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Abstract.  Using the Lie derivative of a vector field, we define a cohomology
on spaces of pairs of differential forms (or 1-differentiable forms) in a manifold.
We provide a link to the classical de Rham cohomology and to a 1-differentiable
cohomology of Lichnerowicz type associated to an one-form. We discuss also the
case of a complex manifold and a holomorphic vector field. Finally, an applica-
tion to the harmonicity of 1-differentiable forms is studied in a particular case.
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1. Introduction

Let us consider the field Q°(M) = F(M) of smooth real valued functions defined
on a smooth manifold M. For each p = 1,...,n = dim M denote by QP(M)
the module of p-forms on M and by Q(M) = @,>0QP(M) the exterior algebra
of M. The cohomology of some pair differential forms (or tensor fields) called
1 -differentiable p-cochain @ = (p,1), where ¢ is a p-form and v is a (p — 1)-
form was initiated and intensively studied by Lichnerowicz and all in [3, 11] in the
context of symplectic and contact geometry and in [12] in the context of Poisson
geometry. Further significant developments of a such cohomology in the context
of Lichnerowicz-Jacobi cohomology can be found, for instance in [8, 9, 10]. Also,
we notice that an harmonic and C'-harmonic theory of 1-differentiable forms on
Sasakian manifolds was recently studied in [6]. Another approach concerning
calculus on 1-differentiable forms (called also generalized forms) is proposed in
[15, 16, 17] where some interesting applications in mechanical and physical field
theories are ilustrated.

On the other hand, another cohomology of some similar pair forms is so
called relative cohomology with respect to a smooth map f : M’ — M between
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two smooth manifolds, which is defined in [1, p. 78] as follows: if we consider the
set QP(f) = QP(M) @ QP~H(M’) and the operator

dy - QU(f) = QPTUS), dy(p, ) = (do, fro — dip),

then d7 = (0,0). The cohomology of the differential complex (Q°(f),dy) is
called the relative cohomology with respect to f. We notice that the identity
dfc = (0,0) is based on the identity [f*,d] = 0, where we have denoted by d the
exterior derivative both on M and M’ and [-, -] denotes the graded commutator
of two operators which is defined by [Di, Dy] = DDy — (—1)deeDrdes D2, D)
see for instance [13]. This fact suggest that we can consider cohomology for a
smooth manifold M with respect to the differential complex (€Q2*(M),d), where
QP (M) = QP(M) & QP~1(M) and

d: QP (M) — QP (M), d(p,v) = (Dyp, Dyp — Dyab),

where D; is an operator of degree 1 which satisfies D} = 0 and D, is an operator
of degree 0 such that [Dy, Dy] = 0.

Taking into account the remarkable identity [Lx,d] = 0, where Lx denotes
the Lie derivative with respect to a vector field X € X(M), then we can consider
Dy =d and D, = Lx in the above definition of d and the resulting cohomology
is named by us the 1-differentiable cohomology induced by the vector field X .

The aim of the present paper is the study of this new cohomology as well
as some of its possible applications to harmonic theory for 1-differentiable forms.
The paper is organized as follows.

In the second section we define some differential operators associated to
a vector field X on M which act on the exterior graded algebra (Q°(M),A),
where A is the exterior product of 1-differentiable forms ¢ = (p,¢) defined in
[11]. These operators, which are denoted by dX, ix and £ X, represent a natural
extension of the operators d, 1x and Lx, respectively on Q'(M ). We prove
some natural properties of these operators in relation with the classical properties
of d, 1x and Lx, respectively. Next, a cohomology induced by the vector field
X, denoted by H% (M) is defined as the cohomology of the differential complex
(Q‘ dyx) and we prove an isomorphism of H% (M) with H$,(M) @ H3H (M),
where Hj,(M) denotes de Rham cohomology of M. In this way we recover an
isomorphism of our cohomology with a classical 1-differentiable cohomology of
Lichnerowicz type associated to an one form. Also, some examples on symplectic
manifolds are considered with respect to a symplectic, hamiltonian or Liouville
vector field and a Hamilton type equation for 1-differentiable forms is described.
Next, when the manifold is complex and the vector field is holomorphic, a similar
approach is considered, and when the manifold is compact Kéahlerian we establish
an isomorphism with H?*(M) & H»*~'(M), where H?*(M) denotes the p-th
Dolbeault cohomology of M. In the third section we consider a generalization of
this cohomology with respect to a smooth map f: M’ — M, obtaining a relative
cohomology induced by the vector field X . Then, some similar properties as for
dx -cohomology are investigated in this more general case.

In the last section we discuss some aspects concerning harmonicity of 1-
differentiable forms with respect to our operator associated to a Killing vector
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field in a particular case when M is a n-dimensional compact smooth manifold
endowed with a closed 1-form w and with a Riemannian metric ¢ such that w is
parallel with respect to g.

2. 1-differentiable cohomology induced by a vector field

2.1. Calculus on 1-differentiable forms associated to a vector field. Let
us consider the set QP(M) = QF(M) @ QP~1(M). As in formula (5.5) from [12],
we can define a pair wedge product A : QP(M) x Q' (M) — QPP (M) by

(0, VNP, W) = (e A, (=1)Po AV + ¢ A ) (1)

to be the exterior product on the space Q'(M), where (p,1) € ﬁp(]\/[), (¢, €
Q¥ (M). By this definition, we notice that for an 1-differentiable 0-form (f,0),
where f is a smooth function on M, we have (f,0)- (p,v) = (fe, f1). Also, one
easily verifies that

(@, DA, 8) + (¢, 9") = (0, )N, ) + (0, )N, "),
(90,1@7( ((gp/’w/)’/‘“\(gpnjw//)) — ((¢7w)x(gp/’w/)) K(@//7w//)

and
(907 w)/\(gpla wl) = (_1>pp ((pla wl)/\(% ¢)7
which say that (Q°(M), A) is a graded algebra.
Now, we consider X € X' (M) a fixed vector field on M, and we define the
following differential operators acting on Q°*(M):

dy : (M) — @ (M),  dx(p,v) = (dp, Lxp — dib). (2)
Tyt (M) — P7H M), ix (0, ¥) = (1xp, —1x V) (3)

and
Ly : (M) = QP (M), Lx(p,) = (Lxp, Lxv). (4)

By direct calculus, using (1)-(4) and the classical relations concerning the operators
d, ix and Lx, the following relations hold:

gX((@a 1/))%(90/» 77Z}/>> = 67X(Spa ¢)7\(¢,a ¢,) + (_1)1)(907 w)ng (Qplv 1/},)7 (5)
ix (9. NG Y) =Tx (@ VAW ¥) + ()P (@ 9)ATx (¢ ), (6)

and

Lx((p, 0)NE ) = Lx (0, 0)A (@ 0) + (0, ) ALx (¢ ), (7)

which say that EX is an antiderivation of degree 1, 7x is an antiderivation of
degree —1 and Ly is a derivation of degree 0, respectively, in the exterior graded
algebra (QP(M), A).

Using the above definitions and the classical properties concerning the
operators d, 1x and Ly, we easily obtain:

&% = (0,0),7% = (0,0), [Lx, Ly] = Lixy]» [Lx,7v] = ixy)- (8)
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For instance, the first relation from (8) it follows by direct calculus in (2) using
[Lx,d] =0.

Also, we have

Proposition 2.1. If Y € X(M) is a Lie symmetry of X, that is [X,Y] =0,
then the following remarkable identities hold:

Ly = dxiy +7ydy , [y, dx] = (0,0). (9)
As a consequence, one gets
Lx = dxix +ixdx , [Lx.dx] = (0,0). (10)

Let f: M'" — M be a smooth map between two smooth manifolds. We define
[ QP (M) — QP(M') by

F (o, 0) = (fro, F9) ¥ (9,9) € QP(M). (11)

It is well known that if f: M’ — M is a diffeomorphism, then we have

frdo=df*o, [*(r.xp) =wx(f0), ['(Lr.xp) = Lx(fp), (12)
for any X € X(M'), ¢ € Q*(M), and by direct calculus we obtain

Proposition 2.2. If f: M' — M 1is a diffeomorphism the following relations
hold:

JX}V* = f*gf*Xa fylvf*x ZTXJE, f*zf*X = Exf*> X eXx). (13)

2.2, JX—cohomology.

As well as we seen, by the first relation of (8) we have a differential complex
(Q*(M),dx), and denote by H%(M) the cohomology of this complex. We will
call it the 1-differentiable cohomology induced by the vector field X of the smooth
manifold M or JX -cohomology of M.

We have

Proposition 2.3.  The exterior product from (1) induces, on the space of gx—
cohomology classes, a cohomology algebra structure.

If f: M — M is a diffeomorphism between two smooth manifolds then
the first relation (13) says that the map f* from (11) induces the following map
in the cohomology level:

FoHp (M) = Hy(M'), [0, 90)] = [f* (e, 0)], VX € X(M').  (14)

We notice that a cohomology class in 1::[)'((]\/[ ) is represented by a closed
form ¢ whose Lie derivative with respect to X is an exact form. Because for any
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closed form ¢ we have Lx¢ = dixp (that is Lx¢ is an exact form), then it is
easy to see that we have the natural maps in cohomology:

Hip(M) = Hy (M), [¢] = [(¢,1x0)];

H3 (M) = H3p" (M), [(p,9)] = [ixo — 9.

Moreover, the map

H3 (M) = Hip(M) & Hig' (M), [(0.9)] = (o], ixe — )

with the inverse
Hip(M) @ Hig (M) = H (M), ([¢], [¢]) = [(0,0x0 — 0)]
establishes the following isomorphism:
H3 (M) = H3p(M) @ Hyp' (M). (15)

Remark 2.4.  This cohomology is isomorphic with an 1-differentiable cohomol-
ogy associated to an 1-form of Lichnerowicz type. More exactly, for any n € Q' (M)
we consider the operator defined by

dy : (M) — QM) dy(p,9) = (dip — dn A, —dip). (16)

By direct calculus we get 0227 = (0,0), hence we have a differential complex

(Q(M), Jn) Denote by [A{T?;(M ) the cohomology of this complex and we will call it
the 1-differentiable cohomology associated to the 1-form n of the smooth manifold
M or d,-cohomology of M. This cohomology is a particular case of a more general
1 -differentiable cohomology firstly defined by Lichnerowicz in [11] in the context
of symplectic and contact manifolds, and [12] in the context of Poisson manifolds,

respectively. Also, according to [9, 11, 12] we have ﬁ;(M) >~ He.(M)® Hyp' (M)
and the isomophism (15) says that H$ (M) fI;I(M)

Consequently, dim H% (M) = b,(M) + b,_1(M), where b,(M) is the p-th
Betti number of M. In particular, the dimension of ]TIQ(M ) is a topological
invariant of M, for all p. Also, by applying the Poincaré duality for the de
Rham cohomology HJ,(M) in (15) we obtain the following Poincaré duality for
d: x -cohomology:

(M) = (HEPO00)  p =0, n+ 1, (17)
where the index ¢ denotes compactly supported.
Indeed, taking into account the Poincaré duality Hy,(M) = (H] (M ))*

and the classical isomorphism (V & W)* = V* @ W* then we easily obtain (17).
Also, we have

Proposition 2.5. f[f{(M) =0 forany p>n+1.



916 CRASMAREANU, IDA, AND POPESCU

Proposition 2.6.  For any vector fields X, Y € X (M) there is an isomorphism:

axy : Hy (M) — Hy (M), axy([(e,9)]) = [(0,1v—x¢ + ¥)] (18)

with the inverse a;(}y =ayx.

2.3. Examples.

Example 2.7. Let (M,w) be a symplectic manifold, that is w € Q*(M) is
closed and nondegenerated. We recall that a vector field X € X (M,w) is called
symplectic if 1xw is closed and it is called hamiltonian if 1xw is exact. Taking into
account that for every symplectic vector field X € X(M,w) we have Lxw = 0 it
follows that Jx(w, 0) = (0,0) for every symplectic vector field X € X(M,w) and
every closed 1-form 6 on M.

Moreover we have the following result:

Proposition 2.8.  If [(w,8)] = (0,0) and 0 is exact then w is exact and X is
hamiltonian.

Proof. Let 6 = dg, where g € C*°(M,w). Then [(w,dg)] = (0,0) if there exists

(¢, f) € QM) such that (w,dg) = dx (¢, f) which implies
w=dy and Lxp —df = dg.

The first relation from above says that w is exact and replacing w = dp in the
second relation we obtain 1xw = d(f + g — 1x¢), were we have used the Cartan
identity Lx = dix +1xd. Thus, 1xw is exact i.e., X is hamiltonian. ]

Example 2.9. Let (M,w) be a symplectic manifold and X € X(M,w) be a
symplectic vector field. Then (1yw, k) is dy-closed for every k € R. Moreover if
k # 0 then [(1xw, k)] # (0,0).

Indeed, if we suppose that [(1xw, k)] = (0,0) then there exists (f,0) €
Q°(M) such that (1xw,k) = dx(f,0) which implies

df =1xw and Lxf =k.

The first relation from above says that X is hamiltonian and if H is the hamil-
tonian function of X, that is 1xw = —dH, then we have d(f + H) = 0 which
implies f = —H + ¢, where ¢ € R. Now, replacing f = —H + ¢ in the second
relation and taking into account that LxH = 0 we obtain Lxf =0 # k.

Example 2.10.  Suppose now that (M,w) is a symplectic manifold with w €
Q?(M) an exact symplectic form i.e. there exists an 1-form 6 (sometimes called
Liouville 1-form) such that: w = df. Then there exists a potential symplectic
vector field & (sometimes called Liouville vector field) i.e. a vector field for

which: 6§ = ww, see [2, p. 22]. Then, we have d¢(w,6) = (0, Lew — w). But
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Lew = diew + ¢dw = df = w, and then dvg(w,é’) = (0,0) which means that
[(w,0)] € ﬁg(M) The czg—cohomology class [(w,#)] from this example will be
called the 1-differentiable cohomology class induced by the Liouville vector field &
of the exact symplectic manifold (M,w).

We have

Proposition 2.11.  The cAl/g-cohomology class [(w, )] induced by the Liouville
vector field & of the exact symplectic manifold (M,w) vanishes.

Proof. Let f € C*(M). Taking into acount df = w, L0 = 6§ and Ledf =
d(&f), then it follows that (w,0) = de(6 + df,£f). [

Remark 2.12.  The vanishing of the c@—cohomology class [(w, 0)] it follows also
from the isomorphism (15), since [(w,8)] — ([w], [zew — 6]) = (0,0).

Example 2.13. (Hamilton type equations.) Let w = (w,f) € Q% (M) such
that dy& = (0,0) and w € Q%(M) has a maximal rank. Since dw = 0 and
dixw = df, it follows that w is a symplectic form and we can consider (at least
locally) 6 having the form 6 = 1xw + dh, where h € Q° (M) = C>*(M). Also, for
O = (,0) € Q° (M) we have dx© = (df, Xf). The equation —dx© = 1x@, i.c.
—(df, X f) = (1xw, —1xdh) reads ixw = —df and Xh = Xf.

It follows that given @ = (w,#) which is dy-closed, w of maximal rank,
and © = (f,0) € Q° (M), then the Hamilton type equation —dx© = 1x& has as
solution the w-hamiltonian vector field X corresponding to f, provided that 6 is
an exact form, i.e. § =dh', i € C*°(M), and Xh' = 0. In the particular case
when 6 = 0, then X is simply the hamiltonian vector field corresponding to f.

2.4. The complex case.

The main purpose of this subsection is to formulate a cohomology induced
by a holomorphic vector field on complex manifolds and possible relation with
classical Dolbeault cohomology.

Let M be a complex n-dimensional manifold and X a holomorphic vector
field on M. Denote by QP4(M) the space of all complex differential forms on
M of type (p,q), briefly (p,q)-forms on M. Then we have a decomposition
of the exterior derivative d = 0 + 0, where 0 : QP4(M) — QPT4(M) and
0 : QPI(M) — QPaH(M). Similarly to previous notations we consider the set
QPa(M) = QP9(M) @ QP91 (M). Since for every holomorphic vector field X on
M the Lie derivative Lx preserves the (p,q) type of forms on which this act, we
define the following operator:

5)( : Qp,q(M) — ﬁp,q-ﬁ-l(M) y EX(()O? ¢) - (59& 'CXQO - 57:0)7 (19)

for every (p,1) € QP4(M).
Also, taking the same components in relation Lx (0 + 9) = (0 + 9)Lx we

get [Lx,0] =0.
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It is easy to see that 53( = (0,0). Then, for any p > 0 we have the
differential complex (ﬁpﬁﬁx), and denote by f[g("(M ) the cohomology groups
of this complex, called p-th Dolbeault 1-differentiable cohomology induced by the
holomorphic vector field X of M.

We notice that the exterior product from (1) can be extended to QP¢(M)
and this induces, on the space of dx-cohomology classes, a cohomology algebra
structure. Also, if we consider a biholomorphic map f : M’ — M between two
complex manifolds, taking into account that for any holomorphic vector field X
on M', f.X is a holomorphic vector field on M and f* preserves the (p, q)-forms,
then the map f* from (11) induces the following map in the cohomology level:

fo o Y (M) — HE (M), fle.0)] = [F(e,0)] (20)

for any holomorphic vector field X on M’.

In the following we are interested to find an isomorphism of type (15) for
Dolbeault 1-differentiable cohomology induced by the holomorphic vector field X
of M. We have

Theorem 2.14. If (M,qg) is a compact Kdihler manifold then we have the
following isomorphism:

HYS (M) 2= HP* (M) @ HP* "' (M), (21)

where HP*(M) denotes the classical p-th Dolbeault cohomology of M .

Proof. Using the Hodge theory on compact Kahler manifolds we obtain that
any Dolbeault class in HP?(M) is represented by a form ¢ € QP4(M) that is
closed both with respect to d and 9, see for instance [4, 7, 14, 18]. Thus, for any
Dolbeault class [¢] € H??(M) we have Lx¢ = d(1xp) is again a (p,q)-form on
M. Since X is holomorphic we have 1xp € QP~14(M) and so

Lxo = 0(1xp) and d(1xp) = 0

for degree reasons. As d(1x¢) = 0 we find a (p—1,¢—1)-form ¢ on M such that
1xp 4+ 0¢  is O-closed which implies according to our hypothesis that 1x¢ + 0¢'
is d-closed. Hence

O(ixp) = —00¢ = 90y

and so _
Lxp =00y, (22)

which shows that the induced action on Dolbeault cohomology H?9(M) is trivial.
Then, the map

HY* (M) = HP*(M) & H?* (M), [(p,9)] = (], [0¢" — ¢])
with the inverse
HP*(M) @ HP* 71 (M) = HY (M), ([¢], [0]) = [(,0¢" — )]

establishes the isomorphism from (21). ]
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Remark 2.15.  Using the Serre duality for Dolbeault cohomology on compact
Kéhler manifolds we obtain the following Serre duality for 0x-cohomology:

HY (M) 2= Hy P9 (M). (23)

3. A relative cohomology induced by a vector field

In this section we present a generalization of the JX—cohomology relative to a
smooth map f: M’ — M between two manifolds.

As in the case of relative cohomology, we consider the set Q7(f) = QP(M) @
QP~1(M’) and the operator dx ; defined by

dxp: Q(f) = XS, dxp(o,¥) = (do, Lx e —dy), X € X(M').  (24)

An easy calculation shows that dﬁf’ = (0,0). Denote the cohomology groups of
the complex (Q°(f),dx r) by H%(f) and we call it the relative cohomology induced
by the vector field X .

Remark 3.1. If M’ =M and f = Id|y then HY(Id|y) = HY(M).

As in formula (1), we can define a pair wedge product adapted to our study
by
Ap: QP(f) x QF (f) — QP (f),
() A (@) = (e A (1P fro A+ A f7), (25)

where (p,%) € QP(f) and (', 1) € QP (f), respectively.
One easily verifies that this product is anticomutative, namely

(0, 0) Ay (@, 0) = (1) (&, ') Ay (i0,)

and also (2P(f), Ay) is an exterior graded algebra. By direct calculus we have that
dx s is an antiderivation with respect to the exterior product from (25). We have

Proposition 3.2.  The exterior product from (25) induces, on the space of dx -
cohomology classes, a cohomology algebra structure.

Proposition 3.3.  Let p € QP(M) be a closed p-form on M , i.e. dp =0. Then
for every vector field X € X(M') we have (p,1x f*p) € QP(f) is dx,s-closed and,
moreover if ¢ is exact then the dx, -cohomology class [(p,1x f*p)] vanishes.

Proof. Taking into account dp = 0 and Cartan identity Lx = dix + 1xd, we
have

dX,f(% ixf ) = (do, Lxf o —dixfre) = (0,dix f*o — dux f*p) = (0,0).

Now, if ¢ = di, by direct calculus we have dx ¢(,1x f* 4+ d¢) = (p,1x f*p), for
every ¢ € QP72(M'), which says that [(¢,1x[*¢)] € H5(f) vanishes. [
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Example 3.4. Let (M,w) and (M’,w’) be two exact symplectic manifolds with
0,.¢ and 6',¢& the corresponding Liouville 1-forms and vector fields, respectively.
We also consider f: (M’ W) — (M,w) a symplectomorphism between two exact
symplectic manifolds, that is ' = f*w. Then dg f(w,8') = (0, Le f*w —df'). But
ﬁg/f*w = /jgw’ = d@l, which implies dg@f((x), 0/) = (0, 0), that is [(w, 0/)] € Hg/(f),
which is called the cohomology class induced by the Liouville vector field £ relative
to the symplectomorphism f : (M' w') — (M,w) between two eract symplectic
manifolds. Moreover if f*0 = ¢’ then [(w,#’)] vanishes.

As in the classical case of relative cohomology, [1], we can consider the
mappings a : QHM') — Q(f), a() = (0,4) and B : Q(f) - (M),
B(p, ) = ¢ for all ¢ € QP(M) and ¢ € QP (M'), respectively. Then, we
have the following result which relates the cohomology H%(f) with the de Rham
cohomology of M and M’, respectively.

Proposition 3.5. Let f: M' — M be a smooth map between two manifolds.
Then:

(i) The mappings « and ( induce an exact sequence of complezes
0 — (N (M), d) -2 (Q°(f), dx.;) - (Q°(M),d) —> 0.

(i) This exact sequence induces a long exact cohomology sequence

% *

« * oy
o HEN M) S HY(f) 25 HE (M) 2 HE (M) —> ..., (26)
where the connecting homomorphism 0, s defined by

0, ([¢]) = [Lx f*], for any [p] € HY,(M). (27)

Since for any closed form ¢ € QP(M) we have Lxf*p = d(ixf*¢), the
connecting homomorphism 6, = 0 and so for every p > 1 we have an exact
sequence:

*

a* * 51)
0 — HIZ' (M) =5 HY(f) 25 HEL (M) =250

which leads to the following isomorpism
HY(f) = Hip(M) & Hip' (M), (28)

In the following, we present a link between our cohomology and a gener-
alization of a classical 1-differentiable cohomology associated to an one form of
Lichnerowicz type.

For a smooth map f : M’ — M we can consider the set Q7(f) = QP(M') &
QP~1(M), and define the following operator

dy.g 2 QQP(f) = QPFS), dos (. 0) = (do — f*(dn A ), —dy). (29)
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An easy calculation leads to d%’f = (0,0). We denote the cohomology
groups of the complex (Q*(f),d, ) by H}(f) and we call it the relative 1-
differentiable cohomology associated to the 1-form n. We also notice that if f
is diffeomorphism then Q*(f) = Q°*(f™').

As in the case of dx, s-cohomology, we can consider the mappings p :
(M) = QP (f), () = (,0) and v : PP(f) — QYM), v(p,1) = v for all
o € QP(M') and ¢ € QP~1(M), respectively. Then, we have the following result
which relates Hp(f) with the de Rham cohomologies of M and M’, respectively.

Proposition 3.6. Let f: M' — M be a smooth map between two manifolds.
Then:

(i) The mappings 1 and v induce an exact sequence of complezes
0 — (Q(M"),d) 5 (X°(f),dys) — (21 (M),—d) — 0.
(ii) This exact sequence induces a long exact cohomology sequence
s HE (M) S HR(F) s BTN (M) 25 HE (M) — ., (30)
where the connecting homomorphism Ay, is defined by
A 0] = [=f*(dn A )], for any [¢] € Hp' (M) (31)

Since for any closed form ¢ € QP~Y(M) we have f*(dn A ) = df*(n A1)
the connecting homomorphism A7 vanishes and so we obtain the isomorphism:

Hy(f) = Hip(M') & Hp' (M). (32)
Now, taking into account the isomorphisms (28) and (32), we obtain

Theorem 3.7. If f: M — M is a difeomorphism then the following isomor-
phism hold:

HY(f) = Hy(f7). (33)

Finally, we notice that the 1-differentiable cohomology induced by a holo-
morphic vector field can be generalized in the complex case with respect to a

holomorphic map f : M " — M. More exactly, we can consider a more general
definition of dx on the set QP(f) = QP4(M) ¢ QP41 (M’) by setting

Oxg: I(f) = QIS Ox (o ¥) = D, Lx frp — ), X € X(M'). (34)

An easy calculation shows that 5; s = (0,0). Denote the cohomology groups of
the complex (QP*(f),0x.) by H%*(f) and we call it the relative p-th Dolbeault
cohomology induced by the holomorphic vector field X of M'. As well as we seen
if M' = M and f = Id|y then dx = Dy a),, and HY* (M) = HY*(Id|y). We
also notice that dx ; is an antiderivation with respect to the exterior product from
(25) extended to QP4(f).
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Using the same technique as above, we can consider the mappings

a: (M) = Qpa(f), a(y) = (0,4) and §: QPI(f) — QPI(M), Blp,¥) = ¢
for all p € QP9(M) and ¢p € QP91 (M), respectively. Then, we have the following
exact sequence of complexes:

0 — (P 1(M'),3) -5 (Q*(f), Bx) 25 (P*(M),T) —> 0.

which induces a long exact cohomology sequence

s HPV ) S () D gra) 2 gra(M’y — L., (35)

where the connecting homomorphism 3;7(] is defined by

*

0, 4([]) = [Lx ], for any [p] € H?I(M). (36)

Taking into account that X € X'(M’) is holomorphic and f* preserves the type of
complex (p,q) forms, a similar calculation as in the proof of Theorem 2.14 leads
to

Corollary 3.8. If (M,g) is a compact Kdahler manifold then we have the fol-
lowing isomorphism:

HYE(f) = HPS(M) & HP* (M), (37)

4. An application to harmonicity of 1-differentiable forms

In this section we discuss some aspects concerning harmonicity of 1-differentiable
forms with respect to our operator in a particular case.

Let us consider a n-dimensional compact smooth manifold M, a closed 1-
form w on M and a Riemannian metric g on M such that w is parallel with respect
to g. We consider the vector field U € X (M) characterized by the condition

w(X)=g(X,U), VX € X(M). (38)
Also, we consider the codifferential operator § given by
o= (1) (xodox)p, Ve € Q"(M), (39)

where «x is the Hodge star operator, see for instance [4, 18].
Using that w is parallel and that U is Killing, we have the well known
relations (see [9])

Ly=—-doe(w)—e(w)od,doLy=Lyod, (40)

where e(w)p = w A ¢ for every ¢ € Q*(M).
Now, we define the following codifferential induced by the vector field U
associated to the operator dy on the space QP(M) of 1-differentiable p-forms:

oy (M) — Q"7 (M), (e, $) = (50 + Lo, —0)). (41)
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By straightforward calculus, using the second relation of (40), we obtain 5[2] =
(0,0). Moreover, using the natural scalar product (,) on the space Q*(M) given
by

() 2OD x PO SR, (0) > bodl) = [ onsgs @
we also define a scalar product ((,)) on Q°*(M) by

({(2,9), (&, 0)) = (0, ) + (. 0), ¥ (0,9), (¢, 0) € QP(M).  (43)
We have

Proposition 4.1.  The operator dy is the {{,))—adjoint of &y and conversely.

Proof. Itissuﬁ%?entto;movethat((&/( ¥), (¢, W))) = {(@,0), du (¢, ),
for every (p,v) € QM) and (¢',¢') € QP(M). By (43) we have

<<JU(907 be)? (90,7 ¢,)>> = <d<107 S0/> + <‘CU907 ¢’> - <dw7 w/> (44)
and B

({(£,9), 00 (&', 9))) = (0, 0¢") + (@, Lu’) — (4, 6¢"). (45)
Now, the result follows taking into acount that d is the (,)—adjoint of § and Ly
is (,)—self-adjoint. ]

Let us define now a AU —Laplacian associated to the vector field U on the
space Qr (M) by A= dU5U + dydy . Then by direct calculations, we obtain

Au(p,0) = (Ap + Lo, A + L), ¥ (p,9) € QP(M). (46)

Hence, the 1-differentiable form (p, ) € QP (M) is Ay -harmonic, that is, we have
Ay (p,) = (0,0) if and only if

Ap+ Lo =0 and Ay + L) = 0. (47)

Proposition 4.2.  The 1-differentiable form (p,v) is Ay -harmonic if and only
Zf dU((P, 77Z)> = (07 0) and 5U(907 77D> = (Oa O) .

Proof. It follows directly from

(Au(p,¥), (p,0))) = <<§USU(9071@+SUJU( ) (@)
= ((0u(p,v),0u(p, ) + ({du(p, ¥), du(p, ¥))).

Also, if we continue the calculus from the proof of above proposition, we
obtain

(Bu(p,9): (0, 9))) = ({(,9), Bu(o,0))) (48)
which says that the Ay-Laplacian is ((,))-self-adjoint.
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Example 4.3.  Let us consider a smooth function f € C*(M) with the prop-
erty that Ly f = kf, k € R. Then, the 1-differentiable 0-form (f,0) € QM) is
Ay -harmonic iff the function f satisfies the Klein-Gordon type equation

Af+Ef =0, (49)

with mass term m? = k2.

A first interpretation of formula (46) in terms of usual harmonicity can be
obtained as follows. As U is a Killing vector field, it is well known that in this
case Lyp = 0 for every harmonic form ¢ € Q*(M). Thus, we have

Proposition 4.4. If ¢ € Q"(M) and ¢ € QP (M) are both harmonic then
the 1-differentiable p-form (p,v) is Ay -harmonic.

Remark 4.5. We notice that a similar Laplacian can be defined for compact
Sasakian manifolds (or more generally for K -contact manifolds) with respect to
the Reeb vector field ¢ which is a Killing vector field.

Another interpretation of formula (46) will be given bellow involving the
Lichnerowicz-Laplacian. More exactly, as w is a closed 1-form on M there is an
associated Lichnerowicz differential, see [5, 8, 12], d, : QP(M) — QPTL(M) defined
by

dup = dp +e(w)p, Vi € Q' (M). (50)

By direct calculus, we easily obtain that d2 = 0 and the cohomology H?(M) of the
resulting complex (Q°*(M),d,) is called the Lichnerowicz cohomology of (M,w).
Also, a codifferential operator ¢, : QP(M) — QP~1(M) associated to w is given by
(see [5])

(5w =90 + . (51)

Then, the Lichnerowicz-Laplacian is defined as A, = dd,, + d.d, and by direct
calculus, taking into account the first relation of (40), we get

App=0p+¢, Ve QP(M). (52)

Also, using an associated Hodge decomposition (with respect to the operators A,
d, and 9, see [5]), it is proved, see [9], that for every A,-harmonic form ¢ we
have Lyp = —p.

Hence, we have the following result

Proposition 4.6. If ¢ € Q"(M) and ¢ € Q*~'(M) are both A, -harmonic
then the 1-differentiable p-form (p,v) is Ay -harmonic.
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