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Abstract.  Let W(a,b) be the semidirect product Lie algebra of the centerless
Virasoro algebra and its module of the intermediate series, where a,b € C. In
this paper, we first determine all the skew-symmetric biderivations of W(a,b).
Based on the result of biderivations, we give the explicit form of each linear
commuting map on W(a,b). In particular, we find that there exist non-inner
biderivations and non-standard linear commuting maps for certain W(a,b).
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1. Introduction

Let A be an associative algebra (or ring). A map ¢ : A — A is called commuting
if

Y(x)r = zp(z) for all z € A. (1.1)
Note that (1.1) can be also written as [¢(x),z] = 0 if we use bracket [z,y] to
denote xy — yx for z,y € A. So, it is natural to give the definition of commuting
maps on Lie algebras. Let £ be a Lie algebra with Lie brackets [-,:]. A map
Y L — L is called commuting if

[Y(z),2z] =0 forall xe L. (1.2)

The theory of commuting maps on associative algebras (or rings) has a long and
rich history. The initial work can be traced back to the well-known Posner’s 1957
theorem stating that there are no nonzero commuting derivations on noncommu-
tative prime rings [15]. We refer the reader to the survey paper [6] by Bresar
for a detailed discussion on this theory and an extensive bibliography. However,
different from the extensive research on associative algebras, commuting maps on
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Lie algebras were studied only when their structure is determined by their asso-
ciative enveloping algebras. Until recently, motivated by this, the authors in [17]
investigated the commuting maps on the Schrodinger-Virasoro Lie algebra. In this
paper, we shall consider this problem on another interesting Lie algebra W(a,b),
where a,b are complex parameters.

Let us first recall the definition of the Lie algebra W(a,b). For any fixed
complex numbers a, b, the Lie algebra W(a, b) has basis {L,, Ws|a, 8 € Z} and
relations

[LOH Lﬁ] ( ) a+ (13)
[La, W/j] (CZ + 0+ bOé)WaJrg, (1.4)
[Wow Wﬁ] =0, (1.5)

for a, € Z. Note that W(a,b) contains a subalgebra Vir = L,|a € Z}
isomorphic to the well-known centerless Virasoro algebra [14]. The Lie algebra
W(a,b) is in fact the semidirect product of Vir by a module of the intermediate
series of Vir. This Lie algebra is interesting in another aspect that it contains
some meaningful Lie algebras as special cases. For example,

e W(0,—1) is exactly the W-algebra W(2,2), which was first introduced in
[20] in order to give a classification of vertex operator algebras satisfying
certain conditions;

e W(0,0) is exactly the well-known twisted Heisenberg-Virasoro Lie algebra,
which was first introduced in [1], where a connection with the second coho-
mology of certain moduli spaces of curves is established.

One-dimensional (Leibniz) central extensions, the derivation algebra, and the au-
tomorphism group of W(a,b) were determined in [12]. Recently, indecomposable
modules of the intermediate series over W(a, b) were classified in [16].

A bilinear map ¢ : A x A — A is called a biderivation of A if it is a
derivation with respect to both components, namely,

o(ry, z) = 2oy, 2) + @(z,2)y and @(z,yz) = o(z,y)z + yo(z, 2)

for all x,y,z € A. As Bresar concluded in [6], biderivation is an effective tool
in characterizing commuting maps on associative algebras (or rings) [5, 8]. Of
course, biderivations and their generalizations are interesting in their own right
and have been exclusively studied by many authors (e.g., [3, 11, 13, 19]). To
characterize commuting maps on Lie algebras, it is natural to transfer the concept
of biderivation from associative algebras to Lie algebras [17]. A bilinear map
p: Lx L — L is called a biderivation of L if it is a derivation with respect to
both components, namely,

o([z,y],2) = [z,0(y,2)] + [p(z, 2),y] and @(z,[y,z]) = [p(z,y), 2] + [y, ¢(, 2)]
for all z,y, z € L. Clearly, the following map

LxL—L, (z,y) = [z, 9]
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is a biderivation of £. Any scalar multiple of such a map is called an inner
biderivation. An inner biderivation of an associative algebra (or ring) has a similar
form. Bresar pointed in [6] that it happens quite often that all biderivations of a
noncommutative ring A are inner, and in this case each linear commuting map v
has a standard form: ¢(x) = Az + p(z), where X is a central element of A, and
i is a linear map from A to its center. In this paper, we surprisingly find that
there exist non-inner biderivations for certain W(a,b) (c.f. (3.1)), which renders
the corresponding commuting maps non-standard (c.f. (4.1)).

We also would like to mention that commuting maps in the associative al-
gebra (ring) setting are applicable to another fertile theory, the theory of linear
preservers, especially the following two topics: commutativity preservers and nor-
mal preservers (e.g., [2, 7, 9]), see [6] for detailed explanation. So, one may expect
that commuting maps in the Lie algebra setting could be useful when considering
preservers problems on Lie algebras. This is also our motivation to present this
paper.

This paper is organized as follows. In Section 2, we recall some general
results on biderivations of Lie algebras. Then, in Section 3, we determine all the
skew-symmetric biderivations of W(a,b) (Theorem 3.1). Finally, in Section 4, we
give the explicit form of each linear commuting map on W(a,b) (Theorem 4.1),
and obtain an interesting classification of W(a, b) as a byproduct (Remark 4.2).

Throughout this paper, we work over the field C of complex numbers.

2. General results on biderivations

Let £ be a Lie algebra. Let Cp(X) = {y € L|[y,z] = 0 for all z € X}, the
centralizer of a subset X of £. The center Z(L) of L is simply C,(L). A bilinear
map ¢ @ L x L — L is called symmetric if p(z,y) = ¢(y,x) for all z,y € L;
skew-symmetric if p(z,y) = —p(y,z) for all z,y € L. For any bilinear map
p: LXL— L, we set

Fa,y,u,0) = lp(2,y), [u, 0] = [z, 4], p(u, 0)] - for  2,y,u,v € L.

We have the following general results on biderivations of Lie algebras. The original
idea is due to Bresar [4] (see also [5, 8]). Here we still include the proof for the
sake of completeness.

Lemma 2.1.  Let ¢ be a biderivation of L. Then
F(z,y,u,v) = F(z,v,u,y) for xz,y,u,v € L.

Proof. Let us consider ¢([x,u|,[y,v]]) for arbitrary z,y,u,v € L. On one
hand, since ¢ is a derivation in the first argument, we have

o[z, ul, [y, vl]) = [z, 0(u, [y, v])] + [o(z, [y,v]), u],
and since ¢ is also a derivation in the second argument, it becomes

([, u], [y,v]) = [z, [p(u, y), v]] + [2, [y, p(u, v)]] + [[p(z,y), ], u] + [[y, o(z,v)], u].
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On the other hand, first using the derivation law in the second and then in the
first argument, we get
o[z, ul, [y, v]) = [z, o(u,y)], 0] + [[o(z, y), ul, 0] + [y, [z, (u, v)]] + [y, [p(z, v), u]].

Comparing the above two relations, we obtain

[o(z,y), [u, v]] = [[z, y], o (u, v)] = [p(z,0), [u, Y]] = [[z, v], o (u, y)].
Namely, F(z,y,u,v) = F(z,v,u,y). n

Corollary 2.2.  Let ¢ be a skew-symmetric biderivation of L.

(1) F(xz,y,u,v) =0 for z,y,u,v € L.

(2) [p(z,y),|x,y]] =0 for x,y € L.
(3) For x,y € L, if [x,y] =0, then p(z,y) € Cc([L, L]).

Proof. (1) By Lemma 2.1, we have relation F'(z,y,u,v) = F(z,v,u,y). On the
other hand, by the skewsymmetry of ¢, we have another relation F(x,y,u,v) =
—F(z,y,v,u). Using the two relations alternately, we have

F(x,y,u,v) = F(x,v,u, y) = —F<£L',U,y,'LL) = —F(m,u,y,v),

and
F(z,y,u,v) = =F(z,y,v,u) = —F(z,u,v,y) = F(z,u,y,v).
Hence, F(z,y,u,v) =0, as desired.
(2) By (1), we immediately have

[go(:v,y), [Qf,y]] = [[x,y],sa(:x,y)] = —[go(x,y), [.’B,y“,

which implies that [p(z,y), [z, y]] = 0.

(3) Suppose [z,y] = 0. By (1), we have [p(z,y), [u,v]] = [[z, y], p(u,v)] =0
for any u,v € L. Thus p(z,y) € Co([L, L]). [

Remark 2.3. Similar statements to the above corollary with £ being some
special Lie algebras were also given in [17, 18] but with a gap (without the
assumption of skewsymmetry of ¢), which was first found and filled in [10].

3. Biderivatons of W(a,b)

From now on, we shall denote W(a,b) by W for simplicity. In this section, we
shall give a description on the skew-symmetric biderivatons of W.

For all W, the map (z,y) — [x,y] is an inner biderivaton as we mentioned
in the Introduction. Obviously, it is skew-symmetric. For W with a € Z, b = —1,
consider the following skew-symmetric bilinear map:

©o - WxW — W, (La, L/B) — (ﬁ—a)Wa+5_a, (La, W/j) — 0, (Wa, Wg) — 0.

(3.1)
One can easily check that ¢ is a non-inner biderivation of W. The main result
in this section is as follows.
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Theorem 3.1.  Let ¢ be a skew-symmetric biderivation of VW. We have

A[x>y]4‘l“90($7y) @f a € ZL b ::__17
Az, y] otherwise,

p(z,y) = {

for x,y € W, where A\, u € C, and g is given by (3.1).

Before proving this result, we need more information on the structural
features of W.

Lemma 3.2. (1) The center Z(W) of W is given by

CW_, if a€Z, b=0,
z<w>—{

0 otherwise.

(2) The Lie algebra W is nonperfect if and only if a € Z, b = 1. More precisely,
we have

CW_, if a€Z, b=1,

0 otherwise.

W wl = {

(3) The centralizer of W, W] coincides with Z(W), i.e., Cyy((W, W]) = Z(W).
Proof. (1) and (2) can be easily checked by (1.3)—(1.5). For (3), by (2) we only
need to consider the case a € Z, b = 1. In fact, in this case, from (1.3)—(1.5) we
immediately have Cy,([W,W)]) = 0, which also coincides with Z(W) by (1). =

Now, we can give the proof of Theorem 3.1.
Proof of Theorem 3.1. We first prove the following three claims.

Claim 1. ¢(W,,W3) =0 (mod Z(W)) for a, 5 € Z.

For any fixed «, 5 € Z, since [W,, Ws] = 0, by Corollary 2.2(3) we have
©(Wa, Ws) € Coy([W,W]). Then this claim holds by Lemma 3.2(3).

Claim 2. There exist A, u € C such that

IoIa) = ALa, Lg] + ppo(La, Lg) (mod Z(W)) if a€Z, b= —
#(La; Lg) = ALa, Lg] (mod Z(W)) otherwise,

for «, B € Z, where ¢ is given by (3.1).

For any fixed «, 8 € Z, we suppose that

©(La, Lg) = ZmzL —i—an

1€Z JEZ
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If 8= a, then [L,, Lg] = 0. By Corollary 2.2(3) and Lemma 3.2(3), ¢(Lq, Lg) €
Z(W). This claim holds. Next, we assume that a # . By Corollary 2.2(2), we
have

_ ﬁ[[La,Lg],QO(LmLB)]

= [La-l—ﬁa Z mZLZ + anWj]

icZ jEL

0

=Y mili —a = B)Laysri+ > _ni(a+j+bla+ ) Waipy,

i€z jET
which implies that

m; =0 if i#a+p, n;=01if j# —a—0bla+p). (3.2)
Furthermore, by Corollary 2.2(1) and (3.2), we have

0= [QO(La, L/D’)v [Lla LOH - HLa, Lﬁ]a @(Lla LO)]
= [MatsLlats + N—a—b(a+8) W-a—b(a+8): — L]
(B = a)LosssmiLy 4o V]
= (Mas — (= B)ma)(@ + B = 1) Latp
—b(a+B—1) (n—a-sa+s) Wi—a-b(ats) — (@ = B)n—asW_a—psats), (3.3)

0 = [¢p(La, L), [L2, Lo]] = [[Las Lgl, (L2, Lo)]
= [MavsLlats + N—a-b(a+s)W-a-b(a+s), —2Lo]
—[(8 — @) Latg, maLy + n_q_osW_q_2)
= (2Mayp — (@ = B)ma)(a + B — 2) Ly pr2
—b(a+B-2) (2n_a—p(a+8)Wo—a—ba+8) — (@ —B)n_a-sW_a_2p1arp)- (3.4)

First, considering the coefficient of term “L” in (3.3), by the arbitrariness of «
and (3, we must have my.5 = (a — f)my. Taking A = —m;, by (3.2) we have

¢(La, Lg) = AlLa, Lg] + n—a—t(a+s)W-a-b(a+8)-

Here we adopt the convention that n_,_paip =0 if —a—bla+p5) ¢ Z. If b=0,
by this convention, we only need to consider the case a € Z. In fact, this claim
holds in this case because W_q_paip) = W_q € Z(W) by Lemma 3.2(1). Next, we
assume that b # 0. Considering the coefficients of terms “W” in (3.3), if b # —1
and a+f # 1, then the subscripts of two “W" are different, and so n_q_p(a+p) = 0.
Similarly, by (3.4) we have n_, pis = 0 if b # —1 and a + 3 # 2. Hence this
claim holds in case b # 0,—1. At last, consider the case b = —1. In this case
the subscripts of two “W?” in (3.3) are the same, by the arbitrariness of « and S,
one can deduce that n_,4+5 = (v — B)n_,41 (as above, only need to consider the
case a € Z). Taking u = —n_q41, we have ¢(Ly, Lg) = A[La, Lg| + 1190(Las, Lg).
This claim still holds.

Claim 3.  ¢(La, Wg) = A La, W5 (mod Z(W)) for o, 5 € Z.
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For any fixed «a, 8 € Z, we suppose that
Lon W,B Z sz + Z QJ
€7 JEZL

For any fixed 0 # k € Z, by Corollary 2.2(1) and Claim 2, we have (in the
following second equality one should note that ¢g(Lo, Lx) (if appears) commutes

0= [QO(LO[, W6)7 [LO; Lk” - [[La, W@], cp(LO, Lk:)]
_ [ZpiLi +3 4w, kLk} “(a+ B+ ba)Warg, \kLy]

1€Z JEZ
(sz H—k ZQJ CL+] + bk>W]+k)
€7 JEZ

+Ak(a+ S+ ba)(a+ a+ B+ bE)Waqi ik,

which implies that

pi=0 if i #Fk, (3.5)
gila+j+0bk) =0 if j#a+p, (3.6)
(Ma+pB+ba)—gj)lata+B+bk)=0 if j=a+p. (3.7)

First, by the arbitrariness of k£ in (3.5), we must have p; = 0. If b # 0, by
the arbitrariness of k£ in (3.6) and (3.7), we have ¢; = 0 if j # a + ( and
Gotp = Na + B+ ba). Hence, ¢p(La, Ws) = A[La, Ws|. This claim holds. Next
assume that b = 0. If a + = —a (only need to consider the case a € Z),
it follows from (3.6) and Lemma 3.2(1) that (L., W3) € Z(W). This claim
holds. If a + 8 # —a, it follows from (3.6), (3.7) and Lemma 3.2(1) that

©(La, Ws) — AN La, Ws] = (Lo, Ws) — Ma + B)Wayip € Z(W). This claim still
holds.

Now, by Claims 1-3, for any x,y € W, we have

Az, y] + ppo(z,y) (mod Z(W)) if a €Z, b= —

ploy) = {)\[x,y] (mod Z(W)) otherwise. (38)

If a ¢ Z or b # 0, then by Lemma 3.2(1) we have Z(W) = 0, and so Theorem 3.1
holds. Next, consider the case a € Z, b = 0. By Lemma 3.2(1) and (3.8), we may
assume that ¢(z,y) = Az,y] + f(x,y)W_,, where f is a bilinear function from
W x W to C. We only need to show that f is the zero function. In fact, by

o[z, yl],2) = [z, 0(y, 2)] + [p(z, 2), 9],

we have that f([z,y],z) =0 for all ,y,z € W. Note that W is perfect in this case
(by Lemma 3.2(2)). It follows that f is exactly the zero function, as desired. m

4. Linear commuting maps on W(a,b)

In this section, we shall describe the linear commuting maps on W based on
Theorem 3.1.
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Let £ be an arbitrary Lie algebra with center Z(L). For an arbitrary
complex number A\ € C and an arbitrary linear function f : L — Z(L), clearly,
the following map

W(x) = e+ f(x) forall z €L

is a linear commuting map on £. We call such a map a standard linear commuting
map on L (note that it is analog to a standard linear commuting map on an
associative algebra, see Introduction). A linear commuting map on £ in other
forms is said to be non-standard.

Obviously, for all W, the identity map z — x is a standard linear commut-
ing map. For W with a € Z, b = 0 and some linear function f from W to C, by
Lemma 3.2(1), the map x — f(z)W_, is also a standard linear commuting map.
For W with a € Z, b = —1, consider the following 2-step nilpotent map:

Vo W =W, Lo— W, ., W,—0. (4.1)

It is not difficult to check that it is a non-standard linear commuting map (we leave
the verification details to readers). The main result in this section is as follows.

Theorem 4.1.  Fach linear commuting map v on W is one of the following
forms:

e+ pbo(z)  if a€Z, b= —1,
P(x) =< X+ f(e)W_o if a€Z, b=0,

Az otherwise,

for x € W, where \,u € C, g is given by (4.1), and f is a linear function from
W to C.

Proof. Suppose that v is a linear commuting map on V. Define
e WXW—->W  (z,y)— [¥(x),y] forall z,ye W. (4.2)
By (4.2), we have

o(x, [y, 2]) = [p(z,9), 2] + [y, o(x, 2)] for all x,y,z € W.

Namely, ¢ is a derivation with respect to the second component. Since [¢)(z),y] =
[z,9(y)] (by (1.2) and the linearity of 1), one can easily see that ¢ is also a
derivation with respect to the first component. Thus ¢ is a biderivation of W. In
addition, ¢ defined by (4.2) is automatically skew-symmetric. By Theorem 3.1,
there exist A\, u € C such that

[ Alz oyl + peo(zy) i a€Z, b=-1,
pla.y) = Az, y] otherwise,

for all x,y € W, where g is given by (3.1). Then, by (4.2), we have

[Y(z) — Az, y] = {g%(m,y) if a€Z, b=—1,

otherwise.
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If a € Z, b= —1, by the definition of ¢, given by (3.1), we must have ¢ (z)— Az =
pbo(z). The conclusion holds. If a ¢ Z or b # —1, then ¢(z) — A\x € Z(W).
By Lemma 3.2(1), we only need to consider the case a € Z, b = 0. Define f by
setting ¥ (z) — A\ = f(xz)W_,, then f is a linear function from W to C, and
Y(z) = Ax + f(x)W_,, as desired. ]

Remark 4.2. From Theorem 4.1, we see that the Lie algebras W = W(a,b)
can be divided into three classes: (i) a € Z, b= —1; (ii) a € Z, b = 0; (iii) other
classes. The two meaningful Lie algebras W(0, —1) (i.e., the W -algebra W (2,2))
and W(0,0) (i.e., the twisted Heisenberg-Virasoro Lie algebra) we mentioned in
the Introduction are typical examples of classes (i) and (ii), respectively.
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