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Abstract. In a joint paper P. Pandzi¢ and D. Renard proved that holomor-
phic and antiholomorphic discrete series representations can be constructed via
algebraic Dirac induction. The group SU(2,1), except for those two types, also
has a third type of discrete series representations that are neither holomorphic
nor antiholomorphic. In this paper we show that nonholomorphic discrete series
representations of the group SU(2,1) can also be constructed using algebraic
Dirac induction.
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1. Introduction

Dirac operators were introduced into representation theory by Parthasarathy in
[P] as a tool for constructing discrete series representations. An algebraic version
of the Dirac operator was studied by D. Vogan [V].

Let G be a connected real reductive Lie group with Cartan involution ©
such that K = G® is a maximal compact subgroup of G and let g = €@ p
be the Cartan decomposition of the complexified Lie algebra of G corresponding
to ©. The Dirac operator D is an element of the algebra U(g) ® C(p), where
U(g) denotes the universal enveloping algebra of g and C(p) denotes the Clifford
algebra of p with respect to the Killing form. For a (g, K)-module X Vogan
defines Dirac cohomology as

HP(X) = KerD/ImD N KerD.

It is a K-module, where K is the spin double cover of K. If X is unitary, then
HP(X) =KerD = KerD?.

The main result about Dirac cohomology was conjectured by Vogan [V],
and proved by Huang and Pandzi¢ in [HP]. Roughly speaking, it asserts that
the Dirac cohomology, if nonzero, determines the infinitesimal character of the
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representation. By now, Dirac cohomology has been calculated for many (unitary)

modules (see [DH], [HKP], [HPP], [BP1], [BP2]).

In [PR] the authors describe certain constructions in the opposite direction
which give representations with prescribed Dirac cohomology. As the name fails
to indicate, Dirac cohomology, as defined by Vogan, is not a cohomological theory.
In particular, it is a functor which admits no adjoint. In [PR], two alternative
definitions were proposed, which both coincide with the Vogan’s definition for
unitary and finite dimensional representations. They are called Dirac cohomology
and homology. The functor of the Dirac cohomology is left exact and admits a
right adjoint, while the functor of the Dirac homology is right exact and admits
a left adjoint. These adjoints are called Dirac induction functors. One gets a
representation with the Dirac cohomology W by tensoring the algebra U(g)®C(p)
with W over a certain subalgebra. There are several options for the choice of the
algebra over which we tensor. A minimal option is the subalgebra of U(g) ® C(p)
generated by the diagonal version of the Lie algebra of the group K and by the
Dirac operator. Modules obtained in this way are typically not irreducible. A
maximal option is to include in the subalgebra all K —-invariants in U(g) ® C(p).
A problem with this approach is that, in general, the algebra (U(g) ® C(p))¥ is
complicated to describe. Therefore, an “intermediate” option is also introduced,
where we tensor over the subalgebra that does not include all K —invariants but
only K —invariants in the algebra C(p) which is easy to describe. In [PR], the
representations of holomorphic and antiholomorphic discrete series are constructed
in this way.

The group SU(2,1), except for holomorphic and antiholomorphic discrete
series representations, also has a third type of discrete series which are neither high-
est weight modules nor lowest weight modules, the nonholomorphic discrete series
representations. The irreducible unitary representations of the group SU(n,1),
n > 2 which are not principal series representations are considered in [K2]. Each
of those representations is uniquely determined by its minimal K —type.

The algebra (U(g) @ C(p))® for the group SU(2,1) is generated by five
elements, see [Pr]. Two of them are in the center Z(¢) of U(¢) — the Casimir
element and the element spanning the center of £. One of the generators is in
another abelian algebra, C(p)X (which is three-dimensional in this case). The
fourth generator is the Dirac operator, and the fifth generator is another distin-
guished element that can be thought of as a £-version of the Dirac operator. We
will prove that the nonholomorphic discrete series representations can be obtained
using algebraic Dirac induction where we tensor over the algebra that is generated
by the Lie algebra of the group K and by the whole algebra (U(g) ® C(p))¥.

The paper is organized as follows. In Section 2, we give a brief review
of the main definitions and results of [PR]. In Section 3, using results of [K2],
we describe nonholomorphic discrete series representation of SU(2,1) in terms of
the highest weight vectors of their minimal K —types. In Section 4, we describe
the K —module structure of the algebra U(g). Using this and the action of the
algebra (U(g) ® C(p))X on the Dirac cohomology, we will reduce the obvious set
of generators for the induced module to the set of generators which will later be
shown to be a basis for the induced module. Finally, in Section 5 we prove that
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nonholomorphic discrete series can be obtained via algebraic Dirac induction.

In future, we hope to generalize our results to nonholomorphic discrete
series representations of the group SU(n, 1) and to some other more complicated
examples.

I would like to thank Pavle Pandzi¢ and Hrvoje Kraljevi¢ for all suggestions
and ideas they shared with me.

2. Dirac induction

Let gg be the Lie algebra of G and let B be an invariant nondegenerate symmetric
bilinear form on gg. The Dirac operator D = U(g) ® C(p) is given by

D=) b®d,

where b; is a basis of p and d; is the dual basis with respect to B. The operator
D is independent of the choice of basis b; and K —invariant for the adjoint action
on both factors. The adjoint action of ¢ on p defines a map ad : € — so(p).
Composing it with the usual embedding of the Lie algebra so(p) into the Clifford
algebra C(p), we get a Lie algebra map « : € — C(p). Using « we can embed
the Lie algebra ¢ diagonally into U(g) ® C(p), by

X Xa=X®1+1®aX).

We will denote A(t) by €n. Let us denote A = U(g) ® C(p). Let Z be the
two-sided ideal in the algebra of K -invariants AX generated by D and let B be
the K —invariant subalgebra of A with unit, generated by £x and Z. Let us recall
the definitions of the Dirac cohomology and homology from [PR].

Definition 2.1. Let X be a (g, K)-module. Dirac cohomology of X is the
space of Z—invariants in X ® S. Therefore,

HP(X)={ve X ®S|av=0,Ya € T}.
Dirac homology of X is the space of Z—coinvariants in X ® §

Hp(X)=X®S/I(X ® S).

In the most interesting cases when the module X is finite-dimensional
or unitary, Hp(X), HP(X) and HP(X) all coincide and they are all equal to
Ker(D) = Ker(D?).

The functor of Dirac cohomology H” : M(A, K) — M(ta, K) has a left
adjoint, the functor

Indp : Wi— A®gW.

The functor of Dirac homology Hp : M(A, K) — M (£, K) has a right adjoint,
the functor
Ind” : W+ Homp(A, W) it
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Furthermore, HP(X) and Hp(X) consist of full K -isotypic components
of X ® S, which does not seem to be true for HZ(X).

Modules we get by the first version of induction are tipically not irreducible.
Therefore, we would like to tensor over a “bigger” algebra B. The algebra of K-
invariants, A%, acts on each K —isotypic component of X ® S. Furthermore,
from Theorem [PR, Theorem 4.10.] follows that the action of the algebra A% on
any nontrivial K —isotypic component of X ®S determines the irreducible (A, K )—
module X ®S up to isomorphism. This is a version of a theorem of Harish-Chandra
(see [HC], [LMC]).

Now we can consider H? and Hp as functors from the category of (A, K)-
modules to the category of (U (£a)A®, K)-modules on which Z acts by zero. Then
the functor Ind p = AQuen)ax - is left adjoint to the functor H D while the functor

I/n\dD = Homy (e, ya5 (A, -) g_nite 15 right adjoint to the functor Hp. The problem
with this approach is that the algebra AX contains U(g)® which is in general very
hard to describe. The same can be expected for the algebra AX.

Fortunately, the algebra of K—invariants contains the algebra C'(p)¥ which
is very easy to describe. It can be easily seen (see [PR]) that C'(p)* ~ Endj(S)
which is spanned by the projections onto K —types in S. Moreover, on each
irreducible C(p)® —module exactly one of the projections acts by 1 and all other
act by 0.

Therefore, the third approach is to consider an “intermediate” version of
induction where we tensor over the algebra U(Ex)(C(p)X + ).

Let W be a U(€a)-module. Let U(x)(C(p)X + ) act on W so that Z
acts by zero, one of the projections py, po, ..., pn acts by 1, and the rest of them
by zero. Then we define

Indp(W) = AQuen)cwmx+ny W
—~ D
Ind (W) = HomU(EA)(C’(p)K+I) (A, W)I?fﬁnite'

The functor I?lap = A Quaycep)+z) - 18 left adjoint to the functor H D con-
sidered as a functor from the category of (A, K)-modules to the category of

(U(A)(C(p)X + I), K)-modules on which Z acts by zero, while the functor
D

Ind = Homy e, )% +7) (A, *) & _ginite 15 Tight adjoint to the functor Hp.

All holomorphic discrete series representations can be constructed via the
intermediate version of Dirac induction. Let us assume that the pair (g, K) is
Hermitian so we have a K-invariant decomposition p = p* @ p~, where p™ and p~
are abelian subalgebras of p. We fix a choice of positive roots for £ and add the
roots corresponding to p* to obtain a positive root system for g. We can choose
the spin module to be S = Ap*. Let us denote by p; € C(p)¥ the projection
of the spin module S to its K-submodule C1 and by pa,...,pn € C(p)X the
projections to other K —types of the spin module. Let W; be an irreducible K-
module. Let X be the (g, K)-module X = U(g) Qu(q W1, where g =€ @ p~ is a
maximal parabolic subalgebra of g which acts on W; so that p~ acts by 0. The
action of g on X is given by the left multiplication in the first factor, while the
action of K is the adjoint action in the first factor tensored by the given action
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on Wi. Let us denote by W = W; ® 1 and by B = U(tx)(C(p)* + ). Then W
is a B-module, with Z acting by 0, p; by 1 and ps,...,pn by 0. We consider
the case when X belongs to the holomorphic discrete series. Now we have the
following result proved by Pandzi¢ and Renard in [PR]:

Theorem 2.2.  Let X = U(g) ®u(q W1 be a holomorphic discrete series repre-

sentation, and let W =W, ®1. Then the (A, K)-module I/T\LJdD(W) =A@z W is
1somorphic to X ® S'.

Remark 2.3. The Dirac cohomology of X is equal to W.

3. Nonholomorphic discrete series representations of the group
SU(2,1)

We will denote by G the Lie group
SU(2,1) ={g € GL(3,C) [ detg =1, g'Tg =T},
where I' = diag(1, 1, —1). Its Cartan involution is given by ©(g) = (¢~!)* and the

corresponding maximal compact subgroup is

K = {ge SU21)|0(g) = g} = H A (et ) } ’A c U(Q)} ~ [7(2).

The Lie algebra g, of the group SU(2,1) is given by
su(2,1) = {z € gl(3,C) | tr(X) = 0,2"T + I'z = 0}.

Its complexification is g = sl(3,C). The complexified Lie algebra € of the Lie
algebra of K is isomorphic to the Lie algebra gl(2,C). Let g = €& p be the
Cartan decomposition of the Lie algebra g corresponding to the Cartan involution
O(x) = —x*. Then

t = spanc{Hy, Ho, E, F}, p=spanc{E, Es, F1, F3},

where Hy = ey; —e33, Hy = e —e33, E = ey, F = ey, By = e3, F; = ey; for
i =1,2. Here e;; denotes the matrix in g with 45 entry equal to one and all other
entries equal to 0.

The Cartan subalgebra hy of go (and €) consists of diagonal matrices in
go. We identify h* with the set

Cg:{s€C3|sl+32+33:0},

where s € C3 corresponds to the functional on b given by H; — s; — s3,7 = 1,2.
The root system of (g, b) is

R:{ej_€k|1§.77k§37j7ék}7

where ¢; denotes the functional h — h; on . Furthermore, the sets of compact
and noncompact roots are given by

Rix ={e1 —e2,6a— €1}, Rp={€e1 —€3,60 —€3,€63 — €1,€3 — €2}.
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The Weyl group is the group of permutations of coordinates, i.e. W(R) =
Ss. We choose the Rx— Weyl chamber to be C = {s € R3|s; > sy}. The
corresponding set of positive compact roots is given by RS = {e; —e»}. There are
three R— Weyl chambers contained in the Rx—Weyl chamber C', and they are:

DOZ{SER3|83>SI>SQ}
={s € R} |51 > s3> s}
Dy = {s € R3|s; > 59 > s3}.

The corresponding noncompact positive roots are given by

RDO = RDO \ RIC( = {63 — €1,€3 — 62}
RDl = RDl \R[C( = {61 — €3,€3 — 62}
RIQQ = RD2 \ R[C( = {61 — €3,€9 — 63}.

Let K denote the set of equivalence classes of irreducible representations
of K. In [K2] K is identified with

1
Ly — q € Ly}

e, 2, —1 — @) |1, 2 € 3

For each p € K there is a unique irreducible unitary representation of G
which is not a principal series representation with minimal K-type p. We will
denote that representation by m,. It is also proved that the representation m,
belongs to a discrete series representation if and only if p + px — pgj € D;, for
some j € {0,1,2}. Here pg is the half sum of compact positive roots and pgj is
the half sum of noncompact positive roots jo ,j€40,1,2}. If gz)quK—,og2 € Dy,
then 7, is a lowest weight module i.e., belongs to the holomorphic discrete series.
If p+px — pgo € Dy, then 7, is a highest weight module i.e., belongs to the anti-
holomorphic discrete series. In the case when p 4 px — pgl € Dy, m, is neither a
highest nor a lowest weight module and its K —spectrum is given by

F(ﬂ-p) = {q S K|Q1 S {plapl + 17]91 +2a"'}7q2 € {p27p2 - 1ap2 - 27}}

Let us denote h; = % and hy = % For (q1,q2) € (%2)2 and
q1—q2 € Z , the irreducible representation of the group K with the highest weight
(1, q2) is the representation with the basis {v2 27> |s € {0,1,...,q1 — ¢2}} and
the following action of £:

havf 27 = (g — s)olt 27 for s € {0,1,...,q1 — q2}
hav® 272 = (gg + s)o2t 272 for s € {0,1,...,q1 — @2}
Evdy 2~ =5 (g —q—s+ Lo 2~ 270 forse{l,...,q1 — ¢z} W
@i 2725 — @ - 2D for s € {0,1,...,q1 —qu — 1}
Evgiqu =0
Fo ate —

q1,92
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Furthermore, if 7, is a nonholomorphic discrete series representation, then it
follows from [K1] and [K2] that there exists a basis

{Ugi;hqz_zg | (q17 qQ) € F(Wp)v s € {07 1a s — q2}}

such that
—qa (1 +1)—
Elvgiq;& - A71rp (q)vq?il,qz q2 (2)
_ —(ga—1
Boug” = By (q)vgi,qig )7

where A7”(q) # 0 and By*(q) # 0 for each ¢ = (q1,¢2) € I'(m,). From this, it
easily follows

Theorem 3.1.  If m, is nonholomorphic discrete series representation with rep-
resentation space X , and if

{031:132_28 | ((.ha QZ) € P(Tl'p), s € {07 1a e q1 — QQ}}
is a basis for X as in (2), then

{FEy b 22 | nym € Nost € {0,1,..., (p1 +n) — (p2— m)}}.

p1,p2

18 a basis for X .

4. Generating system for the induced module

We will consider reduced version of the algebraic Dirac induction where we tensor
over the algebra B generated by the algebra £, and the algebra AX. It follows
from [Pr] that the algebra AX is generated by Z(£), C'(p)™, by the Dirac operator
and by the element

1 3
D'=E®a(F)+ §(h1— hy) ® a(hy— hy) + §(h1 + hy) @ alhy + hy) + F @ a(E)
1
— _Z<2E ® EyFy + (hy — he) @ (E1Fy — EqFy)

3
+3(h1 + he) @ (E1Fy + ExFy) + 2F @ EVFy) — §(h1 +hy) ® 1. (3)

Remark 4.1.  Since the basis (F, F,hy — ha, hy + hy) of £ is dual to the basis
(F,E, 3(h1 — ha),2(h1 + hs)), the element (3) can be thought of as a €-version of
the Dirac operator. We will call it the £-Dirac.

We will give one generating system for (A, K)-module Indp (W) = A2zW ,
where W = HP(X).
One can easily check that

W :Span(c{vpl_p2_25®E1—(pl—pg—(s—l))vpl_p2_2(5_1)®Eg|s e{1,2,....,p1—p2}}

p1,p2 P1,p2

Let us denote

Wy = VPP @ B — (pr —po— (s — 1))Upl_p2_2(s_1) Q@ Ey, s € {1,2,...,p1 — a2}

p1,p2 p1,p2
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Then we have

1
hiyws = (pr — s+ 5)11)5
1
hayws = (p2+ 5 = 5)ws (4)

Eaws = (s—1)(p1 —p2 — (s — 1)ws_
Fawg = wgyq.

Let
Z =spanc{ab@w —a®@bw|a € Abe B,we W}
We are going to reduce the obvious generating system for A ®z W given by

{a@w+Zlae A,we W}

The first step is to “remove” U(¥).
For z € ¢, y € C(p) and w € W we have

Fey)@w= (1Y) (ra—1®a(r))) @w=

(1®y) za)@w—(10y-az)) @w

=((10y) 2a)@w—-(10y) @raw+(1 @ y) ® raw
—(1®y-alx)ew

ce(lxlp) W+ Z.

It follows:
U CP))W cCc(1xC(p) W+ Z. (5)

Now, we are going to describe the structure of the algebra U(g).

Proposition 4.2.  We have

U(g) = spanc{z(ELF| + EyFy) 'y |z € {EYFY, (adF)(ETEYY), . . .,
(adF)" ™™ (ETFy") | n,m € No}, t € No,y € U(®)}.

Proof. Let us introduce the following notation

T = spanc{z(E Py + ExFy)'y | v € {EVF", (adF)(EVFy'), ..
(adF)"*™(EYFy") | n,m € No}, t € No,y € U(8)}

We will show by induction that U;(g) C T for all [ € Ny. The claim is obvious
for ] =0 and [ = 1. Let us assume that the claim is true for [ € Ny less than or
equal to some fixed k£ > 1. By Poincare-Birkhoff-Witt’s theorem, it is enough to
prove that elements of the form EVEIFTFS p,q,r,s € No,p+q+r+s=k+1
are in T'. From [Pr, Lemma 2.3.] it follows that

S”(p) = (Z @V(ni,i)) D (ElFl + EQFQ)SR_QOJ),
i=0
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for all n € N,n > 2, where V(,,_; _; is the irreducible £-module with the highest
weight vector E7'Fi and the highest weight (n — ¢, —i). Now we have

EVESF{F5 € spanc{ E{ "' ' Fy, (ad F)(EyY' ' Fy), ..., (ad )M (BT ) |
0<i<k+1}®spanc{ B¢ EYFF ) + B¢EST S | a,b,c,d € N,
a+b+c+d=k—1}.
Therefore, it is enough to show that E¢™ ESFHEY + E¢EST e € T for

a,b,c,d € Ng, a+b+c+d =k —1. By induction on ¢ and d it can be easily
seen that

E{ ESFPHE + EYESY YRS € EYESFYFS (EVFy + By Fy) + Ur(g)
C Uk—1(9)(E1F1 + ExFy) + Uk(g).

Since E1F) + FyF5 commutes with £, the proposition follows. [ |

Let us denote C = E1 R F1 + E, @ Fy and C~ = F1 Q B + Fo ® Es.
Lemma 4.3. The elements C and C~ are contained in the ideal T .

Proof. We have D = C + C~. Furthermore, it can easily be seen that
1 1 _

Since —% ® (E\F, + EyFy) € AX | we have

1 1 1
C=5(D+D(=5® (B + B> Fy)) = (=5 @ (BvFy + Ep 1)) D) € T
C-=D-C¢eT. [

Since the ideal I acts on W by zero, we get CC~ QW C Z and C~CW C
Z . Furthermore, we have

1
(E\F) + EoFy) @ 1 = —Z(QCO* +2C~C + 3(hy + hy) @ (EVFy + EsFy)
+2E ® EsFy + (hy — hy) @ (EyFy — ExFy) + 2F @ EFy)  (6)
from where it follows that
(B\Fi+ EBFR)el)owe (UR)C(p)W + Z.

By (5), Proposition 4.2 and (6) we see that the vector space A ®z W is spanned
by the elements of the form

(rRy)@w, x€Viy_m,yeclCp),welW, nmeN,,. (7)
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Remark 4.4. From (6), (3), and from the identity
(hl -+ hg) & 1= (hl + hQ)A —1 &® Oé(hl + h2)
1
= (hl + hg)A —-1® (—§(E1F1 —+ EZFQ) — 1) € B,

it follows that (EyFy 4+ ExFy) ® 1 € B.
The next step is to reduce a part of the algebra C(p).

Lemma 4.5. If T € Endc(S) = C(p) is any linear operator such that
T(Ey) = T(E;) =0,

then T = Tp', where p = p1 + p3 is the sum of the projections on spanc{1},
respectively spanc{E; A\ Es}.

Proof. For s € spanc{l, E; A Ey} we have p/(s) = s and then Tp'(s) =
T(s). Furthermore, T'(F,) = T(Ey) = 0 = Tp'(F,) = Tp'(F2). Since S =
spanc{1, E1, Es, E1 A Es} it follows that T'=Tp'. n

In the spin module S, the following identities hold

ElEg'Elel'(—El/\EQ):O, FlFQ'Elel'OZO,
ElEQ'EQZEl'O:O, FlFQEQZFl(—Q):O
By Lemma 4.5, we have EiFEsp’ = E1FE, and FiFyp' = FiFy. Since 1 ® p; and

1 ® p3 act on W by zero, we have (1® p')w = 0 for w € W. For a € A and
s € spanc{ Ey Es, F1 Fy} we get

(ale@s)@w=(a(lesp))@w=(a(l®s)(lap)) w
=(al@s)(1ep)@w—(a(l®s) @ (1ep)we Z.
0

From here it follows that
(U@ @C(ppp )@W C Zand (U(g) @ C(p)pTp")@W C Z. (8)

Furthermore, since the projection on the two-dimensional component in the
spin module S is equal to p, = —%(ElFl + EyFy) and since 1 ® py acts on W by
one, then the element 1 ® (F1Fy + EyFy) € B acts on W by —2.

Therefore, for a € U(g) and w € W we have

(a®1l)®w= —%(a@l)@(—Qw) = _%(a®1)®((1®(E1F1+E2F2))-w)
— %E(a®1)(1®(E1F1+E2F2))®w— (a®1)®((1®(E1F1+E2F2))-wz

1
— 5(@ ® (E1Fy + B2 F)) @ w

1 1
G—§(G®E1F1)®U}—§(CL®E2F2)®U)+Z (9)
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From (7), (8) and (9) it follows that the vector space A ®g W is spanned
by the set

{(z@y)@w|z € {ETE, (adF)(EYFY), ..., (adF)" ™™ (EYEy") | n,m € Ny},
Yy € {Eh E27F17 F27 E1F17 E1F27 E2F17 E2F2}7w € W} (10)

Furthermore, one can easily check that
(AIREI+Fa@FE)(1F F)— (10 F1 Fy) (FIQE1+ R FEy) = =2(FiF,— Fa® Fy)
and
(E1QF+Ey@F) (1QFE 1 Ey) — (10 E1 Ey) (1 1+ Ey®@ Fy) = —2(EyQ Ey—EyRF)).
From here, (8) and C@W C Z, C~ @ W C Z we get

(B1®@FEy—FE,@FE)@weZ and (FiF-FBF)weZ. (11)

A straightforward calculation shows that the element (E)F} + EyFy) ® 1
acts on W by (p1 +2py — 1).

Proposition 4.6.  For s € {1,2,...,p; — p2} we have
(1®F)@(@p2—p1+s)ws € (10 Fy) @ Faws + Z.

Proof. For w € W we have
FAl@R)@we (1@ F) @ Faw—- (10 F1)@w+ Z. (12)
Furthermore, using (8) we get
FAl@ ) @we (Fe ) w+ Z. (13)
From (11), C®@ W C Z and [Ey, Fi] = F we get

(FRF)owe (Efy+ FE)®F)@w+ 2
((E1F1+E2F2)®F1)®'U}—|—(<F1E1—E1F1)®F1)®U)+Z
= ((E1F1 + EQF: )®F1)®w—(H1®F1)®w+Z. (14)

Since H1 = 2h1 + hg, (hl) 5 — —E1F1 and O!(hg) =_1_ lEQFQ, we
have a(Hy) = —E Fy — 1B Fp — 3. Using (8) we get

HieoM)w=(1xR)H 1+1a(H)))@w—(1® Fla(H;)) @ w
1
e(1®F1)®H1Aw—§(1®F1)®w+Z. (15)
Now from (12), (13), (14) and (15) it follows that

(1®F1)®w€<1®F2)®FAU)—FA(1®F2)®UJ—|—Z
= (1® F) ®@ Faw — (E1Fy + ExFy) @ Fi) @ w

1
+(1®F1)®H1Aw—5(1®F1)®w—|—Z.
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From here we get

3
(1 ®F1) (24 (éw — HlAw) & (1 ®F2) ® Faw — ((E1F1 —|—E2F2) ®F1> QW+ 2

=(1®FR)®Faw—(1® F) ® (E1Fy + ExF) @ Lw
—((ByF1+ ExFy) @ F) @w — (1 F) @ (E1Fy + ExFy) @ 1)w) +Z. (16)

S

-~

€z

Since the element (E1F) + ExFy) ® 1 € B acts on W by the scalar (p; +2ps — 1)
and Hywy = (2h1, + hoy )ws = (2p1 + p2 — s + 5)ws (see (4)), the (16) implies

(1R F)® (p2—p1+ s)ws € (1 Q@ Fy) @ Faws + Z for s € {1,2,...,p1 — pa}.

This finishes the proof. [

Corollary 4.7.  For s € {1,2,...,p1 — p2} we have

(1@ E1F)®@ @ —pi+s)ws € (1@ E1Fy) @ Faws + Z
(1® ExF1) @ (p2 —p1 + s)ws € (1 Q@ EokFy) @ Faws + Z
(1®E2)®(p2—p1+5)w56 —(1®E1)®FAUJS+Z

Proof. The first two claims follow from the previous lemma. Furthermore, we
have
(1 & ElEQFl) & (pg —P1 + S)U)S c (1 (029 E1E2F2) & FA/IUS + Z.

The proof follows from E1E2F1 = —ElFlEQ = —(—2 - FlEl)EQ = 2E2 +F1E1E2,
ElEQFQ = El(—Q — F2E2> = —2E1 - E1F2E2 = —2E1 + F2E1E2 and
(Ug) @ ClppTpr)@W C Z. .

From Lemma 4.6, Corollary 4.7 and from the previous conclusions it follows
that the vector space A ®g W is spanned by the set

{(z ® F,) @ ws, (z @ E1Fy) @ ws, (x @ EaFy) @ wg, (v @ Ey) ® ws,
(z@ M) ® Wpy—pas (z® B F) ® Wp1—p2>
(@ EoF) @ Wy, —pys (@ E2) @ Wy, —py | s =1,2,...,p1 — Do,
v € {EVE), (adF)ETEY, ..., (adF)" ™ EYEY | n,m € No} b

So far, we have reduced a big part of the Clifford algebra. Similarly, using the well
known (and easy to prove) fact

Dl®X)+(1®X)D=-2X®1, for Xep
we can reduce a big part of the algebra U(g).
Corollary 4.8.  For s € {1,2,...,p1 — p2} we have

(Fi®1)@@—p1+s)ws € (F2®1)® Faws + Z
(Ba®1)® (p2 —p1+s)ws € —(E1 ® 1) @ Faw,s + Z.
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Proof. Since D(1® F;))+ (1® F;)D = —2F, ® 1, for i = 1,2, we have
(FFel)ow= —%(D(l ®@F)+(1® F,)D)®w
=—3D1eR)ow-3((1e9FK)Dow- (10 F)©Dw) —3(18F)®Dw

7 =0
€ —iD(1® F;) ®w+ Z. From Lemma 4.6 we get

(pp—p1+8)(F1®1)Q@uws € (Fo®1)® Faws + Z.

Similarly, using D(1® E;) + (1® E;)D = —2E; ® 1 for i = 1,2 and corollary 4.7
we get
(pp—p1+9)(E2®1)Qws € —(F®1)® Faws + Z.

]
One can easily show by induction that for each n € N it holds
E2F2n = TLF;ilHQ - n(n - 1)F2nil + F27LE2
FyE, = E\Fy —nF}'E. (17)

Roughly speaking, the following proposition shows that we can replace the second
highest weight vector of the K -type V(,_,) € U(g) with the highest weight
vectors of the K —types Vi, —n) € U(g) and Vip_1 _m-1)) € U(g).

Proposition 4.9.  For s € {1,2,...,p1 — ps — 1} and for nonnegative integers
m and n we have

((adF)(E}Fy" @ Fy) @, € spanc{(ETFy' @ Fy)@wyi1, (B7 ' F @ F) Qu, }+ 7,

where By = Fyt =1,

Proof. From [F,E\]| = Es, [F,Fy] = —F, [E1, Ey] =0 a [F, F»] =0 we get
(adF)(ETYFY) =n - B By F — mETF Ry,

From here and from (17) it follows that

(adF)(E}F") @ Fy) @ wy = nm(EY T F T Hy @ Fy) @ w,
—nm(m — 1D)(EM'E @ F) @ ws +n(EY T EYEy @ Fy) @ w,
—m(EYF R @ Fy) @ w,. (18)

From (po —p1+9)(F1®1)@ws € (F,®1)®@ws1 + Z (see Corollary 4.8) we get

(p2 —p1 + 8)(ETF ' FL ® ) @ w,
€ (py—p1+ 8)(EVF @ F) @ weyr + Z. (19)

Furthermore, using Hs,ws = (hi, + 2ho, Jws = (p1 + 2ps + 5 — %)ws,

1 3
Oé(HQ) = Oé(hl + 2h2) = —§E1F1 — E2F2 — 5
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and (8), we get

(HQ@FQ)@U)S: (1®F2)(H2A —1®a(H2))®w5
E(pr+2p+s—1) (10 F) ®w,+ Z.

Therefore
(p2 —p1+ 8) (B} F 7 Hy @ ) @ w
€ (p2—p1+8)(p1+2ps + s — 1)([?{‘*1]72’"*1 ® Fy) @ws+ Z. (20)

Similarly, using (p2 —p1 + $)(E2 ® 1) @ ws € —(E1 ® 1) @ weyq + Z and (17), we
get

(P2 —p1+ 8)(EY ' F' By @ Fy) @ wy € —(BY ' FY' By @ Fy) @ weyy + Z
= —(E?il(Elem — mF;"flE) X FQ) X Wsi1 -+ Z.

Since

(E® F) @uwsir = (1® F)(EBa —1®a(E)) @ w1
=(1® F) (Ea® w1 — (1©1) ® Eawsq)

(&

-

€z
1
+(1® F) ®@ BEawsy1 —1® Fy - (—§E1F2) @ Wsy1
€s(pr—p2—9)(1Q@F) @w,+ Z,

it follows that

(po—p1 +8)(EM'F' By @ Fy) @ w, € —(EVF" @ Fy) @ wey
+ms(p1 —p2 — $)(EY ' E T @ Fy) @ we + Z. (21)

The proof follows from (18), (19), (20) and (21). |
The next proposition shows that a similar result holds for s = p; — ps.

Proposition 4.10.  For nonnegative integers m and n we have

((adF)(ETFY") @ Fy) © wp, —p,
€ spanc{(E7Fy" ® F1) ® Wpy—po s (E?_lFQm_l ® ) ® wm—pz} + Z,

where E; = F; =1,
Proof. From

(11 ® F2) @ Wp,—p, = (F1 @ Fo — F5 @ F1) @ wp,—p, +(F> @ F1) @ wp,—p,

€z

we get
(EYF 'R @ Fy) @ wy,_p, € (ETF @ F)) @ Wy, _py + 2 (22)



PRrRLIC 903

Furthermore, from the proof of the Proposition 4.9 we get
(BY B Hy @ Fy) @y, —py € (2p1tp2— 1) (BY T B @ Fo) @wp, —py + 2. (23)
Since

(B2 ® Fy) @ wp,—p, = (B2 @ Fy + B4 @ F1) @ wy, —p, —(E1 @ F1) © wp, —py,

€z

then

(YT By e F) ® Wpy—py € — (B} FyEy @ F) ® Wpy—pp + 2
= — (B{" (B —mEFy ' E) @ 1) @ wy,—p, + 2
=— (EYF" ® F1) @ wy, —p,
+m(ByT U TIE @ F) @ wyyp, + 2.
Furthermore, using (8) and Eaw,,—p, = (p1 — p2 — 1)wp,—p,—1, We get
(E ® Fl) & Wpy—py = (1 ® Fl)(EA -1® Oz(E)) & Wpy—py
€ (pl — P2 — 1)(1 ® Fl) & Wpy—py—1 — (1 ® FQ) & Wpy—py + Z.
Now, from
P2—p1+(p1—p2—1)(1®F)® Wpy—py—1 € (1®F)® Wy, —p, + 2

we get

(EQ@F) @wy,—p, € (p2—p1 +1)(1® F2) @ Wy, —p, — (1@ F) @ wp,_p, + Z
=(p2 = )1 © F2) @ Wp,—p, + Z
and therefore
(EYTHF3 By @ Fy) @ wp, p,
€ —(EYF3" @ F1) ® wp,—p, +m(p2 — p)(EY T R F) © Wp—py + 2. (24)
The proof follows from (18), (22), (23) and (24). |

Finally, from Propositions 4.9 and 4.10 and previous conclusions we get

Theorem 4.11.  One generating system of the vector space AR W 1is given by

{(ETFY' @ Fy) @ ws, (ETFy' @ E1Fy) @ wg, (ETFY' @ FyFy) @ w,
(EYFy* ® Ey) @ ws,
(@ F1) @ Wpy—py, (T @ E1F1) @ Wpy—py, (TR EF1) @ Wpy—py, (TR Ez) @ Wy, —p, |
s=1,2,...,p1 — po,
r € {EVFY, (adF)EVEY", ... (adF)""™E}Fy* |n,m € Ng}}.

There are no more obvious relations between the elements in 4.11. We will
show that they form a basis of A &g W a little later.
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5. The construction of the nonholomorphic discrete series
representations of the group SU(2,1) via Dirac induction

From Theorem 3.1 it is easy to write down one basis for X ® S. However, we will
give another basis for the space X ® S which will be more useful to prove what we

claim. First we will give bases for some finite-dimensional subspaces of the space
X ® 1. Let us denote

n)—(p2—m)—2s
‘/(p1+n,p2—m) = spanC{vl(,Iif;%;r(ﬁi ) | s € {Oa 17 R (pl + n) - (pQ - m)}}

From (2) it follows that one basis for the vector space

Vg = Z Vipr+npa—m) © 1

ST s, U

is given by
{(FPETF'@F)- w1 |0<n<k 0<m<Il 0<s<(pi+n)—(p2—m)}. (25)

Our goal is to get a basis for X ® .S which is similar to the generating system from
the Theorem 4.11. The next result is analogous to Proposition 4.6.

Lemma 5.1. For s € {1,2,...,p1 — p2} we have (po —p1 +$)(1® Fy) - ws =
(1® Fy) - Fawg and (ps —p1+ s)(1 ® Es) - ws = —(1® Ey) - Faws.

Proof. For se€{1,2,...,p1 —ps — 1} we have

(1® ) wep = (1@ F) (w2 P22 @ By — (py — py — s)ub P72 @ By)

P1,p2 P1,D2
=2(p1 —po — SR @1,
(1@ F) w,=1@F)W P FE —(p—p2— (s — 1))1)511;1202—2(571) ® Es)
—p2—2s
= =20 P71,
(1®E) - ws1 = (1® El)(vgll;ngQ(erl) @ E — (p1—p2 — S)vgi;;szf% ® B)
= —(p1 —p2 — SV PP @ By A B,
(1® B> w, = (1® E)(vl P @ Ey — (py — p2 — (s — 1))or 22070 @ )
= —yPL P28 ® Ey A Es.

P1,p2

This implies the claim for s € {1,2,...,p1 — ps — 1}. The case s = p; — py is
obvious. [

Furthermore, we have the following analogue of Corollary 4.8:
Lemma 5.2.  For s € {1,2,...,p1 — p2} we have
(P2 —p1+s)(F1®1) ws = (F,®1) - Faws

and
(pr —p1+8)(Fa®1)-ws € —(Fy ®1) - Faws.
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Proof. Since D(1®F,))+(1®F;)D = —2F;®1, for i = 1,2, then for all w € W
we get

(F@1) w=—3(DA@F)+ (1 F)D)-w=—:D1® F)-w
From this and from Lemma 5.1 it follows that
(P2 —p1+s)(F1®@1) ws = (F®1) - Faws.
Similarly, using D(1 ® Es) + (1 ® Ey)D = —2F>; ® 1 and Lemma 5.1 we get
(pp—p1+8)(Ee®1) ws=—(F ®1)- Faws. m

Similarly as in the previous section, we would like to replace the second
highest weight vector of the K—types in U(g) with the highest weight vectors of
other K -typesin U(g).

Proposition 5.3.  Forn,m € Ny and s € {1,2,...,p1 — ps — 1} we have
(FE}F ® Fy) - w, € spanc{ (B} E 1 @ Fy) - ws, (ETF)" @ Fy) - weiq},
where E;' = Fy' =1,

Proof. From ad(F)(E}FY') = FEYEF) — E}YF;'F, in a similar way to how it
was done in (18), we get

(FEYFI'® F) - wy = nm(EM FV 1 Hy @ Fy) - w,
—mn(m —1)(E} 'R @ F) - ws + n(EY LENEy @ F) - w,
—m(EMEY IR @ Fy) - ws + (EMF'E @ Fy) - w,. (26)

Using Lemma 5.2 and (17), we get for s € {1,2,...,p; — ps — 1}

(P2 = p1+ $)(EVF T R @ Fy) - wy = (BYFR @ 1) - wasn (27)
(pr —pr +8)(EM'EVEy @ Fy) - wy = —(EY 'F'EL @ Fy) - weyy
= (B YEF —mF  E) @ F) - we
= —(EF) ® F) - wapn
+m(E}TETIE @ Fy) - wey.

Furthermore, for s € {1,2,...,p; —ps — 1} the following identity holds

EQF Wy =E®@F, - (0P P22t @ By — (p) — py — s)obt 272 @ E,)

p1,p2 P1,P2
_ _ _ p1—p2—28
= 2(p1 — p2 S)Evphp2 ®1

= 2(]?1 — P2 — S)S(p1 — Py — S+ 1)1}511;52—2(5—1) ®1
=(p—p—s)s (10 B) - w,.
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From this we get

(P2 =1+ ) (B} F' By @ Fy) - wy = —(EYF @ Fy) - wepq
+ms(pr —p2 — s) (BT R @ Fy) - w,. (28)

Now, from Hs = hy 4 2hy and (1) it follows that

(H2 ® FQ) c W = 2(p1 _pz _ (5 _ 1))H2vp1*p272(571) ® 1

p1,P2
=2(p1 —p2— (5 — 1))(p1 + 2ps + 5 — Lobt P22 D @
=1 +2p+s—1)(1 R F) - ws. (29)

Furthermore, we have

(F & F2) cWg = 2(p1 — Py — (3 — 1))Fvgi7;120272(371) Q1
:Pl—pz—(s—l)(
P1—pP2—S

1®F2) 'w5+17

from where we get

(Pr=p2=s)(FOF) ws=(p1—p2— (s = 1)1 F) - wer. (30)

Finally, from (26), (27), (28), (29) and (30) we get

(p2—p1+8)(FEYF @ Fy)-ws = (pa—p1+8)mn(p1+2ps—m) (B} E @ Fy) -w
—(nt+m—+p—p2— (s = D)ETF ® F2) - wey.

Therefore, for s € {1,2,...,p; — p2 — 1} we have
(FEVF @ Fy) - w, € spanc{(E} ' F ' @ Fy) - w,, (EYFy' @ Fy) - w,yq}. ™
A similar result holds for s = p; — ps.

Lemma 5.4. Let n and m be nonnegative integers. Then
(FEYF @ Fy) - wy,—p, € Spantc{(E?_lFQm_l ® Fy) - Wy, —py, (BT FY" @ F) - wy, —p, }
where By = Fyt=1.

Proof. From the facts (Fy @ Fi + Ex @ Fy) - wy,—p, =0, (F1 @ Fy — [, ® FY) -
Wy, —py =0, (F® F2) " Wpy—py = 20, P2 ®1 = _(1 ® Fl) * Wpy—pz 5 from (26)7 (29>7

pP1,p2

(17) and (E ® FY) - Wpy—py = (P2 —p1)(1® F) - Wy, —p, We get

(FETFY" ® Fy) - Wpy—py = mn(2py + p1 — m)(E?ilFQmil ® F) - Wpy —py
—(m+n+ 1)(ETF" ® F1) - wp,—p,.

This finishes the proof. [ |
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Lemma 5.5. For n,m,s € Ny we have
s n pm s m m - S s—1 n pm i
(adF)*(EYFy") = FPEYF =) <i)(adF) (ETFMF.
i=1

Proof. The proof follows easily by induction on s, for fixed n,m € Ny. [ ]

Lemma 5.6.  For nonnegative integers n,m and s the following identity holds

(FPEYF" ® Fy) *Wpy—py = ((adF)*(EYFy") ® Fy) - Wp —py -

Proof. From Lemma 5.5 it follows that

s M m - S s—1 n pm 7
(FPEVES" @ F1) - wpy—p, = (Z (i>(<adF) (EYF3") ' ® F1> * Wpy—py
=0
= ((adF)s(E?FQm) ® Fl) * Wpy—pys
since F' ® Fy - wp,—p, =0 for i > 1. n
Now, from Lemmas 5.3, 5.4, 5.6 and from (25) we see that the set

B ={(EVYF}" @ Fy) - ws, (x @ F1) - wp,—p, | s € {1,2,...,p1 — D2},
v € {EMFT, (adF)EREY, ..., (adF)"™ ™ E" F},
0<n<k0<m<i}}

spans the vector space Vj;. Since B has exactly

Y (m—p)tn+m+1

e xh,U s

elements, which is the dimension of the vector space Vi ;, B is the basis of Vj.
Since X @ 1 =3 cn, Vipi+npe—m) ® 1, one basis for X ® 1 is given by

{(EYFY' @ Fy) - wg, (x @ FY) - wp—p, | s € {1,2,...,p1 — D2},
v € {EVFy, (adF)ETEY, ..., (adF)"™EYFy"} |n,m € No}},
From here, using (1 ® E1Fs) - ws = 0, we get that one basis for the vector space
X ® S is given by
{(EYF" @ Fy) - ws, (B " @ B Fy) - wg, (BT FY' @ EoFy) - ws, (BT Fy" @ Er) - w,
(x ® Fl) " Wpy—pa> (SL’ ® ElFl) * Wpy—py; (SL’ ® E2F1) * Wpy—py; (x ® E2> * Wpy—py |
S = 1727---7]71 — P2,
v e {EVE, (adF)EYEY, ..., (adF)" ™ EYEY | n,m € No} .
The action map ¢ : AW — X ® S
plaw)=a-w, a€ AweW

maps the generating system of A @ W from Theorem 4.11 into the basis of the
space X ® S, which implies that generating system is a basis of the vector space
A ®p W. Finally, we get:
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Theorem 5.7.  Let X be the vector space of the nonholomorphic discrete series
representation of the group SU(2,1) and let W be the Dirac cohomology of X .
Then the (A, K) -module Indp(W) = A®gW is isomorphic to the (A, K) -module
X®S.

Remark 5.8. In this paper we obtain nonholomorphic discrete series represen-
tations by tensoring over the algebra B = U(£a)AX | which contains the full algebra
of invariants. Namely, in the proof of Proposition 4.6, which was essential in the
proof of the main theorem, we used the fact that the element (E;F) + EoFy) ® 1
is in the algebra B = U(£a)AX over which we tensor (see (16)). We show below
that this element is not contained in the algebra B = U(€)(C(p)* + Z) which is
used in the definition of the intermediate Dirac induction. In fact, we show the
equivalent fact that the element Dt of B (see (3) and (6)) is not in B.

So, a priori we are not using the intermediate Dirac induction here, but
rather the “full” Dirac induction. It however remains unclear if tensoring A with
W over B and over B gives the same result, even though the algebras B and B
are not the same.

To prove the claim that D' ¢ B, we assume the contrary, ie., D' €
U(EA)(C(p)® +Z). Then it follows that

n
4 § a;1, by e d;
=1

for some n € N, \; € C, a;,b;,¢;,d; € Ny, 2; € C(p)X +Z. If W is the Dirac
cohomology of some nonholomorphic discrete series representation of the group
SU(2,1), then each x; € C(p)X + T acts on W with some scalar y; which does
not depend on the choice of the nonholomorphic discrete series. For w € W we
thus have

D'w =) " Nipih & hali FS Efw. (31)
=1

In particular, for the highest weight vector w; of W, the terms with d; # 0 do
not contribute and we have

Dewl = Z )\ZuzhlaAzhngFle

1<i<n,d;=0

If W is the Dirac cohomology of the nonholomorphic discrete series ,, ,,), then
D*wy = (—3(p1 — p2) — 1)w; and so

1 a; . C;
(_E(pl —p2) — 1) wy = Z Niftiha 5 ha X FRiawy .
1<i<n,d;=0

Varying different (py,p2), it easily follows from relations (4) that d; = 0 implies
that also ¢; = 0. So we have

1 1\ 1\ "
_§<p1—p2)—1 = Z it (P1—§) (P2+§) .

ISISTL, Cl:dlzo
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It now follows that a;+b; € {0,1}, and so \;ju; = —% for (a;, b, c;,d;) = (1,0,0,0),

)\1#1 = % for (ai,bi,ci,di) = (0,1,0,0), and )\z,uz = —% for (ai,bi,ci,di)

(0,0,0,0). Applying (31) to ws, we get

1( ) 1 B 1 +1 +1 " 1 3
2P1 D2 Ws = 2]7132 2]9282 2ws

+ Y Al Rho i FRERw,,

1<i<n, d;#0

from where it follows

(s — Dws + Z )\iuihl‘xhngFngiiws = 0.

1<i<n, d;#0

In particular, for s = 2, we get

we + (p1 —p2 — 1) Z /\iﬂih1aAih2lZFXw1 = 0.

1<i<n, d;=1

Varying different (p1,ps2), it easily follows from relations (4) that if d; = 1 for

some i € {1,2,...,n}, then also ¢; = 1. Now we have
(pr —p2 — 1) Z s L _3 " +§ bi__l
P1— P2 ' it | P1 5 P2 5 =
1<i<n, ¢;=d;=1

for all possible values of pi,ps. This however can not be true, since the degree of
the polynomial on the left-hand side is obviously greater than zero. This proves
our claim that D' ¢ U(EA)(C(p)X +1).
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