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Abstract. It is proved that:

(1) The Fourier algebra A(G) of a simple Lie group G of real rank at
least 2 with finite center does not have a multiplier bounded approximate unit.

(2) The reduced C*-algebra C}(I') of any lattice I in a non-compact
simple Lie group of real rank at least 2 with finite center does not have the
completely bounded approximation property.

Hence, the results obtained by de Canniere and the author for SO.(n, 1),
n > 2, and by Cowling for SU(n,1) do not generalize to simple Lie groups of
real rank at least 2.
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Preamble by Alain Valette

In spring 2015, I contacted Uffe Haagerup about his manuscript “Group
C*-algebras without the completely bounded approximation property”,
written in 1986, and never published. I mentioned that Journal of Lie
Theory might be a good place to publish it. Uffe liked the idea, and
said he was willing to update the paper after the summer.

By a sad twist of fate, Uffe tragically passed away in July 2015. After
his untimely death, Maria Ramirez Solano volunteered to type Uffe’s
manuscript, and Sgren Knudby accepted to write an introduction and
update the bibliography. We heartily thank both of them for their
help in making Uffe’s manuscript available to the community. We also
thank Sgren Haagerup for giving us permission to publish his father’s

paper.

Introduction

The Fourier algebra A(G) of a locally compact group, introduced by Eymard
[12], consists of the matrix coefficients of the regular representation. The Fourier
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algebra is the predual of the group von Neumann algebra 9(G) generated by the
regular representation. The multipliers M A(G) of the Fourier algebra consists of
those continuous functions ¢ on G such that ¢ € A(G) for every ¢ € A(G).
One identifies ¢ with the corresponding operator m,, on A(G), and the multiplier
norm ||¢|[ar4 is the operator norm of my,. If the transposed operator m;, on M(G)
is completely bounded, we say that ¢ is a completely bounded multiplier. The
space of completely bounded multipliers is denoted MyA(G), and the completely
bounded multiplier norm ||¢|[a,4 is the completely bounded operator norm of
m;;,. We refer to the papers [5, 3] for details.

Leptin [24] showed that the Fourier algebra A(G) has an approximate unit
bounded in norm if and only if G is amenable. In [3], de Canniere and the author
showed that the Fourier algebra of the non-amenable group SO.(n,1), n > 2,
admits an approximate unit bounded in the completely bounded multiplier norm.
In [4], Cowling obtained similar results for SU(n, 1). In the first half of the paper,
we show these results do not generalize to simple Lie groups of real rank at least
2:

Theorem 1.  The Fourier algebra A(G) of a simple Lie group G of real rank at
least 2 with finite center does not have an approrimate unit bounded in multiplier
norm.

The second half of the paper is concerned with applications to operator
algebras. It is shown that the Fourier algebra A(I") of a lattice I" in a second
countable locally compact group G has an approximate unit bounded in the
completely bounded multiplier norm if and only if the Fourier algebra A(G) of
G has such an approximate unit (Theorem 2.3). It is also shown that, for a
discrete group I', the Fourier algebra A(I') has an approximate unit bounded
in the completely bounded multiplier norm if and only if the reduced group C*-
algebra C*(I') has the completely bounded approximation property, if and only
if the group von Neumann algebra 9U(I") has the (o-weak) completely bounded
approximation property (Theorem 2.6). As a corollary, C*(I') does not have the
completely bounded approximation property when I' is a lattice in a simple Lie
group of real rank at least 2 with finite center (Corollary 2.7).

The paper ends with an appendix containing a characterization, due to
Bozejko and Fendler, of completely bounded multipliers.

A preliminary version of this paper was completed in 1986 and has circulated
among experts in the field. We now mention some of the developments related to
this paper up until its publication.

In 1989, Cowling and the author [7] showed that the Fourier algebra of a
simple Lie group with finite center and real rank 1 admits an approximate unit
bounded in the completely bounded multiplier norm. This generalized the results
of [4, 3]. The condition of finite center was subsequently removed by Hansen [18].

In 1996, Dorofaeff [10, 11] removed the finite center condition from Theo-
rem 1, thus giving a complete characterization of simple Lie groups whose Fourier
algebras admits multiplier bounded approximate units.

In 2005, Cowling, Dorofaeff, Seeger, and Wright [6] extended the previous
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results to cover many non-simple Lie groups including all real algebraic linear
groups.

In 2012, Ozawa gave a short proof of Theorem 1 (see [26] and [22]).

In 1994, a weaker approximation property (called the Approximation Prop-
erty or simply the AP) than the one considered in Theorem 1 was introduced by
Kraus and the author in [15]. In 2011-2013, it was shown by Lafforgue, de la Salle,
de Laat and the author [16, 23] that simple Lie groups G of real rank at least 2
with finite center do not even have the AP, thus improving Theorem 1. The finite
center condition was subsequently removed in [17].

1. Proof of Theorem 1

1.1. Reducing the problem to SL(3,R) and Sp(2,R). In [30], Wang proved
that any simple Lie group G with finite center and real rank at least 2 has
Kazhdan’s property (7)), by using the fact that all these groups contain a closed
subgroup G’ with finite center and locally isomorphic to either SL(3,R) or SO(2, 3)
(cf. [1, Theorem 7.2]). If G’ fails to have a multiplier bounded approximate unit for
its Fourier algebra, so does G (cf. [3, Proposition 1.12]). It is elementary to check,
that if F' is a finite normal subgroup of a locally compact group H, then A(H)
has a multiplier bounded approximate unit if and only if A(H/F) has a multiplier
bounded approximate unit. Thus if G’ and G” are locally isomorphic simple Lie
groups with finite center, then A(G’) has a multiplier bounded approximate unit
if and only if A(G”) has a multiplier bounded approximate unit. Hence, to prove
Theorem 1 it suffices to consider the two groups SL(3,R) and SO(2,3) of real
rank 2. But SO(2,3) is locally isomorphic to Sp(2,R) (cf. [19, p. 519]). So we
can as well work with SL(3,R) and Sp(2,R).

1.2. Case SL(3,R). Consider the closed subgroup Gq of SL(3,R) consisting of
the 3 x 3-matrices of the form

A Db
by A €SL(2,R), by, by € R
00 1

Note that Gy is isomorphic to the semidirect product SL(2,R) x, R?, where « is
the usual action of SL(2,R) on R?*. We will show that already Gy fails to have a
multiplier bounded approximate unit. Put

0
K [ S0@ ¢ |

0 01

and let N C Gj be the nilpotent group of upper triangular matrices with 1’s in
the diagonal (N is the Heisenberg group). It is convenient to use the following
coordinates for N:

1 z 2+ %:Uy
0 1 Y , (z,y,2) € R
00 1
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Lemma A.  Let v be the diffeomorphism of N given by

z
,y,2) = | -1, ———, 1+22/4 .
v(z,y,2) ( ! /)

If o: N — C is the restriction of a Ky-biinvariant function @ on Gy to N then
Y=poT.

Proof. Define u,v € SO(2) by

) and V= —u.

N8 =

1 ( z
U= 2
1+a22/4 \ —1

By direct computation one gets:

1 / 17,0
u 0 I x z+ 32y v 0 1 ' 2+ 3Ty
0 1 01y 01)- |91 v
00 1 0 0 1
where (2/,y/,2") = v(x,y, z). This proves the lemma. [

Lemma B (“Failure of Fubini’s Theorem”).  Let ¢ € C°(R?). Then the two
double integrals

= [ [ a0~ [ [ 5D aya

exist, when the inner integrals are taken in the principal value sense (exclude
symmetric intervals around the zeroes of y*> — 22, and let the length of the intervals
go to zero). Moreover

I(p) = J(¢) = m¢(0,0).

Proof (sketch). I, J are the distributions on R?, whose Fourier transforms
are given by the L*°-functions

o~

I<t7 U) = 7T2X{u2>t2}7
j(t,u) = —7T2X{u2<t2},

where y denotes the characteristic function, and D — D is the natural extension
of the Fourier transform on R?, which on the L!-functions is given by

Fltu) = / / ) () dy

Hence T — J = 72, which is the Fourier transform of 72 times the Dirac measure
t (0,0). ]

Lemma C.  The map

cpl—>//R21+y_ dydz, ¢ € C(R?)
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is a well-defined distribution K on R2, independent of the order of integration,
and K 1s the L -function

~ Jo(WVu?2 —t2) u? > t?

where Jy is the zero-order Bessel function.

Proof (sketch).  To compute K , observe that K is SO(1,1)-invariant. Hence
K can only depend on u? — t2, so it is sufficient to compute K (¢,0) and K (0,u).
But K(0,u) = Jo(u) follows from the formula

/1 1 zuzd
= — € Z.
,1\/1—33'2 u

Lemma D.  Let D be the distribution on N given by

»Y\x,y, 00
/// 1+x2/4y) _dzdydr, @€ CX(N)

ID(p)] < 27°|lella) Ve € CE(N).

Then

Proof (sketch). Note that one cannot permute the order of integrations dz,
dy (cf. Lemma B). However, it is not hard to check that dy and dx can be
permuted. We have to prove that D corresponds to an operator 7' € M(N), the
von Neumann algebra associated to the left regular representation of NV, such that
|T|| < 27% (cf. [12]). The Heisenberg group N is of type I, and the infinite
dimensional irreducible representations of N are given by (p)ser\f0} acting on

L*(R) by:

(pa(x, 0, O)f) (t) = emwtf(t)
(Pa(0,9,0))(t) = f(t —y)
(pa(()? 0, Z)f) (t> = emzf(t)

where f € L*(R). The remaining irreducible representations are all one-dimensional,
and they form a null set for the Plancherel measure on N. For f,g € C°(R) the

integral
(pa(z,y,2 f) 9)
dzdyd
L Lt e

can be computed by permuting the order of integration dy, dr and applying
Lemma C. After some reduction, one finds that the integral is equal to

//]R g(s)k(s. ) f(t) dt,

{ = t‘Jo( ay/—4st) st <0,

where

ks, t) = 0 st>0
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Since |Jo(z)| <1 for all x € R,
|k(s,t)] < 2m°K (s, t) (1)
where

L st <0,
K ={ 5 520

Moreover, K is the kernel of a bounded operator on L*(R) of norm < 7
because it is the kernel of the operator

g(UH — HU),
where e .
nips =+ [ g

T ) o8—1

is the Hilbert transform (unitary on L*(R)), and U is the unitary operator given
by multiplication with sign(s), s € R. Therefore (1) implies that k(s,t) is the
kernel of an integral operator on L?(R) with norm < 273. Hence D corresponds
to an operator in (N fR\{O} pa(N)"da of norm < 273, n

Lemma E. If o € C*(N) and oy = ¢ then

< 47|l ey

/ ©(z,0,0) da:
Vit
where ~ is the diffeomorphism of N defined in Lemma A.

Proof. Clearly,

D(pony) = dz dy dx

oo/oo /ww(x,(\/#—wy\/m)

1+ x2/4)y? — 22
o(r,y,2)
dydzd

Hence, using Lemma B

2D(p) = D(¢)+ D(po7)

_ e(z,y, 2)
= / / / 1+x2/4y _Zdedyd:L‘
ez, y, 2 )
/ / / 0+ 22/4)y2 dydzdx

> p(2,0,0)
o \/1+2%2/4

The lemma follows now from Lemma D. n
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Proof of Theorem 1 for SL(3,R). It is sufficient to show that the subgroup
Gy does not have a multiplier bounded approximate unit for A(Gy):
Assume that there exists ¢, € A(Gy), n € N, such that sup,, ||@n|lamaco) <
oo and
Tim (o, — plla@) =0 for all v € A(Go).

Since C°(Gy) is dense in A(Gy), we can choose the @,,-functions in C2°(Gy), and
by averaging by Kj-elements from left and right, we can also obtain that that ¢,
is Ky-biinvariant. Note that ¢, — 1 uniformly on compact subsets of Gy. Put

Pn = @n'N

Then
lenllavy = llenllmany < 10nllaracy)-

The first equality holds because N is amenable. Thus sup, ||¢n|lav) < oo, and
by Lemma A, ¢, = ¢, o for all n € N. By using Lemma E to ¢? we get

x| < 4drllenlliom

/ gpn 7,0,0)?
vV1+x
Thus by Fatou’s Lemma,

lim inf ||, |2 >i/°°d—x_
o nllaon 2 97 | ATn

This gives a contradiction. [ |

1.3. Case Sp(2,R). The group Sp(2,R) is the set of g € GL(4,R) that leaves
invariant the exterior form

T1T3 — T3T1 + Loy — T4To,

(cf. [19, p. 445]). For our purpose, it is convenient to permute the third and fourth
coordinate in R*, so we will instead consider the group G = Sp(2,R) of invertible
4 x 4-matrices that leave invariant the form:

T1T4 — T4X1 + ToX3 — T3Ta.
G is a 10 dimensional connected Lie group with Lie algebra

a11 + Qg4 = A + a33 = a12 + az4 = Az + ag3 = 0,
13 = U24, A31 = Q42

g= {(aij)i,jzl,...,zl

Let go C g be the Lie algebra

0 — Cy C1 C3

_ 0 —by b1 ¢

o = 0 bg bQ (&)
0O 0 0 O

(=

b17 b27b37017627c3 € R
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Then gy = g1 s go (semidirect sum), where g; = sl(2,R) is the Lie algebra
corresponding to ¢; = ¢ = ¢3 = 0, and gy is the Lie algebra corresponding to
by = by = by = 0. (Note that gy is isomorphic to the Lie algebra of the three
dimensional Heisenberg group). Hence exp(go) generates a closed subgroup Gg of
G, namely, the semidirect product of

1 000
0 0
G| = 0 a 0 a € SL(2, R) ,
0001
and
1 —c ¢ c3
0 1 0 c
Gy = exp(gs) = 00 1 c; c1,09,c3 €ER
0 0 0 1
where the action a: G; — Aut(G2) is given by
C1 0 C1
a
afa) | ¢ | = 0 o
C3 0 0 1 C3

Consider next the compact subgroup K, of G, given by

Ko = SO(2)

and the nilpotent subgroup of G given by

0 —Cy C1 C3

N = exp 8 8 %1 2 bi,c1,c9,c3 €R
O 0 0 0
1 —c; 1 —3bhica ¢z — b1}
= 8 (1) bll ‘1 +c§b102 bi,c1,c0,c3 € R
0 O 0 1

The group N is isomorphic to the group I'y considered by Dixmier in [8].
In the rest of this section, we will use the following coordinates for N:

1 -y z—- %@y w
1 1

n(x7y7z»w> - 8 0 :f z+y2xy y (.ﬂU,y,Z,U)) €R4
0 0 0 1
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Lemma F.  Let o/ be the diffeomorphism of N given by

2
"z,y,2,0) = | —2, —————,y\/1 +22/4,w | .
v (@,y,2,w) ( Ry / )

If o: N — C is the restriction of a Kq-biinvariant function @ on Go to N, then
p=por.

Proof. Let u, v € SO(2) be as in Lemma A. Then

o O O

n(x,y,z,w) :n(ﬁyl(x7yvsz))' u

o O O
_— o O O

0 01

o O O

Lemma G. Let D’ be the distribution on N given by

x%zw %0
/ / / 1—1—:52/4 dzdydx, p € CX(N).

ID'(0)| < 2%l pllagyy  for all g € CZ(N).

Then

Proof (sketch). N is the semidirect product of the abelian subgroup

(z,z,w) €R? 3

o OO
o O = O
O = 8 W
=

isomorphic to R?, and the one-parameter group

yeR,,

o O O -
|

—_

o O <
o~ O O
—_e O O

i.e. N = R3xyR where the action 6 is given by
0,(x, z,w) = (z,2 — yz,w — 2yz + y*x).

Let (s,u,v) be the dual coordinates to (x,z,w). The transpose of 6, is

~

0,(s,u,v) = (s — yu + y*v,u — 2yv, v).

The irreducible representation of N can now be obtained by the Mackey machine
(cf. [25], [8]): The orbits for 6, are

(1) parabolas (v#0),
(2) straight lines (v=0,u#0),
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(3) single points (v=0,u=0).

Since {(s,u,v)|v =0} is a null set in R3, the first type of orbits gives sufficiently
many irreducible representations to disintegrate the regular representation of V.
Let p,p be the irreducible representation coming from the parabolic orbit with
vertex (b,0,a), a € R\{0}, b € R. Then, p,; can be realized on L*(R) as
follows:

(Pas(,0,0,0))(t) = ™07 f(1)
(Pap(0,9,0,0))(t) = f(t —y)
(Pap(0,0,2,0))(t) = e f(t)
(Pa,p(0,0,0,w))(t) = "™ f(t),

where f € L*(R). A computation similar to the one in Lemma D gives now,

pab z,y,z, 0)f7 d//P
dz dy dx = t)dsdt,
[ astae = [ G050

k(s, {) = { 22 Jo(v/~(as? +0) (a2 +1))  (as? +b)(at? +b) < 0

where

0 (as® +b)(at* + b) > 0.

If ab > 0 then k(s,t) = 0 almost everywhere in R?. If ab < 0 we put ¢ = y/—b/a.
Then
h(s,8)] < 272K (s, 1),

where K(s,t) = ﬁx{(sa,cz)(tz,czko}. But K(s,t) is the kernel of a bounded
integral operator on L?*(R) of norm < 7, namely, the operator

s
E(UQHUl — U HUy),

where H is the Hilbert transform, and U; and U, are the unitary multiplication
operators on L*(R) given by the functions sign (¢ +¢) and sign (¢ —c), respectively.
Hence k(s,t) is the kernel of a bounded integral operator of norm < 27%. Since

5>
_ / / pas(N)" da db,
a#0,beR

it follows that D’ corresponds to an element in 9M(N) = A(N)* of norm < 27%. =

Proof of Theorem 1 for Sp(2,R). Exactly as in the proof of Lemma E, we
get that if ¢ € CX(N) and p oy’ = ¢, then

x| < Aol am

/ :COOO
\/T

and the proof for Sp(2,R) can be completed by the same arguments as we used
for SL(3,R). n
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Remark. It follows from the above proofs that
R? x,SL(2,R) and  HG x,SL(2,R)

(the semidirect product of the Heisenberg group HG by SL(2,R) described above)
both fail to have a multiplier bounded approximate unit for their Fourier algebras,
although the Fourier algebras of R?, HG and SL(2,R) all have multiplier bounded
approximate units. (R? and HG are amenable, for SL(2,R) see [3]).

2. Results about Lattices in Lie groups

A lattice I' in a locally compact group G is a closed discrete subgroup, for which
G/I' has a bounded G-invariant measure. A locally compact group that admits a
lattice is necessarily unimodular (cf. Definition 1.8 and Remark 1.9 in [28]).

In the following, I" denotes a lattice in a second countable locally compact
group G. In this case, I' is countable and the quotient map p: G — G/I" has a a
Borel cross section. Let €2 be the range of a Borel cross section. Then

G= U Qy (disjoint union).

yerl’

Let p be the Haar measure on G. Since I' is countable, 1(€2) > 0. Moreover, the
quotient map p is a bijection of 2 onto G/I', that carries p|o onto a G-invariant
measure on G/I'. Thus by the assumption that I' is a lattice, u(Q2) < oo. In the
following we will assume that g is normalized such that

w(2) = 1.

Let pr be the counting measure on I'. For every bounded function ¢ on I', the
function

P = Xa * QUr * X

is a well-defined bounded continuous function on G because yq € L'(G), G is
unimodular, and because yq * @ur is the bounded function given by

(xa *ppr)(wy) =¢(7),  yel, wel
Lemma 2.1.
(1) If o € A(I") then @ € A(G) and
1Plla) < llellam
(2) If p € MyA(L") then p € MyA(G) and
1Pl < llellapay:

Proof.
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(1) If » € A(T), then there exists f,g € (*(T') such that ¢ = f x g,
[Allzlgllz = [2law. Put fi = ya* frir. @1 = xo * gur. Then fr.g1 € L2(C).
I £ill2lgall: = £ lgllz = lllagy and fi Gy = . This proves (1)

(2) Every z € G has a unique decomposition

z = wy, weyel.

The v-part in the decomposition will be denoted by ~(z). For x € G, we let
7.1  — Q be the map given by 7,(w) = &', where ' is the Q-component of zw
in the decomposition

!/

Tw =W, Wwe A el.

Each 7, is a Borel isomorphism of €2 because 7, corresponds to left translation
by = in G/T" with the Borel isomorphism {2 — G/I" given by the quotient map.
Since the latter Borel isomorphism carries plq to an invariant measure on G/I,
it follows that p|q is 7,-invariant.

We rewrite the function @ = xq * pur * Yo in a suitable way. Observe first
that

(X * ppur)(wy) =p(y), weyel,
or equivalently,
(xo *pur)(@) = p(y(z)), r€G.

Therefore,

Thus,

yr~ o (w) = yw(aw) ' (w)

= 1y(w)y(yw)y(rw)

1

-1

Since 7,(w) € Q and y(yw)y(zw)~! € T, it follows that

1

Yy (W) = y(yw)y(aw) .

Hence

/Q (1 (yw)y(2w) ™) da(w) = / (v e (w))) dis(w).

Q
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However, since du(w) is invariant under 7., the latter integral is equal to

/Q o(y(yrw)) du(w) = Plyz).

Hence, Vx,y € G:

By = / (1) (zw) ™) dpw). 2)

We can now apply Bozejko-Fendler’s result that MyA(G) coincides with the space
of Herz-Shur multipliers on G with same norm [2]: Since T is discrete, it implies,
that there exist a Hilbert space H and bounded maps &, 7 from I' to H such that

e ') = €Mm),n(r)), M. el,

and
[1€lloo1nl0e = ||90||M0A(F)-

This follows from Gilbert’s characterization of Herz-Schur multipliers [14]. Define
now &,7: ' — L?(Q, H,du) by

£(@)(w) = E(y(aw))
a n(y(2w)).

Then &, n are bounded Borel functions from G to L*(Q, H,du) and

~

sup [[£(2)[l2 < [[€llee,  sup [[7(@)|2 < [I7]o,
zeG z€G

and by (2),

Plyxt) = /Q (€(y(aw)), n(v(yw))) du(w) = (€(2), 7(y))-

Since @ is continuous, it implies that ¢ € MyA(G) and

1Pl a@) < N€lloolllloo < I€llccllnllce = ll@llaawm),

(cf. proof of [4, Proposition 1.1] or [14]). This proves (2). n

Lemma 2.2. Let G be a locally compact group and let k > 1. Then the
following conditions are equivalent:

(1) There exists a net (¢q) in A(G) such that sup, ||allrmoa) < k and o — 1
in o(L>, L) -topology.

(2) There exists a net (¢q) in A(G) such that sup, ||allrma) < k and o — 1
uniformly on compact sets.

(3) There is an approzimate unit (pa) for A(G) such that sup, ||¢allrpa) < k-
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(By an approximate unit in A(G), we just mean a net (p,) such that
lim ot~ Ullae) =0 Vo € AG).
The net (pq) will in general be unbounded in A(G)-norm.)

Proof. (3) = (2) = (1) is clear.
(1) = (2): Assume that (p,) satisfies (1) and put

@;:h*gpm

where h € C.(G)+, [hdp=1. Then

o (x) = /G h(ey)paly™)dy.

Let K C G be compact. Then the functions h(z - ), € K form a compact
subset of L'(G). Since ¢, — 1 in o(L>, L"), and since sup,, ||¢allc < k, the
convergence is uniform on compact subsets of L!'(G). Hence,

Po(®) = (G h(z - )

converges to (1,h(x - )) = (h*1)(x) = 1 uniformly on K. Moreover, ¢, is
contained in the o(L>, L')-closed convex hull of left translates of ¢, , and since
the unit ball in MyA(G) is o(L>, L')-closed (cf. [3]), we have

HSO,aHMoA(G) < ||<Pa”MOA(G) <k.

(2) = (3): Assume that (p,) satisfies (2). Choose h € Co(G)y, [, hdp =1,
and put ¢, = h*x .. As above, we have ||, |lrpac) < k for all a. Let
Y € A(G) N C.(G), and put

K =supp(h), L =supp(y).

Moreover, set g, = paXx-11 (Where xg is the characteristic function of a set F).
Then for z € L,

(h* pa)(x) = /K h(y)aly™"2) dy = (h * ga)(x) 3)

Similarly,
(h*1)(z) = (h* xx-11)(x), x € L. (4)

By the assumption on ¢, go — Xk-1z uniformly on K~'L. Moreover, g,
vanishes outside the compact set K ~'L. Hence,

Jo = XK-1L, in L*(G)-norm,
and since h € L*(G), this implies that

hsgoa — h*xg-11 in A(G)-norm.
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Hence also
(h* go)t) — (h* XKx-1L)¢ in A(G)-norm,
which by (3) and (4) is equivalent to
ol =(h*@a)p — (h*x1)p =1  in A(G)-norm.
Since A(G) N C.(G) is dense in A(G) and since

sup [[0allaraie) < sup [, )l ae) < oo,
(67 (0]

it follows that
oot — ¥l a — 0,  forall € A(G). .

Remark. The proof of (2) = (3) in Lemma 2.2 is due to Michael Cowling
(private communication). It substitutes a previous proof of ours, that was valid
only for Lie groups.

Theorem 2.3. Let I be a lattice in a second countable locally compact group
G, and let k € [1,00]. then the following conditions are equivalent.

(1) A(G) has an approzimate unit (pq), such that ||@a|lamyaq) <k, for all o.

(2) A(T) has an approzimate unit (1), such that ||1q||voawy <k for all o

Proof. (1) = (2) follows from [3], and is valid for any closed subgroup I' C G.
(2) = (1): Assume that (¢,) C A(I") satisfies (2), and put Vo = Yo * Vafit * Xa,
where () is chosen as in Lemma 2.1. Then {Z)\a € A(G) by Lemma 2.1. Since T
is discrete, the net (1)) is uniformly bounded, and since 1, — 1 pointwise in I,
also

wa — 1F7 O'(EOO<F),€1(F))
It is easy to check that the map ¢ — @ = xq * pur * Xq from £°(T") to L>=(G)

~

is the transpose of a bounded map from L'(G) to ¢*(T'). Hence, 1, — lg in
o(L>®, L')-topology. Moreover, |[¥a|lamoa) < [[tallaamr by Lemma 2.1. Hence
(1) = (2) follows from (1) <= (3) in Lemma 2.2. [

Corollary 2.4.  Fvery lattice I' in a simple Lie group of real rank at least 2
fails to have a complete multiplier bounded approximate unit.

Proof. Follows from Theorem 2.3 and Theorem 1. ]

Let T' be a discrete group, and let 9¥(I") be the von Neumann algebra
associated with the left regular representation of T' on ¢%(T), and let

_J L=y
be the standard basis in ¢*(T'). Put

tr(a) = (ade, de), aecMI).

Then tr is a normal faithful trace on MY(T").
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Lemma 2.5.  Let T be a bounded map from C*(TI") to itself or a bounded map
from OM(T) to itself. Let

or(z) = tr(M(x)*TA(z)), =z €l.
(1) If T is completely bounded, then pr € MgA(G), and
o7l moamy < ||T|leB.
(2) If T is of finite rank, then @ € ¢*(T).

Proof.  (1): Since A ® A is unitarily equivalent to A ® 1,2y where 1,2y is the
trivial representation of T' on ¢2(T") (cf. [9, 13.11.3] and [13]), there exists a normal
*-isomorphism 7 of 9t = M(T") onto a von Neumann subalgebra 9 of 9 @ M
such that

T(A(z)) = AMz) @ A(x), z € G.

Let € be the normal conditional expectation of M ® M onto N that leaves tr @ tr
invariant. Then, since ¢ is orthogonal with respect to the inner product given by
tr ® tr, one gets easily that

c\@) @ \(y)) = { 3,(33) oA v 2y

Put p = n~1e. Since

norm

Cy(T') = span{A(g) [ g € T}
one has
m(Cr(I)) € O () @ CH(T),

and
p(CH(I) ® CX(T')) € C(T).

Hence, if T" is completely bounded of C(I") into itself,
S=po(T®idesry)om
is a well-defined completely bounded map on C}(G) and ||S|cs < ||T||cs. Now,
TA(z) =Y cayAy),
yeG

where ¢, , € C and the sum is convergent in the || ||s-norm associated with tr.
Hence

(T ®ido;)m(Mx)) = Yy A(y) @ Alx).

yeG

By the orthogonality property of ¢ we have

(T ®@ides () T(A(2)) = cra(®) @ A(2).
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Hence

SANx) = cp oA (), ASNE
But
Cae = (TA(@), A(2))1x = pr(2).

This shows that (with the notation of [3]) S = m}, , and hence ¢ € MyA(T') and
lerllmoacy = 1Slles < |T|les, because 7, 7' and e are completely positive. If
instead 7" is a completely bounded map on 9t(I"), then we let,

S =po (T ®idory) o,

and the same proof applies (cf. [3, Section 1]).
(2): It is sufficient to consider the rank one case: A rank one map on C(I)
is of the form

T(a) = f(a)b  where f € CX(I')",b e C(I).

Thus
er(x) = tr(Mz)") f(A(x)).

But z — tr(A(z)*b) is in ¢*(T'), because (A(z))zer is an orthonormal family in
L*(Cx(T),tr), and z — f(A(z)) is bounded. This proves (2) in the C?(T')-case.
The 9(I")-case follows by the same arguments. ]

Theorem 2.6. Let I' be a discrete group and let k > 1. Then the following
three conditions are equivalent.

(1) A(T') has an approzimate unit (pa) , such that ||@a|lamyamy < k for all o.

(2) There exists a net (T,,) of finite rank operators on C(I") such that ||To|lcs <
k for all o, and such that

| Tox — || =0 for all x € CX(T).

(3) There exists a net (T,) of o-weakly continuous finite rank maps on IM(T"),
such that ||Ty||lcs < k for all a and

(p, Thx —z) =0, for all x € M(T), v € M(T)..

Proof. (1) = (2) and (1) = (3) follows from [3].
(2) = (1): Assume T, are finite rank operators of C*(I') into itself, such that
sup, || Twllcs < k and

|Twa —all — 0 for all a € CX(T).

Let ¢, = @7, be as defined in the preceding lemma. Then ¢, € (*(T') C A(T)
and

Sup ||(10Oé||M0A(F) < OO,
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and since ¢, (r) = tr(AN(z)*T,(A(z))) — 1 for all z € T":

Iath = Pllawy =0, (5)

for all ¢ € A(T") with finite support, i.e. for all ¢¥» € A(T") N C.(I") which form a
dense subset of A(I"). Using that ||@a|laram) < |@allmpae) < k for all o, one gets
that (5) holds for all ¢ € A(T).

(3) = (1): Let (T,,) be a net satisfying the conditions in (3). Since the functional,

a— tr(A(z)"a), a€ M)
is in M(I"), (2 fixed) we have that
tr(A(z)* Tu(M(x))) — 1, Vo e G.

The proof can now be completed exactly as in (2) = (1) by use of Lemma 2.5. =

Corollary 2.7.  Let T" be a lattice in a simple Lie group of real rank at least 2
with finite center. Then

(1) CX(T') does not have the completely bounded approximation property.

(2) M(T) does not have the (o-weak) completely bounded approximation prop-
erty.

3. Appendix: On completely bounded multipliers and
Herz-Shur-Multipliers.

In Section 2, we used Bozejko and Fendler’s results [2] that MyA(G) coincides
isometrically with the space By(G) introduced by Herz in [20]. Their result relies
heavily on a characterization of By(G) found by Gilbert ([14, Theorem 4.7]).
However, Gilbert’s paper, has never been published, so for the convenience of
the reader, we give below a self-contained proof of the result needed in Section 2.

Let a % b denote the Schur product (a * b);; = a;;b;; of complex n x n-
matrices in M,(C), and let ||a|| be the C*-norm on M,(C), i.e. the operator
norm of a when M, (C) acts on the Euclidean space ?({1,...,n}). We let || ||s
denote the Schur multiplier norm on M,,(C), i.e.

lalls = sup{la* bl | b € M, (C), [|b]] <1}.

Let < be the usual ordering in M, (C) as a C*-algebra, i.e. a >0 iff a = a* and
all eigenvalues of a are nonnegative. It is well known that

a>0,b6>0 = axb>0.

Hence, if @ > 0 then the operator M,: b + a * b is positive on the C*-algebra
M, (C), and therefore,

0

Qn

ai
lalls = [[Ma(1)]] = = max{ay,...,a,}
0
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for every a € M,(C); (see for instance [29, Corollary 1] or [21, 10.5.10]). The
following lemma is a special case of [14, Theorem 4.7]. The proof given here is
inspired by [27].

Lemma 3.1 ([14]).  Let a € M,(C). The following three conditions are equiva-
lent:

(1) llalls <1.
(2) 3b,c € M,,(C); such that <Z ac ) >0and by <1 c; <1,i=1,...,n.

(8) There exist a Hilbert space H and 2n wvectors &y,...,&n, M1, -, Np in the
closed unit ball of H such that

aij:(&,nj>, i,jzl,...,n.

Proof. (1) = (2): Consider the real subspace E of My, (C)s, consisting of
the matrices of the form

y o

r oz

where y=diag(yi,...,yn), z=diag(z1,...,2,) are self-adjoint diagonal matrices.
Let ¢: E — C be the linear form given by

y w* n n
® ( . ) = z;(yz + z;) + 2Re <z:1 xij%’j) ~ (6)
i= i,j=

We will prove that ¢ > 0, i.e. ¢(w) is non-negative on positive hermitian matrices
in FE. Note that 1,, € E. Since

p(w) >0 <= p(w+ely,) >0, Ve > 0,
it is sufficient to check that ¢(w) > 0 for all strictly positive
(07
r oz

i.e. those w € E, for which y; > 0,2, > 0,2 =1,...,n. However, w > 0 implies

that 1o 12
1, Yyt T
( 21212 1 ) >0

which is equivalent to ||z=*/2zy~/2|| <1 (C*-norm). Since ||a|s < 1, the matrix,

_ 12 —1/2
e = (aijz; "xijy; " )ig=1,.m

(£0) (%)

has also C*-norm < 1. Hence

1/2 1/2
Zeijyj/ 5!

ij=1

n
E xijaij =

ij=1
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which implies that

n n n 1/2 n 1/2
(1) w2 Xn) (2] 2o
j=1 i=1 j=1

=1

Hence ¢ is a positive functional on E C M,,(C).
Let @ be a Hahn-Banach extension of ¢ to My, (C),,

a- Then ¢ > 0,
because ||¢|| = ||¢ll = ¢(12,), and because

0<w<1y = §(loy —w) <@ = @(w) > 0.

Hence, there exists a positive hermitian matrix

(dij)ij=1,.2n
such that ,
p(w) = Z dijwig, w € Mo (C)sq.

ij=1

For diagonal matrices w = diag(y, ..., Un, 2155 2n), P(w) = Y0 (yi + z;) by
(6). Therefore d;; =1, i =1,...,2n. Moreover, if w is of the form

0 x*
w:(I 0), x € M,(C).

then by (6)
e (3 ) = 3" i+ 3 hsohy =2 (3
ij=1 i,j=1 i,j=1 i,j=1

for all (z;;) € M,,(C). Hence a;; = d,+;, i.e.
d— < b a )
a c
where b; =c¢; =1, 1 =1,...,n. This proves (2).

(2) = (3): Let
-(27)

be as in (2). Let H = (*({1,...,2n}), and let ny,..., 0, &1, ..., & be the row
vectors of the operator f = d'/?. Since

dig =) fSom
k

we get Clij = <£i777j>a and ”51H2 = dn-{—i,n—i—i S 1, H?’h”2 = du S 1, fOI' Z =1... ,n.
(3) = (2): Let &, n; be as in (3), put

bij = (i, M) cij = (&, &) ,j=1....n,
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d:(b @ )
a C

If welet n,.;=¢&,i=1,...,n. Then

and let

dij = (mi,m;), i, =1,...,2n.

This implies that d is positive hermitian, because, for A\, ..., Ay, € C,
2n 2n 2
ij=1 i=1

(2) = (1): If

d:(b a)ZO
a c

and b; < 1, ¢; < 1, then the map e — dxe, e €
||d * e|| < maxj<;<an dii|le||. Taking e of the form e = (

see that |la x x| <||z|, € M,(C). This proves (2) = (1). ]

Theorem 3.2 ([2]).  Let ¢ be a continuous function on a locally compact group
G, and let k> 0. Then the following conditions are equivalent.

(1) ¢ € MoA(G) and ||¢|laac) < k-
(2) For every finite set x1,...,x, in G,

lo(a; )i, .mlls < k

(8) There ezist a Hilbert space H and two bounded maps £,1m: G — H such that

ey~ 'z) = (E(2),n(y), Vr,yeG

and
(sup (el s () ) < .

(4) There exist a Hilbert space H and two bounded maps &,n: G — H as
in (3) with the additional property that the coordinate functions & and mn;
(with respect to any orthonormal basis (e;);cr of H ) are continuous and the
families {&}ier and {n;}ier are locally countable.

Proof. (1) = (2) (cf. [2]): Let x1,...,2, € G and let (e;;)7;—; be the matrix
units in M, (C). Put

fij = )\(JIZ_IIJ) R e € SJT(G) X Mn<(C)
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It is elementary to check that = fiir fijfu = djufu and Z?Zl fii = 1, so

M = span, ;{fi;} is a subalgebra of M(G) @ M, (C) x-isomorphic to M,(C).

Since *-isomorphisms preserve norms,

n n
E ij fij E Qi Cij

ij=1 ij=1

s Q5 S C.

Let M,: M(G) — M(G) be as in [3, Section 1]. Then by (1),
My @inl| < F,
where i, is the identity on M, (C). But,
MA(z) = p(x)\(x), z €.

Therefore
(M, ® i) fiy = (7 x;) fij,
and hence for a;; € C,

n

> ol w)a; ki

i,j=1

<k

n
Z ij fij| -

1,j=1

Since f;; in this inequality can be exchanged by the standard matrix units e;; of

.....

Schur multiplier norm < k.
(2) = (3): Let (F, C) be the family of all finite subsets of G ordered by inclusion.
Assuming (2), we can for each F' € F find a Hilbert space Hp and bounded maps

Epynr: F— Hp.

with
sup [Ep(2)|| < KV2, sup|np(a)]| < kY2,
zeF zeF

and
e(y'z) = (€(2),n(y)), xyePF

(3) follows now easily by a standard ultraproduct argument: Let namely U be a
cofinal ultrafilter on (F,C) (i.e. an ultrafilter that contains all sets of the form
{F'' e F| F' O F}, where F' € F), and let Hy be the ultraproduct of (Hp)rcr
corresponding to U. For x € G, we let {(z), and n(z) be the elements in Hy
with representing sequences

£(x) = (Er()) rer
(nr (7)) rer

=

—

a¥
I

where we set £p(z) = np(x) = 0 if ¢ F. Since for fixed z,y € G, z,y € F
eventually, we have

(€@)n(y)) =lim{gr(@),nr(y)) = ¢(y~'2), 2y€C.
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Moreover,
sup [€(2) | < &2, sup|ln(z)| < &Y%,
zeG zeG

(3) = (4): Let &,m: G — H satisfy the conditions in (3). Let &'(z) = P¢(x),
where P is the orthogonal projection on the closed linear span of

{n(z) | x € G},

and put 7'(y) = @Qn(y), where @ is the orthogonal projection on the closed linear
span of {&'(z) | x € G}. Then

e(y~'z) = (€ (x).ny) = (€ (x),7'(y), z.y€H,

and both {&'(2)}.eq and {n'(z) }1ec are total sets in the Hilbert space H = Q(H).
There is therefore no loss of generality to assume, that {£(x)}.cq and {n(z)}.eq
are total in H. Since ¢ is continuous, the map

(z,y) — (&(z),n(y))

is separately continuous, and by the uniform boundedness, and totality of {£(x)}.cq
and {n(z)}.eq, it follows that £, n: G — H are continuous from G to H with
o(H, H*)-topology. Let {&(x)}ier and {n;(x)}ier be the coordinates of £(z) and
n(x) with respect to a fixed basis (e;);e; in H. Then & and 7; are continuous
complex valued functions. Moreover, for any open relative compact set U in G,

> [16@p i< [ el ds <.

el

By the continuity of & and the fact, that no non-empty open set has Haar measure
zero, it follows that all except countably many of the ;’s vanish on the set U, i.e.
{&}ier is locally countable, and similarly, {n;};c; is locally countable.

(4) = (1): For f € L*(G), we let m(f) denote the multiplication operator
g+ fgon L*(G). For x € G

AM@)m(f)Mz) ™" = m(v(f)),
whete 7,()(y) = f(z~'y). Put now,
a; =m(&), by =m(i),
where g(z) = g(z™'). Then Y, ;aja; and Y, ; brb; are convergent and

1/2 1/2

< sup [[{(z)] - sup [[n(z)]| < k.
z€G zeG

z : *

el

> b

el

Thus, we can define a bounded o-weakly continuous map ® on B(L*(G)) by

O(s) = Z bl sa;.

el
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Now

Here we have used that {¢;} and {n;} are locally countable, so pointwise conver-
gence of the sum implies o(L>, L!')-convergence. But for y € G,

D) 0=E)) = Yoy ey ) = (o)) = elyly'w)) = (o).

Hence ®(\(z)) = ¢(2)A(z). This implies that
O(M(G)) € M(G).
For 5 € B(L*(G)) ® M,(C),

(P ®in)(3) = Y (b @ 1,)"3(a; ® 1,,).
il
Hence,
1/2 1/2
Z a;a; < k.
i€l
Thus ||®||cs < k, so by [3, Proposition 1.2]

1 & || <

> bib;

el

¢ € MoA(G) and  |l¢|apae) < k. =

Corollary 3.3 ([2] and [20]).  Let G4 be the group G with the discrete topology.
Then
MyA(G) = MyA(Ga) N C(G),

and the MyA-norms on the two spaces coincide.
Proof. Immediate from (1) <= (2). ]

Remark 3.4. It is not hard to see that the functions &,1n: G — H in (3) of
Theorem 3.2 can actually be chosen to be continuous:

From the proof of (3) == (4) it follows that &, n can be chosen such that
they are continuous from G to H with respect to the o(H, H*)-topology on H,
and such that for every open relative compact set U C G, {(U) and n(U) are
contained in a separable subspace of H. This implies that {,n € L>(G, H). Let
now f € C.(G) with ||f|| =1, and define

&(),7(x) € L*(G, H) forall z € G
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Then it is clear that

~

sup [[€(z)[l2 < sup [|€(z)]|,  sup [|7(z)|[2 < sup [n(z)]|-
z€G z€G zeG zeG

Moreover,

E@).7ly) = / PP E(), n(zy))dz
- / () Peoly)dz
oy

).

Finally, using the fact that the group of right translations (R,).cc defined by

(Ryh)(2) = AZ*(z)h(zz), h e L*(G,H)

~

acts norm-continuously on L*(G, H), it is not not hard to check that z — &(z)
and y — 7)(y) are norm continuous from G to L*(G, H).
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