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Abstract. In this paper, we firstly study the dimensions problem of simple
Hom-Lie algebras. Then we classify finite dimensional multiplicative simple
Hom-Lie algebras by investigating the corresponding semisimple Lie algebras.
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1. Introduction

The Hom-Lie algebras were initially introduced by Hartwig, Larson and Silvestrov
in [3] motivated by examples of the deformed Witt and Virasoro algebras coming
from twisted discretizations of vector fields. A Hom-Lie algebra (g, [+, ], @) can be
considered as a deformation of a Lie algebra, in which the Jacobi identity is twisted
by the linear map «, called the Hom-Jacobi identity. Hom-Lie algebras have
close connections with various aspects of mathematics and physics, for instance,
discrete and deformed vector fields, differential calculus, the Yang-Baxter equation
and so on. For this reason, recently Hom-Lie algebras have been more and more
considered[1, 5, 8, 9, 10, 7].

In [6], Hom-associative, Hom-Leibniz, and Hom-Lie admissible algebraic
structures were introduced which generalize the well known associative, Leibniz
and Lie admissible algebras. In [11], D. Yau introduced the twisting principle,
constructed classes of G-Hom-associative algebras and Chevalley-Eilenberg type
homology for Hom-Lie algebras. In [4], it was proved that the Hom-Lie algebra
structures on finite-dimensional simple Lie algebras are trivial and the authors
found when a finite dimensional semi-simple Lie algebra admits non-trivial Hom-
Lie algebra structures and the isomorphic classes of non-trivial Hom-Lie algebras
were determined.

It is well known that simple Lie algebras play an important role in Lie
theory. Similarly, it is very necessary to study simple Hom-Lie algebras in Hom-Lie
theory. In particular, [1] proved some key results of simple Hom-Lie algebras, and
the main results of Section 4 in this paper are based on [1]. The paper is organized
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as follows. In Section 2, we recall some basic definitions about Hom-Lie algebras.
In Section 3, we prove that there exist n dimensional simple Hom-Lie algebras
for any positive integer n larger than two. In Section 4, we give the necessary
and sufficient conditions for two finite dimensional multiplicative simple Hom-Lie
algebras to be isomorphic by studying the corresponding semisimple Lie algebras,
and then classify finite dimensional multiplicative simple Hom-Lie algebras.

Throughout this paper, all algebras are finite dimensional and defined on
the algebraically closed field C of characteristic 0 unless otherwise specified.

2. Preliminaries
Definition 2.1.  ([3]) A Hom-Lie algebra is a triple (g, [-,+], @) consisting of a
linear space g, bilinear map [-,-] : g x g — g and a linear map « : g — g satisfying
(L1) [z,y] = —[y,z] (skew-symmetry)
(L2) [a(z),[y, 2] + [a(y), [z, z]] + [a(2), [x,y]] = 0 (Hom-Jacobi identity)

for all x,y,z € g.

A Hom-Lie algebra is called a multiplicative Hom-Lie algebra if « is an
algebraic morphism, i.e. for any z,y € g, we have a([z,y]) = [a(z), a(y)].

Definition 2.2. Let (g,[,,],«) be a Hom-Lie algebra. A subspace h of g is
called a Hom-Lie subalgebra of (g, [-, -], «) if a(h) C b and [h, h] C b. In particular,
a Hom-Lie subalgebra b is said to be an ideal of (g, [, ], ) if [h,g] C h. g is called
an abelian Hom-Lie algebra if [x,y] =0 for any =,y € g.

Definition 2.3.

Clg) ={z gl [z,9] =0, [a(2),y] =0, Vy € g}

is called the center of (g, [, ], ®).

Proposition 2.4.  Let (g,[, ],®) be a multiplicative Hom-Lie algebra, then
(Ker(a),[],a) is an ideal.

Proof. Obviously a(z) =0 € Ker(a) for any x € Ker(a). Since a([z,y]) =
[a(x),a(y)] = [0,y] = 0 for any = € Ker(a) and y € g, we get [z,y] € Ker(a).
Therefore (Ker(a),[-,-],«) is an ideal of (g, [, ], a). n

Definition 2.5.  ([4]) Let (g1, [, ]1, @) and (g2, [, ]2, ) be two Hom-Lie alge-
bras. A linear map ¢ : g1 — go is called a homomorphism of Hom-Lie algebras
if

@([xvy]l) = [QO(ZE), gp(y)]?? ﬁ o QO(ZE) =@o O‘(x)7 v r,ycg.
In particular, Hom-Lie algebras (g1, [-, |1, @) and (ga, [, ]2, 8) are isomorphic if ¢
is a bijective linear map.
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Definition 2.6. Let (g,[,],a)(a # 0) be a Hom-Lie algebra. (g,[-, ], ) is
called a simple Hom-Lie algebra if (g,[-,-],a) has no proper ideals and is not
abelian. (g, [, ], @) is called a semisimple Hom-Lie algebra if g is a direct sum of
certain simple ideals.

3. The construction of simple Hom-Lie algebras

In this section, we shall study the dimensions problem of simple Hom-Lie algebras.
It is easy to check that there do not exist one and two dimensional simple Hom-
Lie algebras. For a Hom-Lie algebra (g,[-,],a), when the linear map a = id,
the Hom-Lie algebra definition degenerates to the the definition of a Lie algebra.
Hence the simple Lie algebra of type A; is indeed a three dimensional simple
Hom-Lie algebra (a = id). Do there exist any finite dimensional simple Hom-Lie
algebras when dimensions are larger than three? We will answer this question in
the following.

When n > 4, we shall construct n dimensional simple Hom-Lie algebra.
Let {a;|i € Z,} be a basis of n dimensional vector space g over C, then define
a bilinear skew-symmetric binary operation:

laz, a;77) = a7, otherwise, [-,-] = 0. (1)

The next task is to find a nonzero « satisfying the Hom-Jacobi identity.
Since the bracket product is bilinear skew-symmetric, the Hom-Jacobi identity
holds for arbitrary three elements of g if and only if it holds for arbitrary three
elements of the basis {a; | i € Z,}. In addition, by the definition of the bracket
product, if the Hom-Jacobi identity holds for the three different basis vectors
{az, a1, a5}, then (g, [, -], @) is a Hom-Lie algebra.((L2) holds for any « if there

are two same vectors in {x,y, z})
When 5 =i+ 2, applying the Hom-Jacobi identity, we have

[(a7), oz, azal] + le(azn), o, ail] + [alasz), a5, @]l = 0.
Using (1), the above equation can be simplified as
[a(a7), azps] + [o(aipa), azpa] = 0 - (2)
When j ¢ {i —1,i+ 2}, the Hom-Jacobi identity is
[alaz), (a7, 05]] + [elazr), lag, az]] + [elag), laz, a]] = 0.

Then it follows from (1) and the above equation that

[(a3), az5] = 0. (3)
Let a(ag,ag,...,a;=1) = (ag, a1, . . ., a;=1)(€ij )nxn, then by (2) we get
Cit2,irl = €i43,i13, Citditr1 =0, €i41443 =0, (4)

Similarly, by (3) we have

Civ1jr1 =0, €iyzj41 = 0. (5)



770 CHEN AND HAN

Therefore, if « satisfies (4) and (5), then (g, [, ], @) is a Hom-Lie algebra.(When
the two under indexes of e;; are larger than n, simply subtract n.)
When n = 4, it is sufficient that « satisfies (4). We obtain that

(eij) =

S O a o
o o O
Sl O O
Q@ OO0

where a,b,c,d € C.
When n > 4, it follows from (4) and (5) that

b 0 0 0 0 b
bs by 0 0 0 0
0 by by O 0 0 0
0 0 bs by 0 0 0

€)=10 0 0 b b BN
000 0 " . 0 0
000 0 0 0 by byy 0
0000 0 0 0 b b

where b;(1 =1,2,--- ;n) € C.

In the following we shall prove that this Hom-Lie algebra is simple.

If elements of the (e;;) are not all zero, then « is nonzero. By (1), clearly we
have [g,g] # 0. Let (h,[-, ], @) be a nonzero ideal of (g, [, ], @), then there exists
a nonzero element 2 = Y7 ' z;a; € h. Suppose x;, # 0. Since [az, [a7—, 2] =
T3 € b, we get a5 € h. By (1) we deduce that b contains all a;(i € Z,).
Therefore h = g and g is a simple Hom-Lie algebra.

From the above discussion, we conclude:

Theorem 3.1.  There exist n-dimensional simple Hom-Lie algebras for any
positive integer n larger than two.

4. Classification of multiplicative simple Hom-Lie algebras

Let (g, [, ], @) be a multiplicative simple Hom-Lie algebra. By Proposition 2.4, «
must be a monomorphism, thus « is an automorphism of (g, [-, ], ).

Definition 4.1.  Let (g, [+, ], @) be a Hom-Lie algebra. The Lie algebra (g, [-,-]')
is called the induced Lie algebra of (g, [, ], @) if [z,y] = a([z,y]") = [a(z), a(y)],
Vz,y€eg.

Proposition 4.2.  ([2]) Let (g, [, ], «) be a multiplicative simple Hom-Lie alge-
bra, define [z,y] = a Y ([z,y]), V z,y € g, then (g,[-,]') is a Lie algebra and «

18 also a Lie algebra automorphism.

Proof. Clearly, the bracket product [-,-]" is bilinear skew-symmetric, we only
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need to check the Jacobi identity.

2,1y, 2T + [y [z 2)) + [z, [2, 4] T

[z, 07 ([ly, 2D) + [y, o [z, 2])) + [z, 07 ([, y]))
= o ([a(@), [y 2]l + [a(y), [z, 2]] + [a(2), [z, 1))
0,

where x,y, z € g. Moreover, we have

a([z,9]) = aa” ([z,y]) = o ([a(z), a(y)]) = [a(z), aly)]"
Thus (g, [-,]) is indeed a Lie algebra and « is an automorphism of (g,[-,-]"). =

By the above proposition, there exists an induced Lie algebra for any
multiplicative simple Hom-Lie algebra (g, [, -], @) and « is an automorphism of the
induced Lie algebra, in addition their bracket products are mutually determined.
Therefore problems about multiplicative simple Hom-Lie algebras perhaps can be
solved by investigating the corresponding induced Lie algebras. It is based on the
idea that we classify all multiplicative simple Hom-Lie algebras in this section.

Theorem 4.3.  The two multiplicative simple Hom-Lie algebras (g1, [, |1, )
and (@2, [, ]2, B) are isomorphic if and only if there exists a Lie algebra isomor-
phism ¢ (between their induced Lie algebras): g1 — g salisfying poa = o p.
In other words, the two Lie algebra automorphisms o and 3 are conjugate.

Proof. Let (gi,[,]}) and (g2, [, ]5) be induced Lie algebras of (g, [, ]1, )
and (927 [.7 ']Zaﬁ% respectively. Suppose L2 (gb ['7 ']1704) — (927 [.7 ']275) Is an
isomorphism of Hom-Lie algebras, then p oa = B0 ¢, thus poa™t = 71 o .
Moreover,

o[z, yl) =poaoa(lz,yly) = voa ([z,yh) =8 ow(z,yh)

B [e(x), e(y)l2) = [e(x), o(y)]5-

So ¢ is an isomorphism between the two induced Lie algebras.
On the other hand, if there exists an isomorphism ¢ from the induced Lie
algebras (g1, [+, -]1) to (g2, [-]5) such that p o v = B o, then

/

o[z, yl1) = @oallr,yl)) = Boo(lr,yl)) = B(le), p(y)]s) = [e(x), p(y)]a.

Hence ¢ is an isomorphism between the two Hom-Lie algebras. ]

The following theorem comes from [5].

Theorem 4.4.  ([5]) The induced Lie algebra of the multiplicative simple Hom-
Lie algebra (g, [, -], ) is semisimple and can be decomposed into direct sum of
1somorphic simple ideals, in addition, o acts simply transitively on simple ideals
of the induced Lie algebra.
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Proof. Let (g,[,-]) be an induced Lie algebra of the multiplicative simple
Hom-Lie algebra (g, [-,],a). Clearly, a is both an automorphism of (g, [-,], )
and (g, [ ]).

Suppose that g; # 0 is the maximal solvable ideal of (g, [-,-]'). Because
a(gy) is also a solvable ideal of (g, [-,-]"), then a(g;) C g;. Moreover,

91, 0] = a([g1,0]') € ag1) € a1,

so gp is an ideal of (g,[-,:],@). Then g; = g, and we have

l9,0] = [o1,01) = (g1, 1)) S a(g1) C g1 =9

Furthermore, since (g, [+, ], «) is a multiplicative simple Hom-Lie algebra, clearly
we have [g,g] = g. It’s a contradiction. Hence g; = 0.

According to Lie theory, (g,[,:]') is a semisimple Lie algebra and g =
g Dg @ Dgs(s > 1), where (g;,[,])(@ = 1,2,---,s)) are simple ideas
of (g,[-,:]'). Because there may be isomorphic Lie algebras in gi,gs,- - gs, we
rearrange the order as the following

=011 Pg12D - BIgim D921 DI D - Do, D DB G D D Gy

where
(g’bj7 ['7 ],) = (glkn ['7 '],)7 1 S jvk S m;, 1= 1727 e 7t'

Since

(g1 @ gin @ DB Gim;) =it D2 B -+ D Gim,, (1 <0 <)
0,01 P G2 @ D Gimy) = i1 P iz D -+ D G,

then gi1 @ gio @ -+ - @ gim, is an ideal of (g, [-,],a). Because of the simpleness of
(g, ][], @), we have gi1 @gin®- - -®gim, = 0 or g. So all but one g;1 g @ - O Gim,
must be 0. Without loss of generality, we can assume

=011 DPg12D D G1m,-
When my =1, (g,][-,+]') is a simple Lie algebra. When my > 1, if

a(g1p) = g1p(1 < p <my),

then gy, is a nontrivial ideal of (g, [-, ], @), which contradicts with the fact that
(g, [, ], ) is simple. Hence

a(gy) = gu(l <1 #p <my).

In addition, it is easy to check that gi; @ a(gi1) ® a?(g11) -+ Ha™1(gy) is an
ideal of (g, [, ], ). Therefore

g=gu D a(gn) ®a’(gu) & B a™ ' (gu1).

That is a acts simply transitively on simple ideals of the induced Lie algebra. m
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According to the above theorem, the dimension of a multiplicative simple
Hom-Lie algebra can only be an integer multiple of the dimension of a simple Lie
algebra.

By the Theorem 4.3 and 4.4, in order to classify multiplicative simple Hom-
Lie algebras, we just classify automorphisms on their induced Lie algebras, in
particular, automorphisms on semisimple Lie algebras which are direct sum of
finite isomorphic simple ideals.

Theorem 4.5. Let g be a semisimple Lie algebra and its n simple ideals are
isomorphic mutually, moreover g can be generated by its automorphism « (or ()
and any simple ideal. Taking o, = o™, B, = B", then «, (or B,) leaves each
simple ideal of g invariant. There exists an automorphism @ on g satisfying
poa = Foy if and only if there exists an automorphism ¢ on the simple ideal of

g satisfying ¢ oa™ = "o ¢.

Proof. Let g; be a simple ideal of g. Since g can be generated by g; and a/(or
B), then a(g1) = g1 (or 5™(g1) = g1) and we have

g=01Da(g) ®a’(g)®-- da" g)

(or g=0g1®B(g1) ®B*(g1) ®--- D" g))-

Choose a basis © = (x1,23,...,zy) of g1, then

v = (z,a(z),0%(x),...,a" (2), 2" =(2,8(z),F(z),....0" (2))
are both bases of g. Let a(2') = (2/)A, f(2") = (2")B, then

0 Al 0 Bl
I0 I 0
A= I 0 B= I 0
I 0 I 0
where ay,(x) = (2) A1, Bu(z) = (2)B;.

If there exists an automorphism ¢ on g; such that ¢ o a,, = 3, 0 @, let
o(z) = ()M, then M A; = BiM . Defining p(2') = (2")diag(M,--- , M), then ¢
————

n

is an automorphism on g and poa = o p.
Now suppose there exists an automorphism ¢ on g satisfying poa = fop.

Let ¢(g1) = B'(g1), then g oal(g) = g (g)(0 < i,j < n—1). Let p(x) =
B (x) My, then ¢(z') = (z")M, where

M,

M,
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1 - n—i n—i+1 n
1 B M,
2 B M,
1+ 1| M
n M1
Using poa = foyp, we can get M A = BM , thus My A; = By M;. Defining
¢(z) = (z)My, then ¢ is an automorphism on g; and ¢ o a, = 3, 0 ¢. [

By the above theorem, it is obvious that the two multiplicative simple
Hom-Lie algebras (g1, [, ]1,) and (g, [+, ]2, 5) are isomorphic if and only if the
automorphisms o™ and " on two simple ideals (as simple Lie algebras) of the
corresponding induced Lie algebras are conjugate.

Combing Theorems 4.3-4.5, we get the following theorem.

Theorem 4.6.  All finite dimensional multiplicative simple Hom-Lie algebras
can be denoted as (X, n,[',), where X represents the type of the simple ideal (as the
simple Lie algebra) of the corresponding induced Lie algebra, n represents numbers
of simple ideals, Ty, represents the sets of conjugate classes of the automorphism
a™ of the simple Lie algebra X , i.e. Ty = {poa"o¢™t | ¢ € Aut(X)}.
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