Lastly, we show that Q'AQ = B. We first note that R and (' J)
commute. Then, we see that
Q'AQ = (XRY Y)Y 'AXRY ™)
=YR Y X TAX)RY !

= YR ( o )RY—l

0 I
B _1 —iI 0 _1
=YR 'R ( 0 il ) Y
B —il 0 1
=Y ( 0 ) Y
= B. [ ]

We now begin examining the case where ¢ ¢ k. When ¢ is not in k, then
we have the Galois automorphism, W, on k[i] such that ¥(a + bi) = a — bi for
a,b € k. This map extends in a natural way to vectors and matrices with entries
in k[i].

We begin by proving a couple or results about the eigenvectors of such
matrices.

Lemma 4.13.  Assume i € k and suppose A € O(n,k, () induces a Type 3
k-involution of SO(n, k, ). Also suppose x,y € k™ such that x + iy € E(A, —i).
Then, x — iy € E(A,i). Likewise, if u,v € k"™ such that u+ iv € E(A,1), then
u—iv € E(A —i).

Proof. Suppose z,y € k™ such that x + iy € F(A, —i). Then,

Az +iy) = —i(z +iy)
implies
Ax + 1Ay =y — ix.
If we apply the Galois automorphism W to this equality, then we see that

Ax —iAy =y +ix.
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This implies

Az —1y) =i(x —iy),
which shows that = — iy € E(A,i). A similar proof will show that if u,v € k™
such that u +iv € E(A,i), then u—iv € E(A, —i). [

Lemma 4.14.  Assume i € k and suppose 0 = Inna is a Type 3 k-involution of
SO(n, k, B) where A € O(n,k,B). Then, we can find zy,...,xn,y1,...,yn € k"
such that the x; + 1y; are a basis for E(A,—i) and the x; — iy; are a basis for

E(A,7). Further, dim(E(A,7)) = dim(FE(A, —1)).

Proof. Since Inny is Type 3, then we are assuming that A € O(n, k, §) and
A? = —I. Note that this also means that n is even. It follows that all eigenvalues
of A are +i. Since there are no repeated roots in the minimal polynomial of A,
then we see that A is diagonalizable. We begin by constructing bases for FE(A, 1)
and E(A,—i) such that all the basis vectors lie in k[i]*. Let {z1,...,2,} be a
basis for k™. For each j, let u; = z; + iAz;. Note that

So, {uq,...,u,} must span F(A,—i). Thus, we can appropriately choose m =
dim(E(A, —i)) of these vectors and form a basis for F(A, —i). Note that each
of these vectors lies in k[i]*. Label these basis vectors as vi,...,v,. We can

write each of these vectors as v; = x; + iy;. By the previous lemma, we know
that x; —iy; € E(A,7). It can also be shown that these vectors will are linearly
independent. So, dim(E(A,q)) > dim(E(A, —i)). We can similarly show the
reverse inequality. Thus, dim(E(A,7)) = § = dim(E(A, —i)), and the x; — iy,
form a basis for E(A,1). [

We can now characterize the matrices that induce Type 3 k-involutions
when i & k.

Lemma 4.15. Assume i € k and suppose 6 = Inny is a Type 3 k-involution
0 —In
of SO(n, k, B). Then, A=U (Iﬂ i ) U for

U:(Gl gy -+ Q bl b2 b%)GGL(TL,k},

%
where the a; + ib; are a basis for E(A,—i), the a; —ib; are a basis for E(A,1),
and UTMU = (%1 [91) s a diagonal matriz.

Proof.  We know from Lemma 4.14 that we have bases for F(A, —i) and E(A,1)
that lie in k[i]". We will show that we can in fact choose bases a;+iby, ..., az +ibn
for E(A,—i) N k[i|" and ay — iby,...,an — ibz for E(A,i) N k[i]" such that
B(a; + ibj,a; — ib;) is nonzero if and only if j = [. From this, we will be able
to show that B(a;,a;) = 0 = [(bj,b) when j # [ and SB(a;,b;) = 0 for all j and
[. We will build these bases recursively.

Recall that given any vector z € k™, we know that = + iAz € E(A, —i).
We want to choose z € k™ such that S(z,z) # 0. (The reasons for this will
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become apparent.) M is an invertible matrix, so there are at least n instances of
e?M e; # 0. If there is an instance where j = [, let x = e;. If not, then instead
we have e] Me; = 0 = ef Me;, and we let © = e; + ¢;. Then,

ﬁ(l’,l’) = ﬁ(ej + €r, ej + 6[)
= 20(ej, e)
£ 0.

So, we have z € k™ such that f(x,z) # 0, and we have z+iAzx € E(A, —i).
Let a; =z and by = Azx. So, a; +iby € E(A,—i) and a1 — iby € E(A,i). From
this, it follows that

B(ay +iby,a; —iby) = (B(a1,a1) + B(b1,b1)) +i(—F(ar, by) + (a1, br)
= 206(ay,a1) = 26(x, )
20,

Let Ey = Spany(a; + ibi, a1 — iby) = Spany;(as,b1), and let Fy be the
orthogonal complement of FE; over k[i]. F; has dimension n — 2, and [|g
is nondegenerate. So, we can find a nonzero vector x € F; N k™ such that
Blr (z,z) = 0. So, as in the last case, let ay = = and by = Az. As before,
we have B(ay + iby,a; —iby) # 0.

Let Ey = Spany (a1, as, bi,ba), and let Fy be the orthogonal complement
of Ey over k[i]. In this manner, we can create the bases that we noted in the
opening paragraph of this proof.

Note that we always have

0= B(a; + ibj, ar +ibi) = (B(ay, a) — B(by, b)) + 1(Baz, br) + B(bj, ar)),
and when j # [ we have
0= Blaj +1bj,ar —iby) = (B(ay, ) + B(b;, b)) + i(—B(ag, bi) + B(bs, ar))-
This tells us that when j # { that

ﬁ<aj>bl) = ﬂ(&jaal) = ﬁ(bj,bl) =0.

When j =1, we see that §(b;,b;) = (a;,a;) and that §(a;, b;) = —B(b;,a;). The
last of these shows that B(a;, ;) = 0, regardless of the values of j and [.
Let
U= (al,...,a%,bl,...,b%).

Then, it follows that UT MU = (%1 (91) where U is a diagonal § X 5 matrix.
Lastly, since b; = Aa;, then it follows that Ab; = —a;. So, we have that

(O Yy
A_U([g 0 )U. [

We now look at an example that highlights some of these results that we
have just proven in the Type 3 case.
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Example 4.16.  Assume that S is the standard dot product. Then, 6 can be
a Type 3 k-involution of SO(4,R) only if we can choose A € O(4,R) such that
A? = —]. This means the matrix must satisfy AT = —A. That is, the matrix
must be skew-symmetric. Observe that the matrix

€ O(4,R)

O = O O

0
0

is skew-symmetric, so it induces a Type 3 k-involution of SO(4,R). It can be
shown that E(A, —i) has dimension 2. A basis for this subspace is formed by the
vectors

0 0
0 1 0
v = 0 +1 1
1 0
and
0 1
1 .1 O
Vg = 0 +1 0
0 0
It can be shown that
0 0
0 1 0
B o) 71
1 0
and
0 1
1 .1 0
Vg4 = 0 — 1 0
0 0

are i-eigenvectors of A, where these are the conjugates of v; and wvq, respectively.
Following the notation of the previous lemma, we have

0
U:

o O = O
o = O O
S O O

0
0
1

0 —In
2

where UTU = I, andA:U(] 0

4.15, we note that U; = Is.

) U~! . Using the notation of Lemma

We now find conditions on Type 3 k-involutions that are equivalent to
isomorphy, in the case that i ¢ k.
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Theorem 4.17. Assume i@ ¢ k. Then, if Inng and Inng are both Type 3
k -involutions of SO(n, k, ), then Inng and Inng are isomorphic over O(n, k, 3).

Proof. By the Lemma 4.15, we can choose a matrix U € GL(n, k) such that
0 —I»\. _,
A=U ( A ) U

U:(al as -+ Qn bl bg b%)EGL(n,k),

where the a; + ib; are a basis for E(A, —i), the a; — ib; are a basis for E(A, 1),
and UTMU = (7 ) is a diagonal matrix.
Let

for

X:(a1+ib1,...,a% —|—ib%,a1—ib1,...,a% —Zb%),

and consider Inny and Inng as k-involutions of SO(n, k[i], 5). By construction,
we see that X is a matrix that satisfies the conditions of Lemma 4.11 for the group
SO(n, k[i], ). We note that X; = 2U;. We also know by Theorem 4.12 that Inny4
and Innpg are isomorphic (when viewed as k-involutions of SO(n, ki], 5)) over
O(n, k[i], B). So, we can choose @Q; € O(n,k[i], ) such that Q;'AQ; = B. Let
Y = Q;'X. We now show a couple of facts about Y.

First, we note that since Y was obtained from X via row operations, then
for 1 <j < %, the jth and § + jth columns are ¢-conjugates of one another.

Also, note that

YTIBY = (Q7'X) 7' B(Q;7'X)
— X'Q:BQ;'X
= X TAX

(=il 0
“\ 0 il )

YTMY = (Q;'X)"M(Q;'X)
= XT((Q;)"™MQy) X
= XTMX

(00X
“\x o
(02U
“\ay 0 )

Y:(Cl—i-idl,...,C%—l—id%,cl—idl,...,C%—id%)

Lastly, we see that

We can write

where ¢;,d; € k. So, let

V=(c,...,cn,di,...,dn) € GL(n,k).
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—In
It follows from what we have shown that B =V ( I(; 0 ) V=1 where
2

U, 0

T —
VMV_<O U,

) =U"MU.

Now, let Q@ = UV~!. We will show that Q'AQ = B and Q € O(n, k,3).
This will prove that Inny and Inng are isomorphic over O(n, k, 5) by Lemma 4.1.
We first show that @ € O(n, k, 3).

QTMQ = wvHTMUvV!
= (v Hrwr'muyw!
= (VHTvTmv)v1
= M.
Lastly, we show that Q~'AQ = B.

QrAQ = (UV H AWV

=vultAauv!

(0 —Is

_V(I; 0 )V

= B. ]

Combining the results from this section, we get the following corollary.

Corollary 4.18.  If Inny and Inng are both Type 3 k-involutions of SO(n, k, B)
where A, B € O(n,k, ), then Inng and Inng are isomorphic over O(n,k,[3).
That is, SO(n, k, ) has at most one isomorphy class of Type 3 k-involutions.

4.4. Type 4 k-involutions.

We now move on to a similar characterization in the Type 4 case. Recall
that we can choose A € O(n, k[y/a], §) such that each entry of A is a k-multiple
of \/a, and that we know A? = —I. We will then use these characterizations
to find conditions on these k-involutions that are equivalent to isomorphy. We
will have separate cases, depending on whether or not /—a lies in k. We begin
by assuming that /—a € k. Since we are also assuming that /a € k, then it
follows from these two assumptions that a and —1 lie in the same square class of
k. Thus, we can assume in this case that o = —1, which means /—a = 1 and
Va =i, a fixed square root of -1.

Lemma 4.19. Assume /—a € k and suppose 0 = Inny is a Type 4 k-
—iln 0

involution of SO(n,k, ). Then, A =X ( 02 I )X‘l for some X € GL(n, k),

n
2

where XTMX = ()?1 )gl ), and X1 is diagonal.

Proof. Firstly, we show that there exists bases for for E(A,—i) and E(A,1)
that lie in ™. Let {z,...,2,} be a basis for k". For each j, let u; = (y/aA —
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v/—al)z;. Note that u; € k™ since y/—a =1 and each entry of A is a k-multiple
of y/a. since y/—a = 1. Further,

Auj = A(VaA — v=al)z

= (Vad® — V—ad)z
= —i(vaA — v—=al)z

= —zu]
So, {uq,...,u,} must span F(A,—i). Thus, we can appropriately choose m =
dim(E(A, —i)) of these vectors and form a basis for F(A, —i). Note that each
of these vectors lies in k™. Label these basis vectors as vq,...,v,. Renumber

the z;’s so that we can write v; = (yaA — /—al)z;. For j = 1,...,m, let
v = (vVaA + /—al)z;. We can show that these vectors are linearly independent
and lie in E(A,q). Note that this implies dim(FE(A,17)) > dim(E(A, —i)). We can
similarly show the reverse inequality. So, dim(E(A, 7)) = § = dim(E(A, —i)), and
the v’s form a a basis for E(A,i) in k".

We will now show that we can in fact choose bases ay,...,az for E(A,—i) N k™
and by,...,bn for E(A,i) Nk" such that B(aj, a;) = 0= B(b;,b), and B(ay,by) is
nonzero if and only if j = [. We will build these bases recursively.

First, we know from the beginning of the proof that we can choose some
nonzero a; € E(A,—i) N k™. Then, since (3 is non degenerate, we can choose a
vector t € k™ such that fB(ay,t) # 0. We note that E(A, —i) ® E(A,i) = k", so
we can choose t_; € F(A,—i) N k™ and t; € E(A,7) N k™ such that t =t_; + ;.
Since f(ay,t_;) = 0, then it follows that $(as,t;) € k is nonzero. Let by = t;.

Let E; = Spang(ay,b;) and let F; be the orthogonal complement of E; in
k™. Since the system of linear equations

flay,x) =0

B(bl,l’) = 0

has n — 2 free variables, then we see that F; has dimension n — 2.

We now want to find ay € F; N E(A, —i). Similar to the construction in
the above, we can choose x € Fy, and let ay = (v/aA — /—al)z. It follows that
as € FiINE(A,—i). Now we want by € Fo N FE(A, 1) such that §(az,bs) is nonzero.
Since (|g, is non degenerate, then there exists some y € Fy such that 5(as,y) # 0.
Similar to the construction of by, we see that this implies the existence a vector
by that fits our criteria.

Now, we let Ey = Span(ay,as, by, by) and let F, be the orthogonal com-
plement of Ey in k™. We continue this same argument 7 times, until we have the
bases that we wanted to find. Let

X = (al,...,a%,bl,...,b%).
Then, the result follows. [ |

Here is an example of a Type 4 k-involution when /—a € k.
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Example 4.20. Assume that [ is the standard dot product and that k = Fj,
the field of three elements. So, the square roots of 2 are 4+i. In the notation of
the previous lemma, note that /—a = 1. Observe that the matrix

001 1
001 —1 .
A=1 9 20 0 € 0(4,F;d))
210 0
satisfies the relation A? = —I,. Since each entry of A is a Fs-multiple of 7, then

it follows that Inn, is a k-involution of SO(4,F3) of Type 4. A basis for E(A, —i)
is formed by the vectors

0 1 1
vy = 0 n 2 _ 2
0 0 0
1 0 1

and
0 1 1
vy = 0 n 1 _ 1
1 0 1
0 0 0

It can be shown that

0 1 2
10 21 |1
BZlo | o] "o
1 0 1

and
0 1 2
vy = 01 |1 _ 2
1 0 1
0 0 0

are 1-eigenvectors of A.
Following the notation of the previous lemma, we have

_— o O O
o= O O
S O N
OO ==

|
where X7TX = <8

0
Xy =1.

00 0 010
88) and A = —iX<_OZ- 9 85)X‘1. We also note that
02 0 —i00

oo—=O

%

Now we characterize the isomorphy classes of Type 4 k-involutions in the
case where \/—a € k.
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Theorem 4.21.  Assume that \/—a € k. Then, if Inng and Inng are both
Type 4 k-involutions of SO(n, k, 3) where the entries of A and B are k-multiples
of \/a, then Inng and Inng are isomorphic over O(n,k, 3).

Proof. Suppose we have two such k-involutions of SO(n,k,5). Let them
be represented by matrices A, B € O(n,k,5). By Lemma 4.19, we can choose
X,Y € GL(n, k) such that

I A}
XAX_(O ”)_Y BY,
v (0 X
XMX_(X1 o))

and

T (07
YMY_<Y1 . )

where X; and Y; are diagonal.

Since X; and Y; are both invertible diagonal matrices, then we can choose
Ry and R, € GL(%,k) such that Y, = RTX\Ry. Let R = (%1 122) and Q) =
XRY'. Tt follows from this that RTXT"MXR = YTMY . We will show that
Q € O(n,k,3) and Q7' AQ = B. This will then prove that Inny and Inng lie in
the same isomorphy class by Lemma 4.1.

First we show that @ € O(n, k, 5). By construction, the entries of @ lie in
k. Also, note that

QTMQ = (XRY HY'M(XRY ™)
=Y HY'RY(XTMX)RY
= (Y H(yTmy)y!

=M

Y

which proves @ € O(n, k, 3).
Lastly, we show that Q@ *AQ = B. We first note that R and (' J)
commute. Then, we see that
Q'AQ = (XRY Y TA(XRY ™)
— YR X 'AX)RY !

— YR ( —u 0 )Ry—l

0 ol
o -1 —il 0 -1
=YR R( 0 iI)Y
=il 0\
_Y< 0 u)y
= B. [ ]

We now examine the case where \/—a ¢ k. We begin by proving a lemma
about the eigenspaces of the matrices that induce these Type 4 k-involutions.



420 BENIM, DOMETRIUS, HELMINCK, WU

Lemma 4.22. Assume /—a € k and suppose 6 = Inny is a Type 4 k-
involution of SO(n, k, ) where A € O(n, k[\/al,3). Then, we can find x1, ... , T,
Yi,.-,yz € k" such that the x; + V—ay; are a basis for E(A,—i) and the
x; —\/—ay; are a basis for E(A,i). Further, dim(E(A,7)) = dim(E(A, —i)).

Proof.  Since Inny is Type 4, then we are assuming that A € O(n, k[y/a], 5) and
A? = —T. Note that this also means that n is even. It follows that all eigenvalues
of A are +i. Since there are no repeated roots in the minimal polynomial of A,
then we see that A is diagonalizable. We begin by constructing bases for E(A, 1)
and F(A, —i) such that all the basis vectors lie in k[v/—a]". Let {z1,...,2,} be
a basis for k". For each j, let u; = (vJaA — /—al)z;. Note that

— (Vad? — V=aA)z,
= —i(vaA —v/—al)z;

= —ZUJ
So, {u1,...,u,} must span E(A, —i). Thus, we can appropriately choose % of
these vectors and form a basis for F(A, —i). Note that each of these vectors lies
in k[v/—a]™. Label these basis vectors as vy, ...,v,. We can write each of these

vectors as v; = x; + v/—ay;. We can similarly show that v} = z; — v/—ay; €
E(A,i), and that the set v],..., v/ is linearly independent. So, dim(E(A,1)) >

r m

dim(E(A, —i)). We can similarly show the reverse inequality. It follows from these
observations that dim(FE(A,7)) = § = dim(E(A, —i)), and that the v}’s form a

basis for E(A, i) in k[y/a]". ]

Lemma 4.23. Assume /—a € k and suppose 0 = Inny is a Type 4 k-

involution of SO(n,k, ). Then, A= —*/TEU <751ﬂ ](J%) U=t for
U:<G1 g - CL% bl b2 b%)GGL(TL,k},

where the a; + /—ab; are a basis for E(A, —i), the aj —/—ab; are a basis for
E(A,i), and UTMU = (%1 ;?]1> is diagonal.

Proof. We know from Lemma 4.22 that we have bases for E(A,—i) and
E(A,i) that lie in k[y/—a]®. We will show that we can in fact choose bases
a1+ —aby, . .. ,a%—k\/—_ab% for B(A, —i)Nk[i]" and a;—+/—aby, . .. ,a%—\/—_ozb%
for E(A,i)Nk[y/—a|™ such that B(a;++/—ab;, a;—+/—ab;) is nonzero if and only
if j = 1. From thi, we will be able to show that 5(a;,a;) = 0 = 5(b;,b;) when
j # 1 and B(aj,b) =0 for all j and {. We will build these bases recursively.

Given any vector x € k™, we know that x 4+ iAz € F(A, —i). We want to
choose = € k™ such that (z,z) # 0. (The reasons for this will become apparent.)
M is an invertible matrix, so there are at least n instances of eJTM e; # 0. If there
is an instance where j = [, let = = e;. If instead we have e] Me; = 0 = ef Me;,
then let * = e; +¢;. We note that this works because

B(z,z) = PBle; + e, e; +e) =26(ej,e) # 0.
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So, we have = € k™ such that 3(z,x) # 0, and we have +iAx € E(A, —i).
Let a; = = and b; = \/LaA:r. So, a1 + v/—ab; € E(A,—i) and a1 — /—ab; €
E(A,7). From this, it follows that S(a; + —aby, a1 — /—aby)

= (Bar,a1) + aB(by, b1)) + vV —a(—=B(a1,b1) + B(as, br)
1 1
= 20(x,z) # 0.

Let B, = Spank[m](al +/—abi,a; —/—aby) = Spank[@}(al, by), and
let F} be the orthogonal complement of E; over k[v/—a]. F; has dimension n—2,
and (|r, is nondegenerate. So, we can find a nonzero vector x € Fy Nk™ such that
Bl (z,2) = 0. So, as in the last case, let ay = x and by = \/ian. As before, we

have S(ay + v/—abs, ay — /—abs) # 0.

Let Fy = Spank[m(al,az,bl,bg), and let F, be the orthogonal comple-
ment of Ey over k[y/—a]. In this manner, we can create the bases that we noted
in the opening paragraph of this proof.

Note that we always have

0= Blaj+V—abj, a+v=ab) = (Ba;, ar) —aB(bs, b)) +v/—a(Bla;, b) +B(b;, a)),

and when j # [ we have

0= Blaj+v=abj, a—v/=aby) = (B(a;, a)+aB(bs, b)) +v—a(=Ba;, bi)+B(b;, a)).
This tells us that when j # [ that

ﬁ(aﬁbl) = 6(%’7(11) = ﬁ(bj, bl) =0.

When j = [, we see that 3(b;,b;) = iﬁ(aj,@j) and that f(a;,b;) = —B(b;,a;).
The last of these shows that S(a;,b;) = 0, regardless of the values of j and [.
Let
U= (al,...,a%,bl,...,b%).

Then, it follows that UT MU = (‘(’; ;%1> where U is a diagonal § X 5 matrix.

Lastly, since b; = \/LaAaj, then it follows that Ab; = —\/Laaj. So, we have
0 In
that A:—@U(_M g)U—l. n

n
2

Here is an example of a Type 4 k-involution in the case that /—a € k.

Example 4.24.  Assume that [ is the standard dot product. Observe that the
matrix

0O 0 1 1

V2 0 0 1 -1
A="71 2 J1 o o |eowava)

-1 1 0 O
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is such that A2 = —I,. Since each entry of A is a Q-multiple of v/2, then it
follows that Inny is an k-involution of SO(4,Q) of Type 4. It can be shown that
E(A, —i) has dimension 2. A basis for this subspace is formed by the vectors

0 —1§
v = 8 +v/=2 (5)
1 0
and
0 -
we| Vv
0 0
It can be shown that
N[
s=| g | V2L G
1 0
and
X ¥
Vg = 1 - \/—_2 _05

0 0

are i-eigenvectors of A, where these are the conjugates of v; and wvs, respectively.
Following the notation of the previous lemma, we have

e
_ 2 2
U= 01 0 0 ’
10 0 O
6100 0 0 09
where UTU = [ 001 0 andA:—%U Vi o oo | Ut . We also note that
000 % 0 —V200
U =1.

We now find conditions on Type 4 k-involutions that are equivalent to
isomorphy in the case where \/—a &€ k.

Theorem 4.25. Assume /—«a & k. Then, if Inng and Inng are both Type
4 k-involutions of SO(n, k, 5) where A, B € O(n,k[\/a],B), then Inny and Inng
are isomorphic over O(n,k,3).

Proof. By Lemma 4.23, we can choose a matrix U € GL(n, k) such that

A:—\/—aU( ’ [g)Ul

[0 —OJ% 0
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for
U:(a1 ag - CL% bl bQ b%),
where the a; + /—ab; are a basis for E(A, —i), the a; — /—ab; are a basis for
E(A,i), and UTMU = (%1 lOU1> is diagonal.
Consider Inny and Inng as k-involutions of SO(n, k[v/—al, B). If k[v/—a] =
k[v/a], then these are Type 3 k-involutions of SO(n, k[v/—al, 3), since A and B
would have entries in the field, and i € k[y/—a]. Otherwise, if k[v/—a] # k[v/a],

then these are Type 4 k-involutions where /—a € k[v/—a].
Let

X = (a1 +V-aby,...,an +V—abr,a; — v —aby,...,an —/—abn).

By construction, we see that X is a matrix that satisfies the conditions
of Lemma 4.15 or Lemma 4.19 for the group SO(n,k[\/a],3). We note that
X, = 2U;. We also know by Corollary 4.18 or Theorem 4.21 that Inny and
Inng are isomorphic (when viewed as k-involutions of SO(n, k[v/—al,3)) over

O(n, k[v/—al,8). So, we can choose Q, € O(n,k[\/—al, 3) such that Q;'AQ, =
B. Let Y = Q;'X. Since Y is constructed by doing row operations on X, then
we can write

Y =(co+V—adi,...,co +vV—adn,c; —vV—ady,...,co —v/—acn),

where ¢;,d; € k". We now show a couple of facts about Y.
First, we note that since Y was obtained from X via row operations, then
for 1 <j < %, the jth and § + jth columns are ¢-conjugates of one another.
Next, we observe that

YT'BY = (Q,'X) ' B(Q,'X)
= X'Q,BQ.'X
= X tAX

(il 0
Lo i )

YTMY = (Q7'X)"M(Q;'X)
= XT((Q.1)"MQu)X
=XT"MX

(0 X
“LX 0
(0 20
a2y 0 )

V=(c,...,cn,di,...,dn) € GL(n,k).

Lastly, we see that

Let
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It follows from what we have shown that B = —*/TEV <—c?[ IO% ) V! where
vimy = (5, ) = vTMu.
Now, let Q@ = UV~!. We will show that Q'AQ = B and Q € O(n, k,3).

This will prove that Inny and Inng are isomorphic over O(n, k, ) by Lemma 4.1.
We first show that @ € O(n, k, ).
QTMQ=wvHrmuv
VvHrwrmu)yw!
VvHrwvrmvv
M.

Lastly, we show that Q~'AQ = B.
QTAQ = (UVﬁl)flA(val)

= VU tAUV!
— _ﬂv ( 0 ]% ) e
Q —Oé]% 0
= B. ]

Combining the results from this section, we get the following corollary.

Corollary 4.26.  If Inny and Inng are both Type 4 k-involutions of SO(n, k, 3)
where A, B € O(n, k[\/al,8), then Inna and Inng are isomorphic over O(n, k, 3).
That is, SO(n,k,3) has at most |k*/(k*)?| — 1 isomorphy classes of Type 4 k-
imvolutions.

5. Maximal Number of Isomorphy classes

From the work we have done, it follows that the maximum number of isomorphy
classes of k-involutions of SO(n, k, 3) over O(n, k, ) is a function of the number
of square classes of k£, and the number of congruency classes of invertible diagonal
matrices over k. We first define the following formulas.

Definition 5.1. Let 7(k) = |k*/(k*)?| — 1 and 7»(m, k) be the number of
congruency classes of invertible symmetric matrices of GL(m, k) over GL(m, k).

Let Ci(n,k,B), Ca(n, k,B), Cs(n,k,5) and Cy(n,k,5) be the number of
isomorphy classes of SO(n, k, 8) k-involutions over O(n, k, 3) of types 1, 2, 3, and
4, respectively.

From our previous work, we have the following:

Corollary 5.2. 1. If n is odd, then

n—1
2

Ci(n,k, B) < [ Y maln —m, k)ma(m, k)

m=1
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If n is even, then

n_g

C’l(n,k,ﬂ) < TQ(TZ —m, k)TQ(TTL, ]{?) +

m=1

7_2(%7 k)(TQ(%’ k) + 1)
5 .

2. If n is even, then

02(n> k?ﬁ) < Tl(k)

3. If n is even, then
Cg(?’L, k’,ﬁ) S 1.

4. If n is even, then
Ca(n, k, B) < mi(k).

5. If n is odd, then Cy(n,k,B) = Cs(n, k, ) = Cy(n, k,5) = 0.
Proof. We first consider type 1 involutions:

1. Recall that if Inny4 is a type 1 involution of SO(n, k, §) where A € O(n, k, 3),
then
o =L, 0 »
aex (0 )x
and
T (X1 0
X'MX = ( 0 X, )

By Theorem 4.4, we know that we need only count the number of choices
for congruecy classes of X; and X, over GL(m, k) and GL(n —m, k). If n
is odd, then

Ol(n7kaﬁ) < 7_2<n_m7k>7—2(m7 k)

If n is even, then

3-1 §
Ci(n, k, B) < ;TQ(n_m,k)Tg(mk) +(T2(§27/€>)+7_2 (g@
2
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2. We now consider Type 2 involutions when n is even. From Theorem 4.10,

we know that two Type 2 involutions, Inny and Inng, are isomorphic over
O(n,k,B) if and only if they are isomorphic over SO(n,k,3). That is,
they’re isomorphic if and only if they are isomorphic when viewed as type
1 involutions of SO(n, k, ). Using Theorem 4.4 as in the above case, and
acknowledging that the eigenspaces of A for 1 and -1 are both of dimension

%, when we count the congruecy classes of X; and X, over GL(5, k), we
see that

otk ) < 1)
iy (2D 1Y,

2

. We now consider Type 3 involutions when n is even. Then, from Corollary

4.18, we know that Cs(n, k, ) < 1.

We now consider Type 4 involutions when n is even. Then, from Theorem
4.26, we know thatCy(n, k, 5) < 7 (k).

. If n is odd, then as previously noted, SO(n, k, 5) will not have any involu-

tions of Types 2, 3 or 4. [ |

We now list values of 7y and 7 for a few classes of fields.

Table 2: Some values of 7 (k)

k E R qu 2 /Yq Qpa p 7é 2 Q2
ntk) |01 1 3 7

Table 3: Some values of 5(m, k)

k k| R |Fg,2fq
To(m, k) || 1 | m+1 2

For the Q,, 7 is a bit more difficult. Here we have

3
7_2(m=@p): 1+”.(m)’ mes

when p # 2, and
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Based on these values of 71 and 79, it is a straightforward matter to compute
the maximal value of Cj(n, k, 3) for the fields mentioned above. We do so explicitly
for the fields k£, R, and F, where 2 fq.

Corollary 5.3.  For fields algebraically closed, real, or finite where but order
not divisible by 2, the maximal number of possible isomorphy classes are the values
listed in Table 4.

Table 4: Maximal Number of Isomorphy Classes

k n Type 1 Type 2 Type 3 | Type 4
k=k | odd n-l 0 0 0
even 5 0 1 0
k=R | odd || (n®+6n®>—n—6) 0 0 0
even | £(n®+6n*+2n) | :(n®+6n+38) 1 1
k=TF, | odd 2n —6 0 0 0
even 2n —1 3 1 3

Proof. We use the previous corollary and Tables 2 and 3 to do the following
computations. Note that the computations for the Type 3 and 4 cases is clear.

Suppose k =k
1. If n is odd, then Cy(n,k,B) < oL If n is even, then Ci(n,k, B) < z.
2. C2<n7E7 ﬁ) = 0.
Now suppose k =R
1. If n is odd, then
Ci(n,R,B) < Z(m+ Dn—m+1)
m=1
L3 2
Zﬁ(n +6n° —n —6).
If n is even, then
71 .
2_|_ n

1
= E(n?’ + 6n% + 2n).



428 BENIM, DOMETRIUS, HELMINCK, WU

2. If n is odd, then Cy(n,R,3) = 0. If n is even, then

1
= g(nz +6n + 8).

Lastly, suppose k =, such that 2 fq.

1. If n is odd, then Ci(n,F,,8) < 2n —6. If n is even, then Ci(n,F,, ) <
2n — 1.

2. If n is odd, then Cy(n,F,, B) =0. If n is even, then Cy(n,F,, 5) < 3. [

6. Explicit Examples

6.1. Algebraically Closed Fields.
We now find the exact number of isomorphy classes for some SO(n, k, 3).
We begin by looking at the case where k& = k. Note that all symmetric non

degenerate bilinear forms are congruent to the dot product over an algebraically
closed field.

Corollary 6.1.  Assume k= k. If 0 is an k-involution of SO(n, k), then 0 is

0 —In
isomorphic to Inny where A = (767” In(_)m) and 0 <m < 3, or A= (In 00 > .
2

Proof.  Since k is algebraically closed, we know that all k-involutions of SO(n, k)
are of Type 1 or 3. We first consider the Type 1 case. We will now find a represen-
tative matrix A for each isomorphy class of Type 1 k-involutions. Suppose € is
a Type 1 k-involution. We will find a representative matrix A for the isomorphic
class containing 6. We know we can assume A € O(n, k). Further, by Lemma
4.3 we can write A = X (767” In?m ) X1 where we know X7 X is diagonal. Since
k = k, then we also assume that X7X must be congruent to I,. Since we are
looking for a representative A of our isomorphy class, we may assume X7 X = I,,,
and we can choose X = [,,. This means A = (*é’" In(im) is a representative of our
isomorphy class.
0 In
2

We see that Type 3 k-involutions will exist since J = <_Iﬂ g > will

2
induce a Type 3 k-involution. Thus, there is one isomorphy class of Type 3
k-involutions. [ |

We note that in this case, that the maximal number of isomorphy classes do
in fact exist. That is, in Corollary 5.3, for the case where k = k, we have equality
in every statement.

6.2. The Standard Real Orthogonal Group.
We now examine the case where (3 is the standard dot product, and k£ = R.
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Corollary 6.2.  If 0 is an k-involution of SO(n,R), then 0 is isomorphic to
0 —In

Inny where A = (75’" [n(_)m) and 0 <m < g, or A= (1% 0’ > There are no

Type 2 or Type 4 k-involutions for this group.

Proof.  We first consider the Type 1 case. We will find a representative matrix
A for each isomorphy class of Type 1 k-involutions. Suppose 6 is a Type 1
k-involution. We will find a representative matrix A for the isomorphy class
containing . We know we can assume A € O(n, k). Further, by Lemma 4.3
we can write A = X (_é’” In(zm) X!, where we know X7X is congruent to a
diagonal where the diagonal entries are all 1’s and -1’s. Since we are looking for
a representative of our isomorphy class, let us assume we have X7 X is equal to
this diagonal matrix. We see that there can be no —1’s in the diagonal matrix
since k = R. So, we assume X? X = I, which means we can choose X = I,,. So,
A= (_ém In?m ) is a representative of our isomorphy class.

We proceed by contradiction to show that there are now Type 2 k-involutions
of SO(n,R). Suppose 6 is a Type 2 k-involution. We want to find A such

0 In
that 0 = Inny, By Lemma 4.8 we can write A = —‘/TaX <a1n 02>X_1 where
2
XTX = (%1 é‘}ﬁ) is diagonal. We recall that o € R* but /a € R*. So, o must
be a negative number, and we can choose o = —1. That is, XX = ()61 79(1 )

But, this is a contradiction, because when k£ = R, there does not exist any nonzero
vectors x such that #7x < 0, so the whole diagonal of XX must be positive,
which is not possible. This shows that there are no Type 2 k-involutions in this
case. In a similar way, we can show that there are also no Type 4 k-involutions in
this case.

We know that there is at most one isomorphy class of Type 3 k-involutions

—In
by Corollary 5.3. Since A = < I(i 0 > induces a Type 3 k-involution, then A is a

representative of the only Type 3 isomorphy class. [ |

Unlike the algebraically closed case, we note that in this case, that the
maximal number of isomorphy classes do not exist. That is, in Corollary 5.3, for
the case where k = R, we have an explicit example where we do not have equality.
In fact, given that we have seen that the Type 1 and 3 cases must exist for this
group, we actually have the minimal number of isomorphy classes possible.

6.3. Orthogonal Groups of F,.

We begin by examining the Type 1 k-involutions where k = F, and ¢ = p"
for all cases where p > 3. This is a complete classification of the k-involutions
when n is odd. We note that for these fields we have |k*/(k*)?| = 2. So, we will
use 1 and ¢, as representatives of of the distinct field square classes. Based on
properties of symmetric matrices over k& = F,, we know that up to congruence,

there are two possibilities for M : either M = 1I,, or M = (I”O‘ ! 52 )

Theorem 6.3.  Let 8, be a non-square in F,. Choose a,b € F, where a®+b* =
0, and a,b € F,. If n is even, then there are n + 2 isomorphy classes of Type 1
involutions of SO(n,Fy, 5), and if n is odd, there are n+ 1 isomorphy classes of
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Type 1 involutions of SO(n,F,, B). In Table 5, we list matrices A such that each
matrix s the representative of one of these isomorphy classes, for each case of M .

Table 5: All of the distinct Isomorphy Classes for Type 1 Automorphisms, Inny,
of SO(TL7 F‘h 6)

M m,0<m< 3 For each m such that 0 <m < 2
—In—m-—1 0 0 0
0 1— 2% 0 2
Ln A=Tnomm | A= 0 0 Ina1 O
0 20 0 1-— 2%
“dn—m-—1
(Ino_l 5(:_{) A= [nfm,m A= Im
-1

Proof. We will use the equivalent conditions of Lemma 4.4 to prove that the
matrices listed above will distinctly be representatives of the isomorphy classes of
the k-involutions of SO(n,F,).

If 6 is a Type 1 k-involution, then by Lemma 4.3 we can choose a matrix

A such that § = Inny and we can write A = X (_]’6*’” I?n) X!, where

Xy 0
T _ 1
XMX-(0 X2>

must be diagonal, and X; is an (n —m) X (n —m) matrix, and X, is an m x m
matrix, for some m where 0 < m < 7. It is a well known fact that any diagonal

. : In1 0 .
matrix over [, must be congruent to either I, or ( ! 5q> where 9, is some

fixed non-square in F,. So, from the equivalent conditions in Theorem 4.4 it is
known that X; and X must each be congruent to I or (6 5(21) (sizing the matrices
appropriately).

Case 1: [ is the standard dot product, and M = 1.

Since det(XTX) = (det(X))? is a square, we observe that X; and X, must
be simultaneously congruent to either I or (6 (g ) (again, sizing appropriately).

Further, since we are searching for a representative of the congruence class,
1000

it can be assumed that XTMX is either I or (8 60(1(} 8 ) . These are the only
0006
possibilities, and also they must correspond to distinct isomorphy classes of Type

1 k-involutions under the conditions of Theorem 4.4.
Subcase 1.1: XTX =1.
We can let X = I, which means A = (_I’gf’” ]?n) is the representative of
the isomorphy class.
)

o oo

Subcase 1.2: XTX = (

co o~
co o
o~ oo

=2}
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We can let
I 0 00
0 a 0 b
X = 0O 0 I O
0 =b 0 a
It follows from this that
_[nfmfl 0 0
a? ab
A 0 1-25 0 %;—q
0 0 1,1 0
ab b2
0 2 0 1-2%

is a representative of the isomorphy class.
Case 2: (3 is such that M = (I”(;l 50 )
q

Since det(XT"MX) = §,(det(X))? is a non-square, we observe that X; must
be congruent to I and X, must be congruent to ((I) 5(2) (sizing appropriately), or
vice versa.

Further, since we are searching for a representative of the congruence class,

In_; 0 0

it can be assumed that X7 M X is either M or 0 6, 0 |. These are the only
0 01In
2

possibilities, and also they must correspond to distinct isomorphy classes of Type
1 k-involutions under the conditions of Theorem 4.4.
Subcase 2.1: XT"MX = M.

In the first case, since we are looking for a representative of our congruence
In-1 0 In_1 0 .
class, we can assume X7 ( o 54) X = ( ' 5q>. This means we can assume

X =1 choose A = (7015 2) as the representative of the isomorphy class.

0 0 1In
2

In_, 0 0
Subcase 2.2: XTMX = ( 0 6, 0 ) .

m—1
1 0

_In—m—l
Im . |
-1

We now spend some time considering the other three types of involutions.
If n is odd, then the Types 2, 3 and 4 involutions will not occur, so we assume n
is even. For the remaining three types of k-involutions, we restrict our attention
to the case where [ is the standard dot product. In this case, it is clear that

I, - . .

A= < —(_)f 0 ) will induce a Type 3 k-involution, and that Cs(n,k) = 1.

We know that Cy(n,F,) < 3 and Cy(n,F,) < 1. We will specifically look
at the cases where ¢ =3, 5, and 7. For these cases, we see that we have existence
of both Type 2 and Type 4 k-involutions via the matrices in Table 6.

In—m-1
We can choose X = ( 0, 1). This gives representative A =

We note that these examples will all generalize to higher dimensions, so it
is clear that for these fields that whenever n is even, Cy(n,F,),Cy(n,F;) > 1.
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Table 6: Type 2 and Type 4 examples for SO(4,F,)

k Type 2 Type 4
1200 1100
3 10011 tl o012
0012 0011
1100 1400
1400 1100
IE?5 \/§ 0011 \/§ 0014
0014 0011
1300 1400
3600 3100
IE?7 \/§ 0013 \/g 0014
0036 0031

So, for these three specific fields, we know that Cy(n,F,) = 1, and that the
number of isomorphy classes of Type 4 k-involutions are maximized. But, for
SO(4,F,) where p = 3, 5, and 7, we have done computations in Maple which use
the conditions of Theorem 4.8 that show that Cy(4,F,) = 1. So, the number of
Type 2 isomorphy classes is not maximized in these cases. While we have been
unable to prove this up to this point, we believe that this is a pattern that would
continue. That is, we have the following conjecture:

Conjecture 6.4. Suppose that SO(n, k) is a finite orthogonal group and that
n is even. Then, Cy(n, k) = Cy(n, k) = 1.

6.4. p-adic numbers.

We now turn our attention to the case where k = Q,. We will assume
M = 1I,. We show a classification of the possible isomorphy classes of the Type 1
k-involutions of SO(n,Q,) where p > 2, using Lemma 4.4. Note that if n is odd
and n # 3, then this all of the possible isomorphy classes of the k-involutions of
SO(n,Q,). We note that we say “possible” because we don’t show existence, but
rather we use our characterization of Type 1 k-involutions to show which classes
may exist. It still remains to be shown which of these possible classes does exist.

We first state a result from [Jon67] about symmetric matrices with entries
from the p-adic numbers.

Lemma 6.5.  Symmetric matrices My and My with entries in Q, are congruent
if and only if det(M;) = ~A*det(Ms) and c,(My) = c,(Ms), where c,(M)

denotes the Hasse symbol of matriz M .

We use this to prove a result that is an extension of Theorem 4.4 in the
case that k = Q,.
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Corollary 6.6.  Assume the hypotheses of Theorem 4.4. Statements (i) through
(v) of Theorem 4.4 are equivalent the following condition:
There exists some v € Q, such that

det(X1) = 7" det(Y1), det(Xz) =7 det(Ya), ¢p(X1) =¢p(Y1), & cp(Xa) = ¢p(Y2)

det(X;) = 2 det(Ys), det(Xs) = ~v*det(Y1), c,(X1) = c,(Y2), & c,(Xz) = c,(Y7).

Proof. We note that this condition is equivalent to (zii) of Theorem 4.4 by
Lemma 6.5. u

Corollary 6.6 gave us conditions on the square class of the determinant and
the Hasse symbol to classify the isomorphy classes for SO(n,Q,). Using these
conditions, we have classified all of the possible isomorphy classes of Type 1 k-
involutions based on what the values of X; and X5 would be for a representative
of the congruency class in Tables 7 and 8. We note that each isomorphy class
is determined by the triple (det(X;) = det(Xs),c,(X1),¢,(X2)). To show that
each of these possible congruency classes exists, one would need to find a matrix

X such that XTX = )él )(() ) . This would then determine A. In the case
2
where —1 ¢ (Q;)Q, this will always be the case. To see that this is true, note that
XTX = ( )él )(() ) will always be a symmetric matrix with a determinant that
2

is in the same square class as 1. When —1 ¢ (Q;)Q, all such matrices are such that
X 0 L X; 0 . .

Cp < 0 X, ) =1 is the case. So, ( 0 X, ) will be congruent to I,,, which

X; 0

gives us the existence of X such that X7TX = < 0 X
2

) . In the case where

X 0
_ )2 o - 1
1e (Qp) , then it is possible that ¢, ( 0 X,

not clear (to the authors) that there exists X such that X7 X = ( )él )(() ) :
2

) = —1. For these cases, it is
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2
»)

Q,, p>2,and ~1 € (Q

Table 7: X; and X, values when k

—~
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Table 8 X; and X, values when k= Q,, p>2 and —1 ¢ (Q
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We now assume that p = 2, and we construct a classification of the Type 1
k-involutions. We again note that if n is odd and n # 3, then this is a complete
classification. We see that 1, +2, 43 and £6 are representatives for all of the
the distinct square classes of (Q3)2. For this case, we have not constructed tables
with complete classifications of the two sets of isomorphy classes. Instead, we have
constructed a table, Table 9, where there is a diagonal matrix over Q; for each
possible pair of determinant square class and value of Hasse symbol. A potential
isomorphy class is determined by choosing for X; and X, any pair of matrices
on this table where the two given matrices have determinants in the same square
class. So, given the different possible Hasse symbol values, there are at most 24
isomorphy classes of Type 1 k-involutions. As in some of the previous cases, it
is not immediately clear that there does or does not exist a matrix X in each of

these cases such that X7 X = X0 )
0 X

Table 9: X; and X, values when k = QQy

det(Y) square class oY) =1 op(Y)=-1
I, 0 0 0
0O -2 0 O
1 In 0 0 3 O
0 0 0 -6
I, 0 0
-1 0 2 0 ( I _01 )
0 0 =2
I, 0 O
2 0 -1 0 ( I"O—l g )
0 0 -2
I, 0 0 O
L Lii 0 1.0 0
0o -2 0 -3 0
0 0 —6
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