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Abstract.  We define root graded Lie superalgebras and study their connec-
tion with centerless cores of extended affine Lie superalgebras; our definition
generalizes the known notions of root graded Lie superalgebras.
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0. Introduction

Motivated by a construction appearing in the classification of finite dimensional
simple Lie algebras containing nonzero toral subalgebras [23], S. Berman and
R. Moody [12] introduced the notion of a Lie algebra graded by an irreducible
reduced finite root system. This notion was generalized to Lie algebras graded by
a locally finite root system and well studied through a variety of papers; recognition
theorems for root graded Lie algebras are found in [12], [7], [22], [4], [8], [25] and
their central extensions have been studied in [3], [4] and [26]. Roughly speaking,
a root, graded Lie algebra is a Lie algebra which is graded by the root lattice of an
irreducible locally finite root system R and contains a locally finite split simple
Lie algebra whose root system is a full subsystem of R. One of the important
phenomena in the study of root graded Lie algebras is their interaction with other
classes of Lie algebras such as invariant affine reflection algebras [21](see also [I],
[6] and [19]); more precisely, the main ingredient in constructing an invariant affine
reflection algebra is a root graded Lie algebra [21) §6].

There have been two different approaches to define root graded Lie superal-
gebras. One is working with Lie superalgebras which are graded by the root lattice
of a locally finite root system and satisfy modified properties of a root graded Lie
algebra [22]; the other one is working with a Lie superalgebra £ containing a basic
classical Lie superalgebra with a Cartan subalgebra H with respect to which £ has
a weight space decomposition satisfying certain properties [9]. In fact in the latter
case, L is graded by the root lattice of the root system of a basic classical Lie super-
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algebra. Root systems of basic classical Lie superalgebras are exactly generalized
root systems introduced by V. Serganova in 1996 [24]. Generalized root systems
are called finite root supersystems in [27] where the author introduces locally finite
root supersystems and gives their classification. Locally finite root supersystems
which are extended by abelian groups appear as the root systems of specific Lie su-
peralgebras named extended affine Lie superalgebras [28]. The so called core of an
extended affine Lie superalgebra is a Lie superalgebra satisfying certain properties
which are in fact a super version of the features defining a root graded Lie algebra.
This motivates us to define root graded Lie superalgebras in a general setting. Our
definition is a generalization of both mentioned notions of root graded Lie superal-
gebras. In a series of papers, G. Benkart and A. Elduque studied Lie superalgebras
graded by finite root supersystems C(n), D(m,n), D(2,1;a), F(4), G(3), A(m,n)
and B(m,n); see [9], [10] and [11]. We give a recognition theorem for Lie super-
algebras graded by the locally finite root supersystem of type BC(I,.J).

This paper has been organized as follows. In the first section, we gather
some preliminaries. In Section 2, we recall extended affine Lie superalgebras and
their root systems. Root graded Lie superalgebras are defined in Section 3. We
then realize extended affine Lie superalgebras using root graded Lie superalgebra;
this can be considered as a first step of constructing extended affine Lie superalge-
bras. We begin Section 4 with a subsection devoted to some information regarding
the locally finite Lie superalgebra ospg(1,.J). This will be followed by a subsection
devoted to the study of finite dimensional ospg(m,n)-modules; the material of
this subsection is used to prove our recognition theorem for BC(I,.J)-graded Lie
superalgebras. In the last subsection of Section 4, we study BC(I,J)-graded Lie
superalgebras.

1. Preliminaries

Throughout this work, we take Zy = {0, 1} to be the unique abelian group of order
2 and F is a field of characteristic zero. Unless otherwise mentioned, all vector
spaces are considered over F. We denote the dual space of a vector space V' by
V*; and for a nonempty subset X of V, by spanyX, we mean the subspace of V'
spanned by X. We denote the degree of a homogenous element v of a superspace
by |v| and make a convention that if in an expression, we use |v| for an element v
of a superspace, by default, we have assumed v is homogeneous. For a superspace
V, by Endg(V), we mean the superspace of linear endomorphisms of V. If A is
an abelian group, we denote the group of automorphisms of A by Aut(A) and
for a subset X of A, by (X), we mean the subgroup of A generated by X. Also
we denote the cardinality of a set S by [S|; and for two symbols 4, j, by ¢, ;, we
mean the Kronecker delta. We use W to indicate the disjoint union and ~ to
indicate isomorphism. For amap f: A — B and C C A, by f |., we mean the
restriction of f to C. Finally, we denote the center of a Lie superalgebra G by
Z(G).

Definition 1.1.  Suppose that G is a Lie superalgebra and A and I' are two
additive abelian group.
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(i) The Lie superalgebra G = Gy @ Gy is called a A-graded Lie superalgebra
if there is a family {G* | A € A} of subsuperspaces of G such that G = @, G*
with [G*,G*] € GM* for A, € A. In this case, for i € Zy, we have G; = @, G
in which G} := G;NG* (A € A). The subset suppaG := {\ € A | G* # {0}} of
A is called the support of G with respect to the A-grading.

(ii) We say a A-grading {G* | A € A} and a '-grading {"G |y €T} on G
are compatible if for each v € I', 7G = @ ea?G” in which for A € A, "G* :=7GNG*.

Lemma 1.2.  Suppose that A is an additive abelian group and G = ®rcaG a
A -graded Lie superalgebra. Then Z(G) is a A-graded subsuperalgebra.

Proof.  Suppose that « € Z(G), then z = ), _, 2 with 2* € G* for A € A.
Now for each € A and y € G#, 0 = [z,y] = > ,c,[2",y]. This implies that for
each A € A, [z*,9] = 0. But p and y are arbitrary, so we get that 2* € Z(G) for
each A € A. Next suppose z € G*N Z(G) for some A € A. Then x = zq+ x; with
zo € Gy and z1 € Gy. So as before, we get that [z1,y] = [xq,y] = 0 for each y € G;
(i € Zy). This in turn implies that xo and z; € Z(G) and so we are done. [

Definition 1.3.  Suppose that G is a Lie superalgebra. We say a superspace M
together with a bilinear map - : G x M — M is a G-module if

Gi- M; C M,y
[z,y]-a=2-(y-a) = (=1)Wly - (- a)

for x,y € G, a € M and i,5 € {0,1}. Submodules are defined in a usual manner.
Following [13, Def. 1.1], by a G-module homomorphism from a G-module V' to a
G-module W, we mean a linear map ¢ : V — W satisfying

o(xv) =zp); v € G, veV.

Monomorphisms, epimorphisms and isomorphisms are defined in the usual sense.
The following lemma is easily verified:

Lemma 1.4.  Suppose that G is a Lie superalgebra and V' is a G-module. Then
we have the following:

(i) The superspace U := Uy @ Uy where Uy := Vi and Uy := Vj is a G-
module isomorphic to V.

(i1) If V' is irreducible and as Go-modules, Vo % Vi, then each isomorphism
from V' to a G-module W is homogeneous as a linear map.

2. Extended affine Lie superalgebras and their root systems

In this section, we recall the notions of extended affine Lie superalgebras and
extended affine root supersystems from [28]. We prove Lemma which is
essential for the study of root graded Lie superalgebras. In the sequel, by a
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symmetric form on an additive abelian group A, we mean amap (+,-) : AXxA —F
satisfying

e (a,b) = (b,a) for all a,b € A,
e (a+0b,¢c)=(a,c)+ (b,c) and (a,b+c) = (a,b) + (a,c) for all a,b,c € A.

In this case, we set A° := {a € A | (a,A) = {0}} and call it the radical of the form
(-,-). The form is called nondegenerate if A° = {0}. We note that if the form is
nondegenerate, A is torsion free and we can identify A as a subset of Q ®7 A. In
the following, if an abelian group A is equipped with a nondegenerate symmetric
form, we consider A as a subset of Q ®z A without further explanation. Also if
A is a vector space over [, bilinear forms are used in the usual sense.

We recall that by a supersymmetric bilinear form on a superspace V, we
mean a bilinear map (-,-) : V x V — F satisfying (v,w) = (=1)/"I*l(w,v) for
v,w € V. A bilinear form (-, -) on a superspace V' is called evenif (V;,V;) = {0} for
i,] € Zo with 7+ 5 = 1. We also recall that a bilinear form on a Lie superalgebra
(L,[,]) is called invariant if ([z,y],z) = (z, |y, 2]) for z,y,z € L.

We call a triple (£, H, (+,-)) a super-toral triple if

o L = Ly® L is a nonzero Lie superalgebra, H is a nontrivial subalgebra
of Ly and (-,-) is an invariant nondegenerate even supersymmetric bilinear
form (-,-) on L,

e L has a weight space decomposition £ = @,eq+ LY with respect to H via the
adjoint representation; we note that as Ly as well as £ are H-submodules of
L, we have Ly = @pepr(Lo)* and L1 = Baep+(L1)* with (L£;)* := L; N LY,
1=0,1,

e the restriction of the form (-,-) to H x H is nondegenerate.

Wecall R := {a € H* | L* # {0}}, the root system of L (with respect to H ). Each
element of R is called a root. We refer to elements of Ry := {a € H* | (Lo)™ # {0}}
(resp. Ry = {a € H* | (£1)* # {0}}) as even roots (resp. odd roots). We
note that R = Ry U Ry. Suppose that (£, H,(-,-)) is a super-toral triple with
corresponding root system R and take p : H — H* to be the function mapping
h € H to (h,-). Since the form is nondegenerate on #H, the map p is one to one.
So for each element « of the image HP of H under the map p, there is a unique
to € H representing « through the form (-,-). Now we can transfer the form on
H to a form on HP, denoted again by (-,-), and defined by

(@, ) = (tastp) (v, € HP). (1)

It is proved that if for a« € R; \ {0} (¢ € {0,1}), there are z, € (£;)* and
T_q € (L£;)~% such that 0 # [x,,x_,] € H, then « is an element of H* [28 Lem.
3.1].

Definition 2.1. A super-toral triple (£ = Lo @& L1, H,(-,-)) (or L if there is
no confusion), with root system R = Ry U Ry, is called an extended affine Lie
superalgebra if
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e (1) for each a € R;\{0} (i € {0,1}), there are z,, € (£;)* and z_, € (L£;)™®
such that 0 # [z4,7_4] € H,

e (2) for each a € R with (o, ) #0 and = € L*, adx : L — L is a locally
nilpotent linear transformation.

An extended affine Lie superalgebra (L£,H,(-,-)) is called an invariant affine
reflection algebra [21] if £, = {0} and it is called a locally extended affine Lie
algebra [19] if £, = {0} and £° = H. Finally a locally extended affine Lie
algebra (L, H,(-,-)) is called an extended affine Lie algebra [1] if LY = H is a

finite dimensional subalgebra of L.

Suppose that (£, H, (-,)) is an extended affine Lie superalgebra with root
system R. It is proved that for @ € R; (i = 0,1) with (a,«a) # 0, there are
ea € (L)Y, fo € (L;)“ such that (eq, fo, ha = @ff—g)) is an sly-super-triple in the
sense that

[eom fa] = hom [houea] = 26&7 [hon fa] = _2fa-

Moreover, the subsuperalgebra G(«) of G generated by {ea, fa,ha} is either
isomorphic to sly or to 0spp(1,2) depending on ¢ = 0 or ¢ = 1; see [28, Lem.’s 2.2
& 3.6].

Definition 2.2.  Suppose that (£, H,(:,-)) is an extended affine Lie superal-
gebra with root system R. The subsuperalgebra L. of £ generated by L% for
ac{BeR|(B,R)#{0}} is called the core of L. The quotient Lie superalgebra
L./Z(L.) is called the centerless core of L.

Example 2.3. A finite dimensional basic classical simple Lie superalgebra L is
an extended affine Lie superalgebra with £ = L..

By [28, Cor. 3.9], the root system of an extended affine Lie superalgebra is
an extended affine root supersystem in the following sense.

Definition 2.4.  Suppose that A is a nontrivial additive abelian group, R is a
subset of A and (-,-) : A x A — F is a symmetric form. Set

RY:=RnNA°,

R* = R\ R,

R ={a€R|(a,a) #0}, R, =R U{0},
RX,:={a e R\ R | (a,a) =0}, R,s:= R U{0}.
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We say (A, (+,), R) is an extended affine root supersystem if the following hold:
(S1) 0€ R, and (R) = A,

(S2) R=—R,
(S3) fora€ R and B € R, 2(c, B)/(a, ) € Z,

(root string property) for o € R}, and [ € R, there are nonneg-
(S4) ative integers p, ¢ with 2(8, «)/(a, a) = p — ¢ such that
{B+ka|keZyNR={8—pa,...,[+qa},

(S5) for « € R,s and 5 € R with (o, 8) #0, {8 —a,B+a}NR # (.

If there is no confusion, for the sake of simplicity, we say R s an extended affine
root supersystem in A. Each element of R is called a root. Elements of R,.. (resp.
R,.s) are called real (resp. nonsingular) roots. An extended affine root supersystem
R is called irreducible if R* cannot be written as a disjoint union of two nonempty
orthogonal subsets. An extended affine root supersystem (A, (-,-), R) is called a

locally finite root supersystem if the form (-,-) is nondegenerate; see [27, Lem.
3.10].

Example 2.5. Extended affine root systems [I] and invariant affine reflection
systems [21] are examples of extended affine root supersystems. Also a generalized
root system [24] is a locally finite root supersystem.

Definition 2.6.  Suppose that (A, (-,-), R) is a locally finite root supersystem.

e A subset S of R is called a sub-supersystem if the restriction of the form to
(S) is nondegenerate, 0 € S, for « € SN R, B € S and v € SN R, with

(8,7) #0, ra(B) € S and {y = 8,7+ B} NS #0.
A sub-supersystem S of R is called full if spangS = Q ®z A.

o If (A, (,-), R) is irreducible, R is said to be of type 1 if spangR,. = Q®z 4;
otherwise, we say it is of type 2.

o If {R' | i € I} is a class of sub-supersystems of R which are mutually
orthogonal with respect the form (-,-) and R\ {0} = Wi (R'\ {0}), we say
R is the direct sum of R’s and write R = @;c1R".

e The locally finite root supersystem (A, (-,-), R) is called a locally finite root
system if R,s = {0}; see [16].

We have the following straightforward lemma; see [27, Lem. 3.20]:

Lemma 2.7. If {(X;,(-,")i,S:) | © € I} is a class of locally finite root super-
systems, then for X := @1 X; and (-, ) = Bicr(, )i, (X, (+,7), S :=UierSi) is a
locally finite root supersystem. Also each locally finite root supersystem is a direct
sum of irreducible sub-supersystems.
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Definition 2.8. (i) Two irreducible extended affine root supersystems (A4, (-, )1, R)
and (B, (-,+)2,.5) are called isomorphic if there is a group isomorphism ¢ : A — B
and a nonzero scalar r € F such that ¢(R) = S and (a1, as2)1 = r(p(a1), ¢(az))s2
for all ay,as € A.

(ii) Suppose that (A, (-,-), R) is an extended affine root supersystem. The
subgroup W of Aut(A) generated by 7., a € R, is called the Weyl group of R;

we note that for o« € RX and a € A, (S1) and (S3) imply that 2(a,«)/(a,a) € Z

and so 1, : A — A mapping a € A to a — 2((5’5))04 is a group automorphism.

Theorem 2.9 ( [16, §4.14, §8] and [27, Lem. 3.21]).  Suppose that T is a
nonempty index set and U := B;erZe; is the free Z-module over the set T. Define
the symmetric form

(,):UXxU—TF; (,¢;) =06;,, fori,jeT
and set

Ar={e—¢ |i,5 €T} if|T| > 1,
DT:{:E(Q:*:E])lZ,]GT, Z%j} Zf|T|>2,

Br = {*e,+(ci+¢) |i,j €T, i #j}, (2)
Cr = {:i:?ei,:lz(ﬁi + €j> ’ i,j €T, i # ]}7
BCT = BT U CT.

These are irreducible locally finite root systems in their Z-spans. Moreover, each
irreducible locally finite root system is either an irreducible finite root system or
an infinite locally finite root system isomorphic to one of these locally finite root
systems.

We refer to locally finite root systems listed in as type A, D, B,C and
BC respectively. We note that if R is an irreducible locally finite root system as
above, then (a,a) € Z7° for all a € R\ {0}. This allows us to define

Ry, :={a € R* | (a,a) < (B,0); forall § € R},
Rez =RN QRS}L and ng = R* \ (Rsh U Rex)
R,«ed = {0} U Rsh U ng.

The elements of Ry, (resp. Ry, Re, and R,.q) are called short roots (resp. long
roots, extra-long roots and reduced roots) of R. We point out that following the
usual notation in the literature, the locally finite root system of type A is denoted
by A instead of A, as all locally finite root systems listed above are spanning sets
for F ®z U other than the one of type A which spans a subspace of codimension
1.

We make a convention that if a locally finite root system R is the direct
sum of subsystems R;, where ¢ runs over a nonempty index set I, for *x €
{sh,lg,ex,red}, by R,, we mean Ujc;(R;)..

Theorem 2.10 (|27, Thm. 4.28]).  Suppose that T,T" are index sets with
|T|,|T'| > 1 such that |T| # |T"| if T, T" are both finite. Fiz a symbol o* and pick
to €T and py € T'. Consider the free Z-module X = Za* ® BrerZe, B Bperr Lo,
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and define the symmetric form

(L) XxX-—F

(o, ) =0, (a*, &) == 1,(a*, d,) =1
(o, €) =0, (a*,dy) =0 teT\A{to},q €T \{po}
(€t,0p) =0, (€1, €5) = .5, (0p, 0g) = —0pq t,s€T,p,qgeT".

Take R to be R..U R, as in the following table:

type Rye R,
A(0,7) {et —es | t,s €T} tWa*
C(0,7) {t(es L €s) | t,s €T} +Wa*
AT, T | {es — €5,0p, — 04 | t,5 € Typ,q € T'} | £Wa*

in which W is the subgroup of Aut(X) generated by the reflections r, (a €
R, \ {0}) mapping f € X to B — 2(((5’5))@, then (A := (R),(+,") |axa, R) is an
irreducible locally finite root supersyste/n of type 2 and conversely, each irreducible
locally finite root supersystem of type 2 is isomorphic to one and only one of these

root supersystems.

We recall that for an irreducible finite root system R in an additive abelian
group A with a root base A := {ay,...,as}, setting V := Q ®z A, each element
of the basis {w1,...,w;} of V satisfying 2(w;, ) /(as, u) = 6,5, 1 < 4,5 < L, is
called a fundamental weight of R (with respect to A).

Theorem 2.11 ([27, Thm. 4.37]).  Consider the following:

e n e {23} and (X1,(-,)1,51), .., (Xn, (-, )n, Sn) are irreducible locally fi-
nite Toot systems.

e X =X @ ®X, and (,/) =, )1 DD (-, )

e W is the Weyl group of the locally finite root system (X, (-,-),S = S; @&
<D Sy).

o for 1 <1 < n, identify X; with a subset of Q ®z X; in the usual manner
and define Lu; ’s as following:

(i) If S; is one of infinite locally finite root systems By, Cr, Dy or BCr
as in (@, by wi, we mean €1, where 1 is a distinguished element of T.
(11) If S; is one of the finite root systems {0, a} of type Ay or {0, £a, £2a}

of type BCy, we set wi = %a.
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(iii) If S; is a finite root system of rank ¢ > 2, we take {wi,...,wi} C
Q ®z X; to be a set of fundamental weights for S; (see [27, Prop.
2.7)).

e Consider 6* and R := R,. U R}, as in the following table:

n | S; (1<i<n) Ryre 5* RX. type

2 | §1 = Ay, So=A, (L2t S1 @ S wi + w? +Ws* A4, 0)

2 | S1=Br, S2=BCp (ITLIT'[>2) S1 @ S wi + wi W™ B(T,T")
2 | S1=BCr, S =BCr (ITLIT'| > 1) S1 @ Sa wi + wi W™ BC(T,T")
2 | S1=BCr, So =BCy (IT|=1,]T"|=1) S| ® So 2wi + 2wy Wé* BC(T,T")
2 | S1=BCr, S =BCr/ (IT|=1,]T"| > 1) S1 @ Sa 2w] + wj W™ BC(T,T')
2 | S1=Dr, S =Cp (IT[>3,]T']|>2) S1 @ S wl + wi We* D(T,T)
2 | S1=Cr, So=Cp (ITLIT'[ > 2) S1 @ Sa wi + wi Wé* C(T, T")
2 | Sy = Ay, So = BCOr (|T|=1) S1 @ So 2w1 + 2wy Ws* B(1,T)
2 | Sy =A;, S = BCr (|T] > 2) S1 @ Sa 2wl + wi We* B(1,T)
2 | Sy =Ay, So=Cp (IT| > 2) S1 @ Sa wi + wi Wé* C(1,T)
2 | Sy = Ay, So = B3 S1 @ Sa wi + ws Ws* AB(1,3)
2 | S = Ay, So = Dp (|T]| > 3) S1 P S wi + wi W™ D(1,T)
2 | S, = BCy, So = By (|T| > 2) S1 @ So 20wl + w? Ws* B(T, 1)
2 | Sy = BCy, Sy = Go S1 & S 2w + wi We* G(1,2)
3 | Sy =Ay, So= Ay, S3= A, S1®S2®S3 | wl +wi+wd Wé* D(2,1,\)(A # 0, —1)
3 | Sy = Ay, So = Ay, S3:=Cp (|T] > 2) S1®S2®S3 | wi +witwi Ws* D(2,T)

e For 1 <i < n, normalize the form (-,-); on X; such that

(1) (67,67) =0,
(ii) for type D(2,T), (wi,wi)1 = (w,wi)s-

Then ((R), (") l(ryx(r), R) is an irreducible locally finite root supersystem of type
1. Conversely, if (X,(+,-), R) is an irreducible locally finite root supersystem of
type 1, it is either an irreducible locally finite root system or isomorphic to one of
the locally finite root supersystems listed in the above table.

Moreover, locally finite root supersystems in the above table are mutually
non-isomorphic except for the ones of type D(2,1,\). More precisely, For A\ u €
F\ {0,—1}, D(2,1,\) is isomorphic to D(2,1,p) if and only if A\, are in the
same orbit under the action of the group of permutations on F\ {0,—1} generated
by a— ot and a— —1 — a.

Lemma 2.12.  Suppose that (L, H, (-,-)) is an extended affine Lie superalgebra
with irreducible root system R. Set V := spangR and denote the induced form on
V again by (-,-); see . Take V° to be the radical of the form. Suppose that
VY — V= V)V is the canonical projection map and take R to be the image of
R under the projection map “~ ”. Denote by (-,-), the induced form on V, then
we have the following:

(i) (A:=(R), (-, )| ixa, R) is an irreducible locally finite root supersystem.

(ii) There is a triple (V, R, {Sa}scp) in which

o V is a subspace of V with V =V & )V°,

e R - V and R is a locally finite root supersystem (in its Z-span) isomorphic
to R; in particular, R,. is a locally finite root system,

o for each ¢ € R, Sy is a nonempty subset of V° such that
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- R= UaeR(d + Sd)7

. ) . (Rre>red ZfR is Of type 1,
OGSafor&E{R if R is of type 2,

— if Ry, # {0} and R is of type X # A(L, 0),C(T,1"),C(1,T), then for
all &, B € (Rre)sh, Sa = Sg; also for all &, B € (Rye)igU Ry, Sa = S,

— if Rys # {0} and R is of type X # A((,0),C(T,T'),C(1,T), setting
S =8, for some & € (Rye)sn and F = Sy for some 5 € Ry, we get
that F is a subgroup of V° and

S—25CS S+FCS and 25+ F CF.

Proof.  Using the same argument as in [27, Lem. 3.10], one can see that R,
is locally finite in its F-span in the sense that it intersects each finite dimensional
subspace of spangpR,. in a finite set. So using Lemmas 3.10, 3.12 and 3.21 of
[27], we get that R is an irreducible locally finite root supersystem in its Z-span.
Also using [27, Lem. 3.5]; we get that R,. is a locally finite root system and the
restriction of the form (-,-) to V,. := spanyR,. is nondegenerate. Therefore we

have

the restriction of the form (-,-) to Vg := spangR;. is nonde- (3)
generate.

Since R,. is a locally finite root system, by [17, Lem. 5.1], it contains a Z-linearly
independent subset 7' such that

WrT = (Bre)jeg = Bre \ {20 | 0 € Ry}, (4)

in which by Wy, we mean the subgroup of the Weyl group of R,. generated by
rg for all @ € T. On the other hand, we know that there is a subset II of R such
that II is a Z-basis for span,R; see [29, Lem. 1.17]. This allows us to define the
linear isomorphism

Q: spanQR — Q ®z spang R

mapping @ to 1 ® & for all € II. Now suppose that R is of type 1, then
¢(spang R,.) = spang (1 ® R,.) = Q @ spany R = ¢(spangR)

which in turn implies that spanQR = spanQRm. Therefore, spanQR = spangT’
and so spany R = spang7’. But T is Z-linearly independent and so it is Q-linearly
independent. We now prove that 7' is F-linearly independent. Suppose that
{aq,...,a,} CT and {ry,...,r,} CF with > 1"  r;a; = 0. Take {a; | j € J} to
be a basis for Q-vector space F. For each 1 < i < n, suppose {r! | j € J} CQ is
such that r; =3, ; rJa;. Then for each & € T, we have

n n

2(q, ) i 2(ag,a) i2(a;, @)
0227’@' ((65,07)_) IZZQ% ((07,07)_) :Z;ri (<@ 64)_>aj'

i=1

2(5"‘"})7 € 7, we get that for each j € J and a € T,

Since =%
(a,&

n n

O rla,a) =) rl(a,a)=0.

i=1 i=1
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So by , S Ja; = 0 for all j € J. But T is Q-linearly independent and so

zlz

r7 =0 forall 1 <i<n and j € J. This means that
T is F-linearly independent. (5)

Next suppose that R is of type 2 and fix o* € R,. Using a modified version
of the above argument together with [27, Lem 3.14] (see also [27, Lem. 3.21]), we
get that

TU{a*} is F-linearly independent. (6)

For each element a € T, we fix a preimage & € R of o under ~ and set

K — {a|aeT} if R is of type 1,
' {a|aeT}u{a*} if Ris of type 2.

We have using [27, Prop. 3.14] to gether with that V = spanpK. Therefore
settlng Vo= = spanyp K and using and @, we get that V = V @ V°. We set

—{aeV|IoeVW iatoe R} then R is a locally finite root supersystem in
1ts Z-span isomorphic to R. Also since K € RN R, —K C RN R. So taking Wk
to be the subgroup of the Weyl group of R generated by the reflections based on
real roots of K, we have

(R..)%, if Ris of type 1,

C 5 — . _
Wk(£K) S RNR and  +WkK {RX if R is of type 2.

We finally set Si := {0 € V| &+ 0 € R} for & € R. Then R = U _p(d + Si)
and
(Rre),«ed R is of type 1,

R R is of type 2.

Other assertions in the statement follow from the same argument as in Claims 3,4
of the proof of Theorem 2.2 of [29]. ]

OESdforo'zE{

3. Root graded Lie superalgebras
Definition 3.1.  For a locally finite root supersystem R of type X. Set
{a € R, |20 ¢ R} U{0} if X # BC(T,T")

RD =
Ry \ (R2)an if X = BC(T,T") and R,. = R!, ® R?,

and
Rl =R \ RQ.
We call elements of Ry (resp. Ry) even (resp. odd) roots.

We note that for a locally finite root supersystem R, Ry is a locally finite
root system.

Definition 3.2.  Suppose that (A4, (-,-), R) is a locally finite root supersystem
and A is an additive abelian group. A Lie superalgebra £ = Ly @ L; is called an
(R, A) -graded Lie superalgebra if
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e the Lie superalgebra £ is equipped with a (R)-grading £ = ®ac(r L,
e the support of £ with respect to the (R)-grading is a subset of R,
[ ] ,CO = ZQGR\{O}[ﬁa’ £—a],

e the Lie superalgebra £ is equipped with a A-grading £ = ®ycx*L which is
compatible with the (R)-grading on L,

e there is a full subsystem ® of R such that for 0 # o € @, there are
0#£ecLNLY and 0# f €°LNL ™ such that k, :=[e, f] € Lo\ {0} and
for 8 € R and z € LP, [ky, 2] = (8,a)z. We call {ky | « € @\ {0}} a set of
toral elements and refer to ® as a grading subsystem.

An (R, A)-graded Lie superalgebra L is called fine if for i = 0,1, the
support £; with respect to the (R)-grading is a subset of R;; also it is called
predivision if for a € R\ {0} and A € A with *£* := AL N L # {0}, there
are e € *L* and f € AL such that k := [e, f] € Lo\ {0} and for 8 € R
and z € LP, [k,z] = (B,a)r. An (R,{0})-graded Lie superalgebra is called an
R-graded Lie superalgebra.

Lemma 3.3.  Suppose that (A, (-,-), R) is a locally finite root supersystem and
A an additive abelian group. If G = @acr Poer °G* is an (R, A)-graded Lie
superalgebra with a grading subsystem @, then so is G/Z(G). Moreover, if G is
predivision, then G/Z(G) is also predivision.

Proof.  Since the center Z(G) of G inherits the gradings on G (Lemma [1.2)),
for « € R and o € A, we have
G+2(9) (G +2(G) _ 9"
Z(9) Z(9) Z(9)

and that

G  G+2(G) Gi+2(G) 7G>+ Z(G)
720°- z0 © zo - D " zg

a€R,oEN

More precisely, G/Z(G) is equipped with compatible (R) and A-gradings. Now
we prove that Z(G) C G°. For this, we suppose a € R\ {0} and show that
G*N Z(G) = {0}. If G* = {0}, there is nothing to prove, so suppose G* # {0}.
Since spang® = Q ®z R, for each § € R, there is a nonzero integer n with
nB € span,®. This together with the fact that the form (-,-) is nondegenerate
on A = spanyR, guarantees the existence of an element v € ® with («,~) # 0.
Suppose that k. is a toral element of G corresponding to 7. For each 0 # x € G,
we have [k,,z] = (o,7)r # 0, so x € Z(G). This shows that G* N Z(G) = {0}.
To complete the proof, it is enough to show if e € *G* and f € ~*G~* for some
a € R\ {0} and A\ € A with k := e, f] € Gy \ {0} such that [k,z] = (5, )z
for 3 € R,x € G°, then k & Z(G). So consider o, \, e, f and k as above. Since
a # 0, as before, there is 3 € ® with (a, 3) # 0. Now for 0 # y € °G?, we have
[k,y] = (B, @)y # 0. This shows that k ¢ Z(G) and so we are done. ]
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Lemma 3.4.  Suppose that (L, H, (-,-)) is an extended affine Lie superalgebra
with irreducible root system R. Keep the same notation as in Lemma and
set A = (UgsepSa). Then the core L. of L is a predivision (R,A)-graded Lie
superalgebra. Moreover, if R® C Ry, then for i = 0,1, the support (L.); with
respect to the (R)-grading is R;.

Proof. We note that for each root o € R, L is a Zy-graded subspace, so L.
is a Zs-graded subalgebra of £. Moreover, we have

Lo= Y it N [gtte, L),
GERX ,0ES, GERX ,0E€S4,TES_4

Therefore, we have

where

'Cc)a = ZO’GS@} 'Cd+g (O*/ S Rx)g )

ﬁc)o = ZaERX Zaesd ZTES [ﬁaJrU £7Q+T]v

E)() Eoﬂﬁc and (L )1—£1ﬂ£c,

( Q) = ZﬂeRX Eﬁ“"‘z,@’em ZUES [Lma L~ BHA— a] (/\ e A).

>~~~

These define compatible (R) and A-gradings on £.. Now set

& (Rm),«ed if R is of type 1
TR if R is of type 2.

We know from Lemma - that ® C R. Now for & € ® \ {0}, since £ is an
extended affine Lie superalgebra, by [28, Lem. 3.1], there are e € L% = 9(L,)*
and f € L7 = °(L,)~% such that [e, f] = t4 (we recall t; from Section [2)).
Therefore, for € (L)’ € LI (B € R, A € A), we have

[ta,x] = (ﬁ +A)(ta)T = (tgyn ta)T = (B + N\ d)r = (B, Q).

Now assume R° C Ry, then using the same argument as in [28, Prop. 3.10], one
gets that

oﬁ’aERm and2a§ZR then & 4+ S; C Ry,
01fozERX and?aER then 2a + Sy C Ry,
OIfOéER;;S, then & + S4 C Ry,

° 1fa€RX and & + o € Ry for some o € S, then & + 7 ¢ Ry for all 7 € S,.
| (7
Now the result easily follows if R is not of type BC(T,1T"), B(T,1T"), B(1,T), B(T,1)
and G(1,2). So we just consider these mentioned types. From the classification ta-
ble of Theorem [2.11} we know that for types BC(T,T"), B(T,T"), B(1,T), B(T, 1)
and G(1,2), R, has two irreducible components R!, and R?, and that R, =
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(R,,_e)sth(R .)sn- We also recall from Lemma-that S =25, forall & € (Rre)sh,
and F' = 54, for all B e ng U Rys, satisfy S + F = S. Considering (|7]), to com-
plete the proof we just need to show that if {i,j} = {1,2}, {r,s} = {0 1} and
&+ 0 € R, for some & € (Rl and o € S, then

(Rl)w+SC R, and (Rl )g+SCR,.

So suppose that & + o € R, for some & € (R,)en and 0 € S. By (7), & +7 € R,
for all 7 € S. Fix 8 € (R,)s, and 7 € S. Set a := & + 7 € R, and pick
eq € L2 and e_, € L% such that [e,, e o] = t,. We know that for each ( € F,

y:=f—a+ (€ R, and that [e_o, £7] C Eé;fd_T”LC = {0}, so we get

{0} # (v, )L" = [ta, L7]
- Hea’ 6—04]’ ‘C’Y]

= [eow [e—m ‘CWH - (_1)T[e—a7 [ea’ /*’M/H
= —(=1)"[e—a;[ea; L7]]

which implies that {0} # [eq, £7] C 551{ ¢ Therefore,
B+7+CeR, (reS CeF).
But S+ F =S, so we have 3 + n € R for n € S. This means that
(Rl)sh + S C R,

Finally using the same argument as above, we get that (Ri )y + S C R,. This
completes the proof. [ |

Lemma 3.5.  Suppose that

o (A, (), R) is a locally finite root supersystem with the decomposition R =
Dje JRY) into irreducible sub-supersystems,

A is a torsion free additive abelian group,

G =Go®G1 = Drer Dy "G is an (R, \)-graded Lie superalgebra with a
grading subsystem P,

T :={ks | € ®\{0}} is a set of toral elements,

e (-,-) is an invariant nondegenerate even supersymmetric bilinear form on G.

For & € ®\ {0}, fix eq € °G* and fs € °G~% such that ks = [es, fa]. Then
we have the following:

(i) Take {04Z | i€ I} C® tobe such that {kg, | i € I} is a basis for spangT.
If 4 € ®Y) .= RO NS, for some j € J, then ks € spang{ka, | i € I, € ®U)}.
Moreover, if {r; | i € ]} C F with ks Zlel rika,, we have § = ZZE] ridy €
F®z A (here we identify A as a subset of F @y, A) in particular, for B € R,

é:T—)E
ko r (6, 8) (a €\ {0})
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15 a well-defined linear function.
(i) G has a weight space decomposition with respect to T' with the set of
weights contained in {3 | B € R}.

(iii) Suppose that G is centerless. Assume that ¥ € R\ {0} and that there
are e € GV and f € GV such that 0 # k := [e, f] satisfies

k2] = (3,d)z (z € GP).

If {rira | & € Q\{0}} C Z\{O} and 1y = 3 im0y Tats then mh = 37, i 1y Takas
in particular, k € T and (e, f) # 0.

(i) Suppose that G is centerless. Assume that v € R\ {0} and that there
are e,x € G and f,y € G such that t := [z,y] and k = [e, f] satisfy

t,z] = (B,d)z and [k 2] = (8, &)z (z € G).
Then t =k and (x,y) = (e, f).

Proof. (i) The form (-,-) induces the F-bilinear form
(-, )p: (FRzA) x (F®y A)—F defined by (r@a, s@b)g:=rs(a,b); r,s € F, a,beA.
This is a nondegenerape symmetrlc bilinear form satisfying
(span, R span, R9))g = {0} for i,j € J with i # j
(see |27, Lem. 3.21]). Since span@q) Q ®z R and spany R = @]stpanZR(J

get that o o
spany®V) = spany RV
Suppose that 7 € J and § € dU). Let Uy ey n, jl,...,jm € [ are such that
Qs Gy q;(a)7 Qs Qi & dW) and ks = rlkaz + - —i—rnkaln + slk% +
-+ Symks, ~for some ry,...,7r,, s1,...,s, € F. For B e dU )\ {0}, we have

GP # {0} and for 0 # x € G#, we have

= [k"wx]

= [rika;, + -+ ks, +sika; o+ smka,, 7]

= rilka;,, 7]+ +7”n[k‘mn ]+ silka,, 7]+ + sk, 2]

= T1<di175jx + o+ Tn<din7 5):1: + 51(0631, 5)% + - Sm(djma ﬁ).’E

= rl(di1a/6)x+ +Tn(azn76)x

= (ri6, + -+ rod,, B)rx
This implies that 4 = ridy + -+ + rpdy, as the form (-,-)p on spanpRY) =
spany®V) is nondegenerate. Now we claim that k; = rike,, + 0+ + rakg,, . To
show this, it is enough to prove that (ks — (riks,, + -+ ke, ), k) = 0 for all
B e\ {0} as the form is nondegenerate on 7. Assume 3 € &\ {0}, then

(ky = (rikas, + - k), kg) = (ky = (rika,, +- +7“n/faz ):leg, f31)
(ks — (le: + -t raka, )76 I, f )

(Y = ricu, + -+ mady,, ) (eﬁvfﬁ)
0(6ﬁ7 fﬁ) = 0.
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This completes the proof. _ o

(it) We know that G = @;.,G°. If © € G (B € R), we have [ks, ] =
(B, ¢)x = B(ks)x for all & € &\ {0} and so we have [t,z] = B(t)x for all t € T.
So G has a We~ight space decomposition G = @, Rg(ﬁ) with respect to 7" in which
for € R, GV =g~. A A

(i) We know G =35 1 G” and that for all a € G% (§ € R),

[rk — Z roka,al = r(8,%)a — Z re(B, é)a
aed\{0} aed\{0}
= (/8.77“’3/— Z Tddja: 0
acd\{0}
This means that rk — > b\ {0} reks 1s an element of the center of G and so it is
zero, i.e. vk = Zae«b\{o} rqke; in particular, £ € T. Now to the contrary, assume

(e, f) = 0, then for each & € @\ {0},

(k, ks) = ([e, fl, ka) = (e, [f. ka) = (@, 5)(e, f) = 0.

This contradicts the fact that the form on T is nondegenerate.
(iv) As G is centerless, it is immediate that ¢ = k. We shall show that
(e, f) = (z,y). Since ¥ # 0, there is & € & with (&,%) # 0. Now we have

(e, /)(¥, ) = (. &e, f) = ([ka, €], f) = (ka, [e, f]) = (ka, k) (k. ka)
= (K [ea fal)
= (lkveal o
= (1, d4)(ea fa)-
This implies that (e, f) = (e, fa). Similarly (z,y) = (eq4, fa). This completes the
proof. [ |

One knows from [2] that affine Lie algebras are extended affine Lie algebras
of nullity one. Affinization is a process to get an affine Lie algebra starting with a
finite dimensional simple Lie algebra over C. To get an untwisted affine Lie algebra
G, one forms the tensor product of a finite dimensional simple Lie algebra G with
the Laurent polynomials in one variable and then adds some central elements as
well as some derivations. The centerless core of Q is the Lie algebra ¢ ® (C[til]
which is in fact a Z-graded Lie algebra. In general, the centerless core of an
extended affine Lie algebra is an (R,Z")-graded Lie algebra satisfying certain
properties for some finite root system R and a positive integer n. Conversely, if
R is an (R,Z"™)-graded C-Lie algebra satisfying these certain properties, adding
two n-dimensional vector spaces C' and D to K, one can impose a nondegenerate
bilinear form on K ® C' @ D such that C' and D have bases which are dual with
respect to this form. Then K & C' & D will be an extended affine Lie algebra
with centerless core K; see [I, Ch. III]. But one can identify C' with C ®z Z"
and D with C*. This motivates us to extend affinization process to get a so-
called extended affinization. More precisely, in [B, §7], we consider the tensor
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product of an invariant affine reflection algebra G and a so-called predivision
unital commutative associative A-graded algebra A, then we add V = F® A
and a certain dual of V to G ® A to get another Lie algebra. In the following
theorem, we show that for a locally finite root supersystem R and an abelian
group A, an (R, A)-graded Lie superalgebra L satisfying specific conditions is the
centerless core of an extended affine Lie superalgebra; in fact, we add V := F®7z A
and a certain dual V' of V to £ and then equip £ ® V @ V! with a Lie bracket
and show that this is an extended affine Lie superalgebra with centerless core L.
Theorem 3.6.  Suppose that (A,(-,),R) is a locally finite root supersystem
and A is a torsion free additive abelian group. Suppose that G = @ren Pacpp AGe,
together with the Lie bracket [-,-],, is a centerless (R, A)-graded Lie superalge-
bra, with a grading subsystem ®, equipped with an invariant nondegenerate even
supersymmetric bilinear form (-,-). Suppose that

o for \,p€ A with \+pu#0, (*G,*G) = {0},
e the form is nondegenerate on the span of a set of toral elements of G,

o for A€ A with *G? == G,N*GNG° £ {0} (i =0,1), there are e € *G? and
f € 72GY such that [e, f], =0 and (e, f) # 0,

o for & € R\ {0} and X\ € A with *G* == G;:N*GNG* # {0} (i =0,1),
there are e G‘)‘Qf‘ and f € G such that k = [e, f]; € Go \ {0} and
k,x], = (B,d)x, for € R and x € GP,

then G is isomorphic to the centerless core of an extended affine Lie superalgebra.

Proof. Set V := F ®; A. Identify A with a subset of V and fix a basis
{Xi|i €I} CA of V. Suppose that V' is the restricted dual (see [I8, Example
1.3.1]) of ¥V with respect to this basis. We suppose {d; | i € I} is the corresponding
basis for V1. Consider d; (i € I) as a derivation of G mapping = € *G to d;(\)z
for all A € A. Set

L:=GaVeall

and for z,y € G, d € VI and v € V @ V', define

deg(v) :=0, [d,z] =—[z,d]:=d(\)z, (8)
[‘C7V] = [V7‘C] = [VT7VT] = {0}7 [l’,y] = [may]g + Zzel(dz(x)ay))‘z

We next extend the form on G to a bilinear form on £ by

WV, V) =WV =(V,G) = (V',G) := {0}, (9)
(v,d) = (d,v) :=d(v), deViveV.

Then £ = Lo @ Ly, where Ly := Gy ®V ® V' and L, := G, together with the
Lie bracket [-, -] is a Lie superalgebra and (-, -) is an invariant nondegenerate even
supersymmetric bilinear form.
For & € @\ {0}, we fix e € °G* and f; € °G~% such that ks = [e4, fa]
and that the form on
T := spang{ks | & € &\ {0}}
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is nondegenerate. We next set
H=ToVae)

and note that the form restricted to H is nondegenerate. We identify H* with
T* @ V* @ (V)* in the usual manner. We also consider A € V as an element of
H* by Mt+v+d)=d\) for t €T, v €V and d € VI. We know that

=Y Y gieve v and L£;=) ) ‘g

AGA OLER >\€A OlER

For i€ {0,1}, teT, veV, de Vi, feR, )\eAanda:E’\Qf, we have using
Lemma [3.5](éi) that

[t +v+da] = [ta], +[d2] = (B+ Nt +v+d),
[t+v+d,VeV]=/{0},

so for « = 0,1, £; has a weight space decomposition with respect to H with
the set of weights {B +A | B e R )€ A, AQB # {0}}. Now suppose i € {0, 1},

B e R, \e A with ﬁ+/\7é0 and £B+’\ {0}. If B # 0, there are 66)‘(]6
and f € G, ? such that k : = le.flg € Go\ {0} and for z € G' (¥ € R),
[k, 2], = (B, 4)z. But since SpanQ<I> = Q®z spanZR there is a nonzero integer
r € Z such that rf = D acd\fo) Talt- SO k‘. . Za@\{o} roke €T by Lemma
This implies that [e, f] € H \ {0}. Also if 3 =0, take e € *G? and f € G such
that [e, f]; = 0 and (e, f) # 0, then [e, f] = (e, f)A € H \ {0}. Therefore there
are e € LT =267 and fe £;77 =G 77 with 0 4 [e, f] € .

Now take R to be the root system of £ with respect to H and suppose
d € Rand A € A with @« + A € R If @ = 0, then it is easy to see that
tz1» = A in which ¢z, as before is the unique element of H representing & + A
through the form (-, ). Also if & # 0, we fix e € AGY and f € G« such that
for k == [e, f] € Go \ {0} and for all z € G’ (f € R) [k,2] = (&, ()z. Then
considering Lemma , it is easily verified that ¢z, = (e, f) "'k + A. Now it
follows that R® = RN A and R* = {ﬁ + M| B e R Ne NG £ {0}}. We next
show that adz is locally nilpotent for z € *G% = Ea“ (& € R* and X € A with
a&+A€R). Let veV and d e Vi, then adr(v) = 0 and if X = 0, adz(d) = 0.
Next suppose that A # 0, then we have

2
=
B
B,

(adz)*(d) = —A(d)(adz)*(z) = —A(d)

= M)z, [z,2],], € G> = {0}.

Also for ﬁ € R, peANandye ngGs , since R is a locally finite root supersystem,
{k&+p | k € Z}NR is a finite set. Fix a positive integer N such that for m > N,
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ma+ B ¢ R. If X =0, we have (adz)" (y) = (ad,z)N(y) € GNa+8 = {0} in which
ad, denotes the adjoint representation of G. If A # 0, we choose a positive integer
n > N such that nA + p # 0, then

(adz)"(y) = (ad,z)"(y) + > _(di(x), (adyz)" " (y)) A

el

= (ad,z)"(y) € "9 = {0}.

Therefore adz is locally nilpotent. Thus (L, (-,-),H) is an extended affine Lie

superalgebra with root system R = {8+ A | B € R, A € A,*G? # {0}}. We now
show that £./Z(L.) is a Lie superalgebra isomorphic to G. We know that

Lo= Y 2G4+ > Y PG4rg e cgaV.
GERX AeA GeRX AuEA

Take II to be the restriction of the canonical projection map £ — G to L.
with respect to the decomposition £ = G &V & Vi, Since G* C L. for all
& € R\ {0} and G° ZQGR\{O}[Q G~%),, T is surjective. Also if z € G and

v €V are such that =+ v € Z(L.), then [z +v,G% = {0} for all & € R\ {0}. So
[z,G%], = {0} for all & € R\ {0}. Then it follows that « € Z(G) = {0}. Therefore
Z(L.) = L.NYV = kerIl. This implies that £, is isomorphic to G. (]

4. BC(I,J)-graded Lie superalgebras

4.1. The locally finite Lie superalgebra ospp(I,.J). For two disjoint nonempty
index sets I, J, suppose that {0,2,7,| ¢ € TUJ} is a superset with |0| = |¢| = || =0
for e € I and [j| = |j] =1 for y € J. Take u to be a vector superspace with a basis
{v,]v€ TUTUJUJU{0}} and

|v,| ;= J|; € TUTUJUJU{0}

in which by I (resp. J), we mean {7 |2 € I} (resp. {7] 7€ J}). Take (-,-) to be
the supersymmetric bilinear form (-,-) on u defined by

(vo,v0) =1, (v, v,) := 0, (v7,v5) :== 0, (v,,v7) = (—1)"“]‘(1)]—, v,) =0, (10)
for 2,9 € TU J. Now for 3,k € {0} UTUTUJUJ, define

ep U — U v, 00, (e{0UTUTUJUJ). (11)
Then _ -
glg(, J) :=spang{e,; | 3,k € {0 UTUITUJUJ} (12)
is a Lie subsuperalgebra of Endp(ut). For A = Z a,,6,, € glg({,J), define
1,9€lWJ

the supertrace of A to be str(A) := Zze{O}UIUfUJUJ<_1)Maw; we note that it is
well-defined as a,,’s are nonzero for at most finitely many index 2. Suppose that
v €{1,—1}. For i = 0,1, take

(A))i = {s € glp(l, )i | str(s) =0 and (su,v) = (=11 (u, sv), Vu,v € u}
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and set
Ay = (Ay)o © (A
We next put
g=A 4 and s:=A. (13)
One knows that g is a Lie subsuperalgebra of Endp(u). Set
b :=spangp{he, di |t € I, k€ J} (14)

in which for t € I and k € J,
hy :=eyy —erp and  di = epr — €
and for + € [ and j € J, define

€:h—F d,:h —TF
hi = 0,4, di — 0, hy =0, dy — 0,

in which t € I and k € J. Then u is a g-module equipped with a weight space
decomposition u = Byen, u® with respect to b, where

A, ={0,%¢,£d, |vel,ge J} (15)

with
U’ = Fuy, u® =Fo,,, u s =Fuy, uv = Fu,,, u % = Fo;

for » € I and y € J. Also for v € {1,—1}, A, is a g-module having a weight space
decomposition with respect to . Taking R (resp. As) to be the set of weights of
A_y (resp. A;) with respect to b, we have

R = {%xe,, £(e, £ €5), £0,, £(6, £6,), £(e, £0,) | 1,5 €1, p,g € J, 7 # s},
Ay = {£e,, £(e £ €5), £0,, £(6, £6,), £(er £0,) | 7,5 €1, p,g € J, p#q}.

(16)
Moreover, for r,s € I, p,q € J, r # s and p # ¢, we have

(Ay) = spang(ero + veor), (Ay) = = spang(ero + Y€os),
(Ay)oT = spang(ers +ves),  (Ay)"77% = spang(ers + 7es,),
(Ay) ™% = spang(e, s + Y€s5,7), ('A’Y)%r = spang0, 1€z,

(A,) 2 = spangd, 1€, (A,)?r = spangd, 1€, 5,
(A,)"% = spangd,, 15, (A,)%T0 = spang (e, g — Vepg),
(A,)~% % = spang(epq — Veqp), (Ay) 7% = spang(eyq +Veqp),
(A,)% = spang(eop — vepo), (A,)~% = spang(eop +Yep0);
(Ay)r % = spang(er; + vepr),  (Ay) "% = spang(er, — Yeps),

(.A,Y)”—‘sp = spang(e,, — Yepr), (Aﬁ,)_“*‘sp = spang(er 5 + Yepr ).
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In the literature, g is denoted by ospgp(1, J) (or ospg(m,n) if I, J are finite
sets with cardinalities m, n respectively) and referred to as an orthosymplectic Lie
superalgebra. We also refer to g as the split locally finite Lie superalgebra of type
B(I,J) (or B(m,n) if [I| =m and |J| = n) and say b is the standard splitting
Cartan subalgebra of g. We also refer to the g-module u as the natural module of
g and to the g-module s as the second natural module of g. We take

g = gNspang{e,, |2, € TuTu{0}} and g, = gNspang{e,, | 2,7€ JU J}.

Then g, (resp. g.) is a locally finite split simple Lie algebra of type By
(resp. C';) with splitting Cartan subalgebra spang{h, | + € I} (resp. spang{d, |
g € J}) and corresponding root system {0, +e,, (¢, £ ¢,) | 2,7 € I, 1 # 3} (resp.
{0,£26,,£(6, £0,) | p,q € J, p # q}); see [20]. Moreover,

s, = {z € s Nspang{e,, | 2,7 € TUTU{0}} | tr(zx) =0}
is a g,-module and
50 = {.I' ecsnN Span]F{ez,] | 1,] € JU j} | tT(Jf) = O}

is a g.-module. We mention that ¢r(z) in these expressions is well-defined as x
is a linear combination of finitely many e, ,’s. We finally note that if

~ 1 1
|[I|=m, |J|=n and J: Z e”—i—%Ze“,

- 2m +1 _
1€{0}UIUT WE€JUT

then we have
S50 =5, Ds, DFJ. (17)

Example 4.1.  Suppose that F = C. For 3,k € {0} UTUTUJU J, we recall

e,r and glp(Z,J) from and and for T = Zj’kr],ke],k € glg(1,J), set
T:=5 .k Tk k, where © 77 denotes the complex conjugate. Now set

Li={X €glp(l,]); | (Xv,w) =—(=1)XIP (v, Xw);Vo,w € u}; i =0,1,
L=LyD Ly,
H :=spang{h; == ey — e, dp = epp — €55 [t €L, k€ J}

We note that £ Nspang{e,x | 3,k € {0} UTUTUJUJ} ~ ospg(I,J). For v € I
and jy € J, define

&:H—R §,:H—R
ht’_>67,7t7 dp — 0, hy — 0, dk'_>5],k;, (tGI,kE,]).

One can see that with respect to ‘H, £ has a weight space decomposition

L =@, L with the set of weights

R = {&é,, £(& £ é5), 10, 2(6p £0,),2(¢, £ 6,) | 7,5 €I, p,g € J}

and for r,s € [ and p,q € J with r # s and p # q,
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Lér = spang{i®(e, o0 — (—1)%07) | @ = 0,1},
L6 = spang{i®(er,0 — (—1)%€o,) | « = 0,1},
L2 = spangie, r,

L 2€r = spangies,,,

20 = spangey 5,

L2 = spangep p,

[irté = spang {i®(e, s — (—1)%s ) | @ = 0,1},
L7 =% = spang{i“(ers — (—1)%s,) | @ = 0,1},
Lé=¢ = spang{i®(e,s — (—1)%s7) | a = 0,1},
Lo = spang{i®(ep.g — (—1)*legp) | @ = 0,1},
L0008 — spang{i®(epq — (—1)*Tlegp) | @ = 0,1},
L% =spang{i®(e,, + (=1)* ez ;) | a = 0,1},
Lo = spang {i®(eo,5 + (=1)*"ep0) [ = 0,1},
L0 = spang{i®(eo,p — (=1)**'ep0) | = 0,1},
L&F0 = spang{i®(epp + (1) lepr) [ a = 0,1},
Loivb = spang{i®(eny — (—1)*ep,) |0 = 0,1,
L= =spang{i®(erp — (-1)*Flepr) [ = 0,1},
L4 = spang{i®(e; 5 + (=1)*te, ) | a = 0,1}

It is easy to see that the Lie superalgebra £ := 3" oo L%+ > px[LY L7 is
a BC(I,.J)-graded Lie superalgebra with grading subsystem R\ {42¢, | 2 € I}.

To get the structure of a BC(I, J)-graded Lie superalgebra £, we shall write
L as a direct union of subsuperalgebras each of which is graded by a finite root
supersystem of type BC(m,n), for some positive integers m,n. The components
of the mentioned direct union are compatible in some sense. To study these
compatibilities, the following straightforward proposition plays an important role.

Proposition 4.2.  Use the same notation as in §3 and suppose that I' C I, J' C

J. Consider and @ and take
R := RN spang{e,,0p |1 € I',5€ J} and S := As N spang{e,, 0, |1 € I',7€ J'}

as well as

G = @ fs <) Z 6% 9% and S := @ 5% P Z g¥-s @

aceR\{0} aceR\{0} aeS\{0} aeS\{0}

Then we have the following:

(i) G is a Lie subsuperalgebra of g isomorphic to ospg(I',J").

(i1) Consider s as a G-module, then S is a G-submodule of s isomorphic
to the second natural module of G.
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(i1i) Suppose that V' is a g-module isomorphic to g and set

@ Ve Z ga Ve,

a€R\{0} a€R\{0}

then W is a G-module isomorphic to G.
(iv) If K is a g-module isomorphic to s, then

@ K@ Z ga LK@

aeS\{0} aeS\{0}

1s a G -module isomorphic to the second natural module of S.
(v) Set I'y := {0, %€, £6, | v € ',y € J'}. If U is a g-module isomorphic

to u, then
® e Y v
ael'1\{0} ael'1\{0}

is a G-module isomorphic to the natural module of ospy(I’, J').

4.2. Finite dimensional ospp(m,n)-modules.. In this subsection, we sup-
pose the field F is algebraically closed and gather some facts regarding finite di-
mensional orthosympletic Lie superalgebras. We keep the same notation as in the
previous subsection and suppose I = {1,...,m} and J = {1,...,n}. We denote
the set of gp-module homomorphisms from a gg-module X to a go-module Y by
homg, (X, Y).

Proposition 4.3.

¢ 7., then

= {0},

+1

homg, (g1 ® ug, S0
homyg, (g1 ® uo, 51

( ) {0}7 homgo (gl & Uyq, Sp
( ) = {0}, homg, (g1 @uy, 5,
homg, (g1 ® 50, u9) = {0}, homg, (g1 ® 51, U0
homg, (g1 ® S, u1) = {0}, homg, (g1 ® 51,1
homg, (g1 ® uo, go) = {0}, homg, (g1 ® u1, go
homg, (g1 ® ug, g1) = {0}, homg, (g1 ®@ w1, g1
homg, (g1 ® go, o) = {0}, homg, (g1 ® g1, o
homg, (g1 ® go, 1) = {0}, homg, (g1 @ g1,

—_ L L
It
]
——

Proof.  We first note that g; is a go-module isomorphic to uy ® u; and fix the
base

{61 —€2,...,€m—1 "~ €Em, Em, 61 - 627 s 75n—1 - 5n; 26%}

for the root system of go. With respect to this base, we denote the finite dimen-
sional irreducible go-module of highest weight A by V(A) and recall that

for two finite dimensional irreducible highest weight mod-

ules V/(A\) and V(p), V(A) ® V(p) is decomposed into

finite dimensional irreducible highest weight modules of (18)
highest weights of the form p 4+ X\ for some )\ in the set

of weights of V(\);
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see [14], Exercise 24.12]. We also recall that if V' is an irreducible g,-module and
W is an irreducible g.-module, then V ® W is an irreducible go-module.

homg, (g1 @ ug, 80) = {0} : Suppose that uy ® uy = ®_,V; is the decomposition
of the go-module uy ® uy into finite dimensional irreducible highest weight go-
modules. Now we have homg, (g1 ® 1, 59) ~ homg, ((1ty ® uy) ® Uy, S¢)

= homgo(@zzlvi ® 111,50)
®;—1 homg, (V; ® u1, s0)
EB;«:1 homgo (VZ ® ulvsc) @ EB;'qzl homgo (VZ ® 111,53) S5 @7{:1 homgo(vi @ uy, ]Fj)

12

12

If homg,(V; ® uy,s.) # {0} for some ¢, then there is a nonzero go-module
homomorphism ¢ € homgy, (V; ®uy,s,) # {0}. But V; ®u; and s, are irreducible,
so ¢ is an isomorphism. We note that the set of weights of s, as a gp-module
is {0,£(6, £ ;) | 1 < p # ¢ < n} while the set of weights of V; ® u; is a subset
of {£e, £,,xte, £¢,+£0, | 1 <12,7) <m,1 <p < n} which is a contradiction.
Using the same argument as above, we get that homg, (V; ® uy,s,) = {0} for all
1 <i<r. Alsoas dim(V; ® uy) > 1, there is no isomorphism from V; ® u; to FJ
and so homg, (V; @ uy, FJ) = {0}.

homg, (g1 ® uq,80) = {0} : Consider the decomposition u; ® uy = &5_,V; of the
g.-module u; ® uy into irreducible submodules. We have homgy, (g1 ® uy,80) =~
homgo (uo X (u1 & ul), 50)

~ homg, (B;_,u0 ® Vi, 50)
@le homgo (uO ® Vi,ﬁo)
@le hOngO (uU ® Viass) D @le homgo (uo ® ‘/;750) D @le homgo (U’O ® V;? Fj)

12

12

As before, since dim(up ® V;) > 1, there is no gp-module isomorphism
from uy ® V; to FJ, so homg,(uy ® V;,FJ) = {0}. Also the set of weights of
up ® V; nontrivially intersects {£d, £, £¢; | 1 < p,g < m,1 < j < n} while
the set of weights of gyo-module s, and the set of weights of go-module s are
{xe,£e, | 1 <1,5 <m} and {0,£(5,£9,) | 1 < p < ¢ < n} respectively. Therefore
homg, (up ® V;,8,) = {0} and homg,(uy ® Vi,s,) = {0}, forall 1 <i <s.

homy, (g1 ® $o,Up) = {0} : Suppose that u;®s_, = ®f_,V(n;) is the decomposition
of the g,-module u; ® s, into irreducible submodules and note that by ,
{ni|1<i<t} C{(01+0)x6,|1<p<mn}soforl<i<t n#D0.
Therefore, dim(V'(n;)) # 1 which in turn implies that dim(ug ® V' (1;)) # dim(uy).
In particular, since uy ® V' (n;) and ug are irreducible go-modules, we have

homgo(uo X V(m),uo) = {0}, 1 S ) S t. (19)

Next suppose that uy ® s, = &5,V (;) is the decomposition of the g,-module
Uy®s,, into finite dimensional irreducible highest weight submodules, then by ,
{011 <i < s} C{2,,2¢ ¢, | 1 <y < m}. Therefore, for each 1 <i <'s, the
set of weights of V'(6;) ® u; nontrivially intersects

{261 £0,,2¢1 £€¢,£0, | 1 <7< m,1<p<n}.
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So V(0;) ® u; is not isomorphic to uy or u; as the set of weights of ug is
{0,£¢, | 1 <y < m} and the set of weights of uy is {6, | 1 < p < n}; in
particular, since V(6;) ® uy,uy and uy are irreducible go-module, we have

homgO(V(Gi) &® Uy, 110) = {O} and homgo(V(é’i) &® Uy, 111) = {0} (20)

We also note that g; and uy as well as g; and u; are non-isomorphic irreducible
go-modules, so we get that

homg, (g1 ® FJ,u9) = {0} and hom,,(g; ® FJ,uy) = {0}. (21)

Now using —, we have

homyg, (g1 ® 50, Up) ~homg, (g1 ® 5, up) ® homg, (g1 ® s, u0) ® homgy, (g1 ® FJ, up)
~homg, ((1p ®5,) ® ug,ug) G homg, (ug ® (U1 ® s.,), o)
~homyg, (B5_1V (0;) @ uy,u0) & homg, (g ® BL_; V (1;), uo)
~@®7_; homg, (V(6;) ® u1, 1) & &}y homg, (uo ® V (1), uo)
= {0}.

homg, (g1 ® S0, u1) = {0} : For this, we first note that if

0 7é pe homgo(uo ® V(ni)7u1)7
then ¢ is an isomorphism and so dim(V(n;)) = 2n/(2m+ 1) € Z, a contradiction.
This together with and implies that

homyg, (g1 ® 50, u1) ~homg, (g1 ® 5,,u1) ® homg, (g1 ® 5,,u1) ® homg, (g1 ® FJ, uy)
~homyg, (1o @ 5) ® u1,u1) & homg, (U ® (U ®s.),u1)
=~ homg, (B7_1 V (6;) @ u1,11) & homg, (4o @ Bi_, V (1), 1)
~ @iy homg, (V(0;) @ w1, 1) & iy homgy (o @ V(n;), w1)
~®!_; homg, (uo ® V (1), u1) = {0}.
So considering the material of Section 3 of [I1], we are done using the fact that
51 is a gg-module isomorphic to the gy-module g;. ]

Recall and suppose that |I| = m,|J| = n. One knows that
II:= {51 — 02,02 — 03,...,0p_1 — Op, 0p — €1,€1 — €2, ..., Em_1 _Emaem}

is a fundamental system for the root system R of the finite dimensional basic
classical simple Lie superalgebra g with respect to the positive system

{6p £64,20,,0,,0, £ €,6, £€,6, | 1 <1 <g<m, 1 <p<qg<n}.

Set p = (1/2) X epr @ — (1/2) Xpepr @, where Ry (resp. R) is the set of
p081tlve even (resp. odd) roots and recall from [15] that the Casimir element I' of
gis Y8 (—1)#ilzat where {2; |1 <i <k} and {z° |1 <4 <k} are dual bases
of g with respect to the Killing form on g. We know from [I5] (2.2)] that

the Casimir element I' of g acts on the highest
weight g-module of highest weight A as (A, A+ (22)
2p)id
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where ¢ id 7 indicates the identity map. Moreover, up to a scalar product, we

have
m-—n if A=0;
(MA+2p) =1 —1—=2(n—m) if A =20, (23)

Using [13, Thm. 2.11] (see also [15, Thm. 8]), we get that the only nonzero
elements of
U:=RU{*2¢|1<1<m} (24)

which can be the highest weight for a finite dimensional irreducible g-module are

201, 01+ 02, 6 ifn>2
251, 51+€1, 51 ifn=1.

One knows that up to isomorphism, the only finite dimensional irreducible g-
module whose highest weight is 26; (resp. d1) is g (resp. u). Also up to
isomorphism, s is the only finite dimensional irreducible g-module whose highest
weight is §; + 09 if n # 1 and e¢; + 07 if n = 1. The following lemma and its
corollary are a slight generalization of a result of [T}, §3].

Lemma 4.4. Let n # 1 and consider . Suppose that X 1is a finite dimen-
stonal g-module equipped with a weight space decomposition with respect to b whose
set of weights is contained in V. Suppose that Y is an irreducible g-submodule of
X isomorphic to one of the g-modules g, u, s or the trivial module such that
X/Y s also an irreducible g-module isomorphic to one of the above g-modules,
then X is completely reducible.

Proof. For z € X, we denote the image of z in X/Y under the canonical
epimorphism ~: X — X/Y by z. Since Y and X/Y are finite dimensional
irreducible g-modules, they are highest weight modules. Suppose that A and
i are the highest weights of Y and X/Y respectively. We first suppose that
(M A+2p) # (u, p+2p). If r is an eigenvalue of the action of the Casimir element
I on X, then there is a nonzero x € X with I'z = rx, so 't = rz. This means
that either z = 0 or r = (u, 1+ 2p) by (22). In the former case, z € ¥ and
so 7 = (A, A+ 2p). Therefore, the only eigenvalues for the action of I' on X are
(A, A+2p) and (p, p+2p); in particular X = X, @ X, in which X, and X, are the
generalized eigenspaces corresponding to (A, A+ 2p) and (u, i+ 2p) respectively.
Since I' is a g-module homomorphism, X, and X, are g-submodules of X with
Y C X,, therefore, we have é = %@@ But the only eigenvalue for the action
of ' on X/Y is (u,p+ 2p), so X,/Y = {0}; i.e., X\ =Y is an irreducible g-
module. This also implies that X, ~ X/Y is an irreducible g-module. Therefore,
X = X, @ X, is completely reducible. This completes the proof in this case. So
from now till the end of the proof, we assume (A, A+ 2p) = (u, u + 2p). By (23)),
one of the following cases can happen:

e Y is isomorphic to X/Y,

e one of Y and X/Y is the trivial module and the other one is isomorphic to
u,
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e one of Y and X/Y is isomorphic to g and the other one is isomorphic to u,

e one of Y and X/Y is isomorphic to s and the other one is isomorphic to u.

Using the same argument as in [11, §3] together with Proposition we get that
in the first case, X is completely reducible and that the last three cases result
in a contradiction but for the convenience of readers, we carry out the proof for
one case. Suppose that Y is isomorphic to § and X /Y is isomorphic to u, then
by , m—mn=1-—2(n—m) and so 23111 ¢ Z. Consider X as a go-module,
then X, as well as X; are completely reducible Gy-modules and so for ¢ = 0,1,

there is a go-submodule Z; of X; with X; =Y, & Z;. Set 7 := Zy & Z; which
is a Zs-graded subspace of X. Since g-module X/Y is isomorphic to u, Z as a
go-module is isomorphic to u. So X =Y, ® Y] ® Zy P Z; is a decomposition of X
into go-modules with either Zy ~ uy and Z; ~u; or Zy ~u; and Z; ~ ugy. Since
by Proposition [4.3]

homgo (gl ® u0750) = {O}v homgo (gl ® u1750) = {0}7

hOIIlgo (gl ® 110,51) = {0}7 homgo (gl ® u1,51) = {0}7
it follows that for + = 0,1, g:4; C Z, and so gZ C Z. This together with the
fact that Z is a Z,-graded subspace of X implies that Z is a g-submodule of X.
Also as g-module X/Y is isomorphic to u, Z as a g-module is isomorphic to u.
Therefore, X is completely reducible. u

Corollary 4.5.  Suppose that X 1is a finite dimensional g-module equipped with
a weight space decomposition with respect to . If the set of weights of X is a
subset of W, then X is completely reducible such that its irreducible constituents
are isomorphic to one of g-modules g, s, u or the trivial g-module.

Proof. One knows that X has a composition series, say {0} = Xy, C X; C
Xo C---C Xy =X. Foreach 1 <1 <t, X; is an h-submodule of X and so
it inherits the weight space decomposition of X with respect to h. This implies
that the set of weights of X, is contained in ¥ and so the set of weights of the
irreducible g-module X;/X; ; is contained in W. Therefore, X;/X; 1 is a finite
dimensional irreducible g-module whose highest weight is an element of W; in
particular, it either is isomorphic to one of g-modules g, s, u or is the trivial
g-module. Now the result follows using Lemma [4.4] [ |

4.3. Structure of BC(I,J)-graded Lie superalgebras.. Throughout this
subsection, we suppose [ is an algebraically closed field of characteristic zero and
use the same notation as in Subsection [3} in particular, we recall g as well as s

from ([13)), b from (14)), A, from and R, A, from ([16). We set

U= {+e,t ¢, %6, £, £ 04, t€, 10, | 1€ 1, J} =RU{x2€ |1 € I};
in fact W is a locally finite root supersystem of type BC(I,J). Suppose that £ is
a Lie superalgebra such that

e £ contains g as a subsuperalgebra,
e £ is equipped with a weight space decomposition £ = @,cp L%, with respect to b,
o £0=3 cuqoy €% €77

(25)
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It is easy to see that £ is a W-graded Lie superalgebra with R as its grading sub-
system. One knows that is just a generalization of the notion of a root graded
Lie superalgebra in the sense of [9] by switching from finite root supersystems to
locally finite root supersystems.

We study the structure of a Lie superalgebra £ satisfying . We make a
convention that for a map f defined on a set X, by 2/, for z € X, we mean the
image of z under f.

4.0.1. Some Conventions

Suppose that

e a is an associative superalgebra and 7 is a superinvolution of a, i.e., n is an
even linear map with n? = id and n(ab) = (—1)19Plp(b)n(a) for all a,b € a,

e C is a module for the associative superalgebra a; i.e., C is a superspace
equipped with an action a x C — C mapping (z,c) € a x C to zc such that
a;C; C Ciyj for i,j € Zy and that z(yc) = (zy)c for z,y € a and ¢ € C,

e \:C xC — ais a superhermitian a-form of C, in the sense that x is an
even bilinear form satisfying

X(z,9)" = (1) (y,2) and  x(az,y) = ax(z,y)
for all z,y € C and a € a.
Then b :=b(a,C) := a & C together with
(a+c)(a + )= (a-o/ 4+ 2x(c,d)) + (- ¢ + (=Dl ¢)
is a superalgebra. We set
A={a€ala’"=a} and B:={acal|a"=-a}

and note that
a=AdB.
We next define

0:CxC—A (c,d) 2(x(e,d)+ (=D)llx(c, ¢))

N[

0o:CxC— B (¢,d)— %(X(c, ) — (—1)‘C”C/|X(c’,c)).
Finally for 5y = a1+ b1+ ¢, =as +by+c3 € ADBDC, we set

521,52 1= la, ag] + [b1, bo] + 2c100, Bf :=c¢1 and 5 = ca. (26)
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4.0.2. Structure Theorem

We suppose |I[,|J| > 4 and fix a subset Iy of I and a subset J, of J with
m = |ly] > 3 and n = |Jy| > 3. We set

O = {xe¢, L€, x€, £0, £ 6,, £9,, L€, £0, | 2 € Iy, € Jo},

R™ = &\ {426, |1 € ). (27)

We next define the linear endomorphism id,, , on u by

idpp:u—u
Vg = Vg, Uy > Uy, Uz = Vg, U = 0, 05 0,
(ZEIQUJ(),]GIUJ\(IQUJ()))

and for u,v € u and x,y € gUs, define

2(u,v)
2m—+1—2n

[u,v] : u — u; w s (v,w)u + (=) (g w) — idyn(w); weu,

wov:u— u; wr (v,wu — (=) u, wyv; w e,

Toyi=ay+ (—1)lllyy — Z@) iq

Theorem 4.6.  Suppose that £ is a Lie superalgebra satisfying the following:

o £ contains g as a subsuperalgebra,
o £ is equipped with a weight space decomposition £ = Bocu L, with respect to b,

o £V = > acu\ (o3 [£Y, £
Then there are a subsuperalgebra D of £, superspaces A, B,C, even bilinear maps
craxa—a -:axC—C, x:CxC—a, (,):bxb—D
in which b :=a®C, and linear maps
n:a—a and ¢:D — End(b)

such that (a,-) is an associative superalgebra, (C,-) is an associative a-module,
n is a superinvolution and x is a superhermitian a-form such that the following
properties hold:

o (-, ) is supersymmetric and if A and B are respectively the fized and skew-
fized points of a under the map n, (-,-) satisfies (A,B) = (A,C) = (B,C) =
{0} and (b,b) =D,

e considering the superalgebraic structure on b as constructed in Subsection
for each d € D, we have ¢(d) is a superderivation of b; i.e., D acts

on b as superderivations,

e JACA, dBC B and dC CC, for all d € D,
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o [d,(8,5)] = (dB,5) + (1), dp’),

Zo(—1)|51”53‘ (B1, B2P3) = 0, in which “ O ” indicates the cyclic permutation,

o (o 0)a" =yt o] — [, ], o),
b <Oé, O/>C = mqaa O/] - [O[, Oé/]rI)C,
o (c,d)a = gmi=Ix(e, ¢) — x(e, ), al,

o (6 = phm (e d) = (e d)) - ¢ (S (e e
(=D (e, ¢

Moreover, we have the following:
(i) There are subsuperspaces £', £% and £3 of £ isomorphic to g A,5@ B
and u® C respectively such that

L=(g'a L +D.
Furthermore, if either |I| =m and |J| =n or I UJ is an infinite set, we have
e=g'e?e D,
more precisely, in these cases £ can be identified with
(g A) P (B & uxC)eD.

(ii) Identify £, €% and £3 with g ® A,5 @ B and u® C respectively. The
Lie bracket on £ is given by the following:

keayod] = (D ([z,y] @ f(aod)+ (woy) @ F[a,d] + str(wy)(a,d)),
[z ® a,e® b = (=D)lllel(z 0 e) @ $[a,b] + [z, €] @ L(a o b)),

[e@b, f@V] = (=1)PI([e, f1@ $(bo b)) + (e o f) @ 5[b, V] + str(ef) (b, V),
[z ® a,u® ] = (—D)lllzy @ a- e,

[e®b,u® (] = (—D)tlley @b - ¢,

pecved =D ((uov)@ (cod) + 0] @ (cod) + (u,v){c, )

[(B1, Ba), (B1, B3] = ((Br, B2) B1, Ba) + (=) UPIFIBDIB (57 (81, Bo) B3),

(B, Be), x@a)] = CR (idy ] © (8, 5, © @) + (idmin 0 2) © [85, 5,.)

( 1)\51H$|+\H2HI

[(Br, B2),e®b] = 2(2m+—12n([ idmn, €] @ (B, g, 0b) + (idmn 0 €) @B 4,,b])
mstr(zdm ne)([b1, ba], b)
(B By uwe = CUEP M (g uw B, 5.0) + (—1) ARy g

((— )Iﬁl\lﬁzwlﬁllclx(ﬁ* c)1BF — ( )IBSHcIX(@,C)nB;).
(28)
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Remark 4.7.  We mention that if |I| = m and |J| = n, then the last three Lie
brackets in the above display will be converted to the following ones:

[<517 /32>’ r® a] - (_1)\51\|I|+|52||$\x ® <51’ 52>a
[(Br, Ba),e@b] = (=1)Illelt®lidde @ (84, B5)b (29)
[(B1, Ba),u®c] = (_1)\61Hu\+lﬁ2HU\u ® (B1, Ba)e.

To prove Theorem 4.6, we first carry out the proof for the case that ||, |J] <
oo; at the first step, we suppose [ = [y and J = J,.

o Finite Case-The First Step. In this part, we assume [ = I, J = Jy and that
£ is a Lie superalgebra satisfying . Consider £ as a g-module via the adjoint
representation, then £ is a locally finite g-module, i.e., any finite subset of £
generates a finite dimensional g-submodule (see [11, Lem. 2.2]). Therefore, it is
a sum of finite dimensional g-submodules. Using Corollary [4.5 £ is completely
reducible such that each of its irreducible components is either isomorphic to one
of g-modules g, u, s or it is a trivial g-module. Now collecting the isomorphic
g-submodules of the same parity, we may assume that as a vector space, £ is
isomorphic to

(g A) D (RA)D(5RB) D (sB1) D u®RC) ® (u®C) D D;

in which Ay, Ay, By, By, Cy and C; are vector spaces and D is the centralizer of
G in £; in particular, D is a subsuperalgebra of L. Setting

AI:Ao@Al, BI:Bo@Bl, CCZCO@Cl, DZ:D()EBDh
we can consider
L=gA)d(EB)du®C)eD.

Now using the same argument as in [I1, § 5], one can see that the Lie superalgebraic
structure on £ induces a superalgebraic structure on AGB@C and that the stated
properties in Theorem [4.6] are fulfilled.

o Finite Case-Compatibility of Subsuperalgebras. Throughout this part, we as-
sume that m’ > m, n' > n, I = {1,...,m'},J = {1,...,n'} and [, =
{1,...,m}, Jo ={1,...,n}. We also assume

L= > o ) (2987

acW\{0} acW\{0}

is a Lie superalgebra satisfying . Consider £ as a g-module. As in the previous
subsection, it follows from Corollary that £ is decomposed into irreducible
submodules, more precisely, there are index sets 77,7, and T3 such that

o Z ORS Z Vo) g 25@) ¢ E (30)

€Ty jGTQ teTs
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in which g is isomorphic to g, V¥) is isomorphic to u, s® is isomorphic to s
for all 1 € 71,7 € T5,t € T3 and E is a trivial g-module. As before, collecting the
isomorphic g-submodules, we may assume

L=@gA)d(sB)duxC)dE, (31)
in which A, B,C are vector superspaces. We recall and use Proposition
to get that

Gi= 2 o+ > "9

acR™™\{0} a€R™"\{0}

is a subsuperalgebra of g isomorphic to 0spgp(m,n) with Cartan subalgebra
H= > %9
acR™™\{0}
and root system R"". Consider and set
L= > g Y [ge7]
aced\{0} aced\{0}

It is easy to see that £ has a weight space decomposition £ = > _, L% with
respect to H with

ﬁa,_{sa o d\ {0}
' Yaca o £ £7% a=0.

This in particular implies that
L= (g @ > (V") @) (s) (aed\{0}). (32)
€T JET teTs

Moreover, setting
Ay :=spany,R " NA, and A, :=span, R NA,,

and using Proposition [1.2] for ¢ € T1, j € Ty and ¢ € T3, we have the following
G-modules

GD = Y aermm oy (09) + Xaermm poyla®s (09) 7],
L{(J) = ZaeAl\{O} (V(J))a + ZaeAl\{O} [ga’ (V(j))fa]’

S = ZaEAQ\{O} (s)* + ZaEAQ\{O} g%, (s9)~°]

which are respectively isomorphic to G, to the natural module U of G and to the
second natural module § of G. Also it is immediate that

1) L contains G as a subalgebra,
2) L is equipped with a weight space decomposition £ =g L%, with respect to H,

3)L0= > [L£%L7°
ac®\{0}
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and so as above L is completely reducible with irreducible constituents isomorphic
to G, U, S or to the trivial module. Since Y., GV B ., UD &Y, 8D s
a G-submodule of L, there is a submodule D of £ such that

‘C:Zg(i)@zu(j)@zs(t)@p'

€Ty JET, teTs

But for each nonzero a € ® \ {0},

Lo — 0o — Z(g(i))a ® Z(V(j))a ® Z(s(t))a C Z G @ Zu(j) ® Zg(t)_

€T JjeT> teTs €T jET> teTs

This means that D is a trivial G-module. Next we note that vector spaces are

flat and so (G ® A), (S® B) and (U ® C) can be embedded in (g® .A), (s ® B)
and (u® C) respectively; so identifying G ® A, S ® B and U ® C with subspaces
of g® A, s ® B and u® C respectively, so we may assume

L=G0A)a(SeoB)edUC)aD.

Now using the same argument as in [25, Lem. 3.6 and Prop. 3.10], A® B & C
is equipped with a superalgebraic structure derived from the Lie superalgebraic
structures on £ and £,

£=(gA)PuB)®(s®C))+D

and the stated properties in Theorem hold.

e Proof of Theorem @ We recall that Iy € I and Jy C J are finite subsets
with [lo] = m and |Jy| = n. Take A and I' to be index sets with a symbol “ 0 ”
belonging to ANT such that {7, | A € A} (resp. {J, |y € '}) is the set of finite
subsets of I (resp. J) containing Iy (resp. Jy). For (A7) € A x T, set

v =00 spang{e, d, | 1 € I\,p € J4}, Ai’w := Ay Nspang{e,op |2 € I\, p € J,},
R :=Rn spang{€, d, |1 € In,p € J4}, A;’W = A; Nspang{e, o, | 1 € Iy,p € J}.

and take
A, _ A, _
2 K = ZCXE\I’AA/ Sa + ZQG\I’A”Y [’gaa 2 a]? u ! = ZCMEA?V ua + ZaeAi‘ﬂ gau a’
A, _ A, _
g = Daert 8 F D07 07 s = ZaeAQ’W s+ ZQGA;\Y’Y gt

Using the result of Subsection 4.0.2L we find a subsuperalgebra D of £ and
superspaces A, B and C such that the properties stated in Theorem are
satisfied and

0,0 0

=@ Ao
moreover, for A € A and v €T,

‘oB) e W’ ®C)eD,

£ =(g"eAaE " @B)@ W ®C)+D.

Now the result follows using the same argument as in [25, Thm. 4.1]. n
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