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Abstract. In this note we collect several characterizations of unitary repre-
sentations (7, H) of a finite dimensional Lie group G which are trace class, i.e.,
for each compactly supported smooth function f on G, the operator =(f) is
trace class. In particular we derive the new result that, for some m € N, all op-
erators w(f), f € C™(G), are trace class. As a consequence the corresponding
distribution character 6, is of finite order. We further show 7 is trace class if
and only if every operator A, which is smoothing in the sense that AH C H*>,
is trace class and that this in turn is equivalent to the Fréchet space H> being
nuclear, which in turn is equivalent to the realizability of the Gaussian measure
of H on the space H™>° of distribution vectors. Finally we show that, even for
infinite dimensional Fréchet—Lie groups, A and A* are smoothing if and only if
A is a Schwartz operator, i.e., all products of A with operators from the derived
representation are bounded.
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Introduction

Let (m,H) be a (strongly continuous) unitary representation of the (possibly
infinite dimensional) Lie group G (with an exponential function). Let H™ be
its subspace of smooth vectors. On this space we obtain by

drr(x)v = % tzow(exp tr)v
the derived representation of g which we extend naturally to a representation of
the enveloping algebra U(g), also denoted dm. We call an operator A € B(H)
smoothing if AH C H>™ ([NSZ15]). A closely related concept is that of a Schwartz
operator, which means that, for all Dy, Dy € U(g) (the enveloping algebra of the
Lie algebra g of G), the sesquilinear form

(v, w) = (Adm(Dsy)v,dr(D;)w)
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on H> extends continuously to H x H ([Ho77, Thm. 3.4, p. 349], [KKW15]). This
note grew out of the question to understand the relation between smoothing and
Schwartz operators. This is completely answered by Theorem [2.4 which asserts, for
any smooth representation of a Fréchet—Lie group G and S € B(H), the following
are equivalent:

e S is Schwartz.

e S and S* are smoothing.
e The map G x G — B(H), (g, h) — m(g)S7(h) is smooth.

Smoothing operators are of particular importance for unitary representa-
tions of finite dimensional Lie groups which are trace class in the sense that, for
each f € C*(G), the operator 7(f) = [, f(g)m(g)dg is trace class. Actually we
show in Proposition that every smoothing operator is trace class if and only if
7 is trace class. This connection was our motivation to compile various character-
izations of trace class representations scattered in the literature, mostly without
proofs ([Ca76]). Surprisingly, this also led us to some new insights, such as the fact
that, if 7 is trace class, then there exists an m € N such that all operators 7(f),
f € C"(G), are trace class. As a consequence, the corresponding distribution
character 6, is of finite order. This is contained in Theorem which collects
various characterizations of trace class representations. One of them is that, for
every basis Xi,..., X, of g and A := 2?21 X jz, the positive selfadjoint operator
1 —dn(A) has some negative power which is trace class. This is analogous to the
Nelson—Stinespring characterization of CCR representations (all operators 7 (f),
f € LY(@G), are compact) by the compactness of the inverse of 1—dm(A). Tt is well
known that all these representations are direct sums of irreducible representations
with finite multiplicities ([Bo72, Prop. 5.9]). Locally compact groups for which all
irreducible unitary representations are trace class, so-called trace class groups, have
recently been studied in [DD16], and for a characterization of groups for which all
irreducible unitary representations are CCR (type I groups), we refer to [Pu78|
Thm. 2]. For a connected, simply connected Lie group G, the type I property can
be characterized in terms of a regularity property of the coadjoint action. The
trace class property is much more restrictive, f.i., the groups R" x SL,(R), n > 2,
are type I but not trace class. All connected nilpotent and reductive Lie groups
are trace class ([DD16], Prop. 1.9, Thm. 2.1]).

In the measure theoretic approach to second quantization, the Fock space
of a real Hilbert space is realized as the L?-space for the Gaussian measure
on a suitable enlargement of 7. Combining our characterization of trace class
representations with results in [JNOI5], we see that the trace class condition is
equivalent to H* being nuclear, which in turn is equivalent to the realizability of
the Gaussian measure on the dual space H™>° of distribution vectors.

Notation: Throughout this article, Ny := N U {0}. For a unitary rep-
resentation (m,H) of G, let dm(x) for # € g denote the infinitesimal gen-
erator of the one-parameter group t — 7(exp(tx)) by Stone’s Theorem. Set
D" =D"(1) :=,,...0neg P(An (1) - - - d7(2,,)) and D> = D>(7) := 2, D".
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1. Characterizing trace class representations

In this section G will be a finite dimensional Lie group and g will be the Lie
algebra of G. We fix a basis Xi,...,X,, of g and consider the corresponding
Nelson-Laplacian A := X?+---+ X2 considered as an element of the enveloping
algebra U(g). We write B,(H) for the pth Schatten ideal in the algebra B(#H)
of bounded operators on a Hilbert space H and K(H) for the ideal of compact
operators.

Recall that a unitary representation (w,#) is called trace class if 7(f) €
Bi(H) for every f € C*(G). For every unitary representation (w,H), the
subspace H™ of smooth vectors can naturally be endowed with a Fréchet space
structure obtained from the embedding H* — C*(G,H),v — 7%, where 7%(g) =
m(g)v. Its range is the closed subspace of smooth equivariant maps in the Fréchet
space C*°(G,H). This Fréchet topology on H> is identical to the topology
obtained by the family of seminorms {|| - |[p : D € U(g)}, where |jv||p =
|dm(D)v|| for v € H>.

Lemma 1.1. [If (m,H) is a unitary representation of the Lie group G, then
T(fYH>® CH>® for every f € C.(G).

Proof. In view of [Nel(O, Thm. 4.4], the representation 7> of G' on the Fréchet
space ‘H™ is smooth. Hence, for every v € H*> and f € C.(G), the continuous
compactly supported map

G —H>™, g~ flg)n(g)v

has a weak integral I. Then, for every w € H,

(1w = [ fa)irlo)o.u)dg = (r(f)o.u),
and therefore I = w(f)v € H™. m

Lemma 1.2. Let V be a Fréchet space, W be a metrizable vector space and
(An)nen be a sequence of continuous linear maps V. — W for which A(v) =
lim,, oo A (v) exists for every v € V.. Then X is continuous.

Proof. Since V is a Baire space and W is metrizable, it follows from [Bou74,
Ch. IX, §5, Ex. 22(a)] that the set of discontinuity points of A is of the first
category, hence its complement is non-empty. This implies that A is continuous. =

The following theorem generalizes [Ca76, Thm. 2.6] in a Bourbaki exposé of
P. Cartier which states the equivalence of (iii) and (v), but unfortunately without
giving a proof or a reference to one.

Theorem 1.3.  Suppose that G has at most countably many connected compo-
nents[] For a unitary representation (w,H) of G, the following are equivalent:

!This assumption ensures that C°(G) is an LF space, otherwise the topology on C°(G)
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(i) There exists an m € N such that 7(C*'(G)) C By(H) and the corresponding
map w: C"(G) — By(H) is continuous.
(ii

7(CX(@G)) C Bi(H) and the map 7: CX(G) — By(H) is continuous.

(i) 7 is a trace class representation, i.e., m(C(G)) C Bi(H).

)
)
(iv) m(C2(G)) € Ba(H).
(v)

Proof. Let D := dn(A), where dr: U(g) — End(H*) denotes the derived
representation, extended to the enveloping algebra. Recall that D is a non-positive
selfadjoint operator on H ([NS59]).

(i) = (i) = (iii) = (iv) are trivial implications.

(iv) = (iii):  According to the Dixmier-Malliavin Theorem
(IDM78, Thm. 3.1]), we can write every f € C°(G) as a finite sum of products
axb with a,b € C2°(G). Hence the assertion follows from Bs(H)Bs(H) C Bi(H).

(iii) = (ii): P| For every sequence (C,)men of compact subsets of G with
Cn C Chy .y and U, Cp = G (which exists because G has at most countably
many connected components), the space C°(G) is the direct limit of the Fréchet
subspaces

There exists a k € N such that (1 —dn(A))™* is trace class.

Ce, (G) == {f € CF(G): supp(f) € O}
Therefore it suffices to show that m: Cg (G) — B1(H) is a continuous linear map
for every m € N.

Let (0n)nen be a d-sequence in C°(G), ie., [,0n(g9)dg =1 and supp(d,)
converges to {1} in the sense that, for every 1-neighborhood U in G, we eventu-
ally have supp(d,) C U. Then 4, * f — f for every f € C>(G) holds in L'(G)
(and even in C°(G)). For every n € N, the linear map

T, Cg (G) = Bi(H), [ a(bn)n(f)=m(n*[)
is continuous because the linear maps
ce (G) = B(H), fw—n(f) and B(H)— Bi(H), A m(d)A

are continuous. Here we use that ||7(6,)A|x < ||7(0n)]1]]A]-
In view of Lemma , it suffices to show that, for every f € C& (G), we
have

7(f) = lim m,(f) = lim 7(0,, * f)
n—oo n—0o0
holds in B;(#). Using the Dixmier-Malliavin Theorem ([DM78, Thm. 3.1]), we
write f = Z?Zl aj x b; with a;,b; € C>(G). Then
k k

Tn(f) =7(0p % f) = ZW((Sn *aj % b)) = Z?T(5n s« a;)m(b;).

J=1 J=1

becomes somewhat pathological. However, 7 is trace class if and only if the restriction to the
identity component is, so that the main point is the characterization for the class of connected
Lie groups.

2The assertion in [DDI16, Prop. 1.4] comes close to this statement but does not assert the
continuity of the Bj(#H)-valued map.
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Since the right multiplication maps B(H) — B1(H), A — An(b;) are continuous
and lim,,_,. (9, * a;) = 7(a;) in B(H), it follows that m,(f) — 7(f) for every
f € C(G). Now the assertion follows from Lemma [1.2]

(ii)) = (v): Let 2 C G be a compact 1-neighborhood in G' and

CH(G) :={f e C™G): supp(f) CQ} for meNyU{c0}.

Then C'(G) is a Banach space for each m € Ny, and the Fréchet space CF(G)
is the projective limit of the Banach spaces C{'(G). Therefore the continuity of
the seminorm f — ||7(f)[1 on CF(G) implies the existence of some m € N such
that the map 7: C3(G) — Bi(H) extends continuously to C{'(G). This implies
that 7(CH(G)) € Bi(H).
Next we observe that by an argument similar to the proof of a Lemma by
M. Duflo ([B72, Lemma 3.2.3, p. 250]), there exists for every m € N a positive
integer k, an open 1-neighborhood U C Q in G, and functions 8,y € C™(U)
such that
(1-A)8=0+7, (1)

where ¢ is the Dirac distribution in 1. Then
m(8) = (1 - D) "1 —D)*x(8) = (1 - D) *r((1 - A)*8) = (1 - D) " (1 + (7))

holds as an identity of linear operators on H* (Lemma |l.1), and since both sides
are bounded on H, we obtain

(1-D)™" =n(8) - (1 - D) "=(y). (2)

By the preceding argument, both summands on the right are trace class, so that
(1 — D)7F is trace class as well.
(v) = (i): For f € C*(G), we have

7(f) =1 = D)™" 1~ D)fn(f) = (1 - D) *r((1 - A)"f). (3)

Since the first factor on the right is trace class and 7((1 — A)*f) € B(H), it
follows that 7(C°(G)) C By(H). Moreover, the continuity of the linear operator
(1 — A)*: C?*(G) — L'(G@) and the density of C°(G) in C?*(G) imply that the
identity (3) holds for all f € C?*(G). We conclude that 7(C?(G)) C By (H), and
continuity of the integrated representation 7: L'(G) — B(#) implies that the
corresponding map C?*(G) — B (H) is continuous. ]

Along the same lines one obtains the following characterization of com-
pletely continuous representations (CCR) from [NS59, Thm. 4.1].

Theorem 1.4.  (Nelson—Stinespring) For a unitary representation (w,H) of G,
the following are equivalent:

(i) m(LYG)) € K(H).
(i) m(C(G) € K(H).

(iii) (1 —dm(A))~! is a compact operator.
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Proof. The equivalence of (i) and (ii) follows from the density of C°(G) in
LY(G). We now use the same notation as in the preceding proof.
(i) = (iii): From the relation

(1-D)™"=n(8)~ (1~ D) "n(y)

we derive the existence of some k € N for which (1 — D)~ is compact, but this
implies that (1 — D)~! is compact as well.

(iii) = (ii): For f € C*(G), we have

m(f)=1=D)" (1 -D)r(f) = (1 —-D)"'n((1-A)f). (4)

Therefore the compactness of (1 — D)~ implies (ii). n

1.1. Application to smoothing operators.

Definition 1.5. For a unitary representation (m,#) of a Lie group G, an
operator A € B(H) is called smoothing if AH C H>*. We write B(H)> for
the subspace of smoothing operators in B(H).

It is shown in [NSZ15, Thm. 2.11] that for the class of Fréchet-Lie groups,
which contains in particular all finite dimensional ones, an operator A is smoothing
if and only if it is a smooth vector for the representation \(g)A := w(g)A of G
on B(H). If 7 is not norm continuous, then this representation is not continuous
because the orbit map of the identity operator is not continuous, but it defines a
continuous representation by isometries on the norm-closed subspace

B(H).:={A € B(H): ;eri m(g)A = A}.

By Garding’s Theorem, 7(f) € B(H)> for every f € C*(G). Applying the
Dixmier-Malliavin Theorem [DM78, Thm. 3.3] to the continuous representation

(A, B(H).), we see that
B(H)>* = span{rn(f)A: f € C(G),A € B(H)}. (5)

It follows in particular that all smoothing operators are trace class if 7 is a trace
class representation. Alternatively one can use the factorization

A=(1-D)*1-D)*A
for every smoothing operator A to see that A is trace class because (1 — D)% is
trace class for some k.
From Garding’s Theorem we obtain another characterization of trace class
representations:

Proposition 1.6. A unitary representation (w,H) of G is trace class if and
only if B(H)>® C By(H), i.e., all smoothing operators are trace class.
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Proposition 1.7.  If (m,H) is a trace class representation of G, then the space
of smoothing operators coincides with the subspace of smooth vectors of the unitary
representation (X, Bo(H)) defined by A(g)A = m(g)A.

Proof.  Since the inclusion By(H) — B(H) is smooth, every A € By(H)™ has
a smooth orbit map G — B(H), g — m(g)A, hence is smoothing.

If, conversely, A is smoothing, then (5)) shows that A is a finite sum of oper-
ators of the form 7(f)B, f € CX(G), B € B(H). Since m: CX(G) — By(H), f —
7(f), is a continuous linear map by Theorem [1.3] the right multiplication map
By(H) — By(H),C — CB is continuous, and the map G — CX(G), g — % f is
smooth, the relation

m(g)m(f)B = (o, * f)B
implies that 7(f)B has a smooth orbit map in By(H). We conclude that the same
holds for every smoothing operator. |

The equivalence of the statements in the first two parts of the following
corollary can also be derived from the vastly more general Theorem [2.4] but it
may be instructive to see the direct argument for trace class representations as
well.

Corollary 1.8.  For a trace class representation of G and A € B(H), the
following are equivalent:

(i) A is a Schwartz operator.
(ii) A and A* are smoothing.
(iii) A € Ba(H) and the map o”: G x G — Bao(H),(g9,h) — w(g9)Am(h™1) is

smooth.

Proof. (i) = (ii): If A is Schwartz, then in particular the operators Adm(D),
D € U(g), are bounded on H>™, and thus from [NSZI5, Thm 2.11] it follows
that A* is smoothing. Furthermore, boundedness of dr(D)A for every D € U(g)
entails in particular that AH C D>, so that by [NSZ15, Thm 2.11] we obtain that
A is also smoothing.

(ii) = (iili): Next assume that A and A* are smoothing. Then Proposi-
tion [1.6] implies that A, A* € By(H), and Proposition [1.7] implies that the maps

G— By(H), gr—7m(9)A and G — By(H), g~ An(g)

are smooth. For the unitary representation of G x G on By(H) defined by
a(g,h)M = n(g)Mm(h)~! this implies that the matrix coefficient

(9, h) = {alg, h)A, A) = (n(g)Am(h)", A) = (m(g) A, Am(h))

is smooth, so that A is a smooth vector for « by [NelO, Thm. 7.2].
(iii) = (i): Finally, assume that A € By(H) and the map o is smooth.
Since the linear embedding By(H) — B(H) is continuous, the orbit map

GxG—= B(H), (9,h) — 7(g9)Ar(h) (6)
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is also smooth. From [NSZI5, Lem 2.9] and [NSZ15, Lem 2.10], and by considering
suitable partial derivatives at (1,1) of the map @, we obtain boundedness of the
operators

dm(Xy) - -dm(X,)Adn(Yy) - - - dm(Y,),
where Xy,....X,,,Y,,....Y,, €g. [ |

For the last result of this section we need the following lemma, which
appears in [Ca76, Thm 1.3(b)] without proof.

Lemma 1.9.  Let (m,H) be a unitary representation of G and let H~>° denote
the space of distribution vectors, i.e., the anti-dual of H™. Then every X\ € H™>° is
a sum of finitely many anti-linear functionals Ap,, € H™>° of the form Ap,(w) =
(v,dm(D)w), where v € H and D € U(g). In fact we can write X\ as a linear
combination of finitely many Ap, with D = (1 — A)* where k € N.

Proof.  Continuity of Ap, is straightforward. Next fix A € H™°°. The map

H® — HY® |y (d?T(D)U)DeU(g)
is a topological embedding, where HUY® is equipped with the product topology.
Thus by the Hahn-Banach Theorem, we can extend A to a continuous anti-linear
functional on HY® . Since the continuous anti-dual of H is identical to the
continuous dual of the complex conjugate Hilbert space #, and the continuous
dual of a direct product is isomorphic to the direct sum of the continuous duals,
we obtain that A =", Ap, ,, for some D; € U(g) and v; € H.

For the refinement claimed at the end of the statement of the lemma, we
can modify the above argument using the fact that the Fréchet topology of H™ is
given by the seminorms v +— ||(1 — dm(A))*v]|, where k € N. ]

Let S(m,H) C B(H) denote the space of Schwartz operators of a unitary
representation (m,H). If (7, #) is trace class, then from Corollary it follows
that S(m,H) is the space of smooth vectors of the unitary representation of G x G
on the Hilbert space By(H), defined by a(g,h)M := n(g)Mn(h)~'. In this case
we equip S(m, H) with the usual Fréchet topology of the space of smooth vectors.
The next proposition characterizes the topological dual of S(m, H).

Proposition 1.10.  Let (m,H) be a trace class representation of G. Every
continuous linear functional on the Fréchet space S(m,H) of Schwartz operators
1s of the form

Aax(T) == tr((1 — D)*T(1 — D)*A),

where D =dm(A), A€ Bi(H), and k € N.

Proof. From Corollary we know that the space S(m,H) of Schwartz op-
erators coincides with the space of smooth vectors of the unitary representation
(o, Ba(H)) given by a(g,h)A := w(g)An(h)~*. For z1,..., %, Y1,-..Ym € ¢ and
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every smooth vector T' for a, we have

dOz((.Z'l, O) e (xm O)(07 yl) e (0’ ym))T
= (=1)"dm (1) - - - A7 (@) TAT(Yno) - - - A7 (y1)-

Set N := 1 —dn(A). Since dim(G) < oo, by Lemma it now follows that,
for every T € S(m,H), we can write A as a linear combination of finitely many
linear functionals A, , 4(T) := tr(NPTN?A), where p,q € Ny and A € By(H).
Furthermore, for every r > p,q such that NP~ and N?7" are both trace class
(see Theorem [L.3)), we have

Apgt(T) = tr(NPTNIA) = te(NP"N"TN" N A) = A, 5(T),

where B = N9 "ANP™" is trace class. Since r can be chosen to be arbitrarily
large, every linear combination of the functionals A,, 4 can be expressed as a
single linear functional A, , g for a suitable B € By(H). ]

1.2. Nuclearity of the space of smooth vectors. Combining Theorem [1.3
with [JNO15L Cor. 4.18] we obtain:

Proposition 1.11.  For a unitary representation (mw,H), the following are equiv-
alent:

(a) m is trace class.
(b) The Fréchet space H>™ is nuclear.

(¢) There exists a measure vy on the real dual space H™>° of H™, endowed with
the o-algebra generated by the evaluations in smooth vectors, whose Fourier
transform is 7(v) = [,,_.. e @ dy(a) = e II*/2 for v e H>.

The main idea in the proof of [JNOI5, Cor. 4.18] is that 1> coincides with
the space of smooth vectors of the selfadjoint operator dr(A) and that properties
(b) and (c) can now be investigated in terms of the spectral resolution of this
operator. The equivalence of (a) and (b) is also stated in [Ca76, Thm. 2.6] without
proof.

1.3. Tensor product structure of S(m,H). In this subsection we show that,
for any trace class representation (m,H) of G, the space S(m,H) of Schwartz
operators can be identified with the tensor product of the nuclear space H* with
its complex conjugate space.

Remark 1.12. (a) For a unitary representation 7 : G — U(H) we have
H>® = D>*(dn(A)) and the natural Fréchet topology on H*> is generated by
the norms v — ||[N*v||,k € Ny, where N :=1 —dr(A) > 1.

(b) For k € Z we define H, as the completion of the dense subspace D(N*)

of H with respect to the Hilbert norm

[olli := [N*ol| = (N*v, N*v)!/2.
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For k > 0 we have H;, = D(N*). Furthermore the scalar product (-,-) on
D(N*) x H extends to a sesquilinear map Hjy x H_j — C which exhibits H_, as
the dual space of Hj. The unitary transformations N* : H, — H,k € Z, yield
isomorphisms of Banach spaces

B(Hy,H¢) = B(H), A— N'AN~* k(e

It is straightforward to show that these restrict to ismorphisms of the Schatten
classes B,(Hy, He) = By(H),p > 1.

The following description of the space of Schwartz operators is well-known
for the Schrodinger representation of the Heisenberg group ([KKWI5]), but it
actually holds for all trace class representations.

Proposition 1.13.  Let G be a finite-dimensional Lie group and w: G — U(H)
be a trace-class representation. Then we obtain an isomorphism of complex Fréchet
spaces

n: HY®,H® = S(m,H), (z,y)— P,, with P, ,(v) = (v,y)z,

where H> denotes the complex conjugate space of H*. In particular, S(m,H) is
a nuclear space.

Proof. By Corollary S(m,H) is the space of smooth vectors of the unitary
representation o : G x G — U(Bz(H)),a(g,h)M = w(g)Mm(h)~'. Moreover
S(m,H) is equipped with the usual Fréchet topology of the space of smooth vectors
which is specified by the norms M ~ ||[N*MN*||, k, ¢ € Ny, with N := 1 —dr(A)
as in Remark (a). Since N*P, N* = Pyi, e, and N @ H® — H> is

continuous, the bilinear map

b:H® X H® = S(m, H), (z,y)— Py
is continuous and therefore induces a continuous linear map

n:HORH® = S(m, H).

Sect. 1.3.5] and Remark b) we obtain that the continuous dual (H™®,H>)’
consists of the elements

Recall from Proposition that H> is nuclear. From [GV64, Thm. 4 in
112

Mg HO@H® = C, x®@y+ tr(N*P,,NA),
where A € By(H), k, ¢ € Nyg. With Proposition we conclude that
0 S(mH) — (HO®,H®)

is surjective which implies that 7 is injective.
Using the identification By(H) = H®H, the representation a corresponds
to m ® ™. Let vy denote the unitary one-parameter group on H generated
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by N. Then T':= N ® 1+ 1® N is the self-adjoint generator of vy ® v_n.
By Remark [I.12a) we have H>* = D*(N) and S(m,H) = D>(T). Therefore
H>® ®@H>® is invariant under vy ® v_y and hence H> ®@ H> is dense in D>®(T) =
S(m,H) by [NZ13 Lem. 4.1(b)]. This implies that im(n) C S(m, H) is dense.

We now show that 7 is an open map. The topology of H™ is generated
by the seminorms py(v) := |[N*v||,k € Ny. Since py < pii1, the topology of
H>®R,H>™ is generated by the seminorms

(pk ®Pk)($) = inf {Zpk(%)pk(wi) = Zvi ® wz} , keNp.

Recall from Remark [1.12(b) the Hilbert spaces Hy. Then each pj extends to Hj

and we have an isomorphism of Banach spaces
e s Hi®Hy — Bi(My)  with iz @ y)(v) = (v, y)x = (N0, Ny) -

([Tx67, Thm. 48.4]). Then n(x) = n(x)N?* for 2 € H>® @, H>, and we thus
obtain with Remark [1.12(b):

(P @ pi) (@) = [k (@), 00y = IN* ()N NTF 1 < [N (@) N - | N7l

for £ € N such that N=¢ is a trace-class operator. (Here on the right hand
side, the operator N*n(z)N“** can be considered as an element of B(#), because
n(xz) € S(m,H).) By continuity of both sides, the same estimate holds for elements
& of the completion H®®,H>. Hence n is a continuous linear bijection onto its
image with continuous inverse. Therefore the image of 1 in S(7, H) is closed and
since it is dense we conclude that 7 is a topological isomorphism from H®®,H>

onto S(m,H). ]

2. Characterizing Schwartz operators

In this section we prove a characterization of Schwartz operators in terms of
smoothing operators, namely that S is Schwartz if and only if S and S* are
smoothing for any smooth unitary representation of a Fréchet—Lie group.

We shall need the following result from interpolation theory ([RS75], Prop. 9,

p. 44]:
Proposition 2.1.  Let H be a Hilbert space and A, B be positive selfadjoint op-
erators on H with possibly unbounded inverses. Suppose that the bounded operator
T € B(H) satisfies

T(D(A%) CD(B?) with ||B*Tv| < C||A%| for v e D(A?).
Then T(D(A)) € D(B) with

IBTo| < VI[T(C-[[Av]| - for v e D(A).
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We consider a smooth unitary representation (7, H) of the (locally convex)
Lie group G and we assume that G has a smooth exponential function.
For x € g and n € N, we consider the selfadjoint operator

Ny i=1+ (=1)"dr(z)* > 1.
Note that [NZ13l Lemma 4.1(b)] implies that N, , coincides with the closure of
the operator 1 + (—1)"dm(z)?" on H*>.

Proposition 2.2. If S € B(H) is a smoothing operator whose adjoint S* is
smoothing as well, then S is a Schwartz operator, i.e., for Dy, Dy € U(g), the
operators dm(Dy)Sdm(Dsy) defined on H™ are bounded, i.e., extend to bounded
operators on H.

Proof.  Since U(g) is spanned by the elements of the form z™, x € g, we have to
show that, for =,y € g and n,m € Ny, the operator dm(x)"Sdn(y)™ is bounded.
From [NSZ15, Thm. 2.11] we know that N,,S is bounded, and from [NSZI15|
Lem. 2.8(a)] it follows that SN, ,, is bounded on D(N, ). Next we observe that

the operators
T:=N,,S, A:=N,}/> and B:=N,}/*

are all bounded. Writing v € H as v = N, ,,w, we obtain the estimate

IB*Tw|| = [NoaTNymwl| = [|SNymw]] < [SNymlll| Ny vl = 1SNy ll[| A%0]].
Therefore Proposition [2.1{ implies that for ¢ := || N, ,S||"2[|S N, ||*/? we have

IN2S0l| = | BTw| < cllAv]| = e Ny 2|l for e D(A) = R(NMZ) = H.
For v = Nyfnw this leads to

||N1/2SN1/2w|| < c||lw|| for w e D(Nl/n%),

so that Ni/fSNyl/n% is bounded on D(N, 1/2) As N2 drm(x)™ is bounded, it follows
that the following operator is bounded:

(N, 2dm(2)") (NG 2SNy ) (N, o/ 2dm (y)™)
2 (dm(2)")* (Ng o N2 SNy ) (N ol dm (y)™)
— (an(2)")" San(y)™ D (~1)"dn(z)"San(y)".
and this implies the boundedness of dr(z)"Sdr(y)™, more precisely
lar ()" Sdn(y)™ || < [INZZSNyoml < 1Non SIS Nyl |72, (7)
|
We now consider the representation of G x G on B(H) by
a(g, h)A = m(g)Am(h) " = Xg)p(h) 4,
Mg)A=m(g)A,  plg)A=An(g)™



VAN D1JK, NEEB, SALMASIAN AND ZELLNER 799

Remark 2.3. (a) Suppose that A is a continuous vector for the left multipli-
cation representation A and also for the right multiplication action p. Then

Im(g)Am(h) = All < [|7(g)Am(h) — Ax(R)[| + [[Ax(h) — Al
< [lm(g9)A = All + | A= (h) — A

implies that A is a continuous vector for .

We write B(H).(«) for the closed subspace of a-continuous vectors in B(H)
and note that since a acts by isometries, it defines a continuous action of G on
the Banach space B(H).(«).

(b) Suppose that A is a C'-vector for A\ and p and z,y € g. Since all
operators w(exptx)A, Am(expty) are contained in B(H).(«), the closedness of
B(H).(«) implies that dm(z)A and Adr(y) are also a-continuous.

We claim that A is a C'-vector for . In fact, the map

F:GxG— B(H), F(g,h):=alg,h)A=mr(g)Ar(h)~!

is partially C*, so that its differential dF: TG x TG — B(H) exists. This map is
given by

dF(g.x, h.y) = n(g)dn(z)Ar(h) ™" — 7 (g)Adm(y)m (k)"
= m(g)(dr(2)A — Adr(y))m(h)~".

Since « defines a continuous action on B(H).(«), the continuity of dF
follows from the continuity of the corresponding linear map

gxg— B(H), (v,y)+— dr(r)A— Adn(y),

which follows from the assumption that A is a C'-vector for A and p. This shows
that dF is continuous and hence that A is a C'-vector for a.

Theorem 2.4.  For a smooth unitary representation of a Fréchet-Lie group G
and S € B(H), the following are equivalent:

(i) S and S* are smoothing.
(ii) S is Schwartz.

(iii)) S is a smooth wvector for «, i.e., the map G x G — B(H),
(g,h) — w(g9)Sm(h)~! is smooth.

Proof.  That (i) implies (ii) is Proposition [2.2]

(ii) = (iii): For D € U(gc), the operators Sdw(D) and S*dw(D) on H>
are bounded, so that [NSZ15, Thm. 2.11] implies that S and S* are smoothing,
hence in particular C'-vectors for a by Remark and

da(z,y)S = dn(x)S — Sdn(y).

It follows in particular that da(z,y)S is Schwartz as well (because S is Schwartz if
and only if d7(D;)Sdm(Ds) is bounded on H™ for every Dy, Dy € H*). Thus we
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obtain inductively that S € D"(«) for every n € N. Since G is Fréchet, [NSZ15|
Thm. 1.6(ii), Cor. 1.7] now imply that S is a smooth vector for «.

(iii) = (i) follows from the characterization of smoothing operators ([NSZ15,
Thm. 2.11]). [

If the Lie group G is only assumed to be metrizable, the additional quanti-
tative information from Proposition can still be used to obtain the equivalence
of (i) and (iii) in the preceding theorem. This is done in Theorem [2.6| below. First
we need a lemma.

Remark 2.5. Let (m,H) be a smooth unitary representation of a (locally
convex) Lie group G with a smooth exponential map. Let S € B(H) be a Schwartz
operator, and set A := dn(D;)Sdn(Ds) with domain H>, where Dy, Dy €
U(g). Then A is bounded, and therefore A € B(H). We now show that
A(H) C D(dr(z)?). Indeed for v € H, if (vn)new € H™ is a sequence such
that lim,_ oo v, = v in #, then lim, . Av, = Av and from boundedness of
dm(x)?A with domain H> (recall that S is Schwartz) it follows that the sequence
(a7 (2)2Av, )nen is convergent. But dr(x)? is closed, hence Av € D(dn(z)?).

Theorem 2.6.  Let (m,H) be a smooth unitary representation of the Lie group
G and assume that g is metrizable. For S € B(H), the following are equivalent:

(i) S and S* are smoothing.

(ii) S is a smooth wvector for «, i.e., the map G x G — B(H),
(g,h) — W(g)Sﬂ(h)’l 18 smooth.

Proof. (ii) = (i) follows from [NSZI15, Thm. 2.11]. Now assume that S and
S* are smoothing. Then S is a Schwartz operator by Proposition 2.2l According
to (7)) we have

lam(2)"Sam(y)" || < [ NoaSII 2SNyl < 3 (I Nz S| + 1SNy
< 18]l + 5(llam(x)* S| + [[San(y)*"|)). (8)

By [NSZ15, Thm. 2.11] the map g — A(g)S = m(g)S is smooth with

d\(x1) -+ - d\(,)S = dm(xy) - - - d7(x,,)S.

In particular, g* — B(H),(z1,...,7x) — dm(xy)---dr(z)S is k-linear and
continuous. Similarly the smoothness of g — p(g)S = (7(g)S*)* shows that
Sdm(zy)---dm(xy) is continuous in (xy,---,xx). Therefore (8)) entails that

|dm(z)*Sdx(y)™]| is bounded for (z,y) in a neighborhood of (0,0) € g*. Since
U(g) is spanned by the elements of the form 2%, x € g, k € Ny, and

U(g) x U(g) = B(H), (D1, Ds) = dm(Dy)Sdn(Da)
is bilinear, polarization implies that the (n + m)-linear map f,,, : ¢"*" — B(H)

fom(T1, o Ty Y1y ey Ym) = dm(xq) - - - dm () SAm(y1) - - - A7 (Y
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is bounded near 0 and therefore continuous for every n,m € N.

Next we show that (the unique extension to H of) dm(D;)Sdm(D,) lies
in B(H).(a) for every Dy,Dy € U(g). The proof is inductive, namely, we
assume that A € B(H).(a) where A := dn(D;)Sdn (D), and we show that
for all x,y € g, the unique extensions to H of dm(z)A and Adw(y) are in
B(H).(a). Remark and [NSZ15, Lem. 2.9] imply that A € D(d\(z)) for
any r € g, and d\(z)A = dr(z)A. Now an argument similar to Remark (b)
yields dr(z)A € B(H).(a). Furthermore, (A)* = A* and it is straightforward to

verify that
A*

o = dr(D})S*an(DY),

where f is the principal anti-involution of U(g) defined by zf := —x for x € g.
Since obviously S* is Schwartz, the operator A* is the unique extension to H
of the bounded operator dr(D})S*dr (D), hence for any y € g we have by Re-
mark [2.5 that A*(H) € D(dn(y)?). Now [NSZI5, Lem 2.8(a)] yields boundedness
of Adr(y)?, and [NSZ15, Lem 2.10] implies that Adn(y) € B(H).(a).

Next we observe that for x,y € g, the partial derivatives of

R?* — B(H), (t,5)+ m(exp(tz))dn(D;)Sdr(Ds)7(exp(—sy))

exist and are continuous (see [NSZ15, Lemmas 2.9/10] and Remark and recall
from above that for A = dn(D;)Sdmr(D,), the operator Adw(y)? is bounded). This
yields drm(D;)Sdr(D,) € D'(a) and

da(z,y)(dn(D;)Sdmr(Dy)) = dn(z)dn(D;)Sdn(Ds) — dn(D;)Sdm(Ds)dn (y).

Hence we can prove S € D>(a) by induction. The continuity of the maps f, m
and [NSZ15, Cor. 1.7(ii)] now implies that S is a smooth vector for «. ]

Recall that S(7,H) denotes the space of Schwartz operators of a unitary
representation (7, H). The next proposition is an application of Theorem .

Proposition 2.7.  Let (7, H) be a smooth unitary representation of a Fréchet—
Lie group G. Let T € S(m,H). Assume that T is a non-negative self-adjoint
operator. Then /T € S(m, H).

Proof.  Since /T is self-adjoint, by Theorem it is enough to show that it is
smoothing. Next choose v € H> such that ||v|| = 1. Let T denote the principal
anti-involution of U(g), defined by 2 := —x for € g. Then

|[V/Tdr(D)v|? = (dr(D)v, Tdr(D)v)
= (v, dr(DNTdr (D)) < ||dr(DTdr(D)||.

Thus the operator v/Tdm(D) is bounded on H*. From [NSZI5, Thm 2.11] it
follows that /T is smoothing. ]



802 VAN DUJK, NEEB, SALMASIAN AND ZELLNER

3. Relation to literature on Schwartz operators

Schwartz operators have also been studied in [Pe94] for nilpotent Lie groups, and
more generally in [Bel0]. Note that from [NSZ15, Thm. 2.11] it follows that there
is redundancy in the definitions given in [Pe94] Sec. 1.2] and [Bel(), Def. 3.1]. From
[BelOl Thm. 3.1] it follows that smooth vectors of the G x G-action on By(H)
are Schwartz operators. This is weaker than Theorem above. Furthermore,
[Bel(, Thm. 3.1] gets close to Proposition [1.6] and Corollary [1.§[(iii), but in [Bel0]
it is not proved that being trace class is equivalent to nuclearity of the space of
smooth vectors (see Proposition . Finally, Proposition implies that what
is proved in [Bel0), Cor. 3.1] for irreducible unitary representations of nilpotent Lie
groups indeed holds for all trace class representations of general finite dimensional
Lie groups.

3.1. The Schrodinger representation. In this section we investigate the
connection between our results and those of [KKW15| more closely. In particular,
we will show that several of the results of [KKWT15| are special cases of the results
of our paper, when applied to the Schrodinger representation.

Let (V,w) be a 2n-dimensional real symplectic space and let Hy,, denote
the Heisenberg group associated to (V,w), that is, Hy, = V x R with the
multiplication

(v, 8)(w,t) :== (v4+w,s+t+ tw(v,w)).

Let by, denote the Lie algebra of Hy,,, and let U(hy,) denote the universal
enveloping algebra of hy,. By the Stone-von Neumann Theorem, to every non-
trivial unitary character y : R — C* we can associate a unique irreducible unitary
representation m, of Hy, for which the center acts by . In the Schrodinger re-
alization, m, acts on the Hilbert space H := L*(Y,u), where V = X @Y is a
polarization of V', and g is the Lebesgue measure on Y = R". The action of 7,
is given by

(T3 (2,0)0)(y) := x(w(x,y)e(y), (mx(¥0,0)9)(y) = o(y — yo),

and 7, (0,t)p := x(t)p, where x € X, ¢ € L*(Y,p), y,y0 € Y, and t € R. The
following result is a special case of the general theory of unitary representations of
nilpotent Lie groups (e.g., see [Ho80] and [Ki62, Thm. 7.1, Cor.]).

Proposition 3.1.  The representation 7, is trace class, dw(U(bv,,)) is equal to
the algebra of polynomial coefficient differential operators on Y , and the space of
smooth vectors of m, is the Schwartz space S(Y').

From Proposition it follows that the operators defined in [KKW15,
Def. 3.1] are the Schwartz operators for m, in the sense of our paper. From
Corollary [1.8]it follows that S(m,, ) is the space of smooth vectors for the action
of Hy,, x Hy,, on By(H), and therefore it can be equipped with a canonical Fréchet
topology. It is straightforward to verify that this Fréchet topology is identical to
the one described in [KKWI5| Prop. 3.3].

Next we show that if S,T € S(m,,H), then SAT € S(m,,H) for every
A € B(H). This is proved in [KKWI5, Lemma 3.5(b)], but the argument that
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will be given below applies to any trace class representation. From Proposition
it follows that the map G — By(H) given by g — A(g)S is smooth. Since the

bilinear map

is continuous, the map g — A(g)SAT is also smooth. Thus by Proposition ,
the operator SAT is smoothing. A similar argument shows that 7*A*S* is also
smoothing, and Corollary implies that SAT is Schwartz.

Proposition implies that every Schwartz operator for m, is trace class.
This is also obtained in [KKW15, Lemma 3.6]. Theorem applied to m, gives
[KKW15, Thm. 3.12]. Proposition implies [KKW15, Prop. 3.15], and Propo-
sition implies [KKW15, Prop. 5.12].

It is possible that the relation between the Weyl transform and Schwartz
operators that is investigated in [KKW15, Sec. 3.6] is a special case of more general
results in the spirit of our paper, at least for nilpotent Lie groups. Finally, it is
worth mentioning that the paper [Bell] studies (among several other things) the
class of representations of infinite dimensional Lie groups with the property that
their space of smooth vectors is nuclear. By Proposition [1.11] when G is finite
dimensional this condition is equivalent to the representation being trace class. In
the infinite dimensional case this is an interesting class of representations which
deserves further investigation. We hope to come back to these problems in the
near future.
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