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Abstract. In this paper we compute explicitly the norm of the vector-
valued holomorphic discrete series representations, when its K -type is “almost
multiplicity-free”. As an application, we discuss the properties of highest weight
modules, such as unitarizability, reducibility and composition series.
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1. Introduction

The purpose of this paper is to compute explicitly the norm of the vector-valued
holomorphic discrete series representations, and to study the properties of the
highest weight modules, such as unitarizabily, reducibility and composition series.

Let G be a simple Lie group, such that its maximal compact subgroup K
has a non-discrete center. Then it is known that there exist a linear subspace
pt C g and a bounded domain D C p* such that the symmetric space G/K
is diffeomorphic to D. Therefore G/K becomes a complex manifold. Let (7,V)
be a finite-dimensional holomorphic representation of K¢, and x™ be a suitable
character of the universal covering group K. Then we can consider the represen-
tation of the universal covering group G on the space of holomorphic sections of
the equivariant vector bundle on G/K with fiber V @ x =,

G To(G/K,Gxz (Vax™)).

Since D ~ G/K is contractible, this space is isomorphic to the space of V-valued
holomorphic functions on D,

To(G/K,G x; (Vex ™) ~O(D,V).

Then the infinitesimal action of the Lie subalgebra p* C g on O(D,V) is given
by 1st order differential operators with constant coefficients, and thus it annihilates
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constant functions in O(D, V). Such representations are called the highest weight
representations. Also, if A\ € R is sufficiently large, then this representation
preserves an inner product which is given by an explicit integral on D. Such
representations are called the holomorphic discrete series representations.

For example, let G := Sp(r,R), realized explicitly as

B (0 L\, [0 I 0\ [0\
Then G/K = Sp(r,R)/U(r) is diffeomorphic to
D :={w € Sym(r,C) : I, —ww" is positive definite.}.

Let (7,V) be a representation of K© = GL(r,C). Then the universal covering
group G' = Sp(r,R) acts on O(D,V) by

) ((i Z) i > f(w) = det(cw + d) 1 (cw + d)) f ((aw + b)(cw +d)™").

We note that det(cw+d)~* is not well-defined as a function on G x D, but is well-
defined as a function on the universal covering space G x D. If Re A is sufficiently
large, then this preserves the sesquilinear form

(&Y

<f, h>)\,7- = m /;j (7’(([ — ww*)’l)f(w), h(w))T det([ o ww*))\f(r+1)dw’

that is, (1\(9)f,75(9)h)x+ = (f,h)r, holds for any f,h € O(D,V) with finite
norms, and for any ¢ € G. Therefore 7, gives a holomorphic discrete series
representation of G if A € R and the above norm converges for some nonzero
function in O(D, V). In this case the corresponding Hilbert space H,(D,V) C
O(D, V) has the reproducing kernel

Ky,(z,w) := det(I, — zw*) " 1(I, — z2w*) € O(D x D,End(V)),

if we choose the normalizing constant c, suitably. When r = 1, then we have
G = SU(1,1) and D = {w € C : |w| < 1}, and the action 7, of SU(1,1) on
O(D) reduces to the simplest example

o (( 2)) o) = eu-+d)>f (2

with the invariant inner product and the reproducing kernel

A—1

™

(f By = / TR~ ), (11)
Ky(z,w) = (1 — 2zw)™ € O(D x D). (1.2)

We return to the general case. The question of when the highest weight
representations are unitarizable is studied by e.g. Berezin [2], Clerc [3], Vergne-
Rossi [27], and Wallach [28], and completely classified by Enright-Howe-Wallach [4]
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and Jakobsen [13] by different methods. In [4] and [13] they used purely algebraic
methods.

On the other hand, the analytical proof, the proof using explicit norm
computation, was only partially successful. When the fiber (7, V') is trivial, this is
studied by e.g. Hua [11], Upmeier [26], and Orsted [18], and completely done by
Faraut-Korédnyi [6]. However, vector-valued cases are not computed yet except for a
few cases, e.g. the case when (7,V) is a defining representation of K€ = GL(s,C)
(Drsted-Zhang [19], [20]), and the case when G is of real rank 1 (Hwang-Liu-Zhang
[12]).

Now we explain how the explicit norm computation gives informations on
unitarizability and reducibility in the simplest example. Let G = SU(1,1). Then
the G-invariant inner product (1.1) converges for any polynomial f,h € P(C)
if ReX > 1, but does not converge for any non-zero polynomial f,h € P(C) if
ReX < 1. Suppose f,h has a Taylor expansion f(w) = >  a,w™, h(w) =
>, bmw™. Then for Re A > 1, we can compute (f,h), explicitly as

o0

m!

<f7 h))\ — —ambmu
2 0.

where (A)p, := A(A+1) -+ (A+m—1). This expression is available even if Re A <1,

and is also (g, K)-invariant. As a result, the reproducing kernel K (z,w) in (1.2)

is expanded as

K(z,w) = (1 — z20) ™ = Z <2;nzmwm.

This expression is also available when Re A < 1. This kernel function is positive
definite if A > 0, and thus (75, O(D)) is unitarizable if A > 0. Here, when A =0,
the corresponding Hilbert space consists of only Oth order polynomials, and is of
1-dimensional. Also, for A = -l € Z<, the sesquilinear forms

l
= ”;! - (1.3)

i _m (1.4)

Tim (A -+ 1), )y =

are well-defined and (g, K')-invariant on P<;(C), the space of polynomials of order
at most [, and on P(C)/P<(C) respectively. Moreover (1.4) is definite. Therefore
P<i(C) gives a (g, K)-submodule, and P(C)/P<;(C) gives a infinitesimally unitary
(g, K)-module.

To compute the norm for general G, we use the K-type decomposition of
O(D,V)kx = P(p*,V) instead of the Taylor expansion, fix a K -invariant norm
|- |l on P(p*, V) independent of A (see (3.2)), and compare ||- |/, and |- ||g-
on each K -type. Let

O(D,V)x =P(p* V) =P W
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be a K-type decomposition such that each W; is orthogonal to the others with
respect to (-,-)p,. Then since || - |[x, and | - ||z, are both K-invariant, the ratio
of two norms are constant on W;. We denote this ratio by R;(A). Moreover, if
W, L W, with respect to (-,-)p, implies W; L W; with respect to (-,-),, (for
example, if P(p™, V) is K-multiplicity free), then we have

ZR

where f; is the orthogonal projection of f onto W;, and the reproducing kernel
K\ -(z,w) is expanded as

11157 = (f€Om"

WSillE V)

VK (2, w),

ZR

where K;(z,w) is the reproducing kernel of W; with respect to (-,-)p,. Similarly
to the SU(1,1) case, if we compute R;(\) explicitly, then we can determine
completely when the representation is unitarizable, or reducible, and can get some
informations on composition series.

Since the above argument is available only if W; L W, with respect to
(-,-)r, implies W; L W, with respect to (-,-)rr, we specialize our interest to
(G,V)’s in the following table.

Ky, (z,w) =

G K Vv Where
Sp(r,R) U(r) AN(C)Y (0<k<r-—1) Thm 4.2
Thm 4.3 (¢ > s)
SU(q, s) S(U(q) x U(s)) CXV" (V' any irrep of U(s)) Thm 5.1 (¢ < s)
SH(C*)Y Thm 4.5 (s even)
SO*(2s) U(s) SE(C*) @ det™? (k€ Zsy) Thm 5.2, 5.5 (s odd)
(Spin(2)x C kW Vik,hzr) (k€ 5Z0, n even)
Sping(2,n) Spin(n))/Zs Cv ¥ Viy..py (k{0 %}, n odd) Thm 4.7
Eg—11y | SO(2) x Spin(10) C_ip MHHRY) (k€ Zso) Prop 5.8, Conj 5.11
Er(_95) SO(2) x Eg C Already done in [7]

In the above cases, except for G = SU(q,s) case, P(p™, V) is multiplicity-free
under K, which is proved by direct computation of K -type decomposition. We can
also prove multiplicity-freeness a priori by using [14, Theorem 2|. In G = SU(q, s)
case, P(p™, V) is not multiplicity-free in general, but each K -isotypic component
sits in a single polynomial space, and thus the arguments explained above is still
available.

When G is of tube type or G = SU(q, s) with ¢ > s, which we deal with in
Section 4, we can compute the norm in a uniform way, by generalizing the technique
used by Faraut-Koréanyi [7]. For these cases, the fibers V' in the above table satisfy
the condition that they remain irreducible even if restricted to some subgroup K,
of K, and this condition allows us to compute the norm explicitly. The same
condition also appears in e.g. [3], [10]. In these papers they got some necessary
condition on the unitarizability of highest weight representations, by considering
when the reproducing kernel on the tube domain becomes a Laplace transform of
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some measure. Under the assumption that Vg, is irreducible, the necessary and
sufficient condition is also computable, and therefore this assumption seems to be
natural.

However, when G is of non-tube type, there is no such uniform way to
compute the norm at this time, and we do this by purely case-by-case analysis.
For example, we use an embedding of GG into a larger group, or use an embedding
of some smaller subgroup into G. We deal with such cases in Section 5.

We enumerate the main results of this paper.

Theorem 1.1 (Theorem 4.2).  When

G:Sp(TJR)J (T V) ( €1+ +€k7v:€\1/+ +€k) (k:O717"'7T_1)’
|- |3, converges if Re X > r, the K -type decomposition of O(D,V ) is given by

P<p+) 51+ +ep @ @ ‘/2\:11+k7

meZ’  ke{0,1}7, |k|=k
m+keZ’

and for f € Vol 1\, the ratio of norms is given by

5y, T (A= 4G - 1)
||fH B H;=1 ()‘ o %U B 1))mj+kj

5++

1
Hf:l ()‘ - %(7 -1+ 1)mj+kj71 H;=k+1 ()‘ - %(] - 1))mj+kj.

Theorem 1.2 (Theorem 4.3, 5.1).  When

G=SU(q,s), (1,V)=019%077.CoV) (keZi,),
| 113, converges if ReA+kys > g+ s —1, the K -type decomposition of O(D,V )k

1S given by
Pehe(crl) = @ @ c;mvrg,@v RV,

meZi | nem+wt(k
and for f € VOV R Vrfs), the ratio of norms is given by
1 swme TE( = G = D), 1

T g LG =G =Dl [G0— G = D+ ks

Theorem 1.3 (Theorem 4.5).  When
G =50"(4r), (1,V)= (Tko.. 0y Viro..0) (k€ Zx),
|- HiT converges if Re X > 4r —3, the K-type decomposition of O(D, V) is given
by
P<p+) ® ‘/(\Ig,o,...,o) = @ @ ‘/(\7(”1+k17m17m2+k27m27-~~7m7‘+k7‘7m'r)7

mGZ’:Hr ke(Z>o)", |k|=k
0<k;<mj;_1—m;
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and for f € Vm1+k1 T A L A the ratio of norms is given by
5y, _ (N
Py, . TEa0 20— Do

1
B (A + k)ml+k1_k H;:Q()\ - 2(.] - 1))mj+kj .

When

G=50"(4r), (r,V)= (T(\i/c/z,...,k/Q,—k/Q)a V(\/g/2,...,k/2,—k/2)> (k € Z>o),

IE HiT converges if Re A > 4r—3, the K -type decomposition of O(D,V ) is given
by

\Y
P(p ) ® V k _ @ @ ‘/(m1,m1*kl,mg,mgsz,...,mr,mrfk,«)+(§,...,g)’

27 02 E
meZl , k€(Zxo)", |k|=k
O<l~c j<mj—mji1

and for f € VV

the ratio of norms is given b
(m1,m1—ki,ma,ma—ka,...;mp,mr— kr)+(§7~--,§)7 / g y

r—1 .
Hf”)‘T(k/z ,,,,, k/2,~k/2) Hj:l()\ - 2<‘7 - 1))k

1Az IO =20 = 1))y

T(k/2,....k/2,~k/2)
1

I O+ k=20 = 1))yt (A= 207 = 1))y e

Theorem 1.4 (Theorem 5.2, 5.5).  When
G =507 (4T + 2)7 (T’ V) = (T(\;C,O,...,O)7 Vv(\lg,o,...,())) (k € ZZO)’

|-1I5,, converges if Re A > 4r—1, the K -type decomposition of O(D,V ) is given
by

+ \ \
P(p ) ® ‘/(kzoa @ @ ‘/(m1+k17m1)m2+k27m23“')m7‘+k7‘7m7"3k7‘+1)7

MEZ, | ke(Zso) hilk|=k
0<k;<mj_1—m;

and for f € Vm1+k1,m1,m2+k2,m2, ki k1) the ratio of norms is given by
(e _ o
[y, o IO =20~ D)o (0~ 27k,

1
B <>‘ + k)m1+k1_k H;:Z()‘ - 2(] - 1>)mj+kj()\ - 2T)kr+1 ‘

When

G=850"(4r+2), (r,V)= (T(\;c/Q,...,k/2,fk/2)7 V(\lg/2,...,k/2,fk/2)) (k € Z>o),
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I|- ||§T converges if Re X\ > 4r—1, the K -type decomposition of O(D,V ) is given
by

P(p+) & V(vk

DRSS!

-b D W
) - (m1,m1—k1,m2,ma—ka,....mpmp—kp,—kri1)

[SIES

E
29

MEZ] | ke(Zso)™ [kl =k +(§.-%)
0<kj<mj—m;i1
0<kr<m,

v . :
and for [ € V(m1,m1—k17m2,mz—kzz,...,mr,mr—kr,—k,«+1)+(%,...,g)’ the ratio of norms is
given by

2 .
1B nvn [T, (A — 26— 1),
2 =1 -
HfHFJ(Vk/2 YYYY N2k Hj:l (A=2( - 1))mj—k]~+k (A—2r+ 1)k—k,«+1

1
I AR =20 - D)y A=2r+ 1),y

Theorem 1.5 (Theorem 4.7).  When G = Sping(2,n) and

(r,V) = { (X_]c X 7k, kyk)s Cop @ V(kkj:k)) ke %leo) (n: even),
’ (x7* Ty ) Cote @ Vig,. k) k=0, 5) (n: odd),

|13, converges if ReA > n—1, the K -type decomposition of O(D,V)k is given
by

@ @ Cf(m1+m2+k:) X V(mrmﬁl,k,..,,k,il) (n : even),

mez2, —k<I<k

P(p-i-) QV = mi1—ma+i>k
@ @ Cf(m1+m2+k) X ‘/(m17m2+l,k,...,k,|l|) (TL : Odd),
meZ?% —k<I<k

m1—mo+I>k

and for f € (Cf(m1+m2+k) X Vv(mlfm2+l,k:,...,k,il) or Cf(m1+m2+k) X V(mrmﬁz,k,...,k,m),
the ratio of norms is given by

A5~ (Aak 1

HfH%',T a ()‘)mﬁ-k-i-l (/\ - nT_Q)m2+k_l ()‘ + 2k>m1—k+l ()\ - nT_Q)mQ—&-k—l‘

We also state the conjecture on FEg_14) in Section 5.5. From these theorems
we can get informations on unitarizability, reducibility and composition series.

This paper is organized as follows. In Section 2 we prepare some notations
and review some facts on Lie algebras of Hermitian type and Jordan triple systems.
In Section 3 we state and prove the theorems (Theorem 3.1, Corollary 3.4) which
plays a key role in this paper. In Section 4 and 5 we compute the norm explicitly.
In Section 4 we deal with the cases that the norm is computable directly from
the theorem in Section 3, and in Section 5 we deal with the cases that need more
techniques. In Section 6 we apply the results on norm computation to the problems
on unitarizabily, reducibility and composition series.
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2. Preliminaries

2.1. Root decomposition. Let g =@ p be a simple Hermitian Lie algebra,
that is, the maximal compact part £ has a 1-dimensional center. We take an
element z from the center of € such that the eigenvalues of ad(z) are ++v/—1, 0,
—+/—1, and let
gt =p ottt mp

be the corresponding eigenspace decomposition. We denote the Cartan involution
of g© (the anti-holomorphic extension of the Cartan involution on g) by . Then
p™ has a Hermitian Jordan triple system structure with the product

1
('Z‘7y’ Z) }—> {m7 y7Z} = _5[[1’7 ﬁy]’z]7 $7 y’z E p+'

We take a maximal abelian subalgebra h C €. Then h® becomes simaltaneously
a Cartan subalgebra of both £© and g®. Let A = A(g®, b®) be the root system.
We denote by Ay, Ay the all roots a such that the corresponding root space
g% is contained in p*, EC respectively. Also, we take a positive root system
Ay = A(g%1h%) such that A+ C Ay, and we denote A | == A NA,. We
set n:=dimp*, r:=rankgg.

We take the set of strongly orthogonal roots {v1,...,7} C Ap+ such that

(1) v is the highest root in Ap+,

(2) ~yk is the root in Ay+ which is highest among the roots strongly orthogonal
to each v; with 1 <j <k -1,
and for each j, we take e; € ggj such that —[[e;,J¢j],e;] = 2¢;. Then a :=
@D_ R(e; — Je;) C p is a maximal abelian subalgebra in p, and {ey,... e} is
a Jordan frame on p*. Weset e := 377 e; € p™ (a maximal tripotent), and
h:= —[e,ve] € v/—1h. Then ad(h) has eigenvalues 2,1,0,—1,—2. We set
pr = {z € p*: [ha] = £22} C p¥,
Eg = [p¥7p%] - E(C?
ot = p1 @ £ B pr,

gr =gy Ng.
Then, p; becomes a complex simple Jordan algebra with the product
1
x-y:={zr,ey} = —5[[x,196],y], (2.1)

and gr becomes a Lie algebra of tube type. '

We define the Cayley transform ¢ : g¢ — g€ by ¢ = Ad(e7 (7)),
and set °g := c(g), ‘gr := c(gr). Then °gr C g% is fixed by the involution
o := Ad(ez*t%)) 0 9). By direct computation we have

1
m9|p¥ = §ad(e)2 od:pt — pi,
ol = (ide + ad(e)ad(Ve)) o ¥ : €7 —

m9|p; = %ad(ﬁe)2 o pp — pr.
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That is, ot preserves the grading. Therefore we denote
‘gr=nT @ IBn” C pf OE D pg = g5
Then the real form n™ of pf becomes a Euclidean simple Jordan algebra.

We set a;:= c(a) = V—1h Nl = P)_, Rh;, where h; := —[e;, Je;]. Then
the restricted root system > = 3(“g, a;) is given by

([ 1 1<jk<r, 1 :
(=] T T U bU ()| 1<j<k<r
{2 ’ a J 7é k 2 ’ a
3 = (g = gr1),
1
(as above) U {ié’yj 1<) < 7”} (9 # gr)-
\ ar
We define the positive restricted roots ¥, by
( 1 1
{é(yj—%) :1§j<k§r}u{§(vj+%) :1§j§k‘§r}
ag ag
Y, = (9= 91),
1
(as above) U {5% :1§j§7"} (g # o7).
\ ar

Then ¥, and A, are compatible, that is, « € A, implies |, € ¥, U{0}. We
set

1
L = {X €gr:ad(H)X = 5(% — %) (H)X for any H € a[}

(1§j,k3§r, ]%k)v
m = {X € °g¥ :ad(H)X =0 for any H € ai},

1
nﬁ = {X €gr:ad(H)X =x=(v; +v)(H)X for any H € a[}

2
1<j<k<r),
P = (n55)° (1<j<k<r),
1
p(jfj = {X cp*ad(H)X = :Izivj(H)X for any H € a[} (1<j<r),
and
b= = {X €[:9X = Ad(e>“T) X = X},
Il[_ = @ [jk-
1<k<j<r
Then we have
[(=aomo@Plr=t@adn,
ik
w= P o o= D o v = D o
1<j<k<r 1<j<k<r 0<j<k<r

(4,k)#(0,0)
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The decomposition n* = P, n;“k, or pt =P, pjk, coincides with the Peirce
decomposition of the Jordan algebra n*, or the Jordan triple system p*, with
respect to the Jordan frame {e;,...,e,}. We set d := dimg¢ pJy, b := dime pgy,
and np := dimc pf. Then n =r+3r(r —1)d+br and ny = r+ 3r(r — 1)d holds.
Also we set p: =2+ (r —1)d +b.

Throughout this paper, let G® be a connected complex Lie group with Lie
algebra g©, and let G,°Gr, K, K€, K% be the connected Lie subgroups with Lie
algebras g, “gr, &, €€, €S respectively. Also we set L .= K°N°Gr, K, .= KNL
(possibly non-connected, with Lie algebras [, €), let Ay, N, be the connected Lie
subgroups of L with Lie algebras a;, n;” respectively, and let M}, be the centralizer
of ay in KL.

We write
T :=odx = %ad(e)Q(ﬁx) (z € pt),
"= -0l (1 € €9,
1:= —0ol = —(idgc + ad(e)ad(Ve))(l) (1 € £5),
[ := oVl = (idec + ad(e)ad(Ve)) (1 € £5).

Then these are (anti-)involutions on pi, €€ and €%, which preserves nt, e,
(£)® and [ respectively. Also, we denote by the same symbols *, * and the
corresponding (anti-)involutions on K€ and K%. Also, for # € p* and [ € K€ or

£, we abbreviate Ad(l)x or ad(l)x as lx.

2.2. Some operations and polynomials on Jordan algebras. As in the
previous subsection, p* has a Jordan triple system structure, and pL,n™ has a
Jordan algebra structure. For z,y € p™, we define 20y, B(x,y) € Endc(p™) by,
for z € pT,

(109)z = {9, 2} = —3ad([z, )=,
B(J:,y)z =T 2{I7y7z} + {LL’, {y,z,y},x}

= (Ip+ + ad([x,dy]) + %lad(:r:)2ad(19y)2) z.

These depends holomorphically on x, and anti-holomorphically on y. Also, for
x € pi, we define L(x), P(z) € Ende(ps) by, for y € p5,

1
L(z)y := vy = —5ad([z,Ve])y,
P(2)y = 2x(zy) — (23)y = iad(x)2ad(z9€)2y.
Then for z,y € p* and | € K©,

IOty =
B(lw, (I")"y) =

(zOy)l 7,

[
[B(z,y)l™
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holds, and for = € pJTr, le K%

P(lz) = IP(z)1,
B(z,7) P(e — 2?)

ot =

holds. We define an inner product (-|-) on p* by
2 - -
(x]y) == Z—)Tr(:vDy pT = p).

Then for [ € K€, (lz|y) = (x|I*y) holds. This inner product is proportional to the
restriction of the Killing form on g© to p™ x p~, under the identification of p* and
p~ through . Also, let tr(x), det(z) be the trace and determinant polynomials
of the Jordan algebra p., and let h(z,y) be the generic norm of the Jordan triple
system p*. Then these polynomials are expressed by

L tr(e) = Te(L(2) : pi = ),
(det(z))?"/" = Det(P(x) : p = p1),
(h(,y))" = Det(B(x.y) : p* — p).

tr(z) is a linear form satisfying tr(z) = (zle), and det(x), h(x,y) are polynomials
of degree r with respect to each variable. These polynomials satisfy

det(lz) = det(le) det(x) (e K%, z €ph),
h(lz, (I)"'y) = h(z,y) (le K% ayeph)
h(z,T) = det(e — 2%) (z € p).
From now we abbreviate B(z,x) = B(x), h(z,z) = h(z), and (z|x) = |z|* for

xz € pt. Then B(xz) is self-adjoint on p*, and therefore h(z) is real-valued. Also
we set

Q:={2* cn’ 2 cn’, det(z) # 0},
D := (connected componet of {w € pT : h(w) > 0} which contains 0).

Then L acts on by linear transformation, and G acts on D C p* via Borel
embedding, which we will review later. Moreover we have

O~ L/Kyp, D~G/K.

For z € Q, P(x) is positive definite on n', and there exists a unique element
| € exp(I"?) C L such that P(z) = Ad(l)|,+. We denote such [ € L by the same
P(z). Similarly, for z,w € D, B(z,w) is invertible on p*, and there exists an
element | € K© such that B(z,w) = Ad(l)|,+. So we define the holomorphic map
B:Dx D — K€ (with the same symbol B) such that Ad(B(z,w))|,+ = B(z,w)
and B(0,0) = 1. Clearly P(z) and B(z,w) are also well-defined as elements of
the universal covering groups L, K€.
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Now we recall the Peirce decomposition

= D e

0<j<k<r
(4,%)#(0,0)
We set
vy = D vk
1<j<k<l
for [ = 1,2,...,r. Then each ng) is again a unital Jordan algebra. For each [,

let det() be the determinant polynomial of ng), P:pt— ng) be the orthogonal
projection, and we set
Ay(x) = det) (B ().

For | = r we also write

A(z) = Ay (z) = det(x).

Using these, for s = (s1,...,s,) € C", we set
Ag(z) = A ()72 A ()75 - Ay ()AL (2).

If meZ and m; > mg > --- > m, > 0, then A, is a polynomial of degree
my + -+ - +m,. We denote this condition by Z7__ :

7, ={m=(my,....,m;) €Z" :mqy >--->m, >0}
For later use, we prepare another set Z7 :
Zl ={m=(my,...,m,) €EZ" :my > -+ > m,}.
Now for q € (M AL N;)C, since q preserves each pa), we have
As(gzr) = As(ge)As(z).

That is, for any m, A, is a lowest weight vector with lowest weight —m;y; —
-+« —m,y, under the representation

L—End(PGpY)),  1— (fz) — f('2))

where P(p*) denotes the space of all holomorphic polynials on p*. In fact, we
have

Theorem 2.1 (Hua-Kostant-Schmid, [5, Part III, Theorem V.2.1]).

Pr)= B Pulbd’)

mezZl

where P (p™) is the irreducible representation of K€ with lowest weight —myvy;, —
P — m’l"ﬁ)/T' .

We quote another theorem here.
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Theorem 2.2 ([7, Theorem XII1.2.2]).  The irreducible representation V of L
has a Ki -fixed vector if and only if the lowest weight —\ 1is of the form —\ =

—Mmyy — - — MY, with (ma, ..., m,) € ZI, .
For [ =0,1,...,7 we set
Oy = Ad(K)(e; + - +e) Cp*. (2.2)

Then K© acts on each O transitively, and we have the orbit decomposition
pT =0, U0, U---UO,.

For each orbit (;, its closure O; is given by
0, =0,U0,U---UO,.

Also, since the polynomial Ay ;(z) vanishes on O;, the polynomial space on O;
decomposes under K€ as

PO)= B  Pubh). (2.3)

T
meZl |
miy1=miyo="-=0

Each orbit O, has the dimension
1
dimc O; =1+ 51(27" —1l—=1)d+1b (2.4)
since the tangent space of O; at e; + --- + ¢; is given by

— +
Tel+...+el(’)l = @ pjk‘
0<j<k<r
J<L, (5,k)#(0,0)

Now we recall the generalized Gamma function, which was introduced by

Gindikin [8]. For s € C™ this is defined as
Co(s) = / e_tr(I)As(x)A(x)_nTde.
Q

This integral converges if Res; > (j — 1)%, and we have the following equality

To(s) = (27) 2 jli[ll“ <3j - (- 1);)

([7, Corollary VII.1.3]), and this is meromorphically extended on C". Also we

denote
Tqo(s+m HT ) d
(S)m = % B (sj B <] B 1)§>mg‘ .

j=1

For s = (A,...,\), we abbreviate (\,...,\) =: A. For example, we denote

Po((A, s A) =Ta(d), (A A)m = Tl = (Mm-
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3. Norm computation: General theory

3.1. Holomorphic discrete series representation. In this subsection we re-
call the explicit realization of the holomorphic series representation of the universal
covering group G. First we recall the Borel embedding.

G/K —=G®/K°P~

I
e e
S

We consider maps 7t : G xD =+ DCpT, k:GxD =K 7= :GxD —p~
such that

gexp(w) = exp(n* (g, w))k(g, w) exp(r~(g9,w)) (9 € G,w € D).

Then 7" gives the action of G on D, so we abbreviate 71 (g, w) =: gw. On K C G
this coincides with the adjoint action. Also, x satisfies the cocycle condition

K(gh,w) = k(g, hw)k(h,w)  (9,h € G, w € D),

and for k € K, k(k,w) = k holds. Ad(x(g,w))|,+ € End(p") coincides with
the tangent map of w — gw = 77(g,w) at w € p*. We naturally lift &
to the universal covering group, and we denote this map by the same symbol
k:GxD— KC.

Let (7, V) be a finite dimensional irreducible complex representation of K,
and we fix a K -invariant inner product (-,-), on V. Also, let x* be the character
of K€ such that x(k)* = Det(Ad(k)|,+)?. We consider the space of holomorphic
sections 3

To(G/K,Gxz (Vax™).

Then since G/K ~ D is contractible, this is isomorphic to O(D, V'), the space of
V-valued holomorphic functions. Under this identification, the natural action 7,
of G on O(D,V) is written as

T (9)f(w) = x(r(g™, w) (kg™ )" flg™'w) (9 € G,we D, feO(D,V)).
Its differential representation is given by, for u+1— v € p* @€ @ p~ = ¢°,
dry(u+ 1 —9v) f(w) = =Adx (I + [w, D)) f(w) + d7(l + [w,Vv]) f(w)

d . f (w —t (u + ad(l)w — %ad(w)gﬁv)) :

T

Then since (g, w)B(w)k(g,w)* = B(gw) holds for any g € G, w € D (see [16,
Lemma 2.11]), this action preserves the following weighted Bergman inner product

(F. ) = : (r(B(w)™) f(w), g(w)) h(w)*Pdw  (f.g € O(D,V)),

" (3.1)
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where ¢y is a constant defined such that [|v|y, = |v|, holds for any constant
functions z — v € V (i.e. for any element of the minimal K-type). Let
H\(D,V) € O(D,V) be the unitary subrepresentation of G under 75. Then
HA(D, V) is non-zero if A € R is sufficiently large so that the above inner product
converges. On the other hand, we cannot know a priori whether H,(D, V') is zero
or non-zero if A is small. In any case, if H,(D, V) is non-zero, the reproducing
kernel is proportional to Kge (2, w), where

Ky.(z,w) := h(z,w) 7 (B(z,w)) € O(D x D,End(V)).
This is because the reproducing kernel K(z,w) is characterized by

x(k(g,2))1(k(g, 2)) T K (g2, gw)T(k(g, w))* " x(k(g, w))* = K(z,w),

and such K(z,w) is unique up to constant multiple, since G acts transitively on
the totally real submanifold diag(D) C D x D, which allows the value at origin
K(0,0) to determine the whole K(z,w), and K(0,0) € End(V) is proportional
to identity since this commutes with K -action. When \ € R is sufficiently large,
then the reproducing kernel corresponding to the inner product (3.1) is precisely
K\ -(z,w) by the normalization assumption.

3.2. Key theorem. The norm | - ||, in the previous subsection is G-invariant,
and therefore K -invariant. From now on we observe how the norm varies as the
parameter A varies on each K -type. In order to compare, we consider another
K -invariant norm which is independent of A.

We recall the Fischer inner product (-,-)r, on P(p*,V), the space of V-
valued holomorphic polynomials on p+.

Fo)er = — [ (Fw)g@)re ™ (fge PEHV).  (32)

T pt
This inner product is invariant under the following representation (7,P(p™,V)):
(7(k)f) (w) = 7(k) f(k"'w) (ke K, feP®*,V), weph),

that is, (7(k)f,9)rr = (f,7(k*)g)r, holds. Let W C P(p™,V) = O(D,V)k be
a KC-irreducible subspace. Then since both || - ||, and || - ||, are K-invariant,
the ratio of these two norms are constant on W. Therefore we aim to compute
this ratio of two norms.

In order to state the key theorem, we prepare some notations. Let

(7—7 V)‘K% = @(Tia Vl)

7

be the decomposition of the K€-module (7,V) into K%-irreducible submodules,

and for each ¢ we denote by (7;,V;) the complex conjugate representation of V;
with respect to the real form L C K%, that is, there exists a conjugate linear

isomorphism ~: V; — Vi, and 7; is given by 7;(1)o = 7;(I)v. Let

rest : P(pt, V) — P(ps,V) = @P(P}r,‘/z‘)
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be the restriction map, and for each i we take K&-submodules W;; C P(p%,V;)

such that
rest(W) C @ @ Wi]’
i J
holds.

Theorem 3.1.  Let (7,V)|gec = @;(7:,Vi), and suppose each (7:,V;) has a

restricted lowest weight — (kglyl NS kgr%> . Let W C P(p*,V) be a K©-
a

irreducible subspace, with rest(W) C @, @, Wi; C @, P(py, Vi) as above. We

assume

(A1) (7:,Vi)|k, still remains irreducible for each i.

(A2) For each i,j, all the K|, -spherical irreducible subspaces in Wi; ®V; have the
same lowest weight — (nij1v1 + -+ + i) -

Then the integral || f|I3 . converges for any f € W if Re(A) + ki, > p —1 for all
i. Moreover, there exist non-negative numbers a;; such that, for any f € W,

1£113.+ Cx Z To Ak —12)
ij

I3, > ai Fo(A+mn;)

ij

where

41 , ‘FQ(A+ki—§)
&' = gy 2= (m V) To(A+ k)

i

In the rest of this section we prove this theorem. We set || f[13 /I fl|, =
Rw (M) for f € W, and compute this ratio Ry (\).

Let Ky (z,w) € P(pt x pT,End(V)) be the reproducing kernel of W with
respect to (-, )p,, that is, for an orthonormal basis {f;} of W with respect to

() mes
Kw(z,wyv =Y (v, fi(w)-fi(z)  (veV),

(2

which does not depend on the choice of {f;}. Then the ratio Ry (\) is computed
as

CAZ/D(T(B(w)_l)fz‘,fz‘)Th(w)A_pdw
Z/ (fi,fi)Tt?_'w'de
i Jet

- /D Try (r(Blw) ™) Ko (w, w)) h(w)Pduw

Y

/ Try (K (w, w))e ™ dw
p+

and if the numerator converges, then |/fi|3, converges for any i, and so does
I f1I3., for any f € W. To proceed the computation, we use the following lemma.
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Lemma 3.2.  For any integrable, or non-negative-valued measurable function f
on p*, we have

where x2 is the square root with respect to the Jordan algebra structure (2.1) on
QcCnt.

Proof. For tube type case (b = 0) see [7, Proposition X.3.4]. Even for b # 0
case we can prove this similarly. [ |

Since the integrand of Ry, (A) is non-negative-valued, by this lemma, this
is equal to

c) / / Trv B(kzz)~ 1)KW(kx%,m%)) h(kz2)» P A(z) dkdx
QN(e—Q)

/ / Try KW fix? kx2)> —‘WFA(x)bdkdx
Since the reproducing kernel satisfies
Kw(kz, k*'w) = 7(k) Kw (z,w)r(k7Y)  (z,w e p™, ke KO,
we have,

Ky (kz?, ka?) = (k) Ky (P(z~ %)z, P(z1)e)r (k™)

I
\‘
@
i
=
8
N
=

=

®
oy
=
T
8

N

g
=
"
m
o)
>~
m
=

Therefore we have
Try <KW(/<:3:%, kx%)> = Try (Kw(z,e)).

Also, since k™ B(kzz)"'k = B(z2)"! = P(e — 2)~! and P(e — z)~' commutes
with P(z1), we have

Try (T(B(kx%)—l)KW(m%, /m%)> = Try (r(P(e — 2) ) Kw(.e)) .
By these and h(kzz) = Ae — z), |kzz|? = tr(z), we have

- / Try (r(Pe — 2) ) K (2, ¢)) Ale — 2)* PA(2)’de
RW(/\) _ QN(e—Q)

/TrV(KW(a:, e))e” " A(z) da

By the assumption, we can rewrite Ky (z,w) by using Kw;,, (2, w), the reproducing
kernels of W;, when z,w € pt:

Zaw (z,w) € Ppy x pTaEnd(V>> (z,w € p7),
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using some non-negative numbers a@;;. Therefore we have

Cx Z i /m o Try, (1i(P(e — )" ") Kw, (z,€)) Ale — )N PA(z)bdx

Rw(\) =

Z CNLZ‘j / TI‘VZ. (KWU ([L’, 6))6_ tr(x)A(!lf)bdZC
ij Q
Now we set
Bij(\) = / Try, (Ti(P(e — x)_l)KWij(:c, e)) Ae — x)’\_pA(a:)bda:,
QN(e—Q)

Ly ::/TrVi(KWij(x, e))e” @A (z) da
Q

so that Ry (\) = ¢y (ZU awBij(/\)> / <ZU ai; Ly ) Now, we regard Ky, (z,¢) €
P(pt, End(V;)) as a function of 2. We define the action 7; of K% on P(p+, End(V;))
by

(7i(k)F)(2) = m(k)F(k~'2)mi('k) (k€ K3, F € P(p}, End(V))), = € p3).
Then Ky, (x,e) is Kp-invariant under 7;. Now we identify
(72, P(pt, End(V))) == (7lxg ® 73, Ppr, Vi) @ V7).
Then under this identification Ky, (z,e) sits in W;; ® V;, and therefore by (A2)

this sits in the space with lowest weight —(n;;171 + - -+ 4+ n4j,7-). That is, there
exists a function F; € P(p+, End(V;)) such that

(7@ Fy)(@) = An, (¢ 'e)Fi(z) (g € ALNp @ € pyp),

| GEIR) @k = K, (2.0).

We note that [ ( x, (T(k)Fy;)(x)dk is non-zero for any non-zero N -fixed vector
Fjj, since we have (Fj;, Kw,(-,e))r # 0, which is proved by using the Iwasawa
decomposition L = K ApN; .

From now, we compute B;;(A) formally, allowing variable changes. By using
F;;, we rewrite B;;(\) and I';;.

By(\) = /Q T (7(P(e — 2) ) Fy(2)) Ale — o) PA(2)Pd,
I ::/QTrv(FZJ(@)e_tr(z)A(x)bdx.

For y € ) we set
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so that I(e) = B;j(\). We take ¢ € A, N; such that y = ¢e, and set z = ¢z.
Then

n

I(y) = /Q - Try; (r:(P(g.(e — 2)) ) F;(q2)) Alg.(e — 2))* PA(qz)*Alge) = dz

= /Qm( o Try, (Ti(tq_l)Ti(P(e — Z>_1)Ti(q_1)Fij(qz)) Al — z)A_pA(Z)b
X A(qe))\_p+b+n7sz
= /Qm( _Q)Tl"vi (Ti(P(e — Z)il)Fz«Z)) Anij (ge)A(e — Z)A7PA<Z)bA(qe))‘*nTTdZ

nT

= () An, (1) AW = Bi(N)Ax i, (1) Ay) "7

—tr

Now we calculate [, I(y)e™"®@dy by two ways.

/ I(y)e” "Wdy = B;;(\) / e_tr(y)A/\Jrni,- (¥)A(y)” 7 dy = Bij(M)a(X + nyy),
0 Q

/Ql(y)etr(y)dy = //xeqy_xeg e~ W Ty, (Ti(P(y — g;-)*l)FZ(x)) Ay — 2)*P

= //GQ o e~ tr(z+2) Try, (T’i(-P<Z)_1)Ej(x>) A(Z))\_pA(I)bdxdz

= Ty, ( /ﬂ e~ (P(2) ") A(2) Pdz /

e‘tr(x)ﬂj(x)A(a:)bd:p) :
Q

Therefore, formally

By(\Ta(Any) = Try, ( /Q e (P(2) ) A(2) P /

e @O, ~(I)A(x)bdx>
Q

holds. By Fubini’s theorem, variable changes are verified and the above equality
exactly holds if

// e " Ty, (ry(P(2) 1) Fy(2)) | A(2) N PA(2) dadz < oo
r€Q,2€0Q

is verified, and since all norms on the finite-dimensional vector space End(V;) are
equivalent, this holds if

/Q e |(P(2)™)

[ e 1Fyta)
Q

hold, where |- |, op denotes the operator norm. Since

_ |(F3 (2)u, v),
TP upeVi\{0}  |u

A(2)RN Py < oo, (3.4)

Ti, 0P

A(z)dr < oo (3.5)

Ti,OP

|Fij ()

71V
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holds and (Fjj(x)u,v), is a polynomial on 2 for any u,v € V;, (3.5) exactly holds.
Also, since 7;(P(z)™') is self-adjoint and positive definite for z € Q, we have

(s (P(2) " u, )|

(P(2) =
[T(PE g = max e ,
and elements v € V; such that
/ O |((P(2) Yo, 0)n| A2) TPz < 00 (3.6)
Q

forms a K -invariant vector subspace, by the triangle inequality and the K-
invariance of the integral. By assumption (A1), such vector subspace is either V;
or {0}. Thus (3.4) holds if and only if (3.6) holds for some non-zero v € V;.
Moreover, again by assumption (A1), the integral

() = /Q =) (P(2) A (2) P (3.7)

is proportional to the identity operator Iy, if (3.6) holds, since this I"}(\) com-
mutes with Kp-action. Now we prove (3.6) for v € V; lowest weight vector,

assuming Re(\) + k;» > p — 1. Since the restricted lowest weight of V; is

ki1
271_..._

ki,r

5 fy,,’ , for g € AN, we have

ar

(ri(P(ge) v, v)r, = (1il'q g v, 0)r, = Imilg )0l
72'1' = Aki (q@)‘v 72'1"

=A (g )l
and this is positive valued. Therefore we have
TNl = [ & T ORPE) 0 AP s
Q

= [ A @AY el
Q

~Tq <A+ki—;> v

(3.8)

2
Ti

if Re(X) + ki, > p— 1. That is, (3.4) is verified, and Tj(A) =T (A +k; — 2) Iy,
holds. Therefore,

B S P RO S (Y €8 o
By (\) = Co(A +ny;) Trv</ge Ale)'Fy@)de | = Co(A +ny;) H

exactly holds, and

e ~To(A+ki— %)
= - Qij ij-
225 @igLig o 7 ToA+mny) 7

Ry (A) =

By putting a;;I';; =: a;;, we get the desired formula.
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When W = V, clearly we have rest(V) = &;V;, and Ky(z,w) = Iy,
Ky, (z,w) = Iy;,. Thus, the coefficients

a; =1, = / Try, (Ky, (x, €))e” " @A (x)dx
Q

:L/TH%(AQG_“WUS@ﬂ%h::(dHnVDFQ(E>.
Q T

Also, by assumption (A1), K -spherical vectors in (7, End(V;)) ~ (; @7, V; ® V;)
is proportional to Iy, that is, dim End(V;)®t = 1. Therefore, assumption (A2) is
automatically satisfied, with n; = k;. Since ¢, is determined such that Ry, =1,
we have

-1 1 . ny Fo (A +k; —2)
— o (= r
3 S = () SR
1 o To(A+k— 1)
_mmVZ]mm%>IbQ+&)’
and this completes the proof. [ |

Remark 3.3.  The integral I'; , in (3.7) is essentially the same as the “Gamma
function” in [9, Definition 3.1], [10, Section 4] on End(V;), or the integral with the
measure 1, in [3, Theorem 3.4], and the property of I’ \ or the finiteness of (3.4)
have been already proved. However, since the notation is different, the author
wrote the proof for completeness.

If (1,V)]e is still irreducible and rest(W) C P(py,V) consists of one
irreducible K&-module, then Theorem 3.1 becomes easier.

Corollary 3.4.  Suppose that (7,V)|gc has a restricted lowest weight

—(By 4+ %%)}a[. Let W C P(pt,V) be a K€-irreducible subspace. We
assume

(A0) rest(W) C P(ps, V) is irreducible as a K%-module.
(A1°) (1,V)|Kk, still remains irreducible.

(A2°) All the K -spherical irreducible subspaces in rest(W) ® V have the same
lowest weight — (nyyy + -+ + npy,) .

Then the integral HfH?\T converges for any f € W if Re(A)+k, > p—1. Moreover,

we have
Fo(A+k)

T To(A+k-—2)

Cx

and for any f € W, we have

IFIR- ~ Ta(A+Xk) (M 1

/1%, TaA+n) Mo A+Knx
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The assumption (A0) is automatically satisfied if
e (G =Gr ie. GG is of tube type, or
e G=SU(q,r) (¢<r),and V=CKV' asa K = S(U(q) x U(r))-module.

In Section 4, we deal with these cases explicitly, and in Section 5, we deal with the
cases such that Corollary 3.4 is not applicable. To remove the ambiguity of the
action of the center, we assume k;, > 0 for any ¢, and k;, = 0 for some <.

4. Norm computation: Tube type case

4.1. Explicit roots. Before starting the computation of norms, we fix the
notation about roots of classical Lie algebras of Hermitian type.

Let g = €& p be a classical simple Lie algebra of Hermitian type, i.e. one of
sp(r,R), su(q,s), s0%(2s), or s0(2,n). We fix a Cartan subalgebra h C €. Then
h automatically becomes a Cartan subalgebra of g. We take a basis

{ti,ta,...,t,} C/—1b (
{t1,ts, ... ters} C (V=1h) ®R (g=

{t1,ts,...,t,y CV/—1h (
{to, 1y tny2)} C V/—1b (

with the dual basis {¢;}, such that the simple systems IIc, II,c of positive roots
AL (g% b%), AL(EC, BHC) are given by

({e;—€jp:j=1,...,r—1} (g =sp(r,R)),
{ej—€jr1:5=1,...,¢—1}

My — U{gjn —gii=q+1,...,q+s—1} (g=su(g,s)),
{ej—€jr1:5=1,...,s =1} (g = s0"(2s)),
{e;—ejm:g=1,...,s =1} U{es1 +&5} (g=s50(2,25)),
{ej—ejmi=1,...,s =1} U{es} (g =s50(2,25 +1))

{2/} (g =sp(r,R)),
SORRTTY CEE S R RO
{es-1 +es) (9=150"(2s)),
{eo —e1} (g =s0(2,n)).
Then the central character dy of €° is given by
e (= sb(r: ),
= 5T e = (e b ) (a=su(gs),
Her 4 +ey) (g = s0"(2s)),
€0 (9 =s0(2,n)),
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and the maximal set of strongly orthogonal roots {71, .., Vranky g} 1S given by
’yj:2€j (j:L...,T) (QZEP(T,R))
Vi = &5 T Eq+j (j = 17"'7min{Q7 8}) (g :5u<Q7 8))
Vi = Y2i-1+ V2 (G=1,...,1s/2]) (g = 507(25)),
1 =¢E& tE1, Y=¢E & (g =s0(2,n)).

When g = sp(r,R), su(r,r), so*(4r) or s0(2,n), g is of tube type, i.e. g = gr
holds. On the other hand, when su(q,s) (¢ # s) or g = so*(4r + 2), g is of
non-tube type, and we have gr = su(r,r) (r := min{q,s}), or gr = so*(4r)
respectively. Let b := N gp. Then we have

V—1lhr =span({t; —tj41:j=1,....,r—Lg+1,...,q+r—1}U{t, —t,s'})

(g = su(q, s)),
V—1bp = span{ty, ..., ta} (g =s0"(4r +2)).
Also, a; C v/—1b is given by
v—1h (g7 = sp(r,R)),
o — span{t;, —t,; g =1,...,r}  (gr =su(r,r)),
Span{tijl + t2j : ] = 17 s 7T} (gT = 50*(47’)),
span{to, tl} (gT = 50(2, TL))

In general, we consider gl(s,C) or so(n,C), and parametrize their irre-
ducible representations. We fix the positive root system of gl(s,C) such that
its simple system is given by {e; — €11 : j = 1,...,5 — 1}, and for m € Z%,
let (Tr(ﬁ), Vi )), (Tr(rf)v, Vi )v) be the finite-dimensional irreducible representation of
gl(s,C) with highest weight me; + « - - + mges, —mgeq — - -+ — mqe, respectively.
Similarly, we fix the positive root system of so(n,C) such that its simple system
is given by

{Ej—€j+1Zj:]_,...,S—l}U{ZES_l—I—ES} (71228),
{e;j—ejpm:g=1,...,s =1} U{es} (n=2s+1),

and for m € Z° U (Z + %)S with

> 2 Mg 2 |ms| (TL = 2S)a
> >my_1>mg >0 (n=2s+1),

let (T,@, [n]) be the finite-dimensional irreducible representation of so(n,C) with
h1 hest weight mieq + -+ + mge,. Then

VoV, (Y R, Vi @ v ), (7Y, Vi) and (™ B 7, Cpop @ Vi)
are naturally identified with the representation of £¢ for g = sp(r,R), su(q,s),
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50*(2s) and s0(2,n) respectively. Their restricted lowest weights are given by

(mayy oo+ ) (a=sp(rR), V=V,

ay

((my —n)y1 + -+ + (my — 1)) (g = su(g,s), V=VIVRVS),

ar

(1 +mo)yi + -+ (marey +ma)y)| (g=150"(2s), V =V{Y),

a

((mo +my)y + (mo — my)ye) (g=s50(2,n), V=C,KX VIKL])-

NI~ N~ N~ N

ay

We will omit the superscript (s) or [n] if there is no confusion.

Next we determine (7, V') for each representation (7,V) of €5. As in Section
2.1, let = be the involution of €% fixing [. Then - acts on h$ anti-linearly, and
ﬁxes a; @ (my N h). Therefore - ’h% is characterized by

Pt (v = 5p(r, R)),
tj = ~tgsj tgrj = (g7 = su(r, 7)),

toj—1 = loj, toj = loj1 (gr = s07(4r)),

— [t (=01

t.=2" =s0(2,n), s=|5|).
! {—tj (=209 o =som). o= 12D

We take an element w € Ng(h) C K (the normalizer of h in K, or the “Weyl
group” of b) such that

Ad(w)tj = tj (gT = 5p(T7 R),su(r, T))»
Ad(w)tgj_l = t2j, Ad(w)tQj = t2j—1 (gT - 50*(4T))7
. tj ( = 0, ]., 8) . _In
Ad(w)t; = {—tj =23 .5_1) (g1 = s0(2,n), n € 4N, s = |2]),
A% (=0, 1) _ —|n
s = {700 G-z g Lg)
Then we have
Ad(w)ﬁ = tj (gT - 5p(7“, R),SO*(4T')),
Ad(w)ty = —tgyj, Ad(w)ty; = —t; (g7 = su(r, 7)),

—ts (] = S) :
Ad(w)t; =t; (gr =s0(2,n), n ¢ AN, s = |2]),

2

Ad(w)T; = {tj U=005 =0 (g —so(2,m), ne 4N, 5 = [2]),

and thus Ad(w)|yc preserves the positive Weyl chamber. This implies Ad(w)-
preserves the Borel subalgebra b C 5. Let (7,V) be an irreducible £p-module
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with highest weight p € (h%)Y and we extend p on b such that it is trivial on the
nilradical. Let v € V' be the highest weight vector. Then for b € b we have

d7(b)(t(w=1)v) = dr(b)T(w=)v = T(w=1)dr(Ad(w)b)v = u(Ad(w)b) T(w=1)v.

Therefore (7,V) has the highest weight vector 7(w=1)v with highest weight ¢
p(Ad(w)t) (t € hS). Thus we conclude

WY = VO (gr = sp(r, R)),

ViV RV ~ v Ry (g7 = su(r,r)),

VY 2V (g7 = s0*(4r)),
Cp X V([:L]l ..... B Cpy X V([:L]l ..... e tme) (gr = s0(2,n), n € 4N, s = \_%J),
Cmo X ‘/([;011 ..... Ms_1,Ms) = Cmo X V([;L]l ..... Ms—1,Ms) (QT = 50(27n)7 n ¢ 4Nv § = \_%J)

In the following sections, we compute the ratio of norms by using Corollary 3.4.

4.2. Sp(r,R). In this subsection we set G = Sp(r,R). This is of tube type, and
we have

K=U(), p*=Sym@C), L=~GL(rR), K, =O0(r),
1

r=r, nzﬁr(r—i—l), d=1, p=r+1.

We want to calculate the norm [ - ||y, of O(D,V) in the case V =V}, , =~
A"(C")Y (k = 0,1,...,r —1). These V have the restricted lowest weight
— i+t %’)‘a[’ and remain irreducible even if restricted to K, = O(r), i.e.

satisfy assumption (A1’) of corollary 3.4. Thus the norm || - || converges

2
if Re A > r, and the normalizing constant c, is given by

o — FoA+e1+--+ep) :HLF(A—%JFUH;TZRHF(A_%)
Po(Atert - te—15) H?=1F(A_j%—i-l)H;:kHF()\—j%).

First we compute the K-type decomposition of O(D, V) = P(p™) @ VY, ,_ .
To do this, we quote the following lemma.

Lemma 4.1 (29, §79, Example 3]).

\% \% _ Vv
Vm ® ‘/ElJr---JrEk o @ vm+k'
ke{0,1}", [k|=k
m+keZ’,

By this lemma and Theorem 2.1, we have

POV 0= P Vou@ Vo= P B Voo

meZ’ | meZ | ke{0,1}7, k|=k
m+keZ’,
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Second, for each K-type V,., .\, we compute

\ Vv V \%
Vv2m+k ® ‘/81+---+€k = Vom+k ® ‘/81+-'~+€k :

\ \ _ \
‘/2m+k ® ‘/el—l—m—l—sk - @ ‘/2m+k+k"
k'e{0,1}", [K'|=k
2m+k+k'€Z7

By Theorem 2.2, Vy .\ is Kp-spherical if and only if each component of
2m + k + Kk’ is even, that is, k = k’. Thus, the only K -spherical submodule in
Vorak @V o i Vol o, and Voy 1y satisfies the assumption (A2’) of Corollary
3.4 with n = m + k. Therefore by Corollary 3.4, for f € V,/ ., we have

2 k .
||f||>‘stvl+~--+ak _ (/\)€1+~~~+€k _ Hj:l <)‘ B %(] B 1))
M, .~ Mk o (- 2G-1),, .,

We summarize this subsection.

Theorem 4.2.  When G = Sp(r,R), and (7,V) = (72, ..,V 1.,) (k=
0,1,...,7=1), |||}, converges if Re X > r, the normalizing constant cy is given
by

(- )T ()
H?:lr (>‘_ j% + 1) H;—k+1r ()‘_ ]%)’

the K -type decomposition of O(D,V ) is given by

Pr)eVl, .= P B Vouro

meZ’ , ke{0,1}7, \l:|:k:
m—|—k€Z+

and for f € Vol 1\, the ratio of norms is given by

2 .
A5 _ [, (A=1G-1)
e, T (V=30 =), 0,

1
H?=1 ()\ - %<] - 1) + 1)mj+k]~71 H;=k+1 ()\ - %(j - 1))mj+kj '

4.3. SU(q,s). In this subsection we set G = SU(q, s), with ¢ > s. Then we
have

K~ S(U(q) x U(s)), p=~ M(q,s;C), Gr~SU(s,s), Kr~S(U(s)x U(s)),
L~{leGL(s,C):detl e R*}, Kp~{keU(s):detk==1},
r=s, n=gqs, d=2, p=q+s.

We want to calculate the norm | - |[x, of O(D,V) in the case (7,V) =

(T(()q)v X Tlgs), Vo(q)v ® Vk(s)) = (19K Tlis),(c ® Vk(s)) (k € Z35,). These V have
the restricted lowest weight — %(/ﬁ’yl + -+ k) ’ax’ and remain irreducible even
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if restricted to K, = diag({£1} x SU(s)) i.e. satisfy assumption (A1’) of corollary
3.4. Thus |||, converges if Re A+ ks > ¢+ s — 1, and the normalizing constant
cy is given by

Fo(A+k) ° .
FQ()\—i—k—q) _H<)‘_(j_1)+kj_Q)Q‘

j=1

C)\ =

First, we compute the K-type decomposition of O(D,V)x = P(p")® (C X Vk(s)) .
By Theorem 2.1 we have

Pt e (CrYY) = @ (V' rvY) e (cry?)

mezs

=Pb P ck’va;qW X V.
meZs Jr1‘16m—|—wt

where ViV is the abbreviation of V ma0...0)» Wi(k) is the set of all weights
in the GL(s,C)-module Vk( , and Ck,m are some non-negative integers. Second,
let rest : P(pT) @V — P(pf) ® V be the restriction map, as in Section 3.2. Then
we have

rest (V@Y RVY) = VEVR VY,
so each K -type VAOVRVL satisfies the assumption (AQ) in Corollary 3.4. Third,
we compute the tensor product with C XV ~ V¥ K C.

VEVRV) e (MORC) = @ dV B,
n’em+wt(k)

By Theorem 2.2, Vn(,s VRV is K r-spherical if and only if n’ = n, so all irre-
ducible K -spherical submodules in <Vrﬁf VR Vn(s)> ® <Vk(8)v X C) are isomorphic
to ViR V¥ which has the lowest weight —(ny7y1 + - - - +ns7ys). Therefore each

K -type satisfies the assumption (A2’), and by Corollary 3.4, for f € VOV R v
we have

[P o W T .
(7 2 W TL O =G =Dy

We summarize this subsection.

Theorem 4.3.  When G = SU(q,s) (¢ > s), and (1,V) = (1(‘1)®7'1£5), (C®Vk(8))
(keZ5,), |-, converges if ReA + ks > g+ s — 1, the normalizing constant

cy is given by
S

c,\:H()\—(j—l)—i-k;j—q)q,
j=1
the K -type decomposition of O(D,V )k is given by

Plp) (C X Vk(5>> - P P c;mvrg;nv = V()

meZi | nem+wt(k
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and for f € VOV R Vn(s), the ratio of norms is given by

2 s .
1 somn TE M= G = D)y 1
Hf”;,l(q>®7’1<j> Hj:1(>\ - (.] - 1))77,] Hj:l(A - (] - 1) + kj)njik‘j .

4.4. SO*(4r). In this subsection we set G = SO*(4r). Then we have
K ~U(2r), p*~Skew(2r,C), L=~GL(r,H), K=~ Sp(r),
r=r, n=r2r—1), d=4, p=22r-1).
We want to calculate the norm [ - [\~ of O(D,V) in the case V = Vi, o =~
SE(C)Y, or V = v(vg’“_,g’l) ~ SH(C") @ det™? (k = 0,1,2...) (the latter is
not defined as the representation of U(2r) if k is odd, so in this case we consider

the double covering group K = U2(r) C G = ;ST\O/*Q(ZLT) C Spin(4r,C)). These V
have the restricted lowest weight — §71 ‘a[ and — 5(71 + - ) o respectively.

Also, these V' remain irreducible even if restricted to K; = Sp(r), i.e. satisfy
assumption (A1’) of corollary 3.4.
First, we deal with V = Vi,

Re A > 4r — 3, and the normalizing constant c, is given by

Lo\ + (k,0,...,0))

3= i ) =1y~ AR [ LA =2G =) = @r = 1)ar.

2 .
oy case. Then || - | Ao, COTVEIZES if

,,,,,
.....

j=2
To begin with, we compute the K -type decomposition of

OD,V)k =P(") @ Viyo. 0
To do this, we quote the following lemma.

Lemma 4.4 ([29, §79, Example 4)).

Vin ® V(Z,o ,,,,, 0 = @ Vi

Ke(Z>0)", [k|=k
OSICJ Smjflfmj

Using this and Theorem 2.1, we get

T
mezZl

_ v
o @ @ V(ml +k1,m1,ma+ka,ma,....mr+kr,mp)*

meZl , ke(Zxo)", |k|=k
ngjgmj,lfmj

\% .
Next, for each K-type V(m1 etk my) » WE COMPUtE the tensor product with
V.~V
V(k,o ..... 0) — V(k,() ..... 0)"
v Y%
V(m1+k1,m17m2+k2,m2 ,,,,, My +-kr M) ® V(’%O ,,,,, 0)
— V
- @ ‘/v(m1+k1+11,m1+l2»m2+/€2+l37m2+l4 ----- mer+kr+lor—1,mr+l2,)"

1€(Z>0)*", 1=k
OSZQJ'_1 Smj_1—m]-—kj
0<l2;<k;
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By Theorem 2. 2, Vm1+k1+ll ymi+la,...,mp+kr+lor— 1,mr+12
if the (27 — 1)-th component of its lowest weight is equal to the 2j-th component
for each j, that is, ly;—1 = 0 and ly; = k;. Thus, the only K -spherical
submodule in iy © ) © Viao,0) 15 Vit eime ey amo k) - 804

M satisfies the assumpt1on (A2’) of Corollary 3.4 with n =

(matki,ma,...mr+kemy)

) s K -spherical if and only

m + k. Therefore by Corollary 3.4, for f € vm1+kz1,m1, et my) We have
Hf”ATuco ..... 0 _ ()‘)( k,0,.. _ ()\)k
0n0) ()‘)m+k Hj:l(/\ - 2(] - 1))m]-+k]-

,,,,,,

Second, we deal with V' = V(Vk ¢ k) case. Then || - H?\T(V | converges
33T T(k,0,...,0
if Re A\ > 4r — 3, and the normalizing constant c, is given by
FoA+ (k,...,k,0))
A+ (k,...,k0)—(2r—1))

C) —

r

Lo

— [T =26 =D+ k=@ = D) (A= 20— 1) = (2r = D)y,

Il
N

Similarly to the previous arguments, a K-type decomposition of O(D, V) =
Phrh) e V(VE £k is given by

22720 2

+ V _ \% \Y \%
P(p ) ® V(%“..’%’,%) - @ ‘/(mhmhmz,mz,...,mr,mr) ® ‘/'(07”'707_@ ® V(g’,g)

mezZl

$ E|B V\/ k kY
(mhml_k'lvm2am2_k27---7mrvmr—kr)+(§7---75)

meZ  ke(Zyo)", |k|=k
0<kj<mj—mj1

and for each K-type, we can show that the only K -spherical submodule in

vV W—
(m1,m1—k1,....,mp,mp— kr)+(§ 7§)® (g’ ’g’ g)
v .
18 Vi kv ke ko) (ko k) - TIUS L - satisfies

the assumption (A2’) of Corollary 3.4 with n =m —k+ (k,... k). Therefore by
Corollary 3.4, for f € VV £ we have

mlyml_kl7"'7m7‘7m7‘_k7‘)+(§7"’7§

r—1 .
(k/2 ,,,,, k/2,-k/2) (A)(k,...,k,o) Hj:l()‘ - 2(] - 1))k

1117 Mmoresr ot =20 = 1))ty 4n

T(k)2,...,k)2,—k/2)

We summarize this subsection.

Theorem 4.5.  When G = SO*(4r), and (7,V) = (70, 0y Viko..0) (k€

Z>o), |- |3, converges if Re X > 4r — 3, the normalizing constant cx 15 given by

r

o= +E)o [JA =20 —1) = (2r — 1)ar,

j=2
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the K -type decomposition of O(D,V )k is given by

P<p+) ® V(k 0,..., @ @ V(\T/n1+k1,m17m2+k2,m2 ,,,,, Mk, mp)?

meZl , ke(Zxo)", |k|=k
ngj <mj_1—m;

and for f € Vm1+k1 st oLy o TV TATT0 of norms is given by
2
AR m _ (A
171, T =20 — Dmyor,

,,,,,

1
B (>\ + k)m1+k‘1*k H;:Q()\ - 2(.] - 1)>mj+kj '

When G = SO*(4r), and (7,V) = (T(\;/g/z k/2,—k/2)7‘/(\k/:/2 k/2,—k/2)) (k €

77777777

Z>o), |- |3, converges if Re X > 4r — 3, the normalizing constant cy is given by
r—1
o= =20 -1 +k—(2r = D)) (A =2(r = 1) = (2r — 1))ary,
j=1

the K -type decomposition of O(D,V )k is given by

\Y
P(p >®V ..... E g @ @ ‘/(ml,ml—lﬂ,mg,mg—kg ..... mr,mr—kr)—l—(g ..... g)’

meZ, , ke(Zxo)", |k|=k
0<k;<mj—mji1

and for f € VV

mi1,m1—k1,ma,ma—koa,..., mrym'r_k?r)"!‘(*

2 r— .
B o T =20 = 1)

,,,,,

||f||%wv H;:l()‘ =20 = D)my—ktk

(k/2,....k/2,—k/2)
1

T2t +E =205 = 1))y, (A = 207 = 1))omy -ty

4.5. Sping(2,n). In this subsection we set G = Sping(2,n), the identity com-
ponent of the indefinite spin group. This is of tube type, and we have

K >~ (Spin(2) x Spin(n))/{(1,1),(=1,-1)},  p* ~C",

r=2, n=n, d=n-—2, p=n.

Let 7 : K€ = (Spin(2,C) x Spin(n,C))/{(1,1),(=1,-1)} = SO(2,C) x SO(n, C)
be the covering map. Then we have

(L) ~ SOu(1,1) x SOy(1,n —1)USO_(1,1) x SO_(1,n — 1),
7T(KL> ~ {+IQ} X SO(TL — 1) U {—IQ} X O,(n — 1),
where SO_(p,q),0_(q) are the connected component of SO(p,q),O(q) which

does not contain the unit element. Each representation of K© is of the form
(x™ X T,[Q], Cnp ® V,gl]), and sometimes we abbreviate this to (T(mgm)s Vimem)) -
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Now we want to calculate the norm | - ||y, of O(D,V) in the case

Zso) (n :even),

(7, V) = (x "X Ty k) Coie @ Vik, e tke)) (k’ € 5
’ k=0,1) (n:odd).

OB 70y, Cok ® Vi, b)) (

-----

These (7,V') have the restricted lowest weight —kv;, and remain irreducible even
if restricted to K, i.e. satisfy assumption (A1’) of corollary 3.4. Thus || - | ,
converges if Re A > n — 1, and the normalizing constant c, is given by

Lo+ (£,0)  TO+k)I (A —232)
To(A+(k0)—2) TA+k—2)T(A—(n—1))

C\ —

First we compute the K-type decomposition of O(D,V)x = P(p™) @ V. To do
this, we use the following lemma, which comes from the “multi-minuscule rule”
[24, Corollary 2.16].

Lemma 4.6. (1) Let m € Zso and k € 3Zso. For two representations
Vimo,..0) and Vi, g1k of s0(2s,C),

k

Vim,0,...0) @ Vik,...kak) = @ Vim+i,k,...k,40)
I=max{—k,k—m}

(double sign corresponds) holds.

(2) Let m € Zso. For two representations Vimo,...0) and V(l 1 of
L1
s0(2s +1,C),
(m,0,...,0) 2 (% ..... %) (er% L., %) £ (mfé,% ..... %)

holds.
By Theorem 2.1,

P(p+> = @ (C—(m1+m2) X V(ml—m2,0 ..... 0)

2
mezZy

holds, and combining with the above lemma, we have

P(P+) @ ((ka: X Vig,..., k,j:k)) = @ @ C_mitmatt) B Vi, —moti k. b 210)

mcZ? —k<I<k
T mi1—mo+I>k

for n = 2s even case, k € %ZZO, and

Pp*) @ (Cop B Vig,ny) = EB GB C_(mytmark) B Vi, —motik,... 1)

meZ? —k<I<k
++ mi1—mo+I>k

for n =2s+ 1 odd case, kzO,%
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Second, we seek K -spherical subspace in the tensor product of each K-
type and V. To begin with, we deal with n = 2s even, V = V/_p.k . rx) case.
Suppose

‘/(—(nl—&-ng):nl—ng,l) ..... 0) C W—(m1+m2+k);m1—mg—i—l,k,...,k,l) & Vv(—k;k ..... k)>

where (n1,ng) € Z2 . This implies that (—(nq + na) + (mq + ma + k); (n1 — n2) —

(my —mg +1),—=k,...,—k,—1) is a weight of V(_y . . However, the weight of
this form is only (—k;l,—k,..., =k, =l), since V(_j, rr has the lowest weight
(—=k;—k,...,—k, k), and root vectors x., ., ,Te e, € $0(2s) commute with each
other. Therefore we have

(n1+n2)—(m1+m2+k‘):k, . n1:m1+k‘+l,

(ng —ng) — (my —mae +1) =1L Tl no=mo+k—1L

Thus all Kp-spherical irreducible submodule in V(i 4motk)imi—matik,...kl) @
ViZkik,.. k) have the same lowest weight —(niy1 + noye) with (ng,ny) =
(mi+k+1,me+k—1), and all K-types satisfy the assumption (A2’) of Corollary
3.4. The same argument holds for V' = V(_j.k, .k ) case, and also for n odd case,
noting that only k£ = 0, % is allowed, and ny,ny € Z. Therefore by Corollary 3.4,

for f € V(—(m1+m2+k);m1—m2+z,k,...,k,ﬂ) or ‘/(—(m1+m2+k);m1—mg—i—l,k,...,k,\ll): we have

I3, (A) 2k,0) B (A) 2k

HfH%“,T B (A)(m1+k;+l,m2+k—l) (A)m1+k+l ()‘ - nT—2)m2+k_l'

We summarize this subsection.

Theorem 4.7.  When G = Sping(2,n) and

>0) (n: even),

(r,V) = (Xﬁ X Tik,...k k) Cok @ Vig,.o k) (/{:E%
’ k=0,1)" (n: odd),

.....

|- 113, converges if Re A >n — 1, the normalizing constant cy is given by

T(A+ k)T (A - 252)

2

FA+k=2)T(A—(n—1))

C\ =

the K -type decomposition of O(D,V )k is given by

@ @ C_mitmath) X Vimi—motih, bty (1 even),

mezy, —ksI<k

Pl eV = ot
@ @ Cf(m1+m2+k:) X ‘/(mlfm2+l,k,..,,k:,|l|) (n : Odd)a

meZ? —k<I<k
++ mi1—mo+I>k
and for f € C_imy1matk) ¥ Vi, —motik,krt) 07 C iy tmoti) ¥ Vi otk k1)) 5
the ratio of norms is given by

A5, (A2k

||f||%‘,7’ a (/\)mH-k—H (>\ - nTQ)mg—l-k—l a (/\ + 2k)m1—k+l ()\ - an)mg—l-k—l‘
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5. Norm computation: Non-tube type case

When G is of non-tube type, we cannot compute the norm by just using Theorem
3.1, because it is difficult to determine the constants a;; in Theorem 3.1. Thus we
have to use other informations to compute the norm. In this section we compute
the norm in the case

e (G,V)=(SU(q,s),CRV’") (¢ < s), by direct computation,

o (G,V)=(SO*(4r +2), Sk(C?*1)V), by using the embedding SO*(4r+2) C
SO*(4r +4),

o (G,V) = (S0*(4r+2), S*(C¥* 1) @det*/?), by combining Theorem 3.1 and
the embedding SU(1,2r) C SO*(4r + 2).

Also, for G = Eg_14), we try to compute the norm as best we can, by using
Theorem 3.1.

5.1. Explicit realization of . Before starting the computation, we fix the
realization of G = SU(q, s), SO*(2s). We realize SU(q,s), SO*(2s) as

SU(q,s) := {g € SL(g+s,C):g <]61 —OIS) g = ({)‘1 —OIS> } , (5.1)
SO*(2s) = {g € GL(2s,C) : Q(Z ]Os)tg: <2 ]05), g(_ols ]OS) = (_O]s I(;)g},
(5.2)

and realize K©, p* as
[ (a 0\ (a,d) € S(GL(q,C) x GL(s,C)) (G = SU(q,s))
Ko = {(o d) e GL(5.C) d =t (C = 5028 } ’

{0 besid G5 )
j

)
( )
- {(0 0) . c€M(s,q;C) (G=5U(g9))
( )
Then under the identification p* ~ M(q, s;C) or Skew(2s,C) by (O b) — b,

k=3

Y

P ¢ 0] ceSkew(s,C) (G =S50*2s
00

we have

D ={w e M(q,s;C) : I, —ww" is positive definite.} (G = SU(q,s)), (5.3)
D ={w € Skew(s,C) : I — ww" is positive definite.} (G = S0O*(2s)). (5.4)

For a representation (11 X 75, V; ® V3) of K¢ = S(GL(q,C) x GL(s,C)), the
universal covering group SU(q, s) acts on O(D,V; ® V3) by
a b\
) <(C d) ) f(w) = det(cw + d)™ (11 (a* + wb*) K 7 ((cw + d) 7))

x f((aw+b)(cw+d)7"), (5.5)
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and for a representation (7,V) of K = GL(s,C), the universal covering group

S'\O/*(Qs) acts on O(D,V) by

-1
Tx ((Z Z) ) f(w) = det(cw 4 d)~?r1 ((cw + d)) f ((aw + b)(cw + d) ™),
(5.6)
We note that we have the identities, for w € M(q, s;C) and (CCL 2) e Ulq,s),

a b

det(I, — ww*) = det(Iy — w*w), det(a” + wb") = det (c d

-1
) det(cw + d).
Therefore, on SU(q,s), det(a* + wb*) = det(cw + d) holds. We also note that

det(cw 4 d)~* is not well-defined on G for general A € C, but is well-defined on
the universal covering group . These representations preserve the inner product

<f7 g)z\,’r - A

s

[ (G (= vy & (= ww) ) g(0),
x det(I, — ww ) dw,  (5.7)

Cx

(fr9ar = m/p (T ((IS — ww*)fl) f(w),g(’w))Tdet(IS — ww*)%(’\*Q(“‘*l))dw.
(5.8)

respectively. Let h C g be the subspace which consists of all diagonal matrices,
and define the linear form ¢; on h® by ei(E;;) = 0;;. We define the positive system
A, (g% b%) as in Section 4.1.

5.2. SU(q,s). In this subsection we set G = SU(q,s), with ¢ < s, which is
realized explicitly as (5.1). Then we have

K~ SU(q) x U(s)), p* ~ M(q,s;,C), Gpr~SU(q,q), Kr~S(U(q) x U(q)),
L~{leGL(qC):detl e R*}, Kp,~{keU(q):detk=+1},
r=q, n=gqs, d=2, p=q+s.

We set (7,V) = (" B Vi o ) = 10 R Y, Co ) (ke Z,). In
this case, the inner product is given by

c s . . o
N = (7 (1 = ww)) f(w), g(w)) , det(T,—w*w) @),
Tk

s

The goal of this subsection is to prove the following theorem.

Theorem 5.1.  When G = SU(q,s) (¢ < s) and (1,V) = (1@ &TIES),C@)VI((S))
(keZ,), ||-|3, converges if ReA + ks > q+ s — 1, the normalizing constant

¢y 1S gen by
S

o=[A=G-1D+k -

j=1
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the K -type decomposition of O(D,V )k is given by

Ppt) @ ((C X vk(8>> - P P c;mv;;nv X V),

meZ] | neém+wi(k
and for f € VOV R Vn(s), the ratio of norms is given by

IR omne  TEZy A= (G = 1), 1

HE I OG-, ILi O = (G — 1)+ kg,

F1@R

Before beginning the proof, we prepare some more notations. For k € N,
m € C* and for x € M(k,C), we write

k—1

A () = [T det ((i)1i20)™ "™ det(a)™

=1

For k € N, let Qr C GL(k,C) be the set of upper triangular matrices with positive
diagonal entries. Then for l;,l; € Qr, m € CF, An(l1)Am(ly) = Am(tils)
holds, and for I, € Qi, I € M(k,[;C), I3 € Q, and m € C*, n € C!,

Am(l1)An(l3) = Amon) (% Z) holds. Also we set

(p1)" = M(g,s = ¢; C),
2 := {x € Herm(q, C) : z is positive definite.},

= {x € Herm(s,C) : x is positive definite.}.

Now we start the proof. To begin with, we compute the K-type decompo-
sition of O(D, V)i = P(p*) @ (c X vk<s>) .

P ® (C Vk(S)> - P VRV e (C X Vk<s>>

meZd |

b b c;mvrffw&vr@.

mGZq nem+wt(k

where Vi) is the abbreviation of V(Ei)l mg0...0)» Wi(k) is the set of all weights

in the GL(s,C)-module Vk(s), and ¢, are some non-negative integers. We note
that, for n € Z3 , | there exists m € Z% , such that cf ,, # 0 if and only if

n]Zk](1§]§q> and kj—qgnjgkj(jZQ+1)7

which can be proved by using Littlewood-Richardson rule.
For each K-type Vil?¥ RV let Kpn(z,w) € P(p* x pt, End(Vi”)) be
the reproducing kernel of the K%-submodule V9V R Vn(,q) C VAV RV | where
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n = (ny,...,n,) € Z% . Then since ViV R VY ¢ V" ® Vi is the lowest
submodule, we have

(s) lz l3 l2 l3 *—1 l;_l l5 (s) l2_1 0
Tk (o l4> Kmn <llz (o L)oo ) e\
= An//(léh)Km’n(Z,’LU)
(Z,U) S M(Q?‘S’C)? ll? l2 € GL(ch)a l37l5 € M((LS — g, C)? l47l6 € Qs—q)7

where n” := (ns_q41,...,ns). Using this Kmn(2z,w), we can rewrite the ratio of

norms. That is, for f € ViV RVA® | the ratio of norms ||f||i 1(q)@7<s>/||f”;1(q>7<s>
3 k ’ Tk

is equal to

C,\/ Trvk<s) (TIES)(IS — w*w)Km,n(w, w)) det(]s — w*w))\f(q+s)dw
Rm7n()\) = D

/ Trvk<5> (Kmn(w,w))e” (W) gayy
p+

Now similarly to Lemma 3.2, for any non-negative measurable function f on
M(q, s;C), we have

1 1 )
dw = ——— b2 k. keyy))dkey dkodzdy.
me /p+ flw)dw La(q) Aeflz/e(xﬁ)L f((kiz2 ko, kvy))dki dkodady

ki,k2€U(q)

Using this and the Kr-invariance of Ky n(2,w)
Km,n((klx%k% kl?J)» (kll'%k% kly))

o (k1 0 ! by (P2 O
:TIE)<6 I )Km’n((x%y),(q;?,y))ﬁi) (02 [s¢1>

s—q
(x € ye (ph)", ki, ke € U(q)),

we have
s r  x'/? 1 1
C)\/ Tl"vk(s) (TIE ) (IS - (y*l‘l/Q y*yy Km,n(($2 9 y)> (:EQ ) y))
ze&},/yf(pi); N L1/2 A—(q+s)
(@ Py x det (Is - ( s l/2 y)> drdy
Rm,n(/\) _ Yy yy

z  zi/2y

/ Trv(5)<Km,n(($%,y), (.’L'%’ y)))e* tr(y*xl/z vy >dxdy
zeQye(pf)t K
Kmm((:v%,y), (93%, y)) is transformed as below.

—1/2 -1/2
Kananl(2%,9), (2%,9)) = Ko (x‘5<wa0> (IS y y)@;“q’o) (ﬁq ' y))

s—q 5—q

_ w1y~ Py @ I 0
= (5 T K0, 00 ().
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Then Kma((+,0),(1,,0)) is K = diag({£1} x SU(q))-invariant under the repre-
sentation 7 of K€ on P(ph, End(V;\*))) = P(M(q, s), End(,)),

F ) F@) =70 (2 0 parten)y (0
b R U A B G U Ay

That is,
K

x C)) . (Vi e v(?))KL |
Ua) " "
Therefore there exists an Fy, n(z) € P(p7, End(Vk(s))) such that

-1
A (o 1) Pl tamn (M) b = Kuna((,0), (1,00,
v e N0 1)t 0 I, ’

t
) 0 Fan(haly) 7 h tO = A (11s) Ano (11s) Foun (7)
0 Iy : 0 s ;

(zept, bl € Qq ls,ls € Qsy).

Kuma((-,0), (1,,0)) € ((v,gﬁv R V)& (vk(sW

We define
1/2

~ s (1, —x~ P I 0
Fm,II(x’y) = TIE) ((31 1. y) me({L')TlE) (_ * q—1/2 I ) :

s—q yzx s—q

Then we have

1/2
(s) _ €z Ty -
Cx ﬁeﬂ,ye(uﬁﬁ TerfS) (Tk (]5 (y*x1/2 vy >) Fmvn(x,y))

(/2 y)eD N
x 1‘1/2y) ) —lats

xdet | Is— | . . dxd

( (y 21/2 vy Y

c  zl/2y

~ —tr
/ Trv(5> (Fm,n(xa y))e (y*ml/Q vy )dIdy
zeQue(pf)t K

We set

T 1'1/2

— (s) _ Y -
Bm,n()‘) T AEQvQG(Pr}_)J‘ Tl"vk(s) (Tk <Is (y*x1/2 y*y )) Fm,n(‘ray))

(/2 y)eD
T 561/23/) > A—(g+s)
x det ]S — % % dxd )
( <y 2172 vy Y

z  z/2y

~ —tr
Fin = / Tr, ) (Fmn(z,y))e (W”Q vy >dxdy,
zeQye(ph) L k

s0 that Ryn(A) = eAxBmn(A)/Tmun. We want to compute By () explicitly. To
do this, similarly to (3.3), for z € Q we define

10= [t (8 (o ) Fnte)

—(g+s)
2 (a:’)l/Qy’)))\ o
x det | 2z — Nar ) A dz'dy’,
( (<y> ()2 (y)y Y
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E(z) = {(w y) €Qx (ph)t:z— ( v x1/2y> is positive definite }

: , T) ¢ 2 yry (s

so that E(I;) coincides with the domain of integration of By a()), and J(I) =
Bmn(A) holds. To compute J(z), we take I, € Q,, lo € M(q,s —¢;C) and

ls € Qs—4 such that
L G 0\ (L L
S \L i) \0 I3)7

and we change variables z,y to
.CU/ = li‘rlb y/ = (lixl1)71/2l1<x1/2(yl3 + ‘1:1/2[2)7
so that

( x (m’)my’) B ( lizly U2 (yls + 2/21y)
A\

W)y @) )y Gy* + e ) Pl (y* + e ?) (yly + 2'/2)
(I 0 Y%\ (L I
S\ ) \y a2 yry 0 I3)°
Then under this change of variables, we have
(s) ll 12 l* 0
Ti (o 13) Frnn(@ /)7 (z* B
_ @l b\ (L —@) Y N (6) Iy 0\ (0
S O L G T Gy Ll
112 1/2
a0 (5 p)n (T B
3

—q

I
x 7 (—(zgy*+z;x[f/z)x—1/2z;‘-l Isoq> W <2 Z)
08 TG et @ ()
- ((E3) (5 )
(2)

Thus we can compute J(

)0 1)) Ftr)
J(2) = TrST o * anx/a/
() /E(Is) V()<k ((l l)( ( 71/2 y*y 0 I ,( y)
Iy 0 r al%y L))
1
can (1) (2= (e ) (o

x det ()% det(l3)*dxdy

1/2 ~
— Tr s ) (]S—( *x x*y))an x, )
/Em Vk“(k gttt yy ) el 9)
x Y%y A-lats) 5 0\ (i1 I
< det (]8 B (y w2 yy >) Brencs (<lz l§> (0 l3)> ey

= Bm,n(A)AAHl—s( ) .

as
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—tr

Next we compute [5 J(z)e”"®dz in two ways.

/ J(2)e” "D dz = Byun()) / Axin_s(2)e” ") = B o (MT (A + ),
9 Q

/J(Z)etr(z)dz
Q
= (s) — ! (II>1/2y, n oo
= //;(Z) TrVéS) (Tk <Z ((y’)*(m’)l/z (') Fan(@',y)
x 2N1/2 A—(q+s) s
X det (z - <(y’)*(x’)1/2 ((yz)*yily >> ot )d:c’dy’dz

—tr| 2’ a’ (I')I/Qy’
= TYV@><7ﬁ$(2311nm(xﬁz/)><km(zUA@+Shz”( Hntre G )
k
o'eQy'e(ph) X dx'dy'dz’'

2'eN

z  zl/2y

~ —tr
= Tr /TIES)<Z) det(z)’\_(q“)e_tr(z)dz/ Fan(z,y)e (y*wm vy )dxdy :
k Q Qx(ph)L

Since V,*) is U(s)-invariant and Ja 7 (2) det(2)*~@9e= "G 0z commutes with
U(s)-action, this is proportional to the identity map. Also, similar to (3.8), we
can show

/ TIES)(Z) det(2)* 0= "E gy = Py (A + k — )1
Q k

when Re A + ks > ¢+ s — 1. Therefore we have

x  xl/%y

/ J(Z)e_tr(Z)dZ = FQ(}\ + k — q) / Trv(s)(ﬁm7n(l'7 y))e_tr<y*xl/2 Yy >dl'dy
Q Qx(p)t Ok

=Tls(A+k—¢)lmn,

and thus we get

Foe(A+k—q)
an )\ - Q2 m,n,
’ ( ) FQ()\—I—H)
Boa(A s(A+k—gq
m,n Q

Since the norm is normalized so that Rgx(A) =1, we have

Lo\ + k) >

S ivs e i | CRCAR RN

and consequently we get

TagA+k) [ (A== 1),
B = 50 m) " T = G = D),

and we have completed the proof of Theorem 5.1. [ |
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5.3. SO*(4r+2), V = S*¥(C? 1)V, In this subsection we set G = SO*(4r +2),
which is realized explicitly as (5.2) with s = 2r + 1. Then we have

K~U@2r+1), p*~Skew(2r+1,C),
Gt ~ SO*(4r), L~GL(r,H), K~ Sp(r),
r=r, n=r2r+1), d=4, p=ir

We set V =V, ,36“ ~ SK(C**+1)V. The goal of this subsection is to prove the
following theorem

Theorem 5.2. When G = SO*(4r + 2) and (1,V) = (T((,fgﬂ?v V%:L”l’)))

(k € Zxo), || - I3, converges if ReX > 4r — 1, the normalizing constant cy is
given by

T

o= = 2r+ 1))+ k=2 [TV = @r+1) =20 — 1)2rs1,

=2
the K -type decomposition of O(D,V )k is given by
27’+1 (2r+1)V
P(p ) ® V ..... @ @ ‘/(m1+k1,m1,m2+k27m2 ~~~~~ m’l‘+k’l‘7m7‘7k’l‘+1),

mEZY | ke€(Zso) Hi|k|=k
OSk)J Smj_l—mj

and for f € Vi:ﬂﬁ 1 3k 3o o 1) the ratio of norms is given by
||fH>\ (QTJT')}V) _ ()\)
LI, ey T (A =20 = 1))y, (A = 201,

.....

1
A Btk T (A = 20 = 1) (A = 20,

To begin with, we determine the normalizing constant c,. Since V| KS 18

decomposed as
k

2r)v
KC @ Vl ,0,..., )’
T

=0

and V(EZS )v has the restricted lowest weight — 571| , and remains irreducible

when restrlcted to K = Sp(r), by Theorem 3.1 || - H)\ Greny converges if Re A >
k,0 0

..... )
4r — 1, and we have

k
- 1 < ov \ o (A4 (1,0,...,0) — (2r + 1))
p—— gy (TN
VS Gy 2 o) TR0 00 0)
_ 1 i (2r+ll71) 1
() = A+ 1= Cr+ D)orn [T (A = 2r +1) =20 = D)ara

1
A=Q2r+1)A+Ek—2r)s H;ZQ()\ —2r+1)=2(j —1)arg1
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To compute the norm on each K-type, we consider G’ := SO*(4r + 4),
which is realized explicitly as (5.2) with s = 2r + 2, and embed G — G’ by

(¢ 0

. 2r+1)Vv 2r4+1)V
We realize (T((k,ow_?o),%,o .... )0 )

(a,b,c,d € M(2r +1,C)).

o0 O
O Qoo
_— o O O

0
1
0
0
) as

27‘+1 \Y r
V(gc,o ..... )0 y = Pk(c2 H)

= {Homogeneous holomorphic polynomials on C*** of degree k},
Tio o Op@) =p(I™'v) (1€ GL(2r +1,C), v € C*, p e P(CTHY)),
with the inner product

1 I T
(Prpe) e = T /C @) dv (pr,p2 € PU(C).

.....

Then G = SO*(4r +2) acts on O(D, Px(C¥+1)) by

-1
X ((Z fl) ) flw,v) == det(cw + d) M f ((aw + b)(cw + )™ (cw + d)~"v)
(we D C Skew(2r +1,C), v € C¥*1).

On the other hand, the scalar type representation of G’ = 5\0/*(47" +4) on O(D')
(D’ is realized as (5.4) with s = 2r 4+ 2) is given by

T; (( ) ) Flw) = det(cw + ) ((@w + b)(cw +d)7)
(we D' C Skew(2r +2,C)).

If we restrict this representation to G, we have

f (—tv O)

(aw + b)(cw + d)~t Hcew + d)lv)
—f(cw +d)~? 0

(w € Skew(2r +1,C), v € C¥1).

-1

oo O
o O = O
O Qoo
_— o O O

= det(cw + d) ™ f (

Therefore if we define the embedding map ¢ : O(D, P, (C* 1)) — O(D’) by

w (%

((f)) (—tv 0) = f(w,v) (w € Skew(2r +1,C), v € C*),
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then ¢ intertwines two actions 7, and 7§|s. Also, since Fischer inner products on
P(p*, Pp(C* ) and P(p*') (pt = Skew(2r + 1,C), p™ = Skew(2r + 2,C)) are
given by

N 1 —ltr(ww*) —|’U‘2
<f 9>F ((2r+1)\/ T+ (2r+1) /Skew(2r+1 o /(C2r+1 f(w,v)g(w,v)@ 2 e dvdw,

..... 0)
1 B
o) patorsny = ——— / F(w)glwe ) g,
1 D) fow@r2.0)

¢ is an isometry with respect to the Fischer inner product.
Next, we compute the K-type decomposition of O(D,Py(C* 1)) =
P(p+) ® pk((CZH-l) and O(D/>K/ = P(}f“)

+ 2r4+1Y\ _ (2r+1)v (2r+1)v
,P(p ) ® Pk(c ) - @ ‘/(ml7m17m21m27"'7m?°1m1”70) ® ‘/v(k 07 ) )
mGZ’"
- @ v
- (mi+k1,m1,mo+ka,ma,....mr+kr,mr,kri1)’

mEZ] | ke(Zzo)™H, kl=k
0<k;<mj_1—m;

4+ (2r+2)v
P(p >_ @ ‘/(nl,nl,nz,nz,...,nr+1,nr+1)'

r+1
nezl’

Each K'© = GL(2r + 2,C)-module V{*"*2"

(7121021 T 1) is decomposed under
=GL(2r+1,C) as

(2r+2)v
(n1,n1,n2,M2,...,Nr 41,101 1)

. @ V(2r+1)v
KC o (n1,m1,n2,m2,....;nr,Mp,npy1)’

T
mezZl |
NG 2MG 241

which follows from the following lemma about the branching law of
GL(s,C) L GL(s —1,C).

Lemma 5.3 ([29, §66, Theorem 2|).  For m € Z,,

Ve ‘GL(sA,C) = @ /A

s—1
n€Z+
My 2N 2Mq1

Therefore it follows that

, (V(2r+1)v > cVv (2r+2)Vv (5.9)

(ml +k1,m1,...,mpr+kr,mp 7k7'+1) (ml +k1,m1+k1,....me+kr me+-kr 7kr+1 7kr+1)

(2r+1)v
(m1+k1,m1,ma+ka,ma,....mpr+kr,mp kriy1)?

Therefore, for any f € V
given by

the ratio of norm is

[ep] Feresees 1

“ (f)||F]_(2r+2) H;:1(>‘ - 2(] - 1))mj+kj ()‘ - 2T)kr+l .
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Since ¢ intertwines G-action, || - [ Criny is proportlonal to ||¢ ()||/\ 102r+2) . Also,
7(k.0,...,0)

,,,,,

AAAAA

coincides with the Fischer norm on the mlnlmal K type we have

”f“)\ (2r+1)\/ (A)k

,,,,,

HfHF ((27‘+1)V) B ngl()‘ - 2(] - 1))mj+kj ()‘ - QT)kr+1’

.....

and we have proved Theorem 5.2. [ |

Remark 5.4.  We can also prove the former part of Theorem 4.5 (G = SO*(4r)),
or Theorem 4.3, 5.1 (G = SU(q, s)) by this method, by embedding

SO*(4r) < SO*(4r +2), P(Skew(2r,C), Pi(C*)) < P(Skew(2r + 1,C)),
U(p) x Ulg,s) = Ulp+g.5). V" RP(M(g.5,C), V") = P(M(p+q.5,C)).

but we cannot determine the normalizing constant c) in this way.

5.4. SO*(4r42), V = S¥(C* ) @det 2. In this subsection we continue to set
G = SO*(4r + 2), which is realized explicitly as (5.2). We set V = V)Y

laYl
(5nk )

SE(C¥ 1) @ det /2. The goal of this subsection is to prove the following theorem.

Theorem 5.5.  When G = SO*(4r+2) and (1,V) = (7 (2§r+1)§v_%)’ V((;H%)V ))

w\?r

(k € Z>o), |- |3, converges if Re X > 4r —1, the normalizing constant cy is given
by
r—1
= H()\ +k—(2r+1) =20 — 1))appr( A —4r + 1)g, (AN + k — 2r + 1),
j=1

the K -type decomposition of O(D,V )k is given by

e @ v
(m1,m1—Fk1,mo,ma—ka,...mp,mp—kr,—kr41) ’

E ok
MEZ’, ke (L) hi[k|=k +(%,..5)
0<k;<mj—mji1
OSkT‘SmT‘

,,,,,,

w\w

2r+1)V . :
and for f € AR x ks the ratio of norms is
(m1,m1—Fk1,m2,ma—ks,..., mr7mr*kr,*kr+1)+(§ 77777 *)

given by

||f||A ((i;;rl)vkp L H;:1 (A—=2(j — 1))k

,,,,,

||f||F ((]3;“;1)\;/2 _k/2) H;:l (>\ - 2(] - ]‘))mj—k‘j-‘rk ()\ - 2r + 1)k—k'r+1
1

I AR =20 - D)y, A=2r+ 1),
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To begin with, we determine the normalizing constant c,. Since V| KS 18
decomposed as

k
2r-41 2r
V(E ' &)V,E V(& )v& k)
<2 ’’’’’ 2 2) KE% =0 (2 77777 2779 )
(2r)v : : k k=l
and V<2 ..... L) has the restricted lowest weight — (5(71 +o o) + T%) }a[
and remains irreducible when restricted to K = Sp(r), by Theorem 3.1 [ - 3 ,

converges if Re\ > 4r — 1, and we have

k
B 1 , ToA+(k,....kk—=1)—(2r+1))
ol = dim V2"V ) 0 UM
A dimV((zHl;v_E) ; ( (g ””” g’%_l) FQ()\+ (k77k7k_l)>
200 2°7 2
B 1 1 k (2r+l 1)
VT A+ b — 2+ 1) =205 — D)argr = A+ k= 1= (dr —1))2r41
1
[IoiA k= (@2r+1) =20 — D)opsr (A —4r + 1)or (A + b — 27 + 1)
(/\ — 27" —|— 1)k

IO+ k= 20+ 1) =205 — 1))ars1 (A — 47 + Darpagn
C ToM+ (k... k,0) — 2r +1))(A — 2r 4+ 1),
B ToA+ (k... k k) '

Next we compute the K-type decomposition of O(D, V) = P(pT)® V(( .
kK

2r+1 2r+1 2r+1
PEH@VETY = B Vil s @ Vi 0y

—_E)y L/ (mimi,m2,ma,...,

EARAE] PR meZ’V‘ RSS! 29
“® @ v
(m1,m1—k1,ma,mo—ka,....mp mp—kpr,—kri1) °
meZ | ke(Zso)" L, |k|=k +(%,..5)
0<k;<mj—mji1
ngrSmr

To apply Theorem 3.1 for each K-type, we determine the image of each K -type
under rest : P(p™, V) — P(psf, V). Since we have

rest (V(Q'r-l—l)\/ Q V(2r+1}2\/ )

k k
(m1,m1,m2,ma,...;mr,my,0) (E ..... 5,75)
k
(2r)v 2r+1)v _ ys@2r)Vv @ (2r)v
7 (m1,m1,m2,ma,..., mr,mr)®v(ﬁ ..... E,fﬁ) _‘/(m17m17m27m2 77777 mr,mr)® V(E ..... 5,571)
270272 | e =0 29902

k
® @ v
(m1,m1—li,ma2,ma—la,..., m'rvmr_lT)J’_(E 77777 %)7

=0 1€(Zxo)", N|=
0<lj<mj—mji1
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and the abstract decomposition of K©-modules under K¢ is given by Lemma 5.3,
we have

;B

2r+1)v
rest ( VT "
(ml,mlfkl,mz,mszg...,mhmrfkr,fkr+1)+(§,..., )

k
2r)VvV
< b vy "
(ml7m1_ll,m27m2_l2u~~-,mmmr—lr)+( ,~~~7§)

I=k—kri1 1€(Z>0)", 1=l
kjgljgmj —Mj41

MBS

Then, the only K = Sp(r)-spherical submodule in

(2r)v

®V
(M17m1—l17m2,m2—l2,---7mmmr—lr)+(g g) (% ,§7§—l>
2r)v (2r)
~ ® V!
(ml»ml*ll7m2,m2*127--~7mr,mr*lr)+(%w--a%) (% ,é,gfl)

: (2r)v : _
is V(ml—ll,ml—ll,mg—lz,mg—lz,...,mr—lr,mr—lr)+(k,...,k)’ which has the lowest weight

—((m1— b+ k) +---+ (my =, + k)y). Therefore by Theorem 3.1, there exist

non-negative numbers am, k1 such that for f € V(m1 =k e in =g 1)+ (5 k)
’ FEEER) ’ s R PREREE)

the ratio of norms is given by

[Falses Z Z Co\+ (k,....k,k—1)— (2r+1))

- (m k1
”f”%‘,r Z] Amk,1,;_ /-~ krs1 1e(Zx0)", = " FCoA+m—1+(k,...,k))

ki<lj<mjii1—m;

Z Z amx1( A —4r + 1),
Zl am k1 I=k—kyi1 1€(Zs0)", |I|=l H] 1()\ + k— 2(] - 1))mjfl ()\ —2r+ 1)k
kj<tj<mjyi—m;

It is difficult to know the exact values of amx,1, but at least we have proved

2r+1)V . :
Lemma 5.6. For [ € Vet x  my, the ratio of norms is
(m1,m1—k1,....mp,mp—kp,— kr+1)+(§7~--a§)

Hf”A oA sy (monic polynomial of degree k1)

HfHF (2r+1)v a H;Zl(/\ + k- 2(] _ 1)>m]-—kj()\ o+ 1>k.

k)2, k)2,—k/2)

Next we consider G, := SU(2r, 1), which is realized as (5.1), and embed
Gpr — G as

a 0 0 b
(a b)|_> 0 d —¢ 0 (aeM(Qr,C),beM(Qr,l;(C),)
c d 0 =b a O ce M(1,2r;C), de C
c 0 0 d

Then the positive root system A, (g%, (hNga)C) of ga, induced from A, (g&, h%),
has the simple system

{éfj —&jm1 j: 1,2,...,27'— ]_} U {€2T+627«+1}.
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Each representation of K§ = S(GL(2r,C) x GL(1,C)) is of the form
( (2r)v IX T;r}gv’ V (2r)v ® Vm:t) \/)’

and we sometimes abbreviate this to ( ((i: 7171)(:/ V((Iiré)v) Clearly V((jl:l()cv mo—c)

VDY holds as K $-modules for any c. The representation 7y of G on O(D,V)

(m;mo)

is given by (5.6), and if we restrict this representation to G, we have

-1

a 0 0 0
0 d —¢ 0 ¥ wov
D) 0 —b a 0 —tU 0
c 0 0 d
= * *)—A/2 —A/2_(2r+1)v a* +vb* —w'e
det(a” +vb") ™ det(co +d) o7y Ty ( 0 “ev+d)
o (@ + ) wat + ob) T (av - b)(ev +d)
—Y(av + b)(cv +d)™1) 0
(@2r 1)V a* +ob*  —w'e
= det(cv +d) ™ (% 77777 ko k) ( 0 t(cv+d)>
x f (a* 4 vb*) " w'(a* +vb*) (av +b)(cv +d)™!
_((av+b)(CU+d) ) 0

(w € Skew(2r,C), v € C*).

For N € N, let P<y(Skew(2r,C)) be the space of polynomials on Skew(2r, C)
whose degree is smaller than or equal to NV, and let Dy C C?" be the unit disk.
Also, let incl : V((,f”,)goo = V( @1V ) — V((zrﬂév_ ) be the K-equivariant

----- 57—5 2 PR

inclusion. Then by the above computation, the map

0 O(Da, (Pew(Skew(2r, C) BIC) @ Vi) = O(D V™Y ),

) (4, ) = im0

intertwines the (G5 action, and we can also prove that ¢ preserves the Fischer
norm. Thus we study the space

O(Da, (P<n(Skew(2r,C)) K C) ® V o 1k 0:0))Ka

P(C*) @ (P<n(Skew(2r,C)) K C) v<27” o)
~ 27‘ 1)V (2r,1)v
- @ mOO ,0;mo) ® @ le mi,ma,ma,...,mMp,mp;0) ®V 70)'
0=0 mezZl |
|m|<N

This space is not irreducible under G5. For m € Z, | and 1 € Z%, we define

le — V(Q'r’,l)\/

(ml my—ly,ma,ma—la,..., M M=l )+(k ----- k§0)

(2r,1)v (2r,1)Vv
CV 0) © Vi k00

(m1,m1,m2,ma,...,mr,mr;0

C (Pn(Skew(2r,C))KC) @ V)Y .
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so that

(P<n(Skew(2r,C)) K C) ® v@f{koo) ) B Fu

meZ, | 1€ZL, |I|=k
\m|<N 0<l;<mj—m;41
O(Da, (P<n(Skew(2r,C)) K C) @ V") = €D P 0D, Fuy.

me7Z’ 1€Z>0,\1\ k
lm|<N 0<i; i<mj—mjy1

Also, for m € Z7,, and k € ZL" we set

ka — V(Qr,l)v

(m1—k1,ma,ma—ka,m3,...mp_1—kr_1,mr,mr—kr,—kry1;m1)+(k,...,k;0)
(2r,1)v

(2r,1)Vv
V(ml,M2,m2,m37 M1, My ,05m) ® (k,...,k,0;0)

(2r,1)Vv (2r,1)v 2r,1)Vv
V(mh 0,...,0;m1) ® V(m27m2,m3,m3, My ,my,0,0;0) ® VU% -,k,0;0)

C P(C*) ® (P<n(Skew(2r,C)) K C) ® V(Qr 1k 0,0)°

Then we have the following.

Lemma 5.7. (1) t(Wmy) C y ety .

(ml,ml_kl7m2,m2_k27~~~7mr,mr—km_kr+l)+< yeens

SIS
~—

(2) Wm,k C @ O(DA7 F(mg,‘..,mr,O),l) .

1€(Z>0)", 1=k
Ui<kji1, lr>kry1

2r+1)Vv
(3) U(Fm1) C P SR C e
’ (m1,m1—n1,mz,mQ—nz,---,mr,mr—nm—nr+1)+(§,...,5)
ne(Z>o)" ', [n|=k

TLJSl], nr+12lr_mr

Proof. (1) The polynomial space P(C*)® (P (Skew(2r, C))XC) is decomposed
as

P(C*) ® (P(Skew(2r,C)) @ V) ey © €D VY

(mo, 0 (m1,m1,m2,ma,....mp,my;0)
mo=0 mGZTF

® @ v
(m1+l1,m1,ma+l2,ma,...,mr+l ,mr;mo)’

meZ’ | 1€(Zx>o)", [I|=mo
0<l;<mj_1—m;

and similarly to (5.9), we have

(27",1)\/ V(27"+1)\/

(m1+l1,m1,ma+1l2,ma,....;mr+lr,mr;mo) (ma1+l,mi4l,mala,ma+Ha,..ompe e me )

Therefore we have

(2r,1) (2r,1)Vv
t <‘/(m1+l17m1,m2+l27m27~-~)mr+lr7mr§m0) ® (k,...,k,0;0)

(2r+1)v . (2r,1)v
cV ) ® incl (V(k ,/aO;O))

(ma1+l1,m1+l,me+la,ma+lz,...;mpe+lr,mp 41,0
(2r+1)Vv 2r+1)Vv
c VR,

(m1+l,m1+l ,ma+la,ma+la,...;me+lr,me+1:,0) (27 - 2)'

(5.10)
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Especially, by putting 1 = 0 we have

(2r+1)v (2r,1)Vv
Wk C V& ) ®1ncl< " ,100)

(m1,m1,m2,ma,...,mr,my,0) < 7 \ Y (k...

V(Qr—i-l) ® V

(m1,m1,m2,ma,....mr,ms,0)

C

Let v € Wi,k be the highest weight vector. Then

L(U) = ZU“ R vy, € Vi:;}bz,mmmz, mrm0) ® incl <V(2T 1k00))

i

(2r+1)V @r+1)Vv

- ‘/(mhml,mg,mg,‘..,mr,mr,o) ® V(%_._’g,_g)
has the weight —(—k, 11, m, — k., my, ..., mg — ko, ma, my — ky,my) — (%, o g),
vanishes under root vectors x € E;CJ?&JH (j = 1,...,2r — 1) since v is the
highest under K%, and also vanishes under root vectors z € €5 __ ., since
each vy, v5; has the weight (x,...,*, —m;) and (x,...,%*,0) — (2, e ’;) respec-

tively, where % are some integers. Thus ¢(v) becomes a highest weight vector of
(2r+1)Vv
(ml,m1—kl,m2,m2—k2,---,mr,m7»—kr,—kr+1)+(§,---,g) '

(2) We have
Vv 2r,1)Vv (2r,1)v
Wm,l - ‘/Y(mlv--wo;ml Vv(mg,mz,mg,mg, My ,;my,0,0;0) ® V k,. ,k,0,0)
— 2r1)Vv
= @ ‘/(m17-..,0;m1 Vmg,mg l1,mz,mz—la,....;mp,mr—lr_1,0,—1;0)+(k,...,k;0)
1€27,, |l|=k
0<lj<mjt1—mji2
— \Y%
- @ ‘/Y(ml’“-)o;ml) ® F(m27"'7m7‘70)717
IEZ>ov [NI=F
0<li<mjp1—mjt2
and abstractly
(2r,1)Vv
W ‘/(ml k17m27m2 k27m37 HMp—1— kr— 1My, My — k?r, kr+1;m1)+(k,...,k;0)
(2r,1)v (2r,1)v
V(m1 0,...,0;m1) ® V(mg,mz—h,m3,m3—l2,---,mr,mr—lr7170,—lr;0)+(k,---7k;0)

holds only if I; < kjy1, [ > k41 holds.
(3) By (5.10) with 1 =0 we have

(2r+1)v (2r+1)v
L(Fm’l) ‘/(ml M1, M2, M2,y My, M) V( = E)
----- 27 B}
- @ e
(m1,m1 777,1,mg,mz777,2,...,mr,m»,-f’nr,f’nr_,_l)ﬁ*(%,...,%) ’

ne(Zxo)"™*, In|=k
n Sy =My

Combining with the abstract branching rule under K¢ > K5 (Lemma 5.3), we
get the desired formula. [ |
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(2r+1)v .
Now we want to show that, on V(ml’ml_k1 ..... o me =ik o)+ (5o ) the ratio
is given by
2
||f||A,T(<;;;}};/27_k/2) B 1 (5.11)
117, v [ Ak =20 = 1)), A=2r+ 1),

(k/2,...,k)2,—k/2)

by induction on min{j : m; = 0}.

First, when m = 0 i.e. on V(:]/ 7777 0+ (5.11) clearly holds by the normal-

ization assumption. Second, we assume (5.11) holds when m; = 0, and prove this

2r+1)Vv
also holds on V( when m.,; = 0.
(ml,ml_kl 77777 mrymr_km_k'r#»l)"‘(g ----- E) J+l

By Lemma 5.7 (1), it suffices to compute [o(f)[3./lle(f)lF, for f €
Wmx. For any 1, let f; be the orthogonal of f onto O(Da, Fiy 1), where m’ :=

(mg,...,my,0). Then by Lemma 5.7 (2), we have

f: Z fla

1€(Z0)", 1=k
li<kjt1, lr>kria1

and there exist b > 0 such that ||c(fi)]|% = bile(f)]|% holds. Next, by Theorem
5.1, we have

lllne o)l
()~ Te(on]as
TTH (O = (27 = 2))mg sk = (25 = D)y tyn) A — (20 = 1))
T2 (O = (25 = 2))my—kyk (X = (25 = 1))y at0)
(A = (28 = 2))my oA = (21 = 1))y
[G O+ k=20 = 1))y, T 4k = (25 = 3))my 1, s (A= 2r + 1)y,
T O k=20 = D)y, IO+ k= (27 = 3)), (A= 27 + Dy,

where v is any non-zero element in the minimal Ka-type Fuv . Next, let v, be

. . (2r+1)Vv
the orthogonal projection of ¢(v;) onto V(mmrm,wmgﬁn2 ..... it =ty 1,00 )4 (k)
so that

t(u) = Z Uln

ne(Zxo)", In|=k
n;<lj, nyp >l

by Lemma 5.7 (3). Then there exist cin > 0 such that |[vin|%, = ciallt(v)||7,
holds. Next, by the induction hypothesis (5.11), for each n we have

a3 - 1

lownllt, T2 A+ k=20 = D)y, A =27+ 1),
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Thus for each 1 we get

le(onllR- S . lvial3 -
AU L llar

||L(/U1>||%',T HE(ZZ())T, |n|=Fk ||U17n||%’,7'

n;<lj, nyp>l

_ Cln
HE(Z>OZ)T: |Il| k H ()\ + k 2(] - 1))mj+1—nj (>\ - 2T + 1)k—?’L
n;<lj, nyp>lr
(monic polynomial of degree k —[,.)

[ +k=2G-1),  (A=2r+1),,

and therefore we get

|| ( )IIM ~ Y LA,
= reraTo e
li<kji1, lr>krp1

Z b ( (monic polynomial of degree k —[,.)

- 1 r—1 .

1€(Z>0)", |l|=k H]:l (>\ +k— 2(] - 1))m]~+1 ()\ —2r + ]‘>k—l
1i<kji1, ly>kry1

[Tt k=20 = 1))y oAb 20— 1)+ 1), 1, A=2r+1)iy,

[T k=20 = 1)), —t, TT—p Ak — (25 =3))m, A—2r+ D, .,
(monic polynomial of degree kg + -+ + k;.)

T A E =205 = 1)), -, TTo—s N htmy—h;— (25— 3))i, A=2r + 1)y,

On the other hand, by Lemma 5.6 we have

e(f )Hi - (monic polynomial of degree k1)

D T+ k=20 — D)y iy (=27 + Dy
so combining these two formulas, we get

el 1

lDIE: T+ & =20 = 1))y (A = 27 + Dy

and the induction continues. Thus we have proved (5.11) for any m, and proved
Theorem 5.5. u

5.5. Conjecture on FEg_y14). In this subsection we set G' = Eg_14y. Then we
have

t~50(2) ©s0(10), p* ~ M(2,1;0¢),
gr ~s50(2,8), [~R®so(l,7), & ~so0(7),
r=2 n=106, d=6, p=12.
We take a Cartan subalgebra ) C €. Then we can take a basis {to, %1, ...,t5} C

Vv—1bh and {eg,e1,...,e5} C (V—1h)Y, such that

4 . .
EO(tj) = 5507]', €i(tj) = (Si,j (Z = 1, . ,5, ] = 0, 1, . ,5),
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and the simple system of positive roots A, (g%, h%) is given by

1
{61 — €9, €9 — E3, €3 — €4, €4 — €5, E4 + €5, ZEO + 5(—51 —eg—e3—¢Es+6s5) ¢,

where %50 + %( —&1 — &9 — &3 — €4+ €5) is the unique non-compact simple root, and
the central character of € is given by dy = y. The set of strongly orthogonal
roots {y1,72} C A+ is given by

3 1 3 1
Y1 = Z€0+§<81 +€2+€3+€4+€5), Yo = 150—1- 5(81 — &9 —E3— &4 —85),

and bt :=bHNgr, a is given by

— 3 1
_1hT = span {Zto + §t17 t27 t37 t47 t5} )

3 1 1
a; = span Zto—i‘étl, §(t2+t3+t4+t5) .

We denote the restriction of €; to v/—1ht by the same symbol ¢; (j =2,3,4,5),
and define €} € (v/—1b1)" by

3 1
5,1 (Zto + §t1> = 17 5/1(1‘,]) =0 (] = 273747 5)7

so that (meeo+mier)|/—14, = (mo + %ml) g} holds. Also, we define €5, ¢%, 9, e¢ €
(vV/—1b1)Y such that they satisfy the relations

1 1
gy = 5(52 +e3+e4+e5), 5(55 +ef +ef +e¥) = e,

g5 +¢e§ =¢eg+es, 5(52 +€3+€4—€5):§(82+€3+€4—85),

so that y1| /=gy, = €1 + €%, 72|/ =15, = €1 — €% holds.
For (mg;m) € C x <Z5U(Z+%)5> with my > -+ > myg > |ms|, let
(7[2’10} 1210 )= (x™ X T,L%O],Cmo ® ILIO]) be the irreducible €©-module with

(mo;m)’ " (mo;m)
highest weight moeo+mqe1+- - -+mses. Also, for (mg; my;ma,...,ms) € CxCx

4 .
(240 (Z+3)") with ma 2 my 2 ma > sl det (2 L VERL ),
2,8 2,8 2,8]w 2,8|w . .
(T([ml];mg,..‘,mg))? ‘/([Tnl;]m27..,,m5)) and (T([m1}§m27--~7m5)7 ‘/(E’nl;]mg,...,mg,)) be the ll"l"edUCIble 'E((rljw-

module with highest weight mgeg +mye1 +mogo + - - - + mses, miel +moeo+-- -+
mses, and myel] +moey + - - - + mse? respectively. Then as in Section 4.1, we can
show

( (2,8]w (2,8]w ) e~ [2,8]w (2,8]w )
(m1;me,mz,ma,ms)? * (m1;me,m3,ma,ms) _( (m1;me,m3,ma,—ms)’ " (m1;me,mg,ma,—ms)/ "
We set V = V20 . The goal of this subsection is to prove the
(—%:k,0,0,0,0)

following proposition.
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Proposition 5.8. When G = Eg—14) and
(1 V) = (xk/2 B 710000 Cot2 ® Viaoo0) (k € Zso),
|- 113, converges if Re X > 11, the normalizing constant cy is given by
ex=A=T4+k)zA=8)AN=11)7(A —4+ k),
the K -type decomposition of O(D,V )k is given by

Pp")® (C—kﬂ X V([kl(())]()OO)>

+meo — 9
(m1 m ) (m1+m2 i—Fka, mi—my L ’ml mz,ml m2’

meZ2 | ke(Zxo)?, |k|=k
T+ 20)" -
ka+ka<mo _w*']%)

k3<mi—mz2
and for f € C_ 3 x X V1O the
(ma1+mz)— (TUE2 kg —ky, G2 g, T2 DD T ZMD )

ratio of norms is of the form

2
“fH k28705 0.0.0) ~ (Mr(A = 3)r(monic polynomial of degree 2k; + ko + k3)
HfH2FX P (A tr-the (A = Bty (A = (A = T

- 0,0,0,0

B (monic polynomial of degree 2k + ko + k3)
A+ K)ok (A + & = 3)img-tiey -6 (A — DA = T

Before starting the proof, we quote the following lemma about the restric-
tion of the representation V1252 of s0(2s +2) to 50(2) @ s0(2s).

Lemma 5.9 (25, Theorem 1.1]).

[25+2] -~ (mo,mi,.. 7ms) (2,25]
v(mo,ml,...,ms) s0(2)®s0(25) - @ @ (n1, M) )Vno nt,...,Ms)?

mi—1>n;>|miy1| no
Ms—1>[ns]

(mo,m1,...,ms)

where ¢
(1y..5ns)

(ng) € Zs is the coefficient of X™ of the polynomial

s—1
" XCLJ‘+1 _ X*G,j*l
R e o

=0

where

ag = mo — max{my, ny },
aj = min{m;, n;} — max{[m;.l, [nj [} =1...,5-1),

as = (sgnms)(sgnng) min{|ms|, |ns|}.
From this lemma we can easily deduce the following.

Lemma 5.10.

V[25+2]

[2,25]
50(2)Pso(2s) a @ @ V(lo;ll,o,..,,o)'

11=0 Ip€Z, |lo|<k—11
k—lo—11€2Z
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Now we start the proof. To begin with, we determine the normalizing

2,10 .
constant c,. Since V! k} is decomposed under £ as
(—%:k,0,0,0,0)

(2,10]
(_g;k70707070

@ EB V([i’zé’il;ll,o,o 0 @ @ V([%;ZQ’O’O’O)

tp 11=0 lp€eZ, |l0‘<k 15 11=0 lp€eZ, |l0‘<k 151
k—lo—11€27Z k—lop—11€27Z

‘r28] [2,8]w
@ [_,716 — @ ’

+k ! ki+ko ki—ko ki—ko ki—ko ki—ko\)
( 12 2.k, k2707070) ( 12 2. 12 2, 12 2, 12 2 12 2)

k1,ko GZZO k1,ko EZZO
K>k >k >0 k> >k >0

2,8 . .
each V([_ k]fikz'kl_@ bt btz ) remains irreducible under & = s0(7), and has
2 ’ 2 ’ 2 ’ 2 ’ 2

the restricted lowest weight — (kv + k2y2) ‘a[, by Theorem 3.1, [|- |13 , converges
if ReA > 11, and ¢, is given by

- 1 : Lo(A + (ki, ks) — 8)
1 (2,8]w Q 1, 2
‘= [2,10] Z (dlm vV _kytky kyj—ky  ky—ko )

dim V(fﬁ,k,o,o,o,o) F1,k2€Z0 (P25 57) ) Ta(A+ (b, hs))

k>k1>ka>0

( k1—17€2+7) _ ( k1—17€2+5 )

= o >
(M) = (%7) 2z Ot b = 8)s(A + ko — 11)s
k>k1 ko0

For [ € Z>¢, we define
(k1—7;2+7) _ (k1—7;2+5)

F(\) = '
kl,];GZ>0 <>\+k1 _8)8(/\+k2 — 11)8
1>k12>k2>0

Then it satisfies

FOLL+1)

( kl—k2+7) - ( k1—ko+5 )

= >+ > - >+ > ()\—|—k;17—8)8(/\+k27—11)8

12k12k2>0  I+1>k1>ko>1  1>2k12ke>1  (k1,k2)=(1+1,0)

+8\ _ (146
=FAD+FA+ L) = FA+1,1=-1) + (A+(f—)7)8(<A7—>11)8'

Solving this recurrence relation, we get

()= ()
F(A 1) = A=T4+D7A=8)(AN—=11);(A—4+1)’

and thus we have

(A = 8)rrs(A = 11)jys
(A=A =)y

o=\ =T+k)sA—8) (A= 11)7(A —4+ k) =

oA+ k)
Co(A = 8)(A = 4)u(A =T
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Next we compute the K-type decomposition of

O(D,V)x = P(p+) @ V>0

(—%:k,0,0,0,0) "
By Theorem 2.1 and the “multi-minuscule rule” [24, Corollary 2.16], we have

P @ VL)

(7§;k,0,0,0,0)

2,10 2,10
Sy V([ 10 2.10]

m1+m mi—m mi—m mq—m mi—m ® k
g —2(m1+mg); 2 Flome o2 o2 T 2) (—E;k,o,o,o,o)
meZ
T+

_ @ @ V<[2,10}

= (matma)— 5 T2k —ky, TG oy T2 T2 T2 gy )
mEZi+ k€(220)4, |k|=k
ko+ksi<mo

k3<mi—ma

In order to apply Theorem 3.1, we observe the image of each K-type under
rest : P(pT, V) — P(pf, V). For each m € Z2 , , we have

(2,10] [2,10]
rest | V, - _ _ —mgy @V
< (7%(m1+m2);m1;w@’mlzwu’m12m27m12m27im12wu) (_%7k70)070a0)
(2,8] (2,8]
= _ _ — — ® @ V / /
_(ml+m2);MI2m27m12m27m12m2ym12M2 _kl+k2. ! _ 1./
( ) K BT T2k —k5,0,0,0
>k, >k, >0

- @ @

kf +k miq—m mi]—mg mj{—mg mj—m ’
_ 1 2 \.m1 2 1 2 1 2 1 2 _
Ky khE€Zso  l,la€Zx ((m1+m2+ 2 ) 7ot — = 3 ly
k>ki>kb>0 l2<mi—mo

l1+l2:k/17k/2

We write k| 4k} =: ly, so that k] = $(lo+ 11 +12), ky = 3(lo— 1 — l»). By Lemma
2.9,

rest ( V1
(_%(ml_"_mQ)_%;ml;mz +k1_k4,m1;m2 +k27m17m27m1;m27_m1;m2 +k3)

2
[2,8]
ﬂ V(—(ml—‘,—mz-‘rljo);ml;mQ +l1’m1;m2’m1;m27m1;m2 —lQ) % {0}

implies
0<l <mg+ ki — ky, 0 <ly <my —mg,
and the coefficient of XQ(*(mler?*%O)+(%(m1+m2)+§)) — Xtk

of the poly-
nomial

Xa0+1 _ X—ao—l Xa1+1 _ X—al—l Xa3+1 _ X—a3—1
X
X — X1 X - X1

X—-X1t 7
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does not vanish, where

ao:@M_krm{@m?wﬂl}
=my + k1 — ky — max{ks, 1},

al:mm{@%,wﬂl}_w

2 2
= mil’l{k’g,ll},
_ml—mg my1 — Mo k mi1 — Mo I
asz = 5 max 5 3 9 2| (>
04 — san (_w N kg) san (W ~ z2>
% 1 my — Mg L my — Mg I
ming |—— — — .
2 s 2 2

This condition is satisfied only if

—@—lo+k2—ao—al—a3+a4
_|_
=~ ko ke — B [k — b
lo§k+k1—k4—|k2—ll|—’k3—l2|
= 2ky + ko + k3 — ko — l1]| — |k3s — I3
Thus we get

rest (V210
(—§(m1+m )_, m1+m2+k k4’m1 M2 | oy, ML m2 m12m2 mlgm2+k3>

- @
( <m1+m2+ ) my— mg +l mlgmg’m1;m27m1;m2 712).
lol1,12€Z >0, lo—l1—12€2Z>¢
li<ma+ki1—kq, lo<mi—ma
lo<2k1+ko+k3—|ka—l1|—|k3—I2|
For each mq, ms, ly, 11,5, we have
v[Q 8]
( (m1+m2+ 0) my— mz + ml;m27m1§m277ﬂ15m2 712)
— V[278]w

l Li—ly L+ly l+ly l3—lo\)
(_<m1+m2+?0);m1_m2+ SRt et e 2)

and as in Section 4.5, ¢ = s0(7)-spherical irreducible submodules in

V[Q’S]w V[2 8Jw
(7(m1+m2+12)m17m2+11 ly zl+12 zl+12 11212) ( Ig. zl+12 11+12 zl+12 zl+12)
2,8]w

N

V[ zzzzzzzz®V11111lle

( (m1+m2+ )ml—m2+1 2 1+2 1;271 2) ( §)71J2r271;r271;27 1;2)

2 8]0.)
(m14+ma+lo);m1—ma+l1—12,0,0,0) 7

lo+1 =1 lo—1i +1
—(m1+¥) 71_(m2+¥> Va-

are isomorphic to V which has the lowest weight
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2,10]
Therefore for f € V> _ _ _ _ b
f ( 4(m +mag)— g;ml‘;mg+k1_k4,m12m2+k2’m12m2’m12m27_m12m2+k3)7 y

Theorem 3.1, the ratio of norms is given by

HfH)\ - N Z am,k,lrﬂ ()\+ (l0+121+l2 ’ lo—l21—l2) _8)
I fllrr Do) Gmpiki PQ(/\‘F(ml‘FW,WM‘FW))

lo,l1,l2€Z >0, lo—l1—12€2Z>¢
l1<mo+ki1—kq, lo<mi—ma2
lo<2k1+ko+k3—|ka—l1|—|ks—l2]

1 am7k,1()‘)k<)‘_3)k()‘_8) l0+121+l2 <)‘_11)10*121*12
2 Gm oy Z ()\)m1+710+l21712 ()‘—3)m2+710”21“2 (A=4)e(A=T7)’

l2€Z>0, lo—l1—12€27Z>¢
l1<ma+k1—kq, lo<mi—ma
lo<2ki+ko+kz—|ka—l1|—|ks—l2]

using some non-negative numbers am k1. Now, since

o+l —1lo <2k + ko + ks — ko — li| — ks — o] + 11 — Iy

< 2ky + 2kg — (ko — 1y) — ko — L] + (ks — lo) — |ks — lz| < 2(k1 + ko),
lo—U+1lo <2k + kot ks — ko — U] = |ks — ] =11 + 15

< 2ky + 2ks + (ko — 1y) — ko — 4| — (ks — lo) — |ks — la| < 2(ky + k3),

we have

||f||?\T ~ (M)r(A = 3)r(monic polynomial of degree 2k; + ky + k3)

1%, (N tkr ks A = )iy by ks (A — ) (A = T

and we have proved Proposition 5.8.
By ko + ky < ms and k3 < my — my, we have the inequality

my + ks + ko >mo+ky+ ks > ko + ks + kg > ky.

Thus the author conjectures the following.

Conjecture 5.11.  For

[10]
&€ Costmrmay-y B Vmigma gy, maoma g, mimg miomg _mimg gy

the ratio of norms is given by

||f||2 =110 Mo\ —3
AX— k/2%T(k 0,0,0,0) _ ( )k( )k
LI, ey (M ttrka (A = 3)ma ks (A = Dy b a (A = Ty
X—k/257(1,0,0,0,0)
1

()‘ + k)m1+k1+k2*k()‘ +k— 3)m2+k1+k37k()\ - 4)k2+k3+k4 ()‘ - 7)k4

6. Analytic continuation of holomorphic discrete series

In the previous sections, we calculated the norms of the holomorphic discrete series
representations. Using this, we see how the highest weight modules behave as the
parameter A goes small, following the arguments in [6] and [18].
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For example, when G = Sp(r,R) and V =V, | with k=0,1,...,r—1,

by Theorem 4.2, the norm || - || v is written as
et tey
k .
ke =y o CoaU=1) e
AN e, T _1(s mKIFrY .
1tk mGZ:L+ ke{0,1}7, |k|=k Hj:l (/\ 2(~] ]‘))mj-f—k?j B

m+keZ’

for A > r, where fmx is the orthogonal projection of f onto V47 ., . Then asin [7,
Theorem XII1.2.4], the reproducing kernel K AT e is written by the converging
sum

o (=506 = D).,
K,\,Tsvﬁmﬁk(z,w) = Z Z j=1 5 ok

k 1/ -
ezt keqoay i—r L=t (A =30 = 1))
m+k€eZ’

m,k(Z, w)

where K 1(z,w) is the reproducing kernel of V,y, ., with respect to the Fischer

norm ||-[|% N This is continued analytically for smaller A, and by [7, Lemma
Y e

XII1.2.6], this is positive definite if and only if each coefficient is positive, that is,

k k+1 r—1 r—1
S =)

The positive definite function automatically becomes a reproducing kernel of some
Hilbert space Hx(D,V), and this H,(D,V) gives the unitary representation of
G'. Conversely, if there exists a unitary subrepresentation #,(D,V) ¢ O(D,V)
for some A € R, then its reproducing kernel is automatically proportional to
LS (z,w) by the arguments in Section 3.1, and thus the above condition
on A\ is precisely the necessary and sufficient condition for unitarizability. Using
this idea, we get the following result.

Theorem 6.1. (1) When G = Sp(r,R) and V =V, . withk=0,1,...,
r—1, (mx, O(D,V)), originally unitarizable when A > r, contains a non-zero
unitary submodule Hy(D, V') if and only if

k k+1 r—1 r—1
N

(2) When G = SU(q,s) and V = CRV," with k € Z%, (k; #0, kiyy =0, [ =
0,...,s = 1), (1\,O(D,V)), originally unitarizable when X > q+ s — 1,
contains a non-zero unitary submodule Hx(D, V') if and only if

A€ {l,l+1,...,min{q—|—l,s}—1}U (min{q+l,s}—1,oo).

(5) When G = SO*(2s) and V =V, o with k € Z>o, (1,,0(D,V)), origi-
nally unitarizable when X\ > 2s — 3, contains a non-zero unitary submodule

HA(D, V) if and only if

0,2,4,...,2
A€ {{ {2,4,...,2%

| =1),00) (k=0),
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,,,,,

originally unitarizable when \ > 2s — 3, contains a non-zero unitary sub-
module H (D, V) if and only if

Ae{s—=2}U(s—2,00).

(5) When G = Sping(2,n) and

(T2, O(D,V)), originally unitarizable when A > n — 1, contains a non-zero
unitary submodule Hy(D, V') if and only if

Y

(*3%,00) (k=0
_ k %

From the explicit norm computation, we can also determine completely
when the representation is reducible, and get some informations on the composition
series, as in [6], [18]. We denote the K-type decomposition of O(D,V)x =
P(p™, V) by

Pp*,V) =P Wa,
and for f € W, we denote the ratio of norms by || f|13 /Il fl#, = Rm()), so that

<f7 g>)\,7' - Z Rm()‘><fm; gm>F,T-

If A is not a pole for all R,,,(\), then the above sesquilinear form is well-defined, and
non-degenerate for our cases because the numerator of each R,,(\) is one. From
this we can show (d7y, P(p™,V)) is irreducible, because if P(p*, V) has a proper
submodule M, then its orthogonal complement M* also becomes a submodule,
and both M and M* contain a p*-invariant vector i.e. contain the minimal
K-type V', which is a contradiction. We note that in our cases the sesquilinear
form is always definite on each K -isotypic component, and thus M* is precisely
a complement vector space.

On the other hand, if A is a pole for some R,,()), then (dry, P(p™,V)) is
reducible. In fact, for 7 € N and A € R we define Mj()\) as the direct sum of
W, ’s such that R,,(\) has a pole of order at most j at A. Then the sesquilinear
form

lim (X = AV (£, g} (6.1)
N—=A
is (g, K)-invariant under the representation dry on M,()\), which vanishes on
M; (). Thus M;()\) is a (g, K)-submodule of P(p*, V). Clearly M;(\)/M;_1(\)
is infinitesimally unitary if the sesquilinear form (6.1) is definite. This gives the
following theorem.
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Theorem 6.2. (1) When G = Sp(r,R) and V =V, . withk=0,1,...,

(2)

r—1, for N\éR and j=1,2,...,r, we define
M= D Vo CPRTV).
mj+k;<i-A+1

Then (dry, P(p*,V)) is reducible if and only if X < 5% and A € 3Z. In

this case we have the sequence of submodules

{O} - Ma<)‘) C Ma+2(>‘) c---C Mb()‘> - ,P<p+7 V),

where
22+1 (E<a<d,
. 20 +3 (0 <A< 5L, y_lr—1 (2A=7r mod 2),
IRE! A< -1 Xen), ] (2\# 7 mod 2).
2 A<-L xezZ+1),

Mayi1(N) (A = & EEL =2y and Ppt, V) /M.(\) (N < 52, 20 # 7

2072 12 2
mod 2) are infinitesimally unitary.

When G = SU(q,s) and V = CRV," with k € Z%, (ki #0, kiyy =0, [ =
0,...,s—1), for N\é R and j =1,2,...,s, we define

M\ = P GV RVE C Pt V).
’I’Z]'<j—)\

Then (dry, P(p*,V)) is reducible if and only if X < min{q+1,s} —1, A€ Z
and there is no j =q+1,...,5 such that A\ =j —kj = j — kj_q41 holds. In
this case we have the sequence of submodules

{0} € Mo(N) C Moa(N) C--- C My(N) CP(p™, V),
where

L A< —hy),

and b=s if ¢ > s,

min{q + 1, s} (min{q+1,5} — kminfis—qy < A <min{qg+1,s} — 1),

b=47J (J=kjg SA<J—kj—qs1) (¢+1<j<min{g+I,s}—1),
q (A< q—Hh)
if ¢ <s.

If ¢ > s or k =0, then My;1(A\) (A =11+ 1,...,min{qg,s} — 1) and
Pp*,V)/Muinggs1(A) (A < min{q, s} — 1, A € Z) are infinitesimally uni-
tary.

If g <s and k # 0, then My;1(N) A=041+1,...,min{qg+1,s} —1) and
P+, V)/Muyinggr1,s3(A) (min{qg + 1,5} — Eminfrs—qp < A < min{qg +1,s} —
1, X € Z) are infinitesimally unitary.
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3 en = r) an wit € Zoy, for A € an
When G SO*(4 dV = Vko 7777 0) h k € Zsoy, for A € R and
j=1,2,...,r, we define

M]()\) = @ ‘/v(\;’bl-i-k‘hml ..... my+kr,my) - P(p+7 V)

mj+kj <2j—A—1

Then (drx, P(pt,V)) is reducible if and only if A < 2r —2 and A\ € Z. In
this case we have the sequence of submodules

{0} € M,(\) € Myq(N) C - C M. (\) CP(pt, V),

where
[3]4+1 B<Aa<2r—2),
a=<2 (—k+1<A1<2),
1 (A< —k)

My () A=24,...20=2ifk>1,A=02...2r—2 if k=0) and
Ppt,V)/M,(A\) A<2r—2, A€ Z) are infinitesimally unitary.

.....

J —1,2,...,r, we define

M;(A) = @ ‘/(Yru 1=k —kr )+ (k) 2,0,k )2) CP(P V).

mj—k;+k<2j—A—1

Then (dry, P(p*,V)) is reducible if and only if N < 2r —2 and N € Z. In
this case we have the sequence of submodules

{O} - Ma<>‘) - Ma-‘rl(/\) c---C Mr()‘> - P(p+,V),

where
r (2r—3—k<A<2r-—2),
a=1q [ +1 (—k+1<A<2r—4-—k),
1 (A < —k).
M,(2r = 2) and P(p™,V)/M.(N) (A < 2r —2, X\ € Z) are infinitesimally
unitary.

-----

j=12,. 1“—1—1 we define

M]()\) = @ ‘/(\;rll-‘y-kl,ml ..... mr+kr7mr) C P<p+’ V) (] = 17 R ,T),
mj+k;<2j—A—1
MT+1()\> = @ ‘/(m1+k1 M,y my+kr,ms) C P(p V)

kr41<2r—A+1

2 E>1
Then (dry, P(p*,V)) is reducible if and only if N < r (k> )’
A€ Z and (r,\) # (1,—k + 1). In this case we have the sequence of

submodules

{0} C€ My(\) C Myyi(N) C -+ C My(N) C P(p™, V),
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(7)
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where

r+1 2r+1—EF<A<2r),

=42 —k+1<)A<2
¢ (Ck+1l<ds r (A <2r—k).

[2]1+1 (3<Aa<2n),
o
1 (A< —k),

If k=0, then My ,(A) (A =0,2,...,2r = 2) and P(p*,V)/M.(A) (A <
2r — 2, X\ € Z) are infinitesimally unitary.

Ifk>1, then My 1 (A) (A=2,4,...,2r) and P(p*,V)/M11(N) (2r+1—
E<A<2r \e i) are infinitesimally unitary.

-----

M;(N) = @ Vv(\r/nl,ml—kl ..... My ke )+ (B2, k/2) & Pp*,V)

m;—k;+k<2j—A—1

M,y1(A) = @ V(Xu,mrkl ,,,,, sy —ke )+ (k )2,k /2) © 77(13+7V)-

k—kpi1<2r—A\

Then (dry, P(p™, V) is reducible if and only if X < 2r — 1, X € Z and

A #2r —k—1. In this case we have the sequence of submodules

{0} € M,(\) C My (N) C--- C My(N) C P(pt, V),

where
(r+1r+1) @2r—k<A<2r—1),
(a,b) = ¢ ([2FE]+1L,r) (mk+1<A<2r—2—k),
(1,7) (A< —k)
M, 1(2r — 1) and P(p*,V)/Myia(A) 2r —k < AX<2r—1, A\ € Z) are

nfinitesimally unitary.

When G = Sping(2,2s) and V = C, X Viy, g 1n) with k € %Zzo; for A e R
and j = 1,2, we define

My(N) = @ Crrtmatk B Vi, ot ) C P(Iﬁ, V),

my+k+Hl<l—X

My(X) = @ Conitmatrk B Vi —motip,. oty C P, V).

ma+k—I<g5—A

Then (dry, P(pt,V)) is reducible if and only if A < s—1 and A € Z. In
this case we have the sequence of submodules
{0} € My(\) C P(p™, V) (1-2k<A<s—1),
{0} € My(\) C May(\) C P(pt, V) (A < —2k).
Msy(s—1), My(0) (only when k=0), and P(p*,V)/My(N) AN<s—1, A€

Z) are infinitesimally unitary.
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(8) When G = Sping(2,2s+1) and V = C, X V(i ) with k =0, %, for e R
and j = 1,2, we define
M(N) = B Corimotk B Vim—motikoby € PHT, V),
mi1+k+I<l-—A
Ms(X) := @ Crnytmatk B Vi, —mottk,ei) € P(pF, V).

m2+k—l<%—)\

Then (drx,P(p*,V)) is reducible if and only if X < s — 3 and X € Z + 3,
or A< =2k and A € Z. In this case we have the sequence of submodules

(0} € Ma()) € P(p*, V) (Ags—%, NeZ 4D,

2
{0} € My(\) C P(pt, V) (A< =2k, A€ Z).

Ms(s—13), Mi(0) (only when k=0), and P(p*,V)/Ma(X) (A< s—13, A€
Z + %) are infinitesimally unitary.

By [15, Lemma 4.8], we can determine the associated variety of each sub-
quotient module by comparing the asymptotic K -support of each subquotient
module and (2.3). In fact, we have

O, (1=0,1,...,r—1),

Va(Mi (A) /My (or 1-1)(A)) = {5 —pt (I1>7)

Vo(P(p™, V) /My (ory (V) = O, = pT,

where we set My(A) = M_1(\) = {0}, O, are defined in (2.2), and r = rankg G.
These and (2.4) give the Gelfand-Kirillov dimension of each subquotient module.

I+ 3@r—1-1)d+1b (1=0,1,...,r—1)
DIM (M1 (N) /M (or i—1y( X)) = 2 T ’
(Mra N/ M or 1=y () {r—i-%r(r—l)d—i—rb:n (i>r),

1
DIM(P(p™, V') /My (or ry(N) = 7 + 57"(7“ —1)d+7rb=n.

Also, we can show that the smallest submodule M,(\) is irreducible in
any case, by the same argument for the irreducibility of P(p*,V) for A\ generic
case. However, we cannot determine whether the other subquotient modules are
irreducible or not, by the norm computation, and we need some other techniques
to determine the full composition series, such as the techniques used in e.g. [17],
[21], [22], or [1].
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