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Abstract. Let O be the ring of integers of E, E being a ramified quadratic
extension of a non-archimedean local field F' of odd residual characteristic. In
this paper, we construct a complete set of irreducible representations p of level
n + 1 of the quasi-split unitary group U(1,1)(O) (called primitive representa-
tions) such that every irreducible representation of the group has the form p® x
for some character x of O*. We show that such representations only appear in
level n +1 when n is even. Our approach is to consider U(1,1)(O) as a gen-
eralized special linear group SL;'(2,0), i.e., as the group of 2 x 2 matrices in
GL(2,0) whose coefficients satisfy certain commutation relations involving the
nontrivial element * of the Galois group Gal(E/F'). Considering * = id in the
construction, we recover the irreducible representations of SL(2, 0). Finally, we
explicitly calculate the number and dimensions of the primitive representations
so constructed.
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1. Introduction

Maximal compact subgroups have played an important role in representation
theory of general linear groups defined over a non-archimedean local field E'.
These subgroups have been used among other things to describe the (irreducible)
representations of the aforementioned groups. For instance, the supercuspidal
representations of GLy(F) were constructed as induced representations from com-
pact modulo center subgroups [10]. Such construction is a very general procedure
and it is used for GLy(E) [8], [17].

Special attention has been given to the theory of representations of general
and special linear groups over the ring of integers O of E. In fact, the case of
GLy(O) has been particularly considered by several authors, among other reasons,
because of its role in the representation theory of GLy(E) (see Aubert, Onn,
Prasad and Stasinski [1], Singla [18], Hill [5], [6], [7]). For n = 2, Stasinski [19] gives
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a complete description of the irreducible representations of GLy(O) (recovering an
unpublished result due to Kutzko). Continuing with the case n = 2, the theory
of representations of the special linear group SLy(O) was studied by Kloosterman
[9], Tanaka [20] and Shalika [16], among others. In particular, in [16], all primitive
representations of SLo(O/P™) were constructed for an arbitrary ring of p-adic
integers O of odd residual characteristic with maximal ideal P.

Diverse classical linear groups can be viewed as general (or special general)
linear groups over certain rings. This point of view was taken by Pantoja and Soto-
Andrade [14], [15], where they looked at different classical groups (even of high
rank) as general linear groups of 2 x 2 matrices over a suitable ring of coefficients.
This was accomplished with the help of the groups SL:(2, A) (e = £1) consisting
of 2 X 2 matrices g with coefficients in a unitary involutive ring (A, *), such that
g*JgJ~' =1, with (9%);; = g;;, I is the identity matrix and J = (5 §). In this
way, the symplectic groups Sp(2n, F') and the split orthogonal groups O(n,n) were
recovered by setting A = M,,(F) for e = 1 and € = —1, respectively, where F' is a
field and = is the matrix transpose. Furthermore, several interesting groups may
be obtained as generalized classical groups for different choices of unitary rings A
with involution *. In this sense, considering specific groups like GL, or SL, is of
interest not only because they are examples of a more general construction, but
also because they provide an alternative approach to different situations.

As far as we know, the theory of representations of U(m,m)(O) (where
O is the ring of integers of a field £') has not been explored yet and it is worth
mentioning that this problem could be highly intrincate even in low rank. So
accordingly, to attack the problem, it seems to be more appropriate to start with
U(1,1) and U(2,2). We remark that these groups can be realized as SL(2, A),
where A = M,,(O), O is the ring of integers of F, F is a quadratic extension of
a non-archimedean local field F' and * is the restriction of the nontrivial element
of the Galois group Gal(E/F) of E/F. In this line of thought, it is important to
directly know the construction of the irreducible representations of U(1,1)(O) and
to tackle the general case. Subsequently, one could study the problem of classifying
the irreducible representations of U(2,2)(O) by looking for an analogous notion
of the regular representations given by Hill in [6].

There are several reasons to consider U(1,1)(O). For instance, Lansky
and Raghuram [11] considered conductors and newforms for U(1,1)(E), giving
examples that show the relevant role of newforms in the theory of automorphic
forms. Moreover, there is a series of papers investigating the branching rules
problem for irreducible representations of GLy(k) or SLy(k) and its restriction
to GL(O) or SLy(O) respectively. In this regard, the work of Nevins [12] on
branching rules for supercuspidal representations of SLy(k), where k is a p-adic
field, is worth mentioning.

In this paper, we analyse the theory of representations of K = SL; (2, 0),
where O is the ring of integers of a ramified quadratic extension E of a non-
archimedean local field F of odd residual characteristic, and * is an element
of the Galois group Gal(E/F) of E/F. Using this approach, we investigate
and construct, in a uniform manner, all primitive representations of K of level
n + 1, u.e., representations of K such that every irreducible representation of the
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group has the form p ® x for some character xy of O*. Specifically, a primitive
representation of K of level n + 1 is an irreducible representation p of K such
that the kernel of p ® x o det contains K, .1, and not K, for any character y
of O*. Here K; (I € N) denotes the kernel of the canonical map from K to
SL;'(2,0/P!), where P is the maximal ideal of O. We observe that if * # id,
then K = SL,'(2,0) is the quasi-split unitary group U(1,1)(O). It is important
to note that the primitive representations of K only appear for levels n + 1, with
n even (Propositions 4.2 and 4.3). On the other hand, if * = id, the primitive
representations of SL,*(2,O) are only the irreducible representations of SL(2, ©),
which were constructed by Shalika [16], using a different approach.

We split our construction according to n = 2r +1 or n = 2r. In the
first case, we can directly apply Clifford theory to provide a part of primitive
representations of K. In the case n = 2r, we use the ideas of Hill [6], adapting
and checking that his methods and results are still valid in our case.

It is worth to emphasize that our work is explicit, detailed and general
in the sense that we construct the primitive representations for U(1,1)(O) and
SL;'(2,0) (where * is the identity) simultaneously.

Main Results for U(1,1)(O). We briefly present our main results for K =
U(1,1)(O): the construction of primitive representations; their dimensions and the
number of them (see sections 6, 7). Our results are summarized in the following
three theorems.

Let E be a ramified quadratic extension of a non-archimedean local field
F, O the ring of integers of E, % an element of the Galois group Gal(E/F) of
E/F and n = 2r.

Theorem 1.1.  The primitive representations p of K of level n+ 1 are of the
following kind:

1. If r is odd, then
p = indgy,) nts,
where 1 is a linear character of Ck(by) such that n =1, on Cg(bo) N K;y1 .

2. If r is even and the characteristic polynomial of by has its roots in O/P,
then

p = indgy,) (wWG),

where (, = indziwé’i((bo)(ib), % is an extension of v, to Hy,Cgk(by) with

H, = (BN K,)K,+1 and w is a linear character of T (1) determined by a
linear character of T () /K, .

3. If r is even and the characteristic polynomial of by has no roots in O/P,
then

. K ~
P = de(zpb) Py
where Py, 18 the unique irreducible representation of C1K, containing Jb

and ﬁ% 1S an extension of Jb to T (¢y).
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We put by = @w™b and denote by |m| the integer part of m.

Theorem 1.2.  The dimensions of the primitive representations p, of K of level
n+ 1 with n = 2r are given as follows:

e [f the characteristic polynomial of by has different roots in O/P , then
dim p, = (¢ + 1)q".

o If the characteristic polynomial of by over O/P is x?, then

q2 -1 r—1

2

dim p, =

e [f the characteristic polynomial of by has no roots in O/P, then

T+2J71

dim py = (¢ — 1)¢°1

Theorem 1.3.  The number of inequivalent primitive representations p, of K
of level n+ 1 is given as follows:

e [f the characteristic polynomial of by has different roots in O/P , then

(q B 1)2qn—1

Number of p, = 5

e If the characteristic polynomial of by over O/P is x*, then

Number of p, = 4¢"+131,
e [f the characteristic polynomial of by has no roots in O/P, then

q2 - 1 T
Number of p, = Tq’"ﬂﬂ’l.

This paper is organized as follows. In section 2, we give the basic definitions
of SL(2, A) for a unitary ring A endowed with an involution *. In section 3, we
study the structure of the groups SL; (2, 4,,), where A, = O/P" is endowed with
the involution determined by *. We also construct all the characters v, of K,
which are trivial on K1, but not on K,,, (here, 1 <r <n and 2(r+1) > n+1).
In section 4, we characterize the primitive representations of K of level n + 1.
Section 5 studies the structure of the normalizer group T (¢) of 1. In section
6, we give the construction of all primitive representations of K of level n + 1
according to the structure of T (¢,) and the corresponding type of involution: in
subsection 6.1, we construct the primitive representations for the cases T (¢) =
Ck(bg) K41 while the subsection 6.2 shows the case T (¢,) = Ck(by) K. Finally,
in section 7, we explicitly calculate the number and the dimensions of the primitive
representations so constructed, computing all stabilizers and indices of the related
groups.
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2. The group SL:(2, A)

Let A be a unitary ring with an involution a + a*, i.e., an antiautomorphism
of order two of the ring A. Let Z(A) be the center of A and denote by A* the
group of invertible elements of A. We write A® for the set of all elements a € A
such that a* = a, i.e., the set of symmetric elements with respect to .

Let (A,*) be an involute ring. One induces an involution on the ring of
matrices M(2, A) (denoted also by =) as follows: for a matrix g with entries
in A, the matrix ¢* is defined by (¢%);; = (g;;)*. We now consider ¢ = 1 or
e = —1 and we set ML5(2,A) be the set of matrices g in M(2, A) such that
g*JgJ ™t = N\, where \, € Z(A), J = (51) € M(2,A) and I is the identity
matrix of M(2, A). GL(2, A) is the set of invertible elements in M L5(2, A) and
SLZ(2, A) denotes the subset of all matrices g in GLZ(2, A) such that g*JgJ ' = 1.
Also, a *-determinant function on ML5(2, A) is defined by det.(g) = ad* + €bc*
for g=(2%) e ML:(2,A).

Pantoja and Soto-Andrade proved the following result:

Proposition 2.1.  GL:(2, A) is a group under multiplication and det, is an epi-
morphism of GLS(2, A) onto the group of all central symmetric invertible elements

of A, such that ker det, is SL(2, A).
Proof.  See [14], Lemma 1.5. |

Remark 2.1.  Also in [14], the authors proved that SL5(2, A) is the group of

matrices
_f(a b
9= \¢ d

with entries in A that satisfy the following equalities; a*c = —ec*a, ab* = —eba*,
b*d = —ed*b, cd* = —edc* and ad* + ebc* = a*d + ec*b = 1.

3. Construction of representations of U(1,1)(O)

Let E be a ramified quadratic extension of a non-archimedean local field F' of odd
residual characteristic p and let 7 be an element of the Galois group Gal(E/F') of
the extension E/F. We denote by O (resp. Op) the ring of integers of E (resp.
F') and by P (resp. Pr) its maximal ideal. We write ¢ to indicate the cardinality
of the residue field O/P. If 7 is nontrivial, let w be a prime element in £ such
that £ = F(w) and 7(w) = —w.

Since 7(0O) C O, the restriction of 7 to O is an involution of O. We
will denote by * the involution 7 of E and its restriction to O. We then write
a* =7(a) for all a € E. In addition, let us set

K =SL;'(2,0).

We observe that if * is nontrivial, K is the quasi-split unitary group U(1,1)(O)
defined over the ring of integers O, that is, the group of matrices g with entries
in O that preserves the (—1)-hermitian form h, with respect to *, from E? x E?
to E given by h((z,y), (z,w)) = x*w — y*z.



696 GUTIERREZ FREZ

We now define a map on the ring of matrices M(2, E) setting o(y) =
J Yy J, where (y*);; = (y;)* and J = (% ). The map o clearly satisfies
olz+y)=0(x)+0o(y); olyz) = o(x)o(y), and o = id for any x, y in M(2, E).
Using this map, the group K = SL_;*(2,0) can be described as the subgroup of
GL(2, E) of the invertible matrices k with entries in O such that o(k) = k~!.

For each n € Z, we denote by G, the additive subgroup of M(2, F)
consisting of the matrices x with entries in P" such that o(z) = —z. Then
we have:

Lemma 3.1.  The group K acts on G, by conjugation.

Proof. Let £ € K and y € G,. By using the description of K and the
properties of o, we have that o(k~'yk) = o(k)o(y)o(k™') = k=1 (—y)k and hence
our lemma follows. [ ]

Notice that * induces naturally an involution on the ring A, = O/P" for
every positive integer n, which is also denoted by . We set A7 for the set of
symmetric elements in A,,.

We consider the following matrices in SL; (2, 4,,):

[t 0 . (1D s (0 1
ht—<0 t*1>’ te A ub—(o 1), be A7 and w-(_l 0).

We will prove that the matrices hy (t € AX), up (b € AZ), w and its commutation
relations provide a presentation of SL; (2, 4,,). To do this, we prove the following
result:

Lemma 3.2. Let a, ¢ be two elements in A, such that a or c is invertible and

ac* = ca*. Then there is a symmetric element s in A, such that a + sc is an
invertible element in A, .

Proof. If a is invertible, then s = 0 satisfies the lemma. On the other hand, if
¢ is invertible, we consider s = 1 to verify the result. |

Proposition 3.3.  The group SL, (2, A,,) is generated by the set of matrices hy
with t € AX, u, with be A%, and w.

n’ n’

Proof. Let g = (CCL Z) be a matrix in SL;'(2,4,). If ¢ = 0, we see that

g = hqug—y,. Now if ¢ € A, we verify that g = h__.-1ucqwuc—14. Finally, if c
is not in A U {0}, the elements a, ¢ satisfy the conditions of Lemma 3.2. Thus
we can consider a symmetric element s € A, such that a 4+ sc is an invertible

element. Then we see that g = u_sh_q_ s WU (—g* — ) WU(asc)~1 (b+5d) - ]
Also, we need to prove:
Lemma 3.4. Let a, b be two non-invertible symmetric elements in A,. Then

there is an invertible symmetric element x in A, such that a —x~' and b+x are
invertible symmetric elements.
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Proof. It suffices to consider z = 1. n

Finally, we get:

Theorem 3.5.  The set of matrices hy, uy, and w in SL;*(2,A,) together
with the commutation relations hyhy, = Ry, Up Upy = Upy+by, Ry = Uy,
w? = h_y, why = h—1w, wwu—wu, = wh_y— provide a presentation of the
group SL;'(2, A,).

Proof. By Proposition 3.3, we already have that SL;'(2, A,) is generated by
the matrices h;, up, and w. The Lemma 3.4 allows us to argue as in [13] Theorem
15, to prove the result. [ ]

Filtrations and characters

The group K contains a natural (subgroup) filtration as follows. For each n € N,
we denote by K, the kernel of the canonical map (reduction mod P") from K
to SL;%(2, A,). Explicitly, K, is the subgroup of K consisting of all matrices of

the form
1+a b
c 1+d)/)’

where a, b, ¢ and d are in P". By the theorem above, we see that the natural
map from K to SL;'(2, A,) is surjective.
The filtrations K, and G, are related by:

Proposition 3.6.  Let (n,r) be a pair of integers such that 1 < r < n and
2r > n. If a denotes the equivalence class of a, the map

l+z+— 2 —o(x)
from K,./K, to G./G, is an isomorphism.

Proof.  We first check that it is well defined. To do that, let 1+ z in K, /K,.
For 1+ z € K,, we have that z — o(z) and 2z — o(zz) are in G,,. Hence

r+z+rz—olx+z+x2) = (x—0(x))—(2—0(2)) + (vz — o(x2))
= z—o(z) mod (G,),

and then the map is well defined.
To prove that the map above is a homomorphism, let 1+ z, 1+ y be two
elements in K,/K,. Since xy — o(zy) € G, we observe that

l+xl4+y=14+z+y+tay—ac+y+tay—olx+y+ay) =x—o(x)+y —o(y),

and from this, 1+ 2 + 2 —o(x) is a homomorphism from K,/K, to G,/G,.
Now, we suppose that 1+ z € K,/K, such that 1 +z — x —o(z) = 0. We will
prove that 1+ = 1. Since 1 +z € K, C K, we get x + o(x) + zo(z) = 0, so
r+o(x) =—xo(xr) € M(2,P"), and z — o(x) also belongs to G, C M(2,P™) by
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assumption. Thus x € M(2,P"), which implies 1 +z =1, i.e., 1 + x — = — o(x)
is injective.

Finally, in order to prove the map is surjective, let T be an element in G, /G, .
Setting y = 47z, we get that o(y) = —y. If we write z = 14+y and s = (1—¢?)7},
we verify o(z)zs = 1. Now v = (1 —y)~! implies s = o(v)v and from here
1 =0(2)zo(v)v = o(zv)zv. Hence zv € K, and zv — o(zv) = T. Therefore the
map 1+ z — = — o(z) is an isomorphism and our proposition follows. |

We also have.
Lemma 3.7.  The groups G_,,/G_, and G,+1/Gn+1 have the same cardinality.

Proof. If x = id, we verify that the map b — @""*1b gives a bijection from
G /G t0 Gry1/Gna1. On the other hand, if * is nontrivial, the map above works
if n = 2r, with r odd. Now, if n = 2r where r is even, the map

a c awn-l—r—H Cwn+7‘+2
(d —CL*> = (dwn+r+2 _a*wn-‘rr—H)
is a bijection from G_,,/G_, to G,11/G,+1 and the lemma follows. n

We denote by tr the usual trace on the ring of matrices M(2, E).

We fix a character ¢» of F* of conductor Pp (that is, Pr is the largest
fractional ideal of F' contained in the kernel ker(¢)). We also consider a pair of
integers (n,r) such that 1 <r <n and 2(r+1) > n+ 1.

Definition 3.8.  Let b be an element in G_,,. We define the map 1y from K, 1
to C* by

o1+ z) = ¢ (tr (b(z — o(2)))),

where 1 +x € K,14.

Notice that if b € G_,,, we get tr(b(x — o(x))) is a symmetric element in E
for each 2 € K, 1. In other words, tr(b(x —o(z))) € F, and so ), is well defined.

From now on, we will keep the above notations.

Proposition 3.9.  For each b € G_,, the function vy, (defined above) is a
character of the group K,,1.

Proof. It follows from the definition. n

The group of linear characters of K,.1/K, 1 is denoted by K, 1/K, 1.
For the next proposition, we assume n = 2r if % # id.

Proposition 3.10.  The map b — ¥ from G_, to lz; imduces an isomor-
phism from G_,,/G_, to K,11/Kpi1.
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Proof. The character v, b € G_,,, determines naturally a character @Eb of
K,11/K,y1. By using Proposition 3.6 and Lemma 3.7 the groups K,,1/K,.; and
G_»/G_, have the same cardinality. Hence, the fact that K, ;/K, is abelian
implies that Kr:/?nﬂ and G_,,/G_, have also the same cardinality. So, the
proposition will follow if we prove that the induced map b — Jb is injective (b is
the equivalence class of b). To prove this, let b = (b;;) € G_,, — G_,. Since the

conductor of ¢ is Pr, we see that v is nontrivial on O°. Let us consider then
a € OF such that () # 1. If by ¢ P77, setting

b 1+47 % a 0
v 0 (1+47" ) ")
we verify that
. e 2710513;;11712
b((lf N U(I)) - (2_106b1_11b21 2_104 ’
so Up(1+z) = ¥(tr (b(z — o(x))) = ¥(a) # 1. On the other hand, if by; € P,
then bys or by is not in P~". Supposing, for instance, that by & P~", we set

(1 275
1+2= <O 1

and we check again that Uy(T+z) = o(tr (b(z — o(z))) = (@) # 1. Similarly if
bis ¢ P~". Then b — 1), is injective and therefore our result follows. ]

4. Primitive representations

An irreducible representation p of K is called smooth if there exists n € N such
that K, C ker p. We will say that a smooth representation p of K has level n+1
if K11 C kerp and K,, ¢ kerp. Now a smooth representation p of K of level
n + 1 is a primitive representation of K of level n + 1 if p ® x o det has level
greater than or equal to n + 1 for any character x of O*.

Remark 4.1. Immediately from the definition, the primitive representations of
K = SL(2,0) of level n+ 1 are only the irreducible representation of K of level
n—+1.

Concerning * nontrivial, we get the following two propositions.

Proposition 4.1.  Let E be a ramified quadratic extension of a non-archimedean
local field F', O is the ring of integers of E and * is an element of the Galois
group Gal(E/F) of E/F. If p is a smooth representation of K of level n + 1,
where n is odd, then p is not a primitive representation of K of level n + 1.

Proof. Let v be an irreducible component of p restricted to K, , where b be-
longs to G_,,/G_,.. Since n is odd, we can assume that b has the form (uwo_” uwo,n )
modulo G;_,,/G_,, with w a unit in O. Writing

1+a b
1“_( c 1+d) € Kn
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it follows that ¥,(1 + 2z) = Y(uw "[(a — a*) + (d — d*)]). Since n is odd, we
note that a — a* = 2a mod P and d — d* = 2d mod P'". We now consider
the character y of O* such that the restriction of x to Up is ¥9um—n, this is,
X(1+1t) =¢(2uw"t). Then

Up(1+2)-x todet(l+2) =1,

for any 1+ z € K,,. Therefore the representation p® y ! odet contains the trivial
representation of K, and hence K, C ker(p® x !odet). In other words, the level
of (p® x ! odet) is less than or equal to n and therefore p is not primitive of
level n + 1. [

Proposition 4.2.  Let E be a ramified quadratic extension of a non-archimedean
local field F', O is the ring of integers of E and x is an element of the Galois
group Gal(E/F) of E/F. If p is a smooth representation of K of level n + 1,
where n is even, then p is primitive of level n + 1.

Proof. It suffices to show that p® yodet is nontrivial on K, for any character
x of O*. To this end, let x be a character of O* and m its conductor. We have
three cases. If m < n, then (xodet) is trivial on K,,. Since p is nontrivial on K,
we get that p® y odet is nontrivial on K,,. On the other hand, if m > n, by using
the trivial action of p on K, 1, we see that p ® y o det is nontrivial on K, ;.
Finally, if m = n, consider e € P~" such that x restricted to Uz is x = 1. Let

1+a b
1+Z-( c 1+d) € Kp.

Then (xodet)(1+z) = x(1+a+d+ad—bc) = ¢(e(a+d)). Given that 1+2 € K,,,
we observe d = —a* — d*a + ¢*b, which implies (y o det)(1 + 2) = ¥(e(a — a*)).
Since n is even, we see that a —a* € P"!. Verifying (yodet)(1+42) =1 for any
1+ z € K, it follows that (p ® x o det) is nontrivial on K,. This completes the
proof. [ |

From the propositions above, if * # 1, our goal will be the construction of
smooth representations of K of level n 4+ 1, where n is even.

5. The normalizer group T ()

Let 1, be a character of K,,; (as in 3), where b € G_,,. For each k € K, we
put YF(1+ 2) = Yp(k71(1 + 2)k) for any 1+ 2z € K,;;. Let us denote by T (¢3)
the normalizer group of v, in K, that consists of the elements k € K such that
Vi =Py

In order to find the structure of the group 7' (1), let us introduce some
notation. Let G = GL(2,0) be the general linear group over O. We write G,,,
n € N, for the subgroup of GG of matrices of the form 1+, where 1 is the identity
matrix in G and x € M(2,P™). Let ¥ be a character of E of conductor P, and
we fix a pair of integers (n,r) such that 2(r +1) >n+1. For b € M(2,P~"), we
set

V(1 +2) = (tr(b2)), 1+ 2z€G,.
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The structure of the normalizer group T¢ () of 1 in G, consisting of the
elements g € G such that (g7 (1 + 2)g) = (1 + 2), for all 1+ 2z € G, is
given by the following proposition:

Proposition 5.1.  Set by = @w"b. If n=2r or n=2r+1, then

Te () = Ca(bo) G,

where Cg(by) is the centralizer of by in G.
Proof. Notice that

Tc (vy) = {9 € G : Ygpg—1 = th}
={g€G:gbg7" =b mod M(2,P")}
={g€G:gbyg ' =by mod M(2,P"")}
= {g € G :gby—byg € M(Q,P"_T)},

from which Cg(by)Gp—r C T (¢). On the other hand, we first define the O-linear
map from M(2,P"") to M(2,P"") given by ¢(z) = zby — bpz. We claim that
Imp = (M(2,P"")NC(by))* (with respect to the non-degenerate pairing ( , ) of
M(2, P"") with M(2, P"~") defined by (z,y) = tr(zy)), where C(bp) is the set of
elements z € M(2,O) such that zby — bgz = 0. In fact, considering zby — byz an
element of Im ¢ and u € M(2,P*") N C(by), we have that

(u, zbg — boz) = tr(u(zby — bpz)) = tr(uzby — bouz) = 0.

Thus Im C (M(2,P"") N C(by))*. Since ker ¢ is M(2,P" ") N C(by) and Im ¢
is isomorphic to M(2, P"~")/ ker ¢, it follows that

dime Im ¢ = dimp(M(2,P"")) — dime(ker ¢) = dime(M(2, P"™") N C(bg))™*

and our claim follows. Finally, letting = € T (1), the element xby — bpx belongs
to Imp = (M(2,P"") N C(by))*. Then there exists z € M(2,P"") such that
xby — bpx = zby — bpz, which implies that (x — 2)by — bo(z — z) = 0. If we set
B =ux—2¢€ Cqglby), we can write 8 = x(1 — 27 'z). Then f is invertible, i.e.,
B € Ca(by) and z = (1 —z712)"t € Cq(by)Gn_r. This completes the proof. =

For the lemmas below, we recall the map o on M(2, E') defined by o(y) =
Jy*J, where (y*);; = (y;:)* and J = (% §).

Lemma 5.2.  Let by € M(2,0). If 5 € (Cg(by) NG,)/(Ca(by) NGry1) and
o(s) = s, then there exists v € (Cg(bo) NG,) [/ (Ca(by) N Gry1) such that 5 =
o(v)v.

Proof. Let 5 € (Cq(by) NG,)/(Cq(by) NGry1) such that o(s) = s. We
then write s = 1 + 2 = X 4 pby for some matrix = € M(2,P") and scalars
A, pin O. Hence, the matrix v = 1 +27'2 = 271 (A 4+ 1) + 27" b, satisfies
v € Cg(by) NG,/ Ca(by) NGryq and 5= o(v)v. n
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Lemma 5.3. If s € Cg(by) NG, and o(s) = s, then there is v € Cg(by) N G,
such that s = o(v)v.

Proof. Let s € Cg(by) NG, and o(s) = s. By Lemma 5.2, there exist elements
v1 € Cg(by) NG, and s1 € Cg(by) NG,qq such that s = o(vy)v181. Since o(s) = s,
we get that o(s;) = s;. So applying the procedure to s;_; (i > 1), there are
v; € Cg(by) N Gryi—1 and s; € Cg(by) N Gryy, such that s; 1 = o(v;)v;s; and
s;i = o(s;). After n-steps we get

s = o(v1)v10(v2)vg - - 0 (VU )Up Sy = T (V1V2 -+ - Uy ) V1V - - - Uy Sy

From here, the sequence (vy,v1vg, V10903, , U1UV3 * * + Uy, -+ + ) converges to an
element v in Cg(by) N G,. The continuity of o implies that o(v) is the limit of
the sequence (o(vy),o(vive), o(viveus), -+, 0(v1V205 - vy), -+ ). So, we observe

that the sequence
(0(01)1’1, 0(0102)2}102, U(UvaUS)Ul'UQUS; U(U102037J4)U10203U47 t )

converges to o(v)v. Since this sequence also converges to s, we conclude that
s = o(v)v and the result follows. [

Finally, we can prove:

Proposition 5.4.  Let E/F be a ramified quadratic extension of local fields and
x be an element of the Galois group Gal(E/F)and set by = w™b. The structure
of the normalizer group T () of ¥y in K is given as follows:

(i) If n=2r, then
T (4hy) = Cr (bo) K.

(ii) If n=2r+ 1 and * is the trivial involution on E, then
T () = Cr (bo) K1

Proof. We will only prove the case when * is nontrivial and n = 2r. The other
cases can be proved similarly.
We note that

T () ={k € Kty =t} ={k € K:kbk™" =b modG_,}.

Since the map from G_,,/G_, to Gy/G, given by b +— w"b is an isomorphism, we
observe that

T (W) ={k€eK:kbk™'=b modg_,}
= {k: € K:kbok ' =by mod Qr}
= {k? e K: ]{?bo — bok? S M(?,PT)} .

It follows from above that Cg(by)K, C T (¢5). Conversely, given x in T (1),
we will prove that x = tk, for some ¢ in Cg(by) and k in K,. Clearly T (¢5) C
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Ta (@b), where 12 is a character of E of conductor P extending . So by the

description of T (1)) given in Proposition 5.1, there exist [ € Cg(by) and g € G,
such that z = lg. Since x € K, we have that o(x) = z71, i.e., a(g)o(l) = g7,
we can see that o(I)l = o(¢g7')g~'. Now the inclusions o (Cg(by)) C Cga(by) and
o (G,) C G, imply that s = o(I)l € Cg(by) N G, satisfies Lemma 5.3. Then
there is an element v € Cg(by) N G, such that o(l)] = o(v)v or equivalently
o(lv™) = (lv™')~!, which implies lv™! € K N Cg(by) = Cx(by). So writing
r = g = lv"lvg, we observe that vg € K,.. This completes the proof. [ |

6. Construction of primitive representation of level n + 1

In this section, our aim is the construction of the primitive representations of K
of level n + 1, which will be separated into cases. To this end, we recall that if
the involution is trivial, we have to construct every irreducible representation of
K of level n+ 1. On the other hand, if the involution is nontrivial, we need to
construct the smooth representation of K of level n+ 1 for n even (Propositions
4.2 and 4.3).

The construction will be achieved according to the structure of the normal-
izer group T (1) of 1. From Proposition 5.4, it will be separated into:

e First kind: * =id and n =2r + 1, or x # id and n = 2r, where r is odd.

e Second kind: * is trivial and n = 2r, or *x and n = 2r, where r is even.

6.1. Construction for the first kind. Suppose that x =id and n = 2r + 1,
or x # id and n = 2r, where r is odd.

Notice that if = is trivial and n = 2r+ 1, by using Proposition 5.4, we have
that

T (vn) = Cr(bo) Kyt

On the other hand, if * is nontrivial and n = 2r, where r is odd, we get that
K, /K, is isomorphic to the group of diagonal matrices of the form ('§*,%,),
with 1+ a € 14+ P” such that (1 +a)(1+a*) = 1. Since the group Cg(by) K, 41

contains these matrices, we get that

T (1) = Crc(bo) Ky = Crc(bo) Ko,

Therefore, we have that

T () = Cg (bo) Kyy1,

for both cases. Thus the character 1, can be extended to 7' () by considering a
character n of Ck(by) such that n = 1, on Cg(by)N K, and taking the character
iy of T ().

Therefore, we can prove:

Theorem 6.1.  Let E be a ramified quadratic extension of a mnon-archimedean
local field F', O is the ring of integers of E and x is an element of the Galois
group Gal(E/F) of E/F. Then
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(i) The primitive representations of K of level n + 1 are exactly those of the
form

K

(i) If the representations pyy, and py ., are equivalent, then o = vy for
some k € K. In this case, the representations indllgrﬂ vy and indﬁdrl (.
are equivalent.

(iii) The representations py.p, and py., are equivalent if and only if n=1n'.

Proof. Notice that 1, determines a character of K, /K, (recall K, 1 C
ker 1)y, ). Since the one-dimensional representation 1,1 of T (1);,) contains 1y, then
we have

K/Kn md§(/ ﬁ”f,@m Vol}
T () [ Knsa Dyif
Kr+1/Kn+1 Jb

where Jb is a character of K, /K, determined by 15 and 7 is a character of
CK(bO) n+1/Kn+1 such that ¢b = ﬁ on (CK(bO N Kr-i—l) n-‘rl/Kn-i-l' By U-Sing

Clifford theory, we get that the induced representation de/lﬁn/}lnH wpn is irre-

ducible. It follows that de w,) e 1s an irreducible representation of K, and also
it is primitive because its restriction to K, contains ¢,. On the other hand, let
p be a primitive representation of level n + 1 of K. Then p restricted to T ()
contains a representation 1, for some character n of Cx(by) with n = 1, on
Ck(bo) N K,41. By Frobenius reciprocity, p and indK ,) My intertwine, and since
they are irreducible, the representations p and 1nd w,) Mpmust be isomorphic
and (i) follows.

To prove (ii), suppose that py .y, , py ., are equivalent. Notice first that

lndK r+1 Py = lnd‘T (¥p) lndK +1 wb lndT (¥n) @ iy = @ indg(wb) UL

n

where 7, in the above sums, runs over all irreducible representations n of Ck(bo)
such that n =1, on Cg(by) N K,41. Using the decomposition of 1ndK o 1y and
Frobenius reciprocity, the representations deT+1 Yy and 1ndKT+ Yy intertwine.
So, there exists k € K such that ¢y, = ¢ and therefore ind% 1 Yp and indgwrl Yy
are isomorphic.

(77) Finally, we suppose py,y, and p,y ., are equivalent. Then nyy and
N1y, are equivalent. Since the representations ni, and 7’1, are one-dimensional,
we get that niy, = 11y, and from here n =17/'. [
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6.2. Construction for the second kind. Assume that * is trivial and n = 2r,
or x is nontrivial and n = 2r, where r is even. This second kind, in turn, will be
split into cases according to whether the characteristic polynomial of by has roots

in O/P or not.

The characteristic polynomial of b, has roots in O/P.

For the cases; * = id and n = 2r or * # 1 and n = 2r, where r is even, we get
T (¢p) = Cg(bo) K. It is not so evident how to extend the character 1y, to T (1)
as in the previous cases. Therefore, we introduce the following notations: for any
integer r > 1, let G(r) be the general linear group over the ring O, = O/P". If
1 <i<r—1,let G; be the kernel of the natural map n; : G(r) — G(7).

Consider an odd integer » > 2 and set [ = (r+1)/2 and I’ = (r — 1)/2.
For an irreducible character ¢ of G, €;({) denotes the regular orbit.

Theorem 6.2 ([6], Theorem 4.6).  Let a € M,(Op) be split reqular. Choose
a € O, with ny(a) = a. For every irreducible character ¢ such that a € Q(()

there exists a subgroup H, and an extension ;/}: of ¥, to H,Cg(a) such that
(= 1ndH Cala) @Z)a

The main steps to prove this theorem are:

e To prove that the subgroup H, = (BN Ky)K; (B is the subgroup of upper
triangular matrices of () is a normal subgroup of Stab(v,). To do this, to
show that H,/K) is a maximal isotropic subspace of Ky /K; with respect to
the pairing

(x K, yK;), = tr(a(nm — mn)),

where x = 1 +mna" and = 1 +nn’ (7 a prime element).

e There exists ¢" extensions 1, (one dimensional) of ¥, to H, C(a). Set
KT S Cre(b
py=indfy (Vulm,)  and ¢ =indpy (0 (d),

and to show that
ind Stab wa Z wis,

where w are the linear characters of Stab(wa) /K, .

e To verify that every irreducible constituent of ind% 1, has the form w( and
that each one of these produces an irreducible character of G

Returning to the primitive representations of K of level n + 1, we are
assuming that * is trivial and n = 2r or x is nontrivial and n = 2r, where r is
even.

Considering the alternating bilinear form (, ), from K, /K, X K, /K,
to O/P given by:

T+, T+y) = T+, T+yh = tr(b((zy — yz) + (yo(z) — 20 (y)))).
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we observe that the construction due to Hill works, step by step, for the group K,
the filtration K, and the characters .

In fact, if H, = (BN K,)K, 1, the alternating form helps to extend v to
a character zzb of H, Ck(bg). From here, one proves:

Theorem 6.3.  The primitive representations of K are of the form

indé(K(bo)Kr (W),

where (, = mdg;gg S))KT (wb) and w is a linear character of T (1) determined by

a linear character of T () /K., that is,

T (4y) G = indg\ ") 1
Cr(bo)H, "
Kr-i-l %

The characteristic polynomial of b, has no roots in O/P

Following the same strategy as in the other cases, we need to extend the character
Yy to T (). To do this, we will follow the method used by Stasinski [19] for the
general linear group GLy(O). We first recall a theorem due to Bushnell-Frohlich

[2].

Theorem 6.4. Let G be a finite group and N a normal subgroup such that
G/N is an elementary abelian p-group (so G/N has a structure of F,-vector
space). Let 1 be a one dimensional representation of N stabilized by G. If
the alternating bilinear form hy from G/N x G/N to C* given by hy(g1,92) =
V(919297 195 ") is non-degenerate, then there exists a unique (up to isomorphism,)
irreducible representation py, of G so that py restricted to N contains .

To apply the theorem above, we set C; = Cg(by) N Ky, G = C1K, and
define the subgroup N = C1 K,y of G. Since N /K, 41 is abelian there exists a
character v, of N extending v,. Hence we can define an alternating form h%

from G/N x G/N to C* by

(91, G2) — hg, (91,92) @Zb(glgzgflgz_l)-

We follow Stasinski [19] to verify that the group G = C1K,, the subgroup N =
C1K, 11 of G, the one-dimensional representation 1, and the alternating form h%
from G/N x G/N to C* satisfy the conditions of Bushnell-Fréhlich theorem [2].
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We then denote by Py, the unique irreducible representation of €K, containing

Yy. Given that T (i) /C1 K, is abelian, Py has an extension ,5% to T (). As
in [19], we can prove:

Theorem 6.5. The induced representation indjlf(%)ﬁ

5, s primitive of level

n+ 1, for any extension ﬁ% of Jb to T ().

Proof. We consider an extension ﬁ% of pg to T (¢»). We now prove that
T () normalizes the character pj-. To see this, let = € T (¢). We observe
that (p;/}vb)z is another irreducible representation of C}k,, whose restriction to
C1K, 1 contains the representation Jbz So, by uniqueness of Py (Theorem

= 1.
6.4), we get that pg, is isomorphic to (p%)z. By Clifford’s theorem the induced
representation

. 1K ~
indzpy,) Py,

is irreducible. This proves the theorem. [ |

Remark 6.1. Given that every irreducible constituent of ind%ﬁbl) Y has the
form ﬁ% and induces an irreducible representation of K, we have constructed the
primitive representation of K of level n + 1.

Theorem 1.1 summarizes the constructions of the primitive representations
from Theorems 6.1, 6.3 and 6.5 for K = U(1,1)(0O). Recall that these representa-
tions only appear in level n 4+ 1, when n is even (Propositions 4.1 and 4.2).

7. Dimensions and numbers of primitive representations

Recall that we are setting A, = O/P" for n € N. The involution * on O induces
naturally involutions on the rings A, , which are also denoted by *. We set A7
for the set of symmetric elements in A,,. If m is a real number, we write |m] to
indicate the integer part of m. If H is a subgroup of a group G, we denote by
(G : H) the index of H in G.

Proposition 7.1.  The cardinality |K/K,| of the quotient group K/K, is given
by
(g = Dg* (g +1), if x =1id,

‘K/Kn| - n+tl
(¢ = 1) 12 (g + 1), if x #id.
In order to prove the proposition above, we first show:

Lemma 7.2.  Let (A,,*) be the involutive ring described above. Then

(i) The cardinality of the set of symmetric elements A: of A, is q" if the
imvolution s trivial, and anTHJ otherwise.

(i) The cardinality of the set of all invertible symmetric elements AX N (A,)° of
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A, is (g —1)g" ! if the involution is trivial, and (q — 1)anTAJ for the other
case.

Proof. (i) Since O = Op|w], P = Pp + Pr|w| and * belongs to the Galois
group of the extension E/F, we get O° = Op. So, for any even integer i with
0<i<mn—1, we get that the set of symmetric elements in P?/P*! is P /PLt.
On the other hand, for an odd integer ¢ with 0 <7 < n — 1, we observe that the
set of symmetric elements in P?/P™* is PL/Pi if x = id, and {0} otherwise.
From here, the cardinality of symmetric elements in O/P™ is ¢" if the involution
is trivial and anTHJ for the other case.

(ii) follows from (i) using that A, is a local ring. [

Proof of Proposition 7.1. Since the natural map from K to the group
SL;1(2, A,) is surjective and its kernel is K,,, we only need to compute the cardi-
nality |SL; " (2, 4,)| of SL;*(2, 4,). To do this, we consider the group SL, (2, 4,,)
acting on Moy (A,) by left multiplication. In order to compute the cardinality of

b) of SL;'(2, A,) has either

: 1 :
the orbit of ( ) , we observe that every matrix (Z J

0

a or c invertible. Setting

01:{((1) EM(Q,An):aEA,XL,ueAZ},
ua

Oy = {(“C) eM(z,An):ceA;,ueA;—A;},

C

we claim that the orbit Orbg-115 4, ((1)) is the (disjoint) union of O; and O,.

In fact, the first column (CCL) of a matrix in SL;'(2, A,) satisfies a*c = c*a. So,

1 1

either ca™ is symmetric if a is invertible or ac™" is symmetric. Thus we can write

. . . 1\ .
¢ =wua or a = uc, where u is symmetric, which implies that Orbg; -1, 4, (0) is

contained in the union O; U Oy. On the other hand, if (uaa) € Oy, where a is
invertible and u is symmetric, we can observe that

();( Pl) (1) and ( Sl) SL-1(2, A,).
ua ua  a 0 ua  a

Then O is contained in OT’bSL;I(Q’ A) ((1)) Similarly, OTbSLQI(Z An) <(1)> contains

O, and our claim follows. By using Lemma 7.2, we compute the cardinalities of
1

O, and O, to get that the cardinality of OTbSL;l(ZAn) <O> is (¢— 12D (g+1)
or (¢— 1)q"+LnTHJ‘2(q +1) according to whether x* is trivial or not. Finally, we see
that the isotropy group has cardinality ¢" if * = id and anTHJ otherwise. From
here, our proposition follows. [ |
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For the theorems below, we will denote by p, the primitive representations
of K of level n+1 independent of how they were constructed. We keep considering
n=2r-+1orn=2r.

Theorem 7.3.  Let E be a ramified quadratic extension of a non-archimedean
local field F', O s the ring of integers of E and x is an element of the Galois
group Gal(E/F) of E/F. We set by = w"b. Then

(i) If K =SL(2,0), i.e., x is trivial, the dimensions of the primitive represen-
tations py, of K of level n+ 1 are given as follows:

e [f the characteristic polynomial of by has different roots in O/P , then
dim p, = (¢ + 1)q".
e If the characteristic polynomial of by over O/P is z*, then

¢ -1
9

n—1

dim p, = q

e [f the characteristic polynomial of by has no roots in O/P, then
dim p, = (¢ — 1)¢".

(i) If K = U(1,1)(0), i.e., * is nontrivial, the dimensions of the primitive
representations p, of K of level n+ 1 with n = 2r are given as follows:

e [f the characteristic polynomial of by has different roots in O/P , then
dim p, = (¢ + 1)q".
e If the characteristic polynomial of by over O/P is z*, then

¢ -1
9

r—1

dim p, = q

e [f the characteristic polynomial of by has no roots in O/P, then
|782) -1

dim p, = (¢ — 1)¢°

Proof. The proof will be achieved by cases according to the division made in
the construction of the primitive representations.

e Firstly, suppose that = is trivial and n = 2r + 1, or x is nontrivial and
n = 2r, where r is odd. In these cases we have that

Py = indyy,) Y.

Then the dimension dim indg(wb) np of py is the index (K : Cg(bo)Kyt1),
which will be computed by cases:
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1. If the characteristic polynomial of by has two different roots, we see

that Cg(bg) consists of matrices in K of the form:

c 0
0 ¢ )"

Then (Cg(bo)Ky,y1 : Krr1) = (¢ — 1)¢" for both involutions. So, by
using Proposition 7.1, it follows that

. KK, ¢ g+1), *=id,
dim mdg(wb) Ny = ( +1) = {

(Cr(bo)Krir - Kosr) | gr(g+1),  *#id.

. If the characteristic polynomial of by is %, Cgk(by) is the group of

matrices in K of the form:

()

Hence if * = id, we get (Cg(bo)K,y1 : K,11) = 2¢"". On the
other hand, if x # id, we see that (Ck(bo)K,+1 : K,11) is equal to

r+1

2qL 2

th%ﬂ = 2¢""!. Hence (from Proposition 7.1) we get that

dim ind wy) M6 = { 2

. Finally, if the characteristic polynomial of by has no roots in O/P, then

Ck(by) is given by

Ck(by) = {(dce CCZ) e M(2,0) : cc* —dd*e" = 1} ,

where € € Op is such that € is a nonsquare in Og/Pgr. We need, as
above, to compute (Cg(bo)K,+1 @ K1) = (Ck(bo) : Cr(bo) N Kyg1).
To do this, let § be a square root of € in some extension and we set L =
E(5). We define the automorphism  of L given by (c+dd)t = c*—d*o
and an epimorphism N from L to E by N(c~|—d5) (c+dd)(c+do)t.
It follows from definition that N(aﬂ) (a)N(ﬁ) for any «, § in L.
Setting O = O + OF and P = P + P§, we observe that Ck(bo) is
isomorphic to the group Mjs of elements a € O such that N(a) = 1

via
< ¢ d) — ¢+ do.
de c

Then we have (Cg(bg) : Cx(bo) N K1) = (M : MsN(1+P)). If we put
h = O/P, we note that O/P = h(8), and hence Ms/Ms N (1 + P)
is isomorphic to the group of elements o in O such that N (o) =
Nyn(@) = 1. Then

(Cr(bo) : Crc(bo) VK1) = (My : MsN (14 P)) =q+ 1.
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We now compute (Cg(by) N K; : Cx(by) N K;41) for a positive integer
i > 1. Let a be an element in Ms N (1 +P), then o = 1+ ¢+ dd.
Since N(a) =1 we have

1=N(a)=1+ (c+dd)+ (¢" —d*6) mod P

If x =1id, we get that ¢ = 0 and d is arbitrary. On the other hand, if
x is nontrivial and ¢ is even, ¢ = 0 and d is arbitrary. Finally, if ¢ is
odd, we see that c is arbitrary and d = 0. Then

(M50 (1+P) s Ms N (14 P™H) =g,

and (Ck(bg) : Cx(bo) N Ky11) = (¢ + 1)q". Therefore, we have that

. (q—=1)g* ™, »=id
dim mdj[f(wb) nYy = '
(¢—1q",  =#id.

e Suppose that x =id and n = 2r, or * # id and n = 2r with r even.

1. If the characteristic polynomial of by has roots in O/P, then the
primitive representations are of the form indg, (bo) 16, (WGp) , where w is a
linear character of T" (1) determined by a linear character of T (v) /K,
and ¢, = mdg;"g;((:g)&(%) So, we get

Aim indf gy, () = U Coc(bo) ) (K, < Hy).

We compute that dim(, = (K, : H,) = ¢ for both involutions. Since
the characteristic polynomial of by, has different roots, we observe in
both cases that (Ck(bo)K, : K,) = (¢ — 1)¢""'. Then, as above, we
have that (K : Ck(by)K,) is (¢ + 1)¢"* if x = id and (¢ + 1)¢"!
otherwise. Hence

(q+1)g", if*=id,

dim ind¢ g 5. (WG) =
Crelbol (g+1)g", if x #id.

2. Assume now that the characteristic polynomial of by is 2?. If * = id,
the index (Cg(bo) K, : K;) is 2¢". On the other hand, if * # id, then
(CK(bO)Kr : Kr) = 2qr—1‘ So

(®*=1) n—2 . s
K: Kr 5 4 ) if x = lda
(K : Cx(bo)K,) = ( ) _ { 2

WDgr=2 if x £id.

Therefore we see that

—(qQ_l)q"_1 if * = id,

dimind%_ e (WG) =14 2 |
& (bo) Ky (‘JQT—I)qrfl’ if % £ id.
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3. Finally, if the characteristic polynomial of b has no roots in O/P. Then
the primitive representations of level n+ 1 are of the form indjlf(wb) ﬁ%

So the dimension dim indf,) pg is the index (K : T (1)), which was
computed in (7).

Thus the proof follows.

We now prove:

Theorem 7.4. Let E be a ramified quadratic extension of a mon-archimedean
local field F', O is the ring of integers of E and * is an element of the Galois
group Gal(E/F) of EJF. We set by = w"b. Then

(i) If K = SL(2,0), i.e., % is trivial, the number of inequivalent primitive
representations p, of K of level n+ 1 is given as follows:

e [f the characteristic polynomial of by has different roots in O/P, then

(¢—1)° n—1

Number of p, = 5 4

e If the characteristic polynomial of by over O/P is x*, then
Number of py, = 4q".

e [f the characteristic polynomial of by has no roots in O/P, then

¢ -1
9

n—1

Number of p, =

(i) If K =U(1,1)(O), i.e., x is nontrivial, the number of inequivalent primitive
representations p, of K of level n+ 1 is given as follows:

e [f the characteristic polynomial of by has different roots in O/P, then

(q — 1)2 n—1

Number of p, = 54

o If the characteristic polynomial of by over O/P is x*, then
Number of p, = 4¢" 131,
e [f the characteristic polynomial of by has no roots in O/P, then

q2 - 1 T
Number of py = Tq’"ﬂﬂ’l.

Proof. We will prove the theorem by cases according to the division made in
the construction of the primitive representations.
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e We suppose that * is trivial and n = 2r + 1, or * is nontrivial and n = 2r,
where 7 is odd. In these cases (see Theorem 6.1), the primitive representa-
tions of K of level n + 1 are of the form:

po = Ind7y, s e

Every irreducible representation of 7' (1) containing 1, has the form 7,
where 7 is a character of Ck(by) such that n=1 on the group Cg (bo)NK, 1.
Then, we only have to compute the number of different characters ¢, of K,
and the number of characters n of Cx(by) such that n = 1, on Cg (bg)NK,41.
So:

1. Suppose that the characteristic polynomial of by has different roots.
The number of different characters v, of K, ; is the number of con-
jugacy classes of b in G_,,/G_, such that @w™"b has characteristic poly-
nomial with different roots. So: if * = id, the number different char-
acters v, is %qr. On the other hand, if % # id, this number of is

"=l Now the number of characters 1 of Cg(by) such that n = 1,
on Cg(by) N K,y is:

q—1
<5 4

(Ck(bo) : Cre(bo) N Kry1) = (Cre(bo) Kpya : K1) = (¢ — 1)q"

for both involutions. Therefore, the number of primitive representations

(q — 1)2 n—1
2 1T

2. We assume that the characteristic polynomial of by is 2. The number
of conjugacy classes of b such that w"b has characteristic polynomial
22 is 2¢" for * =id, and 2¢'2) otherwise. We also compute that

of K of level n+ 1 of this kind is

2¢" Tt for x =id,

(Cr(bo) : Cr(bo) N K1) = , .
2q", ifx#£id.

Hence, the number of primitive representations of K of level n + 1 in

this case is 4¢™ or 4¢" T2} according to whether * is trivial or not.

3. Finally, suppose that the characteristic polynomial of by has no roots in
O/P. The number of conjugacy classes is q;quT if ¥+ =id and qg—lq@_l
in the other case. On the other hand, by proof of Theorem 7.3, we get
that (Ck(boy) : Cx(bo) N K,41) = (¢ + 1)q" for both involutions. Then
we see that

29 . : :
—q21q" ! if x = 1id,

the number of p, = ¢ B
%q"ﬂﬂ*l if x #1id.

e We assume that * =id and n = 2r, or * # id and n = 2r with r even. As
above, we will compute by cases:

1. Suppose that the characteristic polynomial of by has two roots in O/P.
By Theorem 6.3 each primitive representation of K of level n + 1 has
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the form ¢ = indg( w(p, where ¢, = 1ndT(wb wb and w is a linear

character of T (1) determlned by a character of T (p) /K, ie.,

T (4y) G = ind( ) 4
Cx(bo)H, s
Kr-i-l 1/){,

As before, the number of characters ), is the number of conjugacy
classes of b € G_,,/G_, such that the characteristic polynomial of by
has two roots in O/P. This number is ’lg—lqr_l for both cases. Now,
each character v, determines ¢ extensions (.

On the other hand, the number of linear characters w of T (v,) deter-
mined by the characters of T (¢) /K, is the index (Cx(b)K, : K,.) =

(g —1)¢"! for both involutions (as in (7)). Then the number of primi-

(g—1)?

5 g*! for both cases.

tive representations of level n + 1 is

. We now suppose that the characteristic polynomial of by is z2. The

number of conjugacy classes of b € G_,,/G_, with z? as characteristic

polynomial is 2¢" for * = id and 2¢lz)=! for the other case. Now we
observe that each character ¢, has ¢ extensions (. On the other hand,
the number of linear characters w determined by characters of T (1)
is, as above, the index (Cg(b)K, : K,) = 2¢" for both involutions. So
the number of primitive representations of level n 4+ 1 of this type is
4¢"™ or 4¢" 2] according to whether = is trivial or not respectively.

. Finally, when the characteristic polynomial of by has no roots in O/P,

the representations p, = indrfp( Jb were constructed in Theorem 6.5

considering an extension wb of wb to Cy K,p1 = (Ck(bo) N K1) Ky,
and

K Py = 1nd T(s) p 7
T () P,
G K, P,

Cl r+1 1/}b
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The number of characters ,, as before, is the number of conjugacy
classes of b € G_,,/G_, such that the characteristic polynomial of by
has no roots in @/P. This number is %q'”_l for x = id and ‘S—qu%J’l
in the other case.

For each character vy, there are (Cy K,.1 : K,41) = ¢" extensions
”Jb of v, for both involutions. By Bushnell-Frohlich Theorem 6.4 and
the construction above, for each character zzb, there exists a unique
irreducible representation Py, of C; K, containing Jb and for each one
of them, the number of extensions p- to T'(¢s) is the index (T (¢) :
Ci; K,) = ¢+ 1. Since one induces the irreducible representation ﬁ{[b
from T (¢») to K, we see that

2
=1 _n—1 _
=—=q for * = id,

The number of p, = .
gl ke £id.

°—1
2

This finally completes the proof. [ |
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