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Abstract. This paper studies nilpotent orbits in complex simple Lie alge-
bras from the viewpoint of strongly visible actions in the sense of T. Kobayashi.
We prove that the action of a maximal compact group consisting of inner auto-
morphisms on a nilpotent orbit is strongly visible if and only if it is spherical,
namely, admitting an open orbit of a Borel subgroup. Further, we find a concrete
description of a slice in the strongly visible action. As a corollary, we clarify a
relationship among different notions of complex nilpotent orbits: actions of Borel
subgroups (sphericity); multiplicity-free representations in regular functions; mo-
mentum maps; and actions of compact subgroups (strongly visible actions).
Mathematics Subject Classification 2010: Primary: 22E46; Secondary: 32M10,
32MO05, 14M17.

Key Words and Phrases: Visible action; multiplicity-free representation; nilpo-
tent orbit; induction theorem.

1. Introduction

This paper studies nilpotent orbits, and bridges the two notions, “spherical va-
rieties” studied by D. Panyushev [19, 20] and “visible actions” introduced by T.
Kobayashi [10]. We shall prove that

“spherical nilpotent orbits = visible nilpotent orbits”,
and give some structural results (“slice” coming from the right-hand side).

T. Kobayashi established a new theory on multiplicity-freeness for unitary
representations of Lie groups by introducing the notion of visible actions. We recall
briefly from [10, 11, 14] the propagation theory of multiplicity-freeness property. Let
G be a Lie group, and V a G-equivariant Hermitian holomorphic vector bundle
over a complex manifold D. Then, we have a natural action of G on the space
O(D,V) of holomorphic sections, which is not necessary irreducible when G does
not act transitively on D. Suppose we are given a unitary representation H of
G from which there exists a continuous injective homomorphism to O(D,V). In
general, H may not be multiplicity-free even if each fiber V, is multiplicity-free
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as a representation of the isotropy subgroup G, (x € D). However, H becomes
multiplicity-free whenever GG acts on the base space D strongly visibly and each
fiber is multiplicity-free. This is the propagation theory in [14], which yields a
unified explanation of multiplicity-freeness for various kinds of multiplicity-free
representations which have been studied by different approaches (see [10, 11, 14]).

A holomorphic action of a Lie group G on a connected complex manifold
D is called strongly wisible if there exist a real submanifold S in D and an
anti-holomorphic diffeomorphism ¢ on D such that the following conditions are
satisfied:

D=G-8S, (V.1)
O'|S = ids, (Sl)

o preserves each G-orbit in D.

We say that the submanifold S is a slice. It is automatically totally real,
namely, J,(7,5) NT,S = {0} for any x € S (see [11, Remark 3.3.3]). Here, J
stands for the complex structure of D. We are particularly interested in a slice
of minimal dimension, namely, which coincides with the codimension of generic
G-orbits in D.

We remark that the original definition [11, Definition 3.3.1] of strongly
visible actions is wider slightly, namely, it allows a complex manifold D containing
a non-empty G-invariant open set satisfying (V.1)—(S.2). For the propagation
theory of multiplicity-freeness property, this wider definition is sufficient. However,
since we shall see that these two definitions are equivalent for G,-actions on
complex nilpotent orbits, we adopt the above definition for simplicity for the rest
of this paper.

Strongly visible actions arise from many different geometric settings (cf.
[10, 11, 23]). Recently, a classification theory of strongly visible actions has
been developed for Hermitian symmetric spaces [13], generalized flag varieties
[12, 27, 28, 29, 30], and linear spaces [22, 24].

This paper deals with a new case where a complex manifold is a nilpotent
orbit in a complex simple Lie algebra. In order to state our main results, we fix
notation. Let g be a finite-dimensional complex simple Lie algebra and G¢ := Int g
the inner automorphism group of g. We denote by Ox a G¢-orbit through X € g.
Then we have a Gc-isomorphism of complex manifolds Ox ~ G¢/(Gc)x where
(Gc)x stands for the isotropy subgroup at X . We say that Ox is a nilpotent orbit
if X € g is a nilpotent element, and is spherical if a Borel subgroup of G¢ has an
open orbit in Ox. Let GG, be a compact real form of G¢. We prove:

Theorem 1.1.  If Ox is nilpotent and spherical, then the G, -action on Ox 1is
strongly visible.

The idea of our proof of Theorem 1.1 is based on the induction theorem of
strongly visible actions which is first formulated by Kobayashi [11, Theorem 20| for
Type A group. We generalize this idea for arbitrary complex simple Lie groups. For
this, we choose an sly-triple { H, X, Y} containing X as a nilpositive element. The
semisimple element [ defines the Z-grading of g, denoted by g = €p,, ., 9(m).
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Then the complex subalgebra [ := g(0) is reductive. Let L¢ be an analytic
subgroup of G¢ with Lie algebra [. Taking a conjugation if necessary, we may and
do assume that L, := Lc NG, is a compact real form of Le. We set a nilpotent
subalgebra by n:= @, -, g(m). Then, the nilpotent orbit Oy can be realized via
the following map: -

G, xLun—>O_X, (9, 2)— g Z, (1.1)

in particular, the closure Oy is equal to G, -n={g-Z:g9 € Gy, Z € n}. In this
setting, we generalize the induction theorem of strongly visible actions:

Theorem 1.2 (see Theorem 4.1).  If the L, -action on n is strongly visible, then
the G -action on Ox is strongly visible.

Theorem 1.2 means that the strong visibility for non-linear action on Ox
is induced from the strong visibility for linear action on n via (1.1). We then can
apply the previous results [22, 24] for the classification of linear visible actions to
the L,-action on n, and thus prove:

Theorem 1.3. If Ox is spherical, then the L, -action on n is strongly visible.

Therefore, Theorem 1.1 follows from Theorems 1.2 and 1.3.

Our proof of Theorem 1.3 applies a case-by-case analysis by using Pa-
nyushev [19]. Moreover, we give an explicit description of a slice and an anti-
holomorphic diffeomorphism for the L,-action on n when Ox is spherical.

Together with the earlier results [19, 32, 31|, we summarize:

Corollary 1.4.  The following five conditions on a nilpotent orbit Ox in a
complex simple Lie algebra g are equivalent:

(i) Ox is spherical.
(ii) The height of Ox equals two or three.

(iii) The space of reqular functions on Ox is multiplicity-free as a representation
of Gc =Intg.

(iv) The Ly-action on the nilpotent subalgebra n is strongly visible.

(v) The Gy-action on Ox is strongly visible.

Here, the height of Ox is defined by the maximum of m € Z satisfying
g(m) # {0} (see Definition 5.2).

The equivalence between (i) and (ii) is proved by Panyushev [19]. The
equivalence (i) < (iii) is due to Vinberg Kimelfeld [32] and Vinberg [31]. The
implication (v) = (iii) is a special case of the propagation theory of multiplicity-
freeness property by Kobayashi [10, 11, 14]. The implication (i) = (iv) and (iv)
= (v) hold by Theorems 1.3 and 1.2, respectively.
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G € @ P2 )
Theorem 1.3 |} I [10, 11, 14]
i) = (v)
Theorem 1.2

Corollary 1.4 has some connection with “small infinite-dimensional repre-
sentations” of complex reductive Lie groups G¢. If O, is the associated variety of
an admissible representation 7 of G¢ (see [33]), then the G, -type in 7 is asymp-
totically the same with the G,-type in the space of regular functions in O, by
[15, Proposition 3.3].

This paper is organized as follows. In Section 2, we review basic notion of
nilpotent orbits in complex semisimple Lie algebras. In Section 3, we explain a
key theorem for the proof of Theorem 1.3 (Theorem 3.5), namely, properties of our
choice of a slice and an anti-holomorphic diffeomorphism in the strongly visible
L,-action on n if Ox is spherical. In Section 4, we show the induction theorem
of strongly visible actions, namely, Theorem 1.2. In Section 5, we give a proof of
Theorem 3.5.
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2. Preliminaries

In this section, we review structural theories on nilpotent orbits in complex
semisimple Lie algebras which is based on [4].

2.1. sly-triple of nilpotent orbit. Let g be a finite-dimensional complex
semisimple Lie algebra and G¢ := Intg the inner automorphism group of g.
An element X € g is called a nilpotent element if ad(X) € End(g) satisfies
ad(X)Y = 0 for some N € N, and called a semisimple element if ad(X) is
diagonalizable. We write A for the cone of nilpotent elements of g and S for the
set of semisimple elements of g.

We denote by Ox = G¢ - X the G¢-orbit through X € g. An orbit Oy is
called a nilpotent (resp. semisimple) orbit if X € N (resp. X € §), from which
Ox CN (resp. Ox C S). We write N*/G¢ (N* := N\ {0}) and S/G¢ for the

set of non-zero nilpotent orbits and of semisimple orbits, respectively.



SASAKI 601

Suppose we are given X € N*. By Jacobson—-Morozov, there exist H,Y € g
such that {H, X, Y} forms an sly-triple, namely,

[H,X]=2X, [HY]=-2Y, [X,Y]=H.

Then, H is called a neutral element, X a nilpositive element, and Y a nilnegative
element. We remark that H € S and X, Y e NV.

Two sly-triples {H, X, Y}, {H', X", Y'} in g are said to be conjugate if
there exists g € G¢ such that H' = ¢g-H, X' =¢g-X,and Y/ = g¢-Y. Clearly,
two elements X, X' € N* are conjugate if two sly-triples {H, X, Y}, {H', X', Y'}
in g are conjugate. The opposite is also true by Kostant [16]. Then, this gives rise
to the following bijection

N*/Gc = {sly-triples in g}/Ge, Ox+— {H,X,Y}. (2.1)

Moreover, it follows from Mal’cev [18] that {H, X, Y} and {H', X', Y’} are conju-
gate if the corresponding neutral elements H, H' are conjugate. This implies that
the map

{slo-triples in g} /Gc — S/G¢, {H,X,Y}— Oy (2.2)

is injective. Hence, composing (2.1) and (2.2) yields the injective map from the
set of nilpotent orbits to that of semisimple ones:

2.2. Z-grading of g. In this subsection, we consider the semisimple transfor-
mation ad(H) on g for H € ®(Ox).

By the general theory on finite-dimensional representations of sl(2,C), all
ad(H)-eigenvalues are integers. We write g(m) for the ad(H)-eigenspace with
eigenvalue m, namely,

gm) ={Z e€g:ad(H)Z=mZ} (meZ). (2.4)
Then, g is decomposed into the finite sum of ad(H)-eigenspaces as
g=EPam). (2.5)
meZ

Since the inclusion [g(m), g(n)] C g(m+n) holds for m,n € Z, the decomposition
(2.5) defines a Z-grading of g.

Let us take another element H' € ®(Ox) and consider the ad(H')-eigenspace
g'(m). We note that H' = go - H for some gy € G¢. Then, we have:

Lemma 2.1. ¢g'(m)=go-g(m)={g90-Z:7Z € g(m)} for any m € Z.

Proof. For Z € g(m), we observe go - (ad(H)Z) as follows. First, by the
definition of g(m), we have

90 (ad(H)Z) = go - (mZ) = m(go - Z). (2.6)
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Second, in view of go - [H, Z] = [g0 - H, go - Z], we express as
g0~ (ad(H)Z) = ad(go - H)(go - Z) = ad(H')(go - Z). (2.7)

Comparing (2.6) and (2.7), we obtain ad(H')(go - Z) = m(go - Z), from which
go - Z € g'(m). Hence, we have shown go - g(m) C ¢’'(m).
Similarly, we have gy - ¢’(m) C g(m), and then g'(m) C go - g(m).
Therefore, we have proved g'(m) = go - g(m). ]

Lemma 2.1 shows that the Z-grading (2.5) is determined by Ox, particu-
larly, independent on the choice of semisimple elements of ®(Ox).

2.3. Nilpotent subalgebra. We define a parabolic subalgebra q arising from
the Z-grading (2.5) by

q:=Ea(m) (2.8)

m>0

with Levi decomposition q = [+ u where

(= 3(H) = 9(0) (2.9)

is the Levi subalgebra and u = @, ., g(m) is the nilradical. Then, [ is a complex
reductive Lie algebra.
Let n be a nilpotent subalgebra defined by

n:=Pa(m). (2.10)

m>2

Clearly, [q,n] € n. As X € g(2), we have [q, X] C n. Further, the opposite
inclusion also holds by the representation theory of s[(2, C), from which we obtain:

Lemma 2.2. n=[q,X].
2.4. Realization of Oy via momentum map. Let ()¢ be a parabolic sub-
group of G¢ with Lie algebra ¢, which acts on n. We set

n° = Qc - X. (2.11)

By Lemma 2.2, n° is an open set in n, in particular, its closure n° is equal to n.
We define a Gc-equivariant smooth map ¢ from the holomorphic vector
bundle G¢ Xg. n on the flag manifold G¢/Qc¢ to g by

gOIG(C XQe M — g, (.T,Z)H.TZ (212)
Lemma 2.3. Ox = ¢(G¢ xg. n°).
Proof. It follows from (2.11) that

¢(Ge X 1°) = ¢(Ge Xq. (Qc - X)) = Ge - X = Ox. (2.13)

Hence, Lemma 2.3 has been proved. [ |
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Next, let L¢ be a Levi subgroup of ()¢ with Lie algebra [. We take a
compact real form L, := Lc NG, of Le. Then, the inclusion map G, — G¢
induces a biholomorphic diffeomorphism G, /L, ~ G¢/Qc. This gives rise to an
isomorphism as a G, -equivariant holomorphic vector bundle as follows:

Gy X, n >~ Ge X . (2.14)

We use the same letter ¢ to denote the G, -equivariant map G, X, n — g via
the isomorphism (2.14). Then, we have:

Proposition 2.4. Oy =G, -n°.

Proof. By Lemma 2.3 and (2.14), we have
Ox = ¢(Gu xp, ) = Gy -1,

from which Proposition 2.4 has been proved. [ |

Remark 2.5 (cf. [11, Theorem 20]).  We can regard ¢ as the restriction of the
momentum map of the Hamiltonian G,-action on the flag manifold G, /L, .

Let g, and [, be the Lie algebras of G, and L, , respectively. Identifying
gu/l, with u, the nilpotent subalgebra n seems to be an L,-submodule of g, /I, .
Then, the principal vector bundle G, X1, (g./l,) is isomorphic to the cotangent
bundle T*(G,/L,). Via the identification of g with the dual space g* by the
Killing form on g, the map

v Gy xp,u—g, (9,2)—g-Z

is essentially a momentum map of the Hamiltonian G, -action on the flag manifold
Gu/Ly. It turns out that ¢ = [g,x,, -

3. Visible actions on nilpotent subalgebras

Let us retain the setting of Section 2. A nilpotent orbit Oy is written as Ox =
G, - n°. In view of this realization, it is crucial for the study on the G,-action
on Ox to understand the L,-action on n°. Here, the closure of the (Qc-orbit n°
through X is equal to the nilpotent subalgebra n. In this section, we focus on the
L, -action on n.

3.1. Normal real form of complex simple Lie algebra. First, we define an
anti-holomorphic involution of a complex simple Lie algebra.

For a real reductive Lie algebra g, we denote by rankg g’ the real rank
of g'. A real form g of a complex reductive Lie algebra ¢’ is called normal if
rankg gp = rank g’. Normal real forms of a complex simple Lie algebra exist and
are unique up to isomorphism.

Let g be a complex simple Lie algebra. We take a normal real form gg of
g. We denote by o the complex conjugation of g with respect to ggr, namely,

o(X +V-1Y)=X —/—1Y (X,Y € gg). (3.1)
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Let g be a maximal compact subalgebra of gr and gr = € + pr the
corresponding Cartan decomposition. Then, the Lie algebra £r + /—1pgr is a
o-stable compact real form of g. Since compact real forms are unique up to
isomorphism, we may and do assume that g, := g ++/—1pg is the Lie algebra of
G, by taking a conjugation of gg if necessary.

3.2. o-stability of subalgebra. Let ag be a maximal abelian subspace in pg
and

a:=ar + v —1ClR. (32)

Then, a is o-stable, and a Cartan subalgebra of g since rankg gr = rank g. Then,
ar is a Cartan subalgebra of gg.

Let A = A(g,a) be a root system of g with respect to a. We denote by
go the root space corresponding to o € A. Then, we have:

Lemma 3.1.  The root space g, is o-stable for any o € A.

Proof.  According to (3.2), we write A € a as A = A; ++v/—1A4, (41, Ay € ag).
As ag C gg, we have o(A) = A; — /—1A4,. Hence,

a(0(A)) = a(A; — vV—14,) = a(A;) — V—Ta(A,).

We remark that all of the roots are real on ag (cf. [8, Section 4]). This means
that a(A41),a(As) € R, and then, a(c(A)) = a(A;) — vV—1a(Ay) = a(A). Since

o is anti-linear, we have

o(a(A)Z) = a(A)o(Z) = a(o(A)o(Z) (Z € g). (3:3)
Let Z, be a root vector of g,. It follows from (3.3) that
o([A; Za]) = o(a(A)Za) = aa(A))o(Za). (3.4)

On the other hand, we have o([A, Z,]) = [0(A),0(Z,)]. Replacing A with o(A)
in the equality (3.4) shows

[4,0(Za)] = a(A)o(Za). (3:5)
This means that ¢(Z,) lies in g,. Hence, Lemma 3.1 has been proved. n

We recall the well-known facts that all elements contained in a Cartan
subalgebra are semisimple and that two Cartan subalgebras of g are conjugate by
Gc. This means that ®(Ox) Na # (). Hence, we take a semisimple element H in
®(Ox) Na. In this setting, we have:

Lemma 3.2.  The ad(H)-eigenspace g(m) is o-stable for any m € Z.
Proof.  Since [H, Z,| = a(H)Z, holds for any Z, € g,, we have g, C g(a(H)).

This implies that the eigenspace g(m) is written as g(m) = @,ca, 8o for some
subset A,, C AU{0}. Hence, the o-stability of g(m) follows from Lemma 3.1. =
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The parabolic subalgebra q, the Levi subalgebra [, and the nilpotent sub-
algebra n, respectively, consist of some ad(H)-eigenspaces. Then, the following
lemma is an immediate consequence of Lemma 3.2.

Lemma 3.3.  The subalgebras q, |, and n of g are o-stable.

By Lemma 3.3, the restriction of ¢ € Aut g to [ becomes an anti-holomorphic
involution of [. Here, we set a real form of [ by [r = [ =[N gg. Then, we have:

Lemma 3.4.  The real form g of [ is normal.

Proof. By definition, let us show the equality rankg [g = rank[. Here, the
inequality rankg [r < rank [ holds in general. Then, it is sufficient to see rankg I >
rank [.

For this, we consider the maximal abelian ag C pr. The semisimple
element H € a satisfies [H,a] = {0}, from which ag C a C [. Then, we obtain
ag CINpr =R Npr. As [g = ([g NEg) + (Ir N pr) is a Cartan decomposition of
Ig, this inclusion implies that rankg [g > dimag. Since rank g > rank! holds in
general and ggr is a normal real form of g, we conclude

rankg [g > rank g > rank [.

Therefore, Lemma 3.4 has been proved. u

3.3. Compatible condition. We lift the anti-linear involution o on g to an
anti-holomorphic involution ¢ on the complex simple Lie group G¢ = Int g. More
precisely, we write o(g) := 0go € G¢ (g € G¢). Then, we have:

o(g-Z)=0(g9)-0(Z) (9€Ge, Z€g). (3.6)

We say that o is compatible with o (see [14, (4.2.1)]).

In view of Lemma 3.3, the Levi subgroup L¢ is o-stable, and the restriction
of 0 € Autg to n induces an anti-holomorphic diffeomorphism on n. Hence, we
obtain:

ok-Z2)=5(k)-0(Z) (ke Le, Zen). (3.7)

The compact real form G, of G¢ is o-stable because its Lie algebra g,
is o-stable. It follows from Lemma 3.3 that [, := [N g, is o-stable, from which
L, = Lc NG, is o-stable.

3.4. Visible actions on nilpotent subalgebra. We are ready to state our
theorem on the L,-action on n as follows.

Theorem 3.5.  If Ox s nilpotent and spherical, then one can find Sy C n such
that the following properties are satisfied:

(a) So is a real vector space.
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(b) n= Lu . S().
(C) 0’|SO = idgo.

Our proof of Theorem 3.5 uses a case-by-case analysis for each spherical
Ox, which will be given in Section 5 separated from this section.

3.5. Proof of Theorem 1.3. Let us see that Theorem 1.3 follows from Theorem
3.5.

Proof of Theorem 1.3. Suppose that Ox is nilpotent and spherical. By
Theorem 3.5, there exists a real vector subspace Sy such that n = L, - .Sy and
ols, = ids,. We will verify that the data (Sp, o) satisfies the definition of strongly
visible actions (see Section 1).

The properties (b) and (c) coincide with (V.1) and (S.1), respectively. To
see (5.2), we take Z € n, and write Z = k- Z, for some k € L, and Z, € S
according to (V.1). By the relation (3.7) and the property (c), we have

o(Z)=0(k-Zy) =0(k)-0(Zy) =0d(k)-Zy=c(k)k™" - Z.

The element &(k)k~! lies in L,, from which ¢(Z) € L, - Z. Hence, we have
verified (S.2).

Consequently, Theorem 1.3 has been proved. ]

4. Induction theorem of strongly visible actions

In this section, we show Theorem 1.2. We again reformulate Theorem 1.2 as
follows:

Theorem 4.1. Let Ox be a nilpotent orbit, | = g(0) and n = P, -, 9(m)
are defined by the sly-triple as in (2.9) and (2.10), respectively, and o the anti-
holomorphic involution on g as in Section 3. If the L, -action on n is strongly
wisible with o, then the G -action on Ox is strongly visible.

Remark 4.2. This theorem generalizes induction theorem of strongly visible

actions [11, Theorem 20] for Type A case. It produces new strongly visible actions
out of known strongly visible actions (linear visible actions [22, 24]).

Suppose that the L,-action on n is strongly visible with o as in Section 3.

Then, one can take a real submanifold Sy in n such that n= L, - Sy, ol|s, = idg, -
We set

S :=5yNn°. (4.1)

Then, S is a real submanifold of n° since n° is open in n.

Lemma 4.3. n°=1,-5.
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Proof. In view of the equality n° =nnNn°, we have
n° = (L, -So)Nn® = (Ly,-So) N (Ly-n°)= L, -(SoNn®)=1L,-S.
Hence, Lemma 4.3 has been proved. u

Combining Proposition 2.4 with Lemma 4.3, we have
Ox =G, n° =G, (L, S)=(G,Ly) - S=G,-S.
Therefore, we have proved:

Proposition 4.4.  The submanifold S satisfies the condition (V.1) for the G, -
action on Ox.

Next, we define an anti-holomorphic diffeomorphism of Oy, which arises
from o defined by (3.1) as follows.

Let Z be an element of Oy, and write Z = g - Z, for some g € G, and
Zy € S due to Proposition 4.4. It is obvious from S C Sy and o|g, = idg, that

0'|5 :ids. (4.2)
Then, the relation (3.6) shows

0(Z) =0(g-2Z) = 0(g) - 0(Z) = (g) - Zo. (4.3)

Since G, is o-stable (see Section 3), the element 7 (g) lies in G,,. Then, the equal-
ity (4.3) means that o(Z) € G, - S = Ox. Hence, Ox is o-stable. This implies
that the restriction of ¢ to Ox becomes an anti-holomorphic diffeomorphism on
Ox, which we use the same letter to denote.

Now, we give a proof of Theorem 4.1.

Proof of Theorem 4.1. It is clear that (V.1) and (S.1) hold by Proposition
4.4 and (4.2), respectively. Let Z € Oy and write Z =g¢g- Zy € G, - S. Then, we
have

o(Z)=35(9)g ' (g-Zy)=0(9)g - Z€G,-Z.

Hence, we have verified (S.2).
Therefore, Theorem 4.1 has been proved. [ ]

5. Proof of Theorem 3.5

This section is devoted to the proof of Theorem 3.5.

First of all, we give a short summary of our proof. The Dynkin—Kostant
theory explains that a nilpotent orbit Ox in a complex simple Lie algebra g is
characterized by the weighted Dynkin diagram, denoted by Q(Ox), which is the
Dynkin diagram of g with numerical labels. A classification of nilpotent orbits is
given in terms of the weighted Dynkin diagrams. Moreover, Ox defines the height,
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denoted by ht(Ox). D. Panyushev provides a criterion for Ox to be spherical by
its height. Since ht(Ox) can be calculated from Q(Ox), the table of spherical
nilpotent orbits is obtained.

Under these theories, we apply case-by-case analysis on the L,-action on n
for each spherical Ox. Indeed, we clarify a semisimple element H € ®(Ox) Na
from Q(Ox) and express the L¢-action on n. By using the classification of strongly
visible linear actions, we verify the strong visibility for the L,-action on n, and
give an explicit description of Sy satisfying (a)—(c).

5.1. Weighted Dynkin diagram of nilpotent orbit. In this subsection, we
review the weighted Dynkin diagram corresponding to a nilpotent orbit Ox in a
complex semisimple Lie algebra g. See [4] for survey on weighted Dynkin diagrams
in complex semisimple Lie algebras.

Let us retain the setting of Sections 2 and 3. Let b be a Borel subalgebra of
g such that b contains the Cartan subalgebra a and is contained in the parabolic
subalgebra q. We fix a positive system AT = A™(g, a) satisfying b = a®@P_ 1+ 0o
and set a closed Weyl chamber by

a, ={A€a:alAd) >0 (Vaec AN}

As mentioned in Section 3, the intersection of a and the semisimple orbit
®(Ox) is non-empty. In particular, ®(Ox)Na, is a singleton set. Then, we define
an injective map by

W:N*/GC%Q_F, OxHHEq)(OX)mCLF (51)

Definition 5.1 (cf. [19]).  We say that U(Ox) € ®(Ox) Nay is the character-
istic element of Ox .

For the rest of this paper, we fix H to be H = ¥(Oy) € a, .

We write oy, ...,q, € AT for the simple roots of A (r :=rank g = dimc a).
As b C q, the number o;(H) is a non-negative integer. Moreover, it follows from
the representation theory that o;(H) € {0,1,2} for j = 1,2,...,r. Then, we
define the injective map as follows:

Q:N*/Ge — {0,1,2)", QOx) = (ar(H), ..., an(H)). (5.2)

We label the node of the Dynkin diagram of g corresponding to each simple
root o; with a;(H). The Dynkin diagram with such labels is called the weighted
Dynkin diagram of Ox .

We recall from (2.1) that there is a one-to-one correspondence between
nilpotent orbits and conjugacy classes of sly-triples. Thanks to Dynkin’s work
on sly-triples [5], the injective map (5.2) provides a characterization of nilpotent
orbits in g by corresponding weighted Dynkin diagrams.

Next, the Z-grading (2.5) defined by Oy introduces a function on N*/G¢
as follows:

ht : N*/Ge = Z, Oxr— max{m €Z:g(m)# {0}}. (5.3)
Since X € g(2), we obtain ht(Ox) > 2 for any Ox € N*/Ge.
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Definition 5.2 ([19, Section 2]).  We say that the positive integer ht(Ox) is
the height of a nilpotent orbit Ox .

D. Panyushev gives a necessary and sufficient condition for a nilpotent orbit
to be spherical.

Lemma 5.3 ([19, Theorem 3.1]).  For a nilpotent orbit Ox, the following two
conditions are equivalent:

(i) Ox is spherical.
(i) ht(Ox) < 3.

In view of Lemma 5.3, we consider how to calculate ht(Ox) by the weighted
Dynkin diagram Q(Ox). Let § € AT be the highest root. We write § =
kioy + - - - + k., for some positive integers ki, ..., k.. Then, we have:

Lemma 5.4. ht(Ox)=p0(H) =kion(H)+ -+ k.« (H).
Proof. By the proof of Lemma 3.2, we formulate
ht(Ox) = max{m € Z : g(m) # {0}} = max{a(H) : « € A}. (5.4)
Let a € A and write o = lyay + -+ + Loy (L, ..., 1, € Z). Since [ is the

highest root, the inequality [; < k; holds for any j = 1,2,...,r. As o;(H) >0
(see (5.2)), we estimate

Oé(H) = llOél(H) + -+ l,«O&,«(H)
S kIC(l H) + - +k7«047«<H)
= B(H).
This means that
max{a(H):a € A} = B(H). (5.5)
Combining (5.4) and (5.5), we get ht(Ox) = S(H). ]

Applying Lemma 5.4 to the classification of complex nilpotent orbits [1, 2]
(cf. [4]), we list all weighted Dynkin diagrams (Ox) with ht(Ox) = 2,3 in the
first and second columns of Tables 5.3 and 5.4 (see also [19]).

5.2. Visible linear actions. In this subsection, we recall the recent works on
strongly visible linear actions, see [22, 24] for details.

Let K¢ be a connected complex reductive Lie group and V a finite-
dimensional vector space over C. Suppose we are given a holomorphic repre-
sentation of K¢ on V. Then, we have naturally the representation of K¢ on the
polynomial ring C[V] defined by f(v) — f(g~'-v). We say that the K¢-action
on V' is a multiplicity-free action, or, V' is a multiplicity-free K¢ -space if C[V] is
multiplicity-free as a representation of K.
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Multiplicity-free actions are classified by Kac, Benson-Ratcliff, and Leahy
[3, 7, 17] up to geometrically equivalences. Here, two holomorphic representations
(r, V) and (7', V') of connected complex reductive Lie groups K¢ and K¢, re-
spectively, are geometrically equivalent if the image of 7 coincides with that of 7’
under some linear isomorphism from V to V’.

Let K, be a compact real form of K¢. Then, we have:

Lemma 5.5 ([22, 24]).  For a holomorphic representation of K¢ on V, the
followings are equivalent:

(a) The Kc-action on V' is a multiplicity-free action.

(b) The K,-action on V is strongly visible.

Lemma 5.5 gives a classification of strongly visible linear actions. During
them, as we will see in the proof of Theorem 3.5, we need only eight series of
multiplicity-free actions, which are listed in Table 5.1.

K¢ %
1) C~ C
(2) SL(p,C) cr
(3) SL(p,C) x C* Sym(p, C)
(4) SL(2p,C) x C* Alt(2p, C)
(5) SL(p,C) x SL(p,C) x C* M(p,C)
(6) SO(p,C) x C* cr
(7) E4(C) x C* Jc
8) SL(2p,C) x C* Alt(2p,C) ® C?

Table 5.1: Multiplicity-free K¢-action on V'

We pin down some restrictions on integer p in Table 5.1 as follows: In (2),
(3), (5), and (6), p>2;1In (4) and (8), p > 1.

In (1), the multiplicative group C* = GL(1,C) acts on C as the standard
complex multiplication. The special linear group SL(p,C) = {g € M(p,C) :
det g = 1} and the special complex orthogonal group SO(p,C) = {g € SL(p,C) :
tgg = I,} act linearly on CP, respectively, where ‘g denotes the transposed matrix
of g. In (3), SL(p,C) acts on the space Sym(p, C) of complex symmetric matrices
by g-A = gAlg. In (4), SL(2p,C) acts on the space Alt(2p,C) of complex
alternating matrices by g-A = gA'g. In (5), SL(p,C) x SL(p,C) acts on M(p,C)
by (g,h)-A = gAh™. In (7), Jc = JrC = Herm(3, €)®rC = Herm(3, €¢) is the
complexified exceptional Jordan algebra, namely, it consists of Hermitian matrices
of degree three whose entries are the complexified Cayley algebra €¢ = € ®p C.
Then, Jc is a vector space over C with dimension 27. We denote by FEs(C) the
connected and simply connected complex simple Lie group of exceptional type.
Then, E¢(C) acts on J¢ as automorphisms.

In (3)—(7), the center C* of K, acts on V as the scalar multiplication. In
(8), the semisimple part SL(2p,C) of K, acts on C* @ Alt(2p,C) by g- (v, A) =
(gv,gAtg), and the center C* acts by s - (v, A) = (s’v, s2A).
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For (K¢,V) in Table 5.1, we present:

Lemma 5.6 (][22, 24]).  Let a multiplicity-free K¢ -action on V' be one of cases
in Table 5.1. Then, one can take a real vector subspace T and an anti-holomorphic
diffeomorphism o for the strongly visible K, -action on V' satisfying the following
conditions:

(a) V=K, -T.
(b) O'|T:idT.

(¢) The dimension of the vector space T over R is equal to the rank of the
semigroup of highest weights occurring in C[V].

Indeed, we choose T and o as in Table 5.2. Then, we can verify by [22, 24]
that (T, 0) satisfies Lemma 5.6.

(K(c, V) T g o
(1) R 01 5:0
(2) T1 01 &1
(3) Dp o1 51 X 50
(4) Ap 01 51 X 50
(5) Dp 01 51 X 61 X 50
(6) D171 09 52 X 50
(7) D3 03 8:3 X &0
(8) APEBTP o1 Doy 51&50

Table 5.2: Our choice of T', o, o for the K,-action on V

Here, let us explain the notation used in Table 5.2 as follows.
First, let {e1,...,ex} be the standard basis of CV. We define two real
subspaces Ty, D11 in CV by

Ty :=Re; @ Res ®Res @ -+ - @ Regyr_y,
D171 = R@l DV —1R€2,

where N’ := |2 | denotes the maximum of integers which are not greater than
%. Second, we denote by Dy the real subspace of M(N,C) consisting of
diagonal matrices whose entries are all real, namely,

Dy := {diag(rq,...,7n) € M(N,C) : r1,...,7n € R}.
Third, we set a real subspace A, in Alt(2p, C) by
A, ={J(r,...,rp) € Alt(2p,C) : 1y, ..., 1, € R}

where J(rq,...,r,) € Alt(2p, C) stands for the following block diagonal matrix

‘ 0 —1
J(r1,...,rp) i=diag(rJy,...,rpd1), Ji= ( 1 0 )
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On the other hand, we denote by ¢; and oy the complex conjugations of C¥
with respect to real forms V; and Vs, respectively, where N’ = |8 ] N” = | J|
and

N//

N N’
Vii=PRe;, Va=PResis & P vV-1Ren.
1=1 =1 1=1

By using the coordinate with respect to the standard basis {eq,...,ex}, we write
o, and oy, respectively, as

o(v) =7, oy(v) =10 (veCh)
where ¢; := (—1)"! (i =1,2,...,N) and
I, := diag(ey,...,en) € M(N,C). (5.6)

For the standard basis {E;; : 1 < 4,57 < N} of M(N,C), we also define
the standard real form @, .; ;«y RE;; = M(N,R). With respect to M(N,R), we
define the complex conjugation of M (N, C), which we use the same notation oy
to denote.

The definition of o3 for (7) will be given in the proof of Lemma 5.7.

Lemma 5.7.  Suppose we take T and o as in Table 5.2 for a multiplicity-
free Kc-action on V' listed in Table 5.1. Then, there exists an anti-holomorphic
automorphism o on K¢ such that the followings are satisfied:

(a) o stabilizes K, .
(b) rankg Lie(KZ) = rank Lie(Kc¢).

(c) olk-v)=0(k) o) (ke Kc, veV).

Proof. Let us first consider (K¢, V) where the semisimple part of K¢ is clas-
sical, namely, (1)-(6) and (8) of Table 5.1.

For convenience, we put K; := SL(p,C) and K, := SO(p,C). By using
our matrix realization of SL(p,C) and SO(p,C), we define anti-holomorphic
involutions ¢; on K; (i =1,2) by

51(1{3) =k (k’ S Kl), 52(1{3) = [a_lEIa (k’ S Kg)

Then, the fixed point set K f ! coincides with SL(p,R), and Kg % is isomorphic to
the indefinite special orthogonal group SO(| 2], |25+ |). Clearly, rankg Lie(K o) =
p — 1 = rankLie(K;) and rankg Lie(KJ?) = |5] = rankLie(K3). Similarly, we
define an anti-holomorphic involution o, on C* by gy(s) =35 (s € C*). Then,
(Cx )50 = RX*.

The right column of Table 5.2 gives our choice of anti-holomorphic involu-
tion ¢ on K¢ for each strongly visible K,-action on V. The direct computation
shows that o satisfies Lemma 5.7.
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We give a short summary of the proof for (7), namely, (K¢, V) = (Es(C) xC*,Jc).
See [25] for detail.

The representation of a compact real form Fg x T of K¢ on J¢ is real-
ized as the isotropy representation for non-compact Hermitian symmetric space
Er(~25)/Es - T in the sense as follows. Here, we write T := {z € C: |z| = 1} for
the one-dimensional torus. Let 6 be the Cartan decomposition of the Lie algebra
e7(—25) corresponding to e + v —1R. We write e7(—25) = (eg + \/—_1R) + p for the
corresponding Cartan decomposition. Then, the representation of (Eg x T) on J¢
is geometrically equivalent to that on p.

We take an involutive automorphism o3 on e7_s5 commuting with 6 such
that e ;) ~ su”(8), and extend o3 to an anti-linear involution on e7(C). As
fos = 030, o3 stabilizes both eg(C) + C and p. Then, we have (eg(C) + C)7 ~
eg6) + R (see [25]), which is a normal real form of ¢s(C) + C.

Since rankp su*(8) = rankg e7(_25) = 3, a maximal abelian subspace T~ Dj
in p?8 is also a maximal abelian in p. Then, the (Eg x T)-action on p is strongly
visible with slice T and anti-holomorphic diffeomorphism o3 on p ([13, Lemma
2.4] and [11, Theorem 18]). Moreover, we lift o3 € Aut(e(C) + C) to an anti-
holomorphic involution &3 on Eg(C) x C*. Then, Lemma 5.7 holds for Ds, o3
and o3.

Therefore, Lemma 5.7 has been proved. u

Concerning to our choice of ¢ as in Table 5.2, we denote by uX u' for invo-
lutions p and g’ on complex Lie groups H¢ and H(., respectively, the involution
on He x H{ defined by (uX p')(h,h') = (u(h), /' (R')).

Remark 5.8. Lemma 5.7 holds for all multiplicity-free actions, on which we
will discuss in forthcoming paper [25].

5.3. Procedure. In this subsection, we explain the procedure of our proof of
Theorem 3.5.

The standard basis {ej,...,ex} of CV defines the standard real form
Vg = RY and the standard Hermitian inner product (-,-) satisfying (e;,e;) = &;;
(1 < i,7 < N). The dual a; of the Cartan subalgebra ag C ggr is realized
as a subspace of Vg, denoted by V. Let {Ej,...,Ex} be the dual basis of
{e1,...,en} with (e;, Ej) = ;3 (1 < 4,j < N). Then, ag is isomorphic to
V*C Vg =RE @ ---®REy. Hence, a = ag + v/—1lag ~ V* + /—1V*.

We have seen in Lemma 3.1 that the complex conjugation ¢ with respect
to gr stabilizes the root space g, (o € A). Then, we decompose g, into
the o-eigenspaces as go = (ga N gr) + (ga N V—1gr), equivalently, g, is the
complexification of the real vector space g, N gr. As dimcg, = 1, we have
dim(g, Ngr) = 1. Thus, we express g, N gr = RE, for some root vector E,.

Under this setting, we carry out for each spherical nilpotent orbit Ox in g
as follows:

1. Specify the characteristic element H € a, from the corresponding weighted
Dynkin diagram Q(Ox) (see (5.2)).
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2. Write [ = g(0), g(2), and g(3), respectively, as a direct sum of root spaces
(see Lemma 3.2).

3. Verify that the L¢-action on n is a multiplicity-free action comparing with
Table 5.1. Then, the L,-action on n is strongly visible (Lemma 5.5).

4. Give a slice Sy for the L,-action on n explicitly by using Table 5.2. In
particular, describe Sy as Sy = P, . a+0x) REa for some subset AT(Oy)
in A*.

Owing to Lemmas 5.6 and 5.7, Theorem 3.5 holds for the subspace Sy which is
constructed according to the above procedure.

5.4. Type A, _;. We begin with the case g = sl(n,C) for integer n > 2. In this
case, gr = sl(n,R). Then, a} = {a1e1+---+ane, : a1,...,a, ER, a1 +---+a, =
0}. A root system A = A(g,a) is A ={£(e; —¢;) : 1 <i<j<n} Wefixa
positive system as AT = {e; —e; : 1 <i < j <n}. The simple roots oy, ..., a1
are given by a; = e¢; —e;41 (1 < i < n —1). The highest root 3 is written as
B=e1—e,=a1+ -+ a,_1.

Let Ox be a nilpotent orbit with characteristic element H = hiE; +
oo+ h,E, € a, where hy +---+ h, = 0 and hy > hy > --- > h,. Then,
a;(H) = h; — hiy1r (1 <4 < n—1). Hence, the weighted Dynkin diagram
Q(Ox) = (ml,mz, PN ,mn_l) is given by (hl — hg, hg — h3, ey hn—l — hn) .

my ma Mp—2 Mp—1
(e} (@] e (@] o
aq (% Qp—2 Qnp_1

Figure 5.1: Weighted Dynkin diagram for sl(n, C)

A nilpotent orbit Ox in sl(n, C) is spherical if and only if Q(Ox) coincides
with either (A) or (A’):

(A) QO0x) = (0,...,0,1,0,...0,1,0,...,0) for 1 < p < 7, namely,

1 1

p— p—

my, = my_, =1 and m; =0 for i # p,n —p.
(A") n=2p and Q(Ox) = (0,...,0,2,0,...,0), namely, m, = 2 and
—_—— =

p—1 p—1
m; =0 for ¢ # p.

For each case, it follows from Lemma 5.4 that its height ht(Ox) equals two.
Then, the nilpotent subalgebra n coincides with g(2).

Case (A). Let Q(Ox) satisfy Case (A) for 1 <p < §. Since hy, — hypy1 =
hyp—p —hp_pi1 =1 and h; —hip1 =0 (i #p,n—p), H forms

H=(Ei+ - +E)— (Eppy1+- + Ep).

The nilpotent orbit Ox with the above Q(Ox) consists of complex matrices of
degree n with Jordan type (2F,1"27).



SASAKI 615

The Levi subalgebra [ = g(0) is given as follows:
a0 P se® B s ® D s
1<i<j<p p+1<i<j<n—p n—p+1<i<j<n

This means that
[~ sl(p,C) & sl(n — 2p,C) & sl(p,C) & C*.

Here, {(E\ + -+ E,) — ;2 (Bpsr + -+ + Eny) 7255 (Eppr + - + Eyy) —

n—2p
(En_ps1+ -+ E,)} is a basis of the two-dimensional center C? .

The ad(H)-eigenspace g(2) is written as

9(2): @ Hei—en_pij-

1<i,5<p
Then, g(2) is isomorphic to M (p, C), from which
n~ M(p,C). (5.7)

The semisimple part SL(p,C) x SL(n — 2p,C) x SL(p,C) of the Levi
subgroup L¢ acts on M (p,C) by

(917 h7 92) A= 91A92_1>

and the center (C*)? of L¢ as the scalar multiplication as follows:
(s,t) - A = stA.

Then, the L¢-action on n is geometrically equivalent to the irreducible action of
SL(p,C) x SL(p,C) x C* on M(p,C). It follows from (5) of Table 5.1 that this
action is a multiplicity-free action.

A compact real form L, of L¢ is isomorphic to S(U(p) x U(n—2p) xU(p)).
Here, SU(N) denotes the special unitary group {g € SL(N,C) : 'gg = In}. We
take the subset Sy in n as

So:= P RE.,_,... (5.8)

1<i<p

Then, Sy is isomorphic to the slice D, of Table 5.2 for the strongly visible
(SU(p) x SU(p) x T)-action on M(p,C). By Lemma 5.6, the vector space S
satisfies n = L, - Sy. Therefore, we have verified Theorem 3.5 for Case (A).

Case (A’). In case of n = 2p and Q(Oyx) satisfies Case (A’), the charac-
teristic element H € a is of the form

H=FE+4+E)—(Epp1+ -+ Ey).

Then, [ ~ sl(p,C) @ sl(p,C) & C and n ~ M(p,C). Hence, the L¢-action on
n is a multiplicity-free action. Therefore, the subset Sy defined by (5.8) satisfies
Theorem 3.5, from which we have verified for Case (A’).
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5.5. Type B,,. In this subsection, we give a proof of Theorem 3.5 for g =
s0(2n + 1,C) for a positive integer n > 2. In this case, ggr is isomorphic to
so(n 4+ 1,n). Then, we have af = Vg. A root system A = A(g,a) is A =
{xeite; 1 <i<j<njuU{fe :1<i<n}. Wefixa positive system as
At ={e;te;: 1 <i<j<n}uU{e:1<i<n}. The simple roots as,...,a,
are given by o; = ¢; —e;41 (1 <i<n-—1), and o, = e,. The highest root [ is
written as f=e; + ey = a; + 2an + - - - + 2av,.

Let Ox be a nilpotent orbit with characteristic element H = h1Fy + - - -
hnE, € a, with hy > --- > h, > 0. Then, we have a;(H) = h; — hiy1 (1
i <n-—1), and a,(H) = h,. Thus, the weighted Dynkin diagram Q(Ox)
(mq,...,mp_1,my) is given by (hy — hg, ..., hy_1 — hp, hy).

A +

my ma Mp—1 My
o) le) e O=——=0
(0%} (6%) Op—1 o7

Figure 5.2: Weighted Dynkin diagram of Ox in so(2n + 1,C)

A nilpotent orbit Ox in so(2n + 1,C) is spherical if and only if Q(Ox)
forms one of the following cases:
(B1) Q(Ox)=(2,0,...,0), namely, m; =2 and m; =0 (i # 1).
(B2) Q(Ox) = (0,...,0,1,0,...,0) for 1 < p < §, namely, mg, = 1

2p
)

~1
and m; =0 (i # 2p).
(B3) Q(Ox) =(1,0,...,0,1,0,...,0) for 1 < p < 2%, namely, m; =

2p—1
Mmopy1 = 1 and m; =0 (i #1,2p+1).

By Lemma 5.4, its height ht(Ox) equals two for Cases (B1), (B2), and
three for Case (B3).

Case (B1). Let us consider the case Q(Ox) = (2,0,...,0). Then, H is
given by

H =2F;.

This Ox consists of complex matrices with Jordan type (3,12"72).
The Levi subalgebra [ = g(0) is given by

[=a @ Ote;te; S @ O+te, -

2<i<j<n 2<i<n
Then,

[~s0(2n—1,C) @ C.
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The ad(H)-eigenspace g(2) is written as

0(2) = @ Gerte; D Ge, -

2<j<n

Then, g(2) is isomorphic to C**~!. As ht(Ox) = 2, the nilpotent subalgebra n
coincides with g(2), namely,

n~ C> 1

The semisimple part SO(2n — 1, C) of the Levi subgroup L¢ acts on C**~1
as the standard action, namely,

g-v=gv,

and its center C* acts as the scalar multiplication. This implies that the L¢-
action on n is geometrically equivalent to the (SO(2n — 1,C) x C*)-action on
C?=1. Tt follows from (6) of Table 5.1 that this action is a multiplicity-free action.

A compact real form of L¢ is isomorphic to SO(2n —1) x T. Here, SO(N)
denotes the special orthogonal group {g € GL(N,R) : 'gg = Iy}. We take the
subset Sy in n as

Sy :=RE,, ., ®RE,, _.,.

Then, Sy is isomorphic to the slice D;; of Table 5.2 for the strongly visible
(SO(2n — 1) x T)-action on C*~!. By Lemma 5.6, S, satisfies n = L, - Sp.
Therefore, we have verified Theorem 3.5 for Case (B1).

Case (B2). Let Q(Ox) satisty mg, = 1 and m; = 0 (i # 2p) for
1 <p< 3. Then,

H:E1+E2+"'+E2p.

This Ox consists of complex matrices with Jordan type (2%°,12"~4*1) In par-
ticular, Ox with Q(Ox) = (0,1,0,0,...,0) (p = 1) is the minimal nilpotent
orbit.

The Levi subalgebra [ = g(0) is given by

[=a® @ gi(ei_ej) ) @ gieiiej S @ J+e;

1<i<j<2p 2p+1<i<j<n 2p+1<i<n

This means that
[~ sl(2p,C) ®so(2n —4p+1,C) & C,

The ad(H)-eigenspace g(2) is written as

g<2) = @ gei+€j

1<i<j<2p
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Then, g(2) is isomorphic to Alt(2p,C). As ht(Ox) =2,
n = g(2) ~ Alt(2p, C).

The semisimple part of the Levi subgroup L¢ is isomorphic to SL(2p, C) x
SO(2n —4p+1,C). Then, SL(2p,C) acts on Alt(2p,C) by

g-A=gAl,

and SO(2n — 4p + 1,C) acts trivially. Further, its center C* acts as the scalar
multiplication. This implies that the Lc¢-action on n is geometrically equivalent
to the action of SL(2p,C) x C* on Alt(2p,C). It follows from (4) of Table 5.1
that this action is a multiplicity-free action.

We take Sy as

So 1= @ RE@21’—1+522"

1<i<p

Then, Sy is isomorphic to the slice A, of Table 5.2 for the (SU(2p) x T)-action
on Alt(2p,C). By Lemma 5.6, Theorem 3.5 holds for Case (B2).

Case (B3). Let Q(Ox) satisty m;y = mgpy1 = 1 and m; = 0 for
1 <p< 2 Then, ht(Ox) =3 and

H=2F +Fy+ E3+---+ Fopy1.

This Ox consists of complex matrices with Jordan type (3,2%,12"~42).

We divide Case (B3) into two cases: n # 2p+ 1; and n = 2p + 1.

First, let us consider the general case n # 2p+1. Then, the Levi subalgebra
[ =g(0) is given by

[=a D @ gi(ei—ej) b @ g:tei:tej b @ Jte; -
2<i<j<2p+1 p+2<i<j<n 2p+2<i<n

This means that
[~ s5l(2p,C) @ so(2n —4p —1,C) @ C*.

We note that {Ey, By + -+ + Fg,41} is a basis of the center C2.
The ad(H)-eigenspace g(2) is written as

9(2) = ge; @ @ Hei+te; 7] @ Jeite;-
9p+2<j<n 2<i<j<2p+1
Then, g(2) is isomorphic to C*"~%~1 @ Alt(2p, C). Further, g(3) is of the form
9B8)= P gerre, 2 C”.
2<j<2p+1

Hence, n is isomorphic to

n=g(2) ®g3) ~C*" 1 g Alt(2p,C) @ C*. (5.9)
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The semisimple part SL(2p, C)x SO(2n—4p—1,C) of L¢ acts on C=4~1gp
Alt(2p, C) @ C* by
(97 h) ’ (?J7 Aa w) = (hU, gAtgv gw)a
and its center (C*)? acts by
(5,1) - (v, A, w) = (sv,t*A, stw).

Then, the L¢-action on n is geometrically equivalent to the decomposable action
consisting of the indecomposable (SL(2p, C) x C*)-action on Alt(2p, C) ®C? ((8)
of Table 5.1) and the irreducible (SO(2n — 4p — 1,C) x C*)-action on C**—*r~1
((6) of Table 5.1). Hence, this action is a multiplicity-free action.

Our slice for this action is the direct sum of the slices S and S; which
are isomorphic to the slice A, @& T, of Table 5.2 for the action of SU(2p) x T on
Alt(2p,C) & C?* and D, for the action of SO(2n —4p — 1) x T on C* 41
respectively. In fact, we define

Sp = B REupsenss © D REeite,, (5.10)

1<i<p 1<j<p

and

S :=RE, e, ., ®RE

e1—e2p4+2*
By Lemma 5.6, the subspace
Sy = S(/) D S[/)/ ~ (D171 ) Ap) T, (5.11)

satisfies n = L,, - Sg. Therefore, Theorem 3.5 has been proved for Case (B3) with
n#2p+1.

In the special case where g = so(4p 4+ 3,C) and Q(Ox) = (1,0,...,0,1),
The Levi subalgebra [ is given by

[=ad® @ Gt (e;—e;) = 51(2p, C) @ C*.

2<i<j<2p+1

The ad(H)-eigenspaces g(2), g(3) are written as

9(2) =0, D @ Jeijte; = Co A1t<2p, C),

2<i<j<2p+1

9B8)= P gerre, 2 C”.

2<j<2p+1
We take Sj ~ A, & T, as in (5.10) and Sj as
Sy :=RE,, ~R.
By Lemma 5.6, the vector space

Sp: =585 ~RaA)dT,
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satisfies n = L,, - So. Hence, Theorem 3.5 has been proved for Case (B3).

5.6. Type C,. In this subsection, we give a proof of Theorem 3.5 for g =
sp(n,C). In this case, gr = sp(n,R). Then, af ~ V. A root system A = A(g, a)
is A={te;+e;:1<i<j<npuU{£2e;:1<i<n}. We fix a positive system
At as AT ={e;+e;: 1 <i<j<n}U{2,:1<i<n}. The simple roots
aq,...,q, are given by a; = e¢; —e;41 (1 <i<n-—1) and «a, = 2e,. The highest
root [ is written as 8 = 2e; = 2aq + 20 + -+ - + 20,1 +

Let Ox be a nilpotent orbit with characteristic element H = h1Fy + -+ - +
hnE, € ay with hy > -+ > h, > 0. Then, m; = h; — h;xq (1 =1,2,...,n—1),
and m, = 2h,. Hence, the weighted Dynkin diagram Q(Ox) = (my,...,m,) is
giVGl’l by Q(Ox) = (hl - hg, “ ey hn—l - hn, 2]’Ln) .

my mo Mp—1 My
(@] o . e O<L———0
a7 (%) Q1 Qp

Figure 5.3: Weighted Dynkin diagram of Ox in sp(n,C)

A nilpotent orbit Ox in sp(n,C) is spherical if and only if Q(Ox) satisfies
either Case (C) or Case (C’):

(C) 20x) = (0,...,0,1,0,...,0) for 1 < p < n, namely, m, = 1

p—1
and m; =0 (i #p).
(C") 2(0x)=1(0,...,0,2), namely, m,, =2 and m; =0 (i # n).

Then, the characteristic element H € a is written as
H=F+---+F, (5.12)

for each Q(Ox). It follows from Lemma 5.4 that the height of Ox equals two.
Further, Such Ox consists of complex matrices with Jordan type (27, 12"~%) (1 <
p < n). In particular, Oy with weighted Dynkin diagram Q(Ox) = (1,0,...,0)
is the minimal nilpotent orbit.

First, let us consider the general p # n. The Levi subalgebra [ = g(0) is
given by

[=a® @ gi(ei,ej) D @ gieiie]' S¥ @ I+2¢; -

1<i<j<p pr1<i<ji<n pr1<i<n
This means that
[~ sl(p,C) ®sp(n—p,C) @ C.

The ad(H)-eigenspace g(2) is written as

g<2) = @ g€i+€j D @ 2e; -

1<i<j<p 1<i<p
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Then, g(2) is isomorphic to Sym(p, C), from which
n =~ Sym(p, C).

The action of the semisimple part SL(p,C) x Sp(n —p,C) on Sym(p,C) is
written as follows: SL(p,C) acts by

g-A=gA'y,

and Sp(n — p,C) acts trivially. Its center C* acts as the scalar multiplication.
Then, the L¢-action on n is geometrically equivalent to the (SL(p, C)xC*)-action
on Sym(p, C). It follows from (3) of Table 5.1 that this action is a multiplicity-free
action.

We take the subset Sy as

So= P RE,.,. (5.13)

Then, Sy is isomorphic to the slice D, of Table 5.2 for the strongly visible
(SU(p) x T)-action on Sym(p,C). By Lemma 5.6, this Sy satisfies n = L, - Sp.
In case of p = n, the Levi subalgebra [ is

[=ad® @ Oi(ei—e;) = 5l(n,C) & C,

1<i<j<n

and g(2) is

9(2) = @ Ge,+e; D @ g2¢;, =~ Sym(n, C).

1<i<j<n 1<i<n

Then, the L¢-action on n is geometrically equivalent to the (SL(n,C) x C*)-
action on Sym(n,C). Hence, the equation n = L, - Sy holds for the subset Sp
defined by (5.13)

Therefore, Theorem 3.5 has been verified for g = sp(n, C)

5.7. Type D,. In this subsection, we give a proof of Theorem 3.5 for g =
50(2n,C) for integer n > 4. In this case, gg is isomorphic to so(n,n). Then,
ap = Vk. A root system A = A(g,a) is A ={xe;+e;: 1 <i<j<n} We
fix a positive system AT as AT = {e; £ e; : 1 <i < j < n}. The simple roots
aq,...,q, are given by a; = ¢; —e;41 (1 <i<n-—1) and o, =€,_1 +¢,. The
highest root [ is written as = e;+e3 = a3 +2as+2a3+- - -+ 20, 9+ a1+ .

Let Ox be a nilpotent orbit in so(2n,C) with characteristic element H =
hME,+---+h,E, € a, with hy > --- > h,,_1 > |h,|. Then, the weighted Dynkin
diagram Q(Ox) = (my,...,my) is given by (hy — ha, ..., hp_1 — hy, b1 + hy).

A nilpotent orbit Ox in so(2n,C) is spherical if and only if Q(Ox) satisfies
one of the following cases:

(D1) Q(Ox) = (2,0,...,0), namely, m; =2 and m; =0 (i # 1).
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Mp—1
o
my Mo Myy_g~ An—1
o] @) @)
aq &%) On—2_m,,
o
Qn

Figure 5.4: Weighted Dynkin diagram of Ox in so(2n,C)

(D2) Q(Ox)=1(0,...,0,1,0,...,0) for 1 <p < §—1, namely, mg, =1
——
2p—1
and m; =0 (i # 2p).
(D2") n=2p+1 and Q(Ox) = (0,...,0,1,1), namely, mag, = mop1 =
1 and m; =0 (i # 2p,2p+1).
(D2") n = 2p and Q(Ox) = (0,...,0,2), namely, mo, = 2 and m; =
0 (i # 2p).
(D2") n = 2p and Q(Ox) = (0,...,0,2,0), namely, mg,_; = 2 and
m; =0 (i #2p—1).
(D3) QO0x) = (1,0,...,0,1,0,...,0) for 1 < p < § — 1, namely,
2p—1
e
my =mgpy1 =1 and m; =0 (¢ #1,2p+1).

(D3") n = 2p+ 2 and Q(Ox) = (1,0,0,...,0,1,1), namely, m; =
Mapt1 = Mapt2 = 1 and m; = 0 (’L # 1,2p+ 1,2p—|—2)

By Lemma 5.4, the height of Ox equals two for Cases (D1)-(D2"), and three for
Cases (D3), (D3’).

Case (D1). Let us consider the case Q(Ox) = (2,0,...,0). Then, the
characteristic element H is of the form

H == 2E1

This Oy consists of all complex matrices with Jordan type (3,12"73).
The Levi subalgebra [ is given by

[=a® @ Ote,+e;-

2<i<j<n

This means that
[~s0(2n—2,C) @ C.

The ad(H)-eigenspace g(2) is written as

9(2) = @ g€1i€j'

2<j<n
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Then, g(2) is isomorphic to C*"~2, from which
n~ C* 2

Similarly to Case (B1), it turns out that the L¢-action on n is geometrically
equivalent to the (SO(2n — 2,C) x C*)-action on C?"~2. Tt follows from (6) of
Table 5.1 that this action is a multiplicity-free action.

We take the subset Sy in n as

So =RE,, e, DRE,, _.,.

Then, Sy is isomorphic to the slice Dy of Table 5.2 for the (SO(2n —2) x T)-
action on C?"~2. By Lemma 5.6, S satisfies n = L, - Sy. Therefore, Theorem 3.5
has been verified for Case (D1).

Case (D2). Let Q(Ox) satisfy mg, = 1 and m; = 0 (i # 2p) for
1 <p<3—1. Then,

This Ox consists of all complex matrices with Jordan type (2%7,12"7%). In
particular, Ox with Jordan type (22,1*"~1) (p = 1) is the minimal nilpotent
orbit in s0(2n,C).

The Levi subalgebra [ is given by

[=a D @ g:l:(el-—ej) ¥ @ g:l:ei:lze]-'

1<i<j<2p 2p+H1<i<j<n
This means that
[ ~ sl(2p,C) @ so(2n — 4p,C) & C.

The ad(H)-eigenspace g(2) is written as

9(2) = @ ge¢+ej'

1<i<j<2p

Then, g(2) is isomorphic to Alt(2p, C), from which
n ~ Alt(2p, C).

The semisimple part SL(2p,C) x SO(2n — 4p, C) of the Levi subgroup L¢
acts on Alt(2p, C) as follows: SL(2p,C) by

g-A=gA'y,

and SO(2n — 4p, C) trivially. Its center C* acts as scalar multiplications. Then,
the L¢-action on n is geometrically equivalent to the (SL(2p,C) x C*)-action on
Alt(2p, C). Tt follows from (4) of Table 5.1 that this action is a multiplicity-free
action.
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We take the subset Sy in n as

p
So =P RE.,, ,1e,- (5.15)

j=1

Then, Sy is isomorphic to our slice A, of Table 5.2 for the (SU(2p) x T)-action
on Alt(2p,C). By Lemma 5.6, we have n = L, - Sy. Therefore, Theorem 3.5 has
been verified for Case (D2).

Case (D2"'). Let us consider the case where g = s0(4p+2,C) (n =2p+1)
and Q(Ox) = (0,...,0,1,1). This nilpotent orbit is the set of all complex matrices
with Jordan type (2?7,1%). Then, the proof for Case (D2') can be given similarly
to Case (D2). In fact, the characteristic element H forms

H=EFE +- -+ By,

which is the same as in (5.14).
The Levi subalgebra [ is given by

[=a @ Ot(ei—e;) = 5[(2p, C) D C2.

1<i<j<2p

The ad(H)-eigenspace g(2) is written as

9(2) = @ Heite; = Alt(Qp, C)

1<i<5<2p

Then, the L¢-action on n is geometrically equivalent to the (SL(2p,C) x C*)-
action on Alt(2p,C). Similarly to the previous case, n = L, - Sy holds for the
subset Sy defined by (5.15). Hence, Theorem 3.5 for Case (D2 ) has been verified.

Case (D2"). Let us treat the case where g = so(4p,C) and Q(Ox) =
(0,...,0,2). This nilpotent orbit Ox is very even, namely, Ox is the set of all
complex matrices with Jordan type (2%7). The characteristic element H forms the
same as in (5.14). Then,

[=ad® @ O(ei—e;) = 51(2p,C) @ C,

1<i<j<2p

n= g(2> = @ g€i+€j = Alt(2p7 (C)

1<i<j<2p

Similarly to Cases (D2) and (D2’), the equality n = L, - Sy holds for Sy
defined by (5.15). Hence, Theorem 3.5 for Case (D2 ") has been checked.

Case (D2"). There are two weighted Dynkin diagrams corresponding to
nilpotent orbits Ox in so(4p, C) with Jordan type (2?7). One is Case (D2"), the
other is 2(Ox) = (0,...,0,2,0), namely, Case (D2""). For the latter case, H is
of the form

H=FE +- -+ Fy 1 — £,
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which is slightly different from the form in (5.14).
The Levi subalgebra [ is given by

[=a® @ Ot(e;—ej) D @ Gt (eitezp)-

1<i<j<2p—1 1<i<2p—1
This means that
[~sl((2p,C)® C.

The ad(H)-eigenspace g(2) is written as

9(2): @ Geite; D @ He;—eap-

1<i<j<2p—1 1<i<2p—1
Then,

n ~ Alt(2p, C).

625

Hence, the L¢-action on n is geometrically equivalent to the (SL(2p,C) x C*)-

action on Alt(2p, C), which is a multiplicity-free action.
We take S, as

Sy = @ RE.,, ey, ®REe, |, .

1<i<p—1

Then, Sy is isomorphic to our slice A, of Table 5.2 for the (SU(2p) x T)-action
via n ~ Alt(2p,C). By Lemma 5.6, n = L, - Sy. Hence, Theorem 3.5 has been

verified.

Case (D3). Let Q(Ox) satisfy my; = mop1 =1 and m; =0 (i # 1,2p+1)

for 1 <p <% —1. Then, H is of the form

H=2F +FEy+---+ Fayy1.

(5.16)

This Ox is the set of all complex matrices with Jordan type (3,2%, 127173,

The Levi subalgebra [ is given by

[=a® @ g:l:(ei—ej) S @ Gteite;s

2<i<j<2p+1 2p+2<i<ji<n

from which [ is isomorphic to

[~ sl(2p,C) ®so(2n — 4p — 2,C) & C*

Here, {Ey, Ey + - -+ Es,41} is a basis of the two-dimensional center C2.

Next, the ad(H)-eigenspace g(2) is written as

g<2) = @ ge¢+ej D @ geliej'

2<i<j<2p+1 2p+2<j<n



626 SASAKI

Then, g(2) is isomorphic to the direct sum Alt(2p, C) & C?**~*~2. The eigenspace
g(3) forms

g(3> = @ g€1+€j = (CZp.

2<j<2p+1

This implies that
n ~ (Alt(2p, C) @& C**=2) ¢ C*.

The semisimple part SL(2p,C) x SO(2n — 4p — 2, C) of the Levi subgroup
L¢ acts on Alt(2p,C) & C?*"~ =2 ¢ C* by

(9.1) - (A,v,w) = (9A'g, hv, gw),
and its center (C*)? acts by
(5,1) - (A, v,w) = (£*A, sv, stw).

Then, the L¢-action on n is geometrically equivalent to the decomposable action
consisting of the indecomposable (SL(2p, C) x C*)-action on Alt(2p, C)&C? ((8)
of Table 5.1) and the irreducible (SO(2n — 4p — 2,C) x C*)-action on C*'~*r~2
((6) of Table 5.1). Hence, this action is a multiplicity-free action.

Here, we define

S(/) = @ RE@21'+521'+1 @ @ RE€1+€2j7

1<i<p 1<j<p

St = RE,, ye,,., ® RE,

1—€2p42

Then, S is isomorphic to the slice A,&T, of Table 5.2 for the (SU(2p) x T)-action
on Alt(2p,C)®C? , and S} to the slice Dy for the (SO(2n —4p—2) x T)-action
on C*"~1P~2 We set

So:=Sy® Sy ~ (A, ® Dy1,1) ®T). (5.17)

Then, it follows from Lemma 5.6 that n = L, - Sy. Therefore, Theorem 3.5 has
been verified for Case (D3).

Case (D3’). Let us consider the case where g = so(4p + 4,C) and
Q(O0x) =(1,0,...,0,1,1). Then, the characteristic element H forms the same as
in (5.16). This Ox is the set of all nilpotent elements with Jordan type (3,2%",1).

The Levi subalgebra [ is given by

(=a® P gifee,) = sl(2p.C) @ C

2<i<j<2p+1

We note that {Ey, By + -+ + Eayy1, Eopyo} is a basis of the three-dimensional
center C3.
The ad(H)-eigenspace g(2) is written as

02) = P Geite, @ erter,n = Alt(2p,C) & C*.

2<i<j<2p+1
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Further, g(3) is of the form

9B8)= P gerre, 2 C”.

2<j<2p+1

This implies that the nilpotent subalgebra n is isomorphic to
n ~ (Alt(2p, C) ® C?) @ C*.

The subset Sy in n defined by (5.17) satisfies n = L, - Sy. Therefore,
Theorem 3.5 has been verified.

5.8. Type Eg4. In Sections 5.8-5.12, we deal with g of exceptional type. In this
subsection, we give a proof of Theorem 3.5 for g = ¢5(C). In this case, gr =~ ¢4().
Then, af = {v €Re; & --- B Reg : (v,e5 + e7) = (v,e7 — eg) = 0}
:R(68—€7—66)@R65@"'@R61.

A root system A = A(g,a) is given by A = {e;+e;: 1< j <i <5 U{E5(es—
er — eg + Z?Zl(—l)”(j)ej) : Z?Zl n(j) = 0,2,4}, where n(1),...n(5) € {0,1}.
We fix a positive system AT of g as follows: AT = {e;+¢; : 1 < j < i <
5}U{3(es —er —eg + Z?Zl(—l)”mej) ; 2]5':1 n(j) = 0,2,4}. The simple roots
aq,...,0Qg are given by o = %(68 — €7 —eg — €5 — €4 — €3 — €y + 61), Qg =
es + ey, and o = €;.1 —e;_2 (3 < i < 6). The highest root § is written as
6: %(68—67—€6+€5+€4+63+62+€1) :&1+2a2+2a3+3a4+2a5+a6.

Let Ox be a nilpotent orbit in ¢s(C) with characteristic element H =
h@(ES - E7 - Eﬁ) + h5E5 + -+ h1E1 S a,. Then, Oél(H) = %(3h6 - h5 -
hy — hs — hg 4+ hy), as(H) = he + hy, and o;(H) = hi—y — hi—2 (i = 3,4,5,6).
Hence, the weighted Dynkin diagram Q(Ox) = (mq, mg, ms, my, ms, mg) is given
by (5(3he — hs — hy — hg — ho + hy), ho + hy, ho — hy, hg — ho, hy — hg, hs — hy).

my ms my ms Mg
O o O (0] o
o1 a3 Qg 05 Q6
oms
Q2

Figure 5.5: Weighted Dynkin diagram of Ox in eg(C)

A nilpotent orbit Ox is spherical if and only if Q(Ox) satisfies one of the
following cases:
(E¢1) Q(Ox)=1(0,1,0,0,0,0).
(E¢2) Q(Ox)=(1,0,0,0,0,1).
(E¢3) Q(Ox)=1(0,0,0,1,0,0).

By Lemma 5.4, the height of Ox equals two for Cases (Eg1), (E¢2), and three for
Case (Eg¢3).
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Case (Eg1). We consider the case Q(Ox) = (0,1,0,0,0,0). Then, H € a
is written by

1
H:E(Eg—E7—E6+E5+E4+E3+E2+E1).

This Ox is the minimal nilpotent orbit with dimension 22.
The Levi subalgebra [ is given by

[=a® @ O+ (ei—e;) D gi%(€8—67—66+2?:1(‘U"mej)‘

1<j<i<5 >3y ()=
This means that
[~ 5l(6,C)® C.

The ad(H)-eigenspace g(2) is written as

9(2) = g%(68_57_56+55+€4+€3+€2+€1) ~ C.

Hence, the semisimple part SL(6,C) of the Levi subgroup L¢ acts trivially on C,
and the center C* by

S-Z2=82Z.

Then, the L¢-action on n is geometrically equivalent to the C*-action on C. It
follows from (1) of Table 5.1 that this action is a multiplicity-free action.
We take the subspace Sy as

S() = REL(
2

es—er—eg+estestesteater)”

Then, Sy is isomorphic to the slice R of Table 5.1 for the T-action on C. By
Lemma 5.6, n = L, - Sp. Hence, Theorem 3.5 has been verified for Case (Eg1).
Case (E42). Let Q(Ox) be (1,0,0,0,0,1). Then, H € a is

H=Fs— E; — Eg+ Es.

The Levi subalgebra [ is given by

[=a S @ g:tei:tej‘

1<j<i<4

This means that
[~ s50(8,C) @ C>.

Here, {Es — E; — Eg, 5} is a basis of the two-dimensional center C?.

The ad(H)-eigenspace g(2) is written as

9(2) = @ g%(es—e7—ee+es)+% Z?zl(—l)"@ej‘
>4 n(j)=0,2,4
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Then, the semisimple part Spin(8,C) of L¢ acts on
n~C8

as the half-spin representation. We know that this action is geometrically equiv-
alent to the SO(8,C)-action on C®. On the other hand, the center (C*)? of L¢
acts on n by

(5,1) -v = s*tv.

Hence, the L¢-action on n is geometrically equivalent to the (SO(8,C) x C*)-
action on C8. Tt follows from (6) of Table 5.1 that this action is a multiplicity-free
action.

We take the subspace Sy in n as

SO = RE%(es—e7—ee+e5+e4+63+€2+61) D RE%(68—37—66"‘65_64_63_62_61)'

Then, Sy is isomorphic to the slice Dy ; of Table 5.2 for the (SO(8) x T)-action
on C8. By Lemma 5.6, n = L, - Sy. Hence, Theorem 3.5 for Case (E¢2) has been
verified .

Case (Eg3). Let Q(Ox) =(0,0,0,1,0,0). Then, H is written by
H=F—FE,— FEs+ FEs+ E, + E;5.

The Levi subalgebra [ is given by

[=a® B4 1(es—er—eo—es—ca—e3)td(ea—er) D Gterte; D @ G+(ei—e))-

3<j<i<5

This means that
[~5l(3,C)@sl(2,C) dsl(3,C) @ C.

The ad(H)-eigenspace g(2) is written as

0(2) = @ eite; D @ 8L (es—er—es+30_g(~1)"Dej)E L (ea—er)*
5

3<j<i<5 5_yn(j)=1

Then, g(2) is isomorphic to the vector space M(3,C). Further, the eigenspace
g(3) forms

9(3) - gé(68—67—es+65+64+63)ﬂ:%(62+e1)’
which is isomorphic to C2. Hence,
n=g(2)®a(3) ~M(3,C)aC:

The semisimple part SL(3,C) x SL(2,C) x SL(3,C) of the Levi subgroup
L¢ acts on M(3,C) @ C? as follows: SL(3,C) x SL(3,C) acts by

(91792> : (A7U> = (glAg517U)7
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and SL(2,C) acts by
h-(A,v) = (A, hv).
The center C* acts on M(3,C) @ C? by
s-(A,v) = (s°A, s°v).

Then, the L¢-action on n is geometrically equivalent to the decomposable action
consisting of two irreducible actions; the (SL(3,C) x SL(3,C) x C*)-action on
M(3,C) ((5) of Table 5.1); the SL(2,C)-action on C? ((2) of Table 5.1). Thus,
this action is a multiplicity-free action.

We take the subspace Sj in g(2) as

[
SO T RE%(88—67—66+65+64—€3+€2—61) ©® RE%(68—67—66+€5—€4+€3_62+61) ® IRE€4-§-€3‘

Then, S} is isomorphic to the slice D3 of Table 5.2 for the (SU(3) x SU(3) x T)-
action on M (3,C). It follows from Lemma 5.6 that g(2) = (SU(3)xSU(3)xT)-Sj.
Similarly, the subspace S{ in g(3) given by

S(/]/ = RE%(

eg—e7—egt+es+estezt+eater)

is isomorphic to T} of Table 5.1, and then g(3) = SU(2) - S{. Thus,
So =S50Sy ~Ds®Ty

satisfies n = L, - Sy. Therefore, Theorem 3.5 for Case (Eg3) has been verified.

5.9. Type E;. In this subsection, we give a proof of Theorem 3.5 for g = ¢7(C).
In this case, gr ~ ¢7¢7). Then, ay = {v € Re; @ --- @ Reg : (v,es +e7) =0} =
R(es —e7) ®Reg @ --- B Rey. A root system A = A(g,a) is A ={te;te;:1<
J <0< 6} U {(es — en)} U () (e — er + 30 (-1)"0e)) : 0 n(j) = 1.3,5)
where n(1),...,n(6) € {0,1}. We fix a positive system AT as AT = {e;£e;: 1<
j<i<6hu{es—er}U{3(es—er+ > (—1)"We): 30 n(j) =1,3,5}. The
simple roots aq,..., a7 are given by ay = %(eg —er—eg—e5—€4—e€3— €3 +€1),
ay =es+ e, and a0 =e€j11 —e; (j=1,...,5). The highest root is written as
[ =es — ey =201 + 20 + 303 + 4oy + 305 + 206 + 7.

Let Ox be a nilpotent orbit in ¢;(C) with characteristic element H =
h7<E8 —E7> +h6E6+ . '+h1E1 S a,. Then, (Xl(H) = %(2}17— h@ - h5 —h4 —hg -
hg + hl), OCQ(H) = hg + hl, and Oéz(H> = hi—l - hi_Q (Z = 3,4, 5, 6, 7) Hence, the
weighted Dynkin diagram Q(Ox) = (mq, ..., my) is given by (5(2h7 — he — hs —
hy — hg — hy + hy), ho + hq, ho — hy, hs — ho, hy — hs, hs — ha, hg — hs).

A nilpotent orbit Oy is spherical if and only if Q(Ox) satisfies one of the
following cases:

(E-1) Q(Ox)=(1,0,0,0,0,0,0).
(E72) Q(OX) = (0707()’0707 170)
(E-3) Q(Ox)=(0,0,0,0,0,0,2).
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Figure 5.6: Weighted Dynkin diagram of Ox in e7(C)
(E+4) Q(Ox) = (0,0,1,0,0,0,0).
(E+5) Q(Ox) = (0,1,0,0,0,0,1).

By Lemma 5.4, the height of Ox equals two for Cases (E71)—(E73) and three for
Cases (E74), (E75).
Case (E;1). Let Q(Ox) = (1,0,0,0,0,0,0). Then, H is of the form

H=Fs— Ir.

This Ox is the minimal nilpotent orbit with dimension 34.
The Levi subalgebra [ is given by

[:aGB @ g:tei:tej-

1<j<i<6

This means that
[~s0(12,C)® C.
The ad(H)-eigenspace g(2) is written as
9(2) = gey—er = C.

Hence, the L¢-action on n is geometrically equivalent to the C*-action on C. It
follows from (1) of Table 5.1 that this action is a multiplicity-free action.
We take

So=RE, .. ~R.

By Lemma 5.6, Sy satisfies n = L,, - Sp. Hence, Theorem 3.5 for Case (E;1) has
been verified.

Case (E;2). We consider the case Q(Ox) = (0,0,0,0,0,1,0). Then,
H:Eg—E7—|—E6+E5.

The Levi subalgebra [ is given by

[=a® @ O+te;+e; D O+(es—es) D @ gi%(63—67—66—65—%2?:1(—1)"(j>ej)‘

1<j<isd > n(i)=13
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This means that
[~ s50(10,C) ®sl(2,C) @ C.

The ad(H)-eigenspace g(2) is written as

9(2) = Peg—er D Gegtes S2) @ g%(eg—m—l—ee—i—es)—l—% 2?21(—1)"“)8]"
Z?:l n(]):173

Then, g(2) is isomorphic to C'°, from which
n~ CY.

The action of the semisimple part SO(10,C) x SL(2,C) of the Levi sub-
group L¢ on C!0 is given as follows: SO(10,C) acts by the standard repre-
sentation; SL(2,C) acts trivially, and the action of the center C* is the scalar
multiplication. Then, the L¢-action on n is geometrically equivalent to the
(SO(10,C) x C*)-action on C¥. Tt follows from (6) of Table 5.1 that this ac-
tion is a multiplicity-free action.

We take a subspace Sy as

So :=REe, o, ® RE,q je..

Then, Sy is isomorphic to the slice D;; of Table 5.2 for the (SO(10) x T)-action
via n ~ C!°. By Lemma 5.6, n = L, - Sg. Hence, Theorem 3.5 for Case (E72) has
been verified.

Case (E;3). Let Q(Ox) be (0,0,0,0,0,0,2). Then,
H:Eg—E7+2E6.

The Levi subalgebra [ is given by

[=ad® @ Ote;+e; D @ gi%(68*67*66+2?:1(*1)n(j)ej)'

1<j<i<5 3 n())=0,24
This means that
[~ €6 (C) @ C.

The ad(H)-eigenspace g(2) is written as

9(2) = @ Hegte; ©® Yeg—er SZ @ g%(58_87""66""2?:1(_1)n(j)6j)‘
1<j<5 5o n(h)=135

Then, g(2) is isomorphic to the complexified Jordan algebra Jc, from which

n>~Jc.
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This implies that the Lc-action on n is geometrically equivalent to the (Eg(C) x
C*)-action on Jc. It follows from (7) of Table 5.1 that this action is a multiplicity-
free action.

We take the subspace Sy in n as

So =RE¢, .. ®RE, 0, ® RE., ...

Then, this is isomorphic to the slice D3 of Table 5.2 for the (Eg x T)-action on
Jc. By Lemma 5.6, Sy satisfies n = L, - Sy. Hence, Theorem 3.5 for Case (E73)
has been verified in this case.

Case (E;4). We consider the case Q(Ox) = (0,0,1,0,0,0,0). Then, the
characteristic element H of Oy is expressed by

1
H: 5(3E8—3E7+E6+E5+E4+E3+E2—El)
The Levi subalgebra [ is given by

[=a® @ O+ (eiter) S @ gﬂ:(ez’—ej) D gi%(687677667657647637624’61)'

2<i<6 2<j<i<6
This means that
[~ sl(6,C) ®sl(2,C) @ C.

The ad(H)-eigenspace g(2) is written as

9(2) - @ g%(€8—€7+Z?:2(—1)"(7')63'-%1))69 @ g%(68—67+Z?:2(—1)”(j>€j—61))’
?:2 n(j)=1 Z?:z n(j)=2

Then, g(2) is isomorphic to Alt(6,C). Further, g(3) forms
g(3> = feg—er S g%(eg—67+€6+65+€4+€3+€2—61) = CQ'
Thus,
n ~ Alt(6,C) @ C2.

The semisimple part SL(6,C) x SL(2,C) of the Levi subgroup L¢ acts on
Alt(6,C) & C* by

(9,h) - (A,v) = (gA'g, hv),
and its center C* acts by
s-(A,v) = (s*A, s°v).

Then, the L¢-action on n is geometrically equivalent to the decomposable action
consisting of the (SL(6,C) x C*)-action on Alt(6,C) ((4) of Table 5.1) and the
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SL(2,C)-action on C* ((2) of Table 5.1). It follows from Lemma 5.6 that this
action is a multiplicity-free action.
We take the subspace Sj in g(2) as

[
S() = RE%(68—e7+86+65+64+63—€2+61) © RE%(68_97"1‘56"!‘55_64_53+62_61)
®REy
2

egs—er—eg—es+esteztea—er)”

Then, S}, is isomorphic to the slice A3 of Table 5.2 for the (SU(6) x T)-action on
Alt(6,C). By Lemma 5.6, g(2) = (SU(6) x T) - S§. Similarly, the subspace

Sy :=RE; ...
in g(3) is isomorphic to T} and satisfies g(3) = SU(2) - S{. Hence,
S(] = S(,]@Sé/ﬁAg@Tl

satisfies n = L, - Sp. Therefore, Theorem 3.5 has been verified for Case (E74).
Case (E;5). Let Q(Ox) be (0,1,0,0,0,0,1). Then,

1
H:5(3E8—3E7+3E6+E5+E4+E3+E2+E1).

The Levi subalgebra [ is given by

(=00 P 9i—) @ Ol (ex—er—eat 0y (—1)7(ey):

1<j<i<5 S n(i)=4
This implies that
[~ sl(6,C) @ C>.

We note that {Eg - E7 + 2E67 %(Eg - E7 - E@ + E5 + E4 + E3 + E2 + El)} is a
basis of the two-dimensional center C2.
The ad(H)-eigenspace g(2) is written as

9(2) = @ Gegte; D EB B+l (es—ertest 0, (~1)nDey)
1<5<5 Yo n(h)=3
D g%(68—67—ee+65+e4+63+ez+e1)'

Then, g(2) is isomorphic to the direct sum Alt(6,C) & C. Further, g(3) is of the
form

_ ~ (6
g<3) = Jeg—er D @ g%(€8—67+66+2?:1(—1)"(j)3j) ~C
S n(i)=1

Hence, n is isomorphic to

n ~ Alt(6,C) ® C & C°.
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The semisimple part SL(6,C) of the Levi subgroup L¢ acts on Alt(6,C) @
C @ C® by

g- (A7 2 U) = (gAt97 Z,g?]),
and its center (C*)? acts by
(5,1) - (A, z,0) = (s%tA, s*t*z, s°1*v).

This implies that the L¢-action on n is geometrically equivalent to the decompos-
able action which consists of two actions: the indecomposable (SL(6,C) x C*)-
action on Alt(6,C) @ C® ((8) of Table 5.1); the C*-action on C ((1) of Table 5.1).
By Lemma 5.6, this action is a multiplicity-free action.

We take the subspace S|, as

/ Pp—
SO T RE%(38*€7+€6+e5+e4*€3*€2*€1) b RE%(68*€7+36*e5*€4+€3+€2*€1) O REeqter

and S as

[
Sl = REeg—e7 & RE%(eg—e7+66+85+84+€3—€2+61) D RE%(es—e7+86+85—64+63+62+61)'

Then, the direct sum S & S is isomorphic to the slice A3 & T3 of Table 5.2 for
the (SU(6) x T)-action on Alt(6,C) & C°®. Further, the subspace
Sél = RE%(

es—e7—egtes+estesteater)

in g(2) is isomorphic to the slice R for the T-action on C. We set
So = (SpdSy)®S] ~ (A3 R) P Ts.

By Lemma 5.6, Sy satisfies n = L, - Sy. Therefore, Theorem 3.5 has been verified
for Case (E75).

5.10. Type Eg. In this subsection, we give a proof of Theorem 3.5 for g = ¢g(C).
In this case, gr =~ egs). Then, ay = R®. A root system of g is given by
A={tete; 1< j<i<8 U{El(es+X 1 (—1)"Vey) : 37 n(j) =0,2,4,6}
where n(1),...,n(7) € {0,1}. We fix a positive system as At = {e; £e; : 1 <
jo<i < 8Yu{dles+ 3, (-1)"Dey) + 327 n(j) = 0,2,4,6}. The simple
roots aq,...,ag are given by a; = %(eg —er —eg— €5 —eqg —e3 — ey + €1),
ag =ey+ep,and oy =¢€;1 — ;o (3 <i<8). The highest root S is written as
62684—67:20(1+3052+4043+6064+5Oé5+40é(5+30&7+20&8.

Let Ox be a nilpotent orbit in eg(C) with characteristic element H =
hsFEs + -+ h1Ey € ap. Then, ay(H) = %(hg —hy — hg — hs — hy — hy — hy +
hl), OCQ(H) = h2 + hl, and OQ(H) = hi—l - hi_g (2 = 3,4,...,8). Hence, the
weighted Dynkin diagram Q(Ox) = (mq, ..., ms) is given by ((hs — hy — he —
hs —hy — hg —ho + hq), ho + hy, ho — hy, hg — ho, hy — hy, hs — ha, he — hs, h7 — hg).

A nilpotent orbit Ox in eg(C) is spherical if and only if Q(Ox) satisfies
one of the following cases:
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Figure 5.7: Weighted Dynkin diagram of Ox in eg(C)

(Es1) Q(0x) = (0,0,0,0,0,0,0,1).
(Es2) Q(Ox) = (1,0,0,0,0,0,0,0).
(Es3) Q(0Ox) = (0,0,0,0,0,0,1,0).
(Es4) Q(0x) = (0,1,0,0,0,0,0,0).

It follows from Lemma 5.4 that the height of Ox equals two for Cases (Egl),
(Eg2), and three for Cases (Eg3), (Eg4),
Case (Egl). Let Q(Ox) be (0,0,0,0,0,0,0,1). Then, H € a is given by

H = Eg + L.

This Ox is the minimal nilpotent orbit in es(C) with dimension 58.
The Levi subalgebra [ = g(0) is given by

[=a® @ Oteite; D Ot(es—er) D @ Oi1(es—er+X0_, (~1)mGey)-

1<j<i<6 gzln(j):1,3,5
This implies that
[~e¢;(C) e C.
The ad(H)-eigenspace g(2) is
9(2) = gegre, = C.

Thus, the action of the Levi subgroup L¢ on n is geometrically equivalent to the
C*-action on C. It follows from (1) of Table 5.1 that this action is a multiplicity-
free action.

We take the subspace Sy as
So = RE¢ite; @R

Then, n = L, - Sy. Therefore, Theorem 3.5 has been verified in this case.
Case (Eg2). Let Q(Ox) be (1,0,0,0,0,0,0,0). Then,

H = 2E8

The Levi subalgebra [ = g(0) is given by

[:a@ @ gieiiej-

1<5<i<T
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This means that
[~s0(14,C)® C.

The ad(H)-eigenspace g(2) is written as

9(2) = @ Yegte;

1<5<7
Then, g(2) is isomorphic to C'*, from which
n~ CH

This implies that the L¢-action on n is geometrically equivalent to the (SO(14, C)x
C*)-action on C'". Tt follows from (6) of Table 5.1 that this action is a multiplicity-
free space.

We take the subspace in n as

So = RE,yie; ®RE., ...

Then, Sy is isomorphic to the slice Dy ; of Table 5.2 for the (SO(14) x T)-action
on C'. By Lemma 5.6, n = L, - Sg. Therefore, Theorem 3.5 for Case (Eg2) has
been verified.

Case (Eg3). Let Q(Ox) be (0,0,0,0,0,0,1,0). Then, H forms

H =2Eg + E; + F.

The Levi subalgebra [ is given by

[=a® gi(er—e) @ @ Ote;te; D @ gi%(68*67*66+E?:1(*1)”(”5]‘)'
1<j<i<s >0y n(j)=0,2,4

This implies that
[~ ¢(C) @ sl(2,C) a C.

The ad(H)-eigenspace g(2) is written as

9(2) = erres © @ Beste; D @ BL(estertest+y oy (~1)n0e)):

1<5<5 o n(4)=0,2,4
Then, g(2) is isomorphic to the complexified Jordan algebra Jc¢. Further,
g<3) = fester D Jegtes = CQ‘
Hence,

n~Jc®C%.
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The semisimple part of the Levi subgroup L¢ is isomorphic to Fg(C) x
SL(2,C), which acts on Jc @ C? diagonally, namely,

(g, 1) - (v, w) = (gv, hw).
Further. the center C* acts by
s (v,w) = (s*v, s°w).

This implies that the L¢-action on n is geometrically equivalent to the decompos-
able action consisting of the irreducible (Eg(C) x C*)-action on C** ((7) of Table
5.1) and the irreducible SL(2,C)-action on C? ((2) of Table 5.1). By Lemma 5.6,
this action is a multiplicity-free action.

We take the subspace in g(2) as

/ Pp—
SO 1= REes ye; @ RE%(68+€7+66*e5+e4+63+32*61) D RE%(6s+e7+66765*64763762+61)'

Then, S} is isomorphic to the slice D3 for the (Eg x T)-action on C*”. By Lemma
5.6, g(2) = (Eg x T) - S,. Similarly, the subspace

S(,)/ = REeqte;-
in g(3) is isomorphic to T3, and then g(3) = SU(2) - S;. Hence,
S() = Sé@SgﬁDg@Tl

satisfies n = L,, - Sp, from which Theorem 3.5 for Case (Eg3) has been verified.
Case (Eg4). Let Q(Ox) be (0,1,0,0,0,0,0,0). Then,

1
H = (5Es+ Br + Es+ -+ Ey).
The Levi subalgebra [ = g(0) is given by

(=00 P i) ® Ot L (st T, (~1)0)ey)-
1<5<i<T Z§:1 n(j)=6

This means that
[~5l(8,C)a C.

The ad(H)-eigenspace g(2) is written as

02) = P geev, ® 91 (es+307_, (—1)n0ey)"

1=j<7 STy n()=2

Then, g(2) is isomorphic to Alt(8,C). Moreover, the eigenspace g(3) forms

8
9(3) - @ Beste; S g%(68+e7+66+€5+€4+€3+62+61) ~ C°.

1<<7
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Hence,
n ~ Alt(8,C) @ C®,

The semisimple part SL(8,C) of the Levi subgroup L¢ acts on Alt(8,C)®
C® diagonally, namely,

g+ (Av) = (9A'g, gv),
and its center C* acts by
s-(A,v) = (s*A, s°v).

Then, the Lc-action on n is geometrically equivalent to the indecomposable
(SL(8,C) x C*)-action on Alt(8,C) & C®. It follows from (8) of Table 5.1 that
this action is a multiplicity-free action.

We take the subspace S| C g(2) as

/ Pyp—
SO T RE@S*el ® RE%(€8+€7+€6+€5+64*63*€2+€1)

@ RE;( @ RE;
2 2

es+er+eg—es—est+ezteater) (es—e7—eg+tes+estesteater)r

and S C g(3) as
S0 = REegier ® REegpes @ REegpe, ®@ REcgye, -
We set
So := Sy D Sy

Then, Sy is isomorphic to the slice Ay @ Ty of Table 5.2 for the (SU(8) x T)-
action on Alt(8,C) & C8. It follows from Lemma 5.6 that n = L, - Sy. Therefore,
Theorem 3.5 has been verified.

5.11. Type F4. In this subsection, we give a proof of Theorem 3.5 for g = f4(C).
In this case, gr ~ f4a). Then, azy = Re; @ --- @ Rey. A root system A is
A={tete:1<i<j<4}U{te:1<i<4}U{t5(ertestestes)}.
We fix a positive system A1 as AT = {e; +¢; 1 < i < j < 4} U {e -
1 < i < 4}U{5(e1 £es£e3+eq)}. The simple roots a,...,ay are given
by a; = %(61 —eg—e3—€y), Ay = €4, a3 = €3 — ey, and ay = ez —ez. The highest
root B = ey + ey is written as = 21 + 4as + 3as + 2.

Let Ox be a nilpotent orbit in f4(C) with characteristic element H =
hiHi+---+hyHy € ay. Then, the weighted Dynkin diagram Q(Ox) = (mq, ..., my)
is given by (%(hl — hg — h3 — hy), hy, hs — hy, hy — h3).

A nilpotent orbit Ox is spherical if and only if Q(Ox) satisfies one of the
following cases:

(F41) Q(Ox)=1(0,0,0,1).
(F42) Q(Ox)=(1,0,0,0).
(F43) Q(Ox)=1(0,0,1,0).
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Figure 5.8: Weighted Dynkin diagram of Oy in f4(C)
The height of Ox equals two for Cases (F41) and (F42), and three for Case (F43).
Case (F41). Let Q(Ox) be (0,0,0,1). Then, H € a is given by
H=FE, + E,.

This Ox is the minimal nilpotent orbit with dimension 16.
The Levi subalgebra [ is given by

[= 0D 0L (4(e;—en)testes) D It(er—ea) D Btestes D ez D Gtey-
This means that
[~sp(3,C)®C.
The ad(H)-eigenspace g(2) is written as
9(2) = gey4e, =~ C.

This implies that the action of the Levi subgroup L¢ on n is geometrically
equivalent to the C*-action on C. It follows from (1) of Table 5.1 that this
action is a multiplicity-free actions.

We take
S() - RE61+62 .

Then, it follows from Lemma 5.6 that n = L, - Sy. Therefore, Theorem 3.5 has
been verified for Case (F41).
Case (F42). Let Q(Ox) = (1,0,0,0). Then,

H - 2E1

The Levi subalgebra [ is given by

—ad® @ Gicite; P @ O+, ~ 50(7,C) @ C.

2<i<j<4 2<i<4

The eigenspace g(2) is of the form:

9(2) = fe; S @ geliej'

2<i<j<4
Then,

n~C".



SASAKI 641

This implies that the L¢-action on n is geometrically equivalent to the irreducible
(SO(7,C) x C*)-action on C7. Tt follows from (6) of Table 5.1 that this action is
a multiplicity-free action.

We take the subspace Sy as

S(] - RE61+82 @ RE61—62~

Then, this is isomorphic to the slice Dy, of Table 5.2 for the (SO(7) x T)-action
on C7. By Lemma 5.6, n = L, - Sy. Hence, Theorem 3.5 has been verified for
Case (F42).

Case (F43). Let Q(Ox) be (0,0,1,0). Then,

H = 2E, + Ey + Es.
The Levi subalgebra [ is given by
[ = 0D gi(er—es) D Otes © Gl (e;erez)tles
This means that
[~5((3,C) ®sl(2,C)a C.
The ad(H)-eigenspace g(2) is written as
9(2) = ge; D Gegres D Fertes D 01 (e eptes)tles-
Then, g(2) is isomorphic to Sym(3,C). Further, g(3) forms
9(3) = Beytes B ey ey = C2.
Hence,
n ~ Sym(3,C) @ C2.

The semisimple part SL(3,C) x SL(2,C) of the Levi subgroup L¢ acts on
Sym(3,C) & C? by

(97 h) ’ (A7U> = (gAtga hU),
and its center C* by
s-(A,v) = (s*A, s°v).

Then, the Lc¢-action on n is geometrically equivalent to the decomposable action
consisting of the (SL(3,C) x C*)-action on Sym(3,C) ((3) of Table 5.1) and the
SL(2,C)-action on C? ((2) of Table 5.1). Hence, this action is a multiplicity-free
action.

We take the subspace in g(2) as

S(/) = RE81+64 @D REelfeél D RE62+63.
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Then, S) is isomorphic to the slice D3 of Table 5.2. By Lemma 5.6, g(2) =
(SU(3) x T) - .S;. Similarly,

Sp = RE¢ e,
is isomorphic to 77 of Table 5.1, and then g(3) = SU(2) - S{/. We set
p ) g 0
S(] :Sé@SgZDgEBTl

Then, the linear space Sy satisfies n = L, - Sy. Therefore, Theorem 3.5 has been
verified for Case (F43).

5.12. Type G,. In this subsection, we give a proof of Theorem 3.5 for g =
g2(C). In this case, gr ~ ga2). Then, ap = {v € Re; @ Rey @ Reg 1 (v,e1 +
es +e3) = 0}. A root system A = A(g,a) is A ={£(e; —¢;) : 1 <i<j <
3PL{E£(—2e1+ea+e3), £(e1—2e5+e€3), £(—e; —ea+2e3) }. We fix a positive system
A+ as A+ = {61—62, —egt+e3, —e1+e3, —2€1+€2+€3, 61—2€2+€3, —61—€2+2€3}.
The simple roots are oy := e; — e; and ag := —2e; + e3 + e3. The highest root
b = —e; — ey + 2e3 is written as § = 3a; + 2as.

Let Ox be a nilpotent orbit in go(C) with characteristic element H =
h1E1 =+ h2E2 + h3E3 c a, with hl + hg -+ h3 = 0. Then, al(H) = h1 - hg and
as(H) = —2h; + ha + hs. Hence, the weighted Dynkin diagram Q(Ox) = (my, ma)
is given by (hy; — hg, —2hy + ho + h3).

my mo
O<&——=0
aq (8%

Figure 5.9: Weighted Dynkin diagram of Oy in g

A nilpotent orbit Oy is spherical if and only if Q(Ox) satisfies either Case
(G21) or Case (G22):

(Ga1) Q(0x)=(0,1).

(G22) Q(Ox) = (1,0).
It follows from Lemma 5.4 that the height of Ox equals two if Q(Ox) = (0,1)
(Case (G21)), and three if Q(Ox) = (1,0) (Case (G22)).

Case (G21). Let Q(Ox) be (0,1). This Ox is the minimal nilpotent
orbit with dimension six. Then, H € a is of the form

1
H - g(—El - EQ + 2E3)
The Levi subalgebra [ is given by

[=a® Ot(e1—e2)-
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This means that
[~s((2,C)®C.
The ad(H)-eigenspace g(2) is

9(2) = P-e1—ext2e3 = C.

Then, the action of the Levi subgroup L¢ on n is geometrically equivalent to the
C*-action on C. It follows from (1) of Table 5.1 that this action is a multiplicity-
free action.

We take the subspace Sy to be

SO = RE—61—62+263'

Then, n = L, - Sy. Therefore, Theorem 3.5 has been verified for Case (Ga1).
Case (G22). Let Q(Ox) be (1,0). Then,

H - —EQ + Eg.
The Levi subalgebra [ is given by
[= 0@ gi(—2e;tertes)
This means that
[~s((2,C)a C.
The ad(H)-eigenspace g(2) is written as
9(2) = g-ertes =~ C.
Further, the eigenspace g(3) is
9(3) = Bey 20545 D Ger—entae; = C°.
Then,
n~CeoC

The semisimple part SL(2,C) of L¢ acts on C trivially and on C* as the
standard representation. Its center C* acts by

s-(z,v) = (s°2, 5%).

Then, the L¢-action on n is geometrically equivalent to the decomposable action
consisting of the C*-action on C ((1) of Table 5.1) and the SL(2,C)-action on
C? ((2) of Table 5.1). Hence, this action is a multiplicity-free action.

We take

S[/) = RE762+63 ~ R
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Then, S| satisfies g(2) = T - S;,. Further, we take the subset S{ of g(3) as
6/ = RE_¢,—e3+2e5-

Then, S is isomorphic to the slice T} for the SU(2)-action on C?. It follows from
Lemma 5.6 that g(3) = SU(2) - S . Hence, we set

S() :S{)@S(I)IZR@Tl

Then, Sy satisfies n = L, - Sy. Therefore, Theorem 3.5 has been verified.
5.13. Proof of Theorem 3.5.

Proof of Theorem 3.5. In Sections 5.4-5.12, we have given Sy for the L,-
action on n satisfying the properties (a)—(c) explicitly for each Ox in g. ]

5.14. Corollary of proof for Theorem 3.5. Finally, we give two corollaries
of the proof of Theorem 3.5 on Ox with ht(Ox) = 2.
The first corollary below is concerned to the property on the L,-action on

n=g(2).

Corollary 5.9. Let Ox be a a nilpotent orbit in a complex simple Lie algebra
g. If ht(Ox) = 2, then we have:

(1) By replacing L, with a locally isomorphic compact group K if necessary, the
representation of L, on n is geometrically equivalent to the representation of
K on the tangent space T (G/K) at the origin eK of some non-compact
irreducible Hermitian symmetric space G/K .

(2) One can take a slice S for the strongly visible G, -action on Ox satisfying
dimg S =rank G/K .

Proof. The first statement follows from the proof of Theorem 3.5 given in
Sections 5.4-5.12 and [22]. The second one is an immediate consequence of [13]. =

A special case of height two nilpotent orbits is the minimal nilpotent orbit.
Here, a nilpotent orbit Ox in the complex semisimple Lie algebra g is called
minimal if Ox is of minimal dimension in N*/G¢. It is known that there exists
uniquely the minimal nilpotent orbit in a complex simple Lie algebra g.

The second corollary gives a new characterization for a complex nilpotent
orbit to be minimal by the nilpotent subalgebra n as follows.

Corollary 5.10.  For a milpotent orbit Ox in a complex simple Lie algebra g,
the following two conditions are equivalent:

(i) Ox is minimal.
(i) dimen=1.

Moreover, the G, -action on the minimal Ox s strongly visible with one-dimensional
slice.



645

SASAKI

od Ay Teotssepo jo st B

I U U0 UOIj9R-"7 91} I0] SAOI[s pue s31qI0 Juajodyru [eotreydg :¢'¢ 9[qe],

A D (MDA gD (Ddz)NV @ D D& (D'dg)s [ = etdeqyy — Thiey, — Ty, atdeg
adl © A&% & m%@ g AQ n&Nvﬁ< S g—dp—ug) ) S AQ nN - Qﬂ — vaom ) AUV AQNVHW A% > &v — T+deyy = Twy “o
adl {o} (D dg)nvy D@ (D dghs 7 = 1-%w, dzg
ol {o} (D dg)ny D@ (Ddg)s 7 = ey dzg
2.l {0} (D ‘de)ny 0@ (D'de)s [ = ey — ey 1z
adl {o} (D ‘dg)nv D@ (Ddy — ug)os @ (D ‘dg)s (% S d) 1= %w ug
zdl {o} g—ugd D@ (Dg— ug)os = Tw ug
wdl {o} (D u)wAg 2@ (D uns = uy
ol {o} (D ‘d)udg DB (Qd—u)ds & (9 'd))s (u>d) 1= %w uy
A O (ADA) 4D (Ddg)NV @D D ® (Ddg)s [ = Ty = Tw T+dzg
o D (o P N%v dg) (Ddg)ny @ —dp—uzld DD (DT —dy —ug)os ® (D ‘dg)1s ?\b: >d) 1= =Tw g
ol {o} (D ‘de)ny D@ (DT +dp — ug)os & (D ‘dg)is _ dgyy, ug
zdl {o} 1—ugd DD (DT — ug)os = Tw ug
al {o} Qdn DB (DdNs @ (D d)ys — dyy [—dzyy
adll {0} QD DO QdIs®(Qdg—ups® (Qdys (E>d)1=""w="u T
05 (€)8 (2)8 (0)8 =1 (et = (XQ)U B




odAy reuorydeoxs Jo st B : u wo wOrROR-"77 9YY I0J SAOI[S pur s31q10 jusjodu reorreydg G o[qR],

NECR o) D DO (Dehs (0°1) B

bl {0} 9) DD (DTS (1°0) gy

AP D (D'e)uig DD (DD (DeNs (0‘T°0°0) 7

2 {o} 20 D@ (D L)os (0‘0‘0‘T) 7

i {o} 9) D@ (Dg)ds (T‘0‘0‘0) 7

P © D (D) DD (D8Ns (0‘0‘0‘0‘0°0‘T0) %0

Z A D A o) 7o) D@ (DTS D (D)% (0‘T'0‘0‘0°0‘0°0) %o
=< il {o} - D@ (D108 (0‘0‘0‘0‘0‘0°0°T) %2
e A {o} D D& (D)k (T‘0‘0‘0‘0‘0°0‘0) %2
A (MO O DYUVESD DD (D9Ns (T°0‘0°0‘0°T‘0) %o

AP A D D9y D@ (D2NsD (D98 (0‘0‘0‘0°T‘0‘0) *o

ol {o} Jree) D@ (D)% (z‘'0‘0‘0‘0‘0‘0) %o

A {o} ord D@D Ths@ (D)o (0‘T‘0‘0°0°‘0‘0) %o

A {o} D 2@ (Dcr)es (0‘0‘0‘0‘0°0°T) %o

AP e o) Qemw 2@ OQense@ens  (0'0‘T'0'0'0) %

il {0} o) D ® (D‘g)os (T°0‘0‘0‘0‘T) 9

i {o} D DD (DS (0‘0‘0‘0‘T'0) %

05 (¢)B (¢)8 (0)8 =3 (*o)u B

646



SASAKI 647

Proof. Table 5.5 gives a list of the minimal nilpotent orbit for each complex
simple Lie algebra g. This shows that dim¢n = dime g(2) = 1 for minimal Ox .
By Theorem 3.5, the L,-action on n is strongly visible with slice Sy ~ R. Hence,
S = SyNn° ~R* becomes a slice for the G,-action on Ox.

Conversely, suppose that dimcn = 1. Then, the height of Ox has to be
equal to two. Indeed, if ht(Ox) = d > 2, then n contains the complex vector
subspace g(2) @ g(d). Obviously, dimc(g(2) @ g(d)) > 2, from which we have
dimgn > 2. Let us assume that ht(Ox) = 2. From our case-by-case analysis on
the L,-action on n (see also Tables 5.3 and 5.4), it turns out that dimcn # 1
if Oy is not minimal. Therefore, we have proved that dimgn = 1 only if Oy is
minimal.

Consequently, Corollary 5.10 has been proved. [ ]

g Q(Ox) g(2) Sy Case

01 (1,0,...,0,1) C R A
b, (0,1,0,...,0) C R B2
Cn (1,0,...,0) C R C
0, (0,1,0,...,0) C R D2
e6 (0,1,0,0,0,0) C R Egl
¢y (1,0,0, ,O, ,0) C R E71
es  (0,0,0,0,0,0,0,1) C R Egl
f4 (0,0,0,1) C R Fyl
92 (0,1) C R Gl

Table 5.5: Minimal nilpotent orbit in g
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