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Filiform Lie Algebras Without Rational Structures
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Abstract. Hamrouni and Souissi gave a sufficient condition for a family of 7-
dimensional filiform Lie algebras to have no rational structures and constructed
an example of a 7-dimensional filiform Lie algebra without rational structures
explicitly. In this paper, we give a sufficient condition for arbitrary-dimensional
filiform Lie algebras to have no rational structures. Moreover, we consider a
sufficient condition for products of filiform Lie algebras and arbitrary nilpotent
Lie algebras to have no rational structures and give infinitely many new examples
of nilpotent Lie algebras without rational structures.
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1. Introduction

An n-dimensional Lie algebra over K = R or C is said to be a Lie algebra with
a rational structure if g admits a basis such that the structure constants with
respect to this basis are rational. In the case where g is nilpotent, by a theorem of
Mal’cev, a nilpotent Lie algebra g has a rational structures if and only if the simply
connected nilpotent Lie group G whose Lie algebra is g has a uniform lattice. By
the classification of nilpotent Lie algebra of dimension n ≤ 6, it is known that
every nilpotent Lie algebra of dimension n ≤ 6 has a rational structure (cf. [8]).

The first example of a nilpotent Lie algebra without rational structures were
given by Mal’cev [7], which is a 16-dimensional nilpotent Lie algebra. Chao [1]
constructed 2-step nilpotent Lie algebras of dimension n ≥ 10 without rational
structures explicitly. Scheuneman [9] gave an example of a 2-step nilpotent Lie
algebra of dimension 8 without rational structures. Hamrouni and Souissi [6] gave
a sufficient condition for a family of 7-dimensional filiform Lie algebras to have
no rational structures. By using this condition, they constructed 7-dimensional
filiform Lie algebras without rational structures.

In this paper, we give a sufficient condition for almost all filiform Lie
algebras to have no rational structures. Moreover, we give a sufficient condition
for products of filiform Lie algebras and arbitrary nilpotent Lie algebras to have
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no rational structures and infinitely many new examples of nilpotent Lie algebras
without rational structures.

2. Structures of filiform Lie algebras

Let g be an n-dimensional nilpotent Lie algebra. The lower central series {g(k)}
of g is inductively defined by

g(1) = g and

g(k) = [g, g(k−1)].

The nilpotent Lie algebra g is said to be r -step if g(r) 6= {0} and g(r+1) = {0} .
By the definition, g is abelian if and only if g is one-step.

Let dk be the dimension of g(k)/g(k+1) , where k = 1, . . . , r and r is the
step of g . The sequence (d1, . . . , dr) is called the type of g . An n-dimensional
nilpotent Lie algebra g is said to be filiform if the step of g is n− 1 and the type
of g is (2, 1, . . . , 1).

One of the most classical example of filiform Lie algebras is the following.

Example 2.1. Let L = L(n) be the n-dimensional vector space spanned by
{e1 . . . , en} over K . Define a Lie bracket [ , ]L on L by

[e1, ei]L = ei+1

for any i = 2, . . . , n− 1 and the undefined brackets are zero. Then L is a filiform
Lie algebra. We call L the standard filiform Lie algebra.

Let L be the standard filiform Lie algebra and Z2(L,L) be the space of
2-cocycles of the adjoint module L . Let In be an index set defined by

I0n = {(k, s) ∈ N× N | 2 ≤ k ≤ [n/2], 2k + 1 ≤ s ≤ n} and

In =

{
I0n if n is odd,
I0n ∪ {(n/2, n)} if n is even.

Then for any element (k, s) ∈ In , an associated 2-cocycle ψk,s ∈ Z2(L,L) is
defined by

ψk,s(ei ∧ ej) =

 (−1)k−i
(
j − k − 1
k − i

)
es+i+j−2k−1 if 2 ≤ i ≤ k < j ≤ n,

0 otherwise.

Let ψ =
∑

(k,s)∈In

αk,sψk,s be a 2-cocycle such that

ψ(X ∧ ψ(Y ∧X)) + ψ(Y ∧ ψ(Z ∧X)) + ψ(Z ∧ ψ(X ∧ Y )) = 0

for any X, Y, Z ∈ L , where αk,s ∈ K . Then we can define a new structure of Lie
algebras [ , ] on L = 〈e1, . . . , en〉K by the following:

[ei, ej] = [ei, ej]L + ψ(ei ∧ ej).
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Definition 2.2. We call the Lie algebra L with the above Lie bracket the Lie
algebra associated with ψ and denote by Lψ .

It is known that any n-dimensional filiform Lie algebra over C is isomorphic
to Lψ for some ψ ∈ Z2(L,L) (cf. [5], [10]).

By a computation, we can see that the brackets of Lψ are given by

[e1, ej] = ej+1, 2 ≤ j ≤ n− 1,

[ei, ej] =
n∑
r=1

[(j−i−1)/2]∑
l=0

(−1)l
(
j − i− l − 1

l

)
αi+l,r−j+i+2l+1

 er, 2 ≤ i < j ≤ n,

where αk,s = 0 if (k, s) 6∈ In . In fact, the above brackets of Lψ are determined by
the following brackets:

[e1, ej] = ej+1, 2 ≤ j ≤ n− 1.

[ek, ek+1] = αk,2k+1e2k+1 + · · ·+ αk,nen, 2 ≤ k ≤ [(n− 1)/2].

[en
2
, en+2

2
] = αn

2
,nen if n is even.

By the above equations, we have the following proposition.

Proposition 2.3. Let ψ =
∑

(k,s)∈In

αk,sψk,s be a 2-cocycle and Lψ = 〈e1, . . . , en〉K

be the Lie algebra associated with ψ . Then Lψ satisfies the following properties:

(i) L
(k)
ψ = 〈ek+1, . . . , en〉K for any k = 2, . . . , n− 1.

(ii) If n is odd, then [ei, ej]ψ ∈ 〈ei+j, . . . , en〉K for any i and j .

(iii) If n is even and αn
2
,n = 0, then [ei, ej]ψ ∈ 〈ei+j, . . . , en〉K for any i and j .

(iv) The centralizer z(L
(n−2)
ψ ) of L

(n−2)
ψ is spanned by {e2, . . . , en}.

3. Main Theorem

Let L = L(n) = 〈e1, . . . , en〉K be the standard filiform Lie algebra of dimension

n ≥ 7, ψ =
∑

(k,s)∈In

αk,sψk,s a 2-cocycle, and Lψ the Lie algebra associated with ψ .

Let h be a t-dimensional r -step nilpotent Lie algebra over K , where 0 ≤ r ≤ n−2
and 0-step means h is the 0-dimensional Lie algebra. Let g = Lψ × h be the
product Lie algebra of Lψ and h .

Fix a basis {v1, . . . , vt} of h such that {v1, . . . , vsk} span the ideal h(k)

for each k = 2, . . . , r . If h is 0-step, we put t = 0. Then g is spanned by
{e1, . . . , en, v1, . . . , vt} . By Proposition 2.3, g(k) satisfies the following properties:

g(k) = 〈ek+1, . . . , en, v1, . . . , vsk〉K for any k = 2, . . . , r.

g(k) = 〈ek+1, . . . , en〉K for any k = r + 1, . . . , n− 1.

z(g(n−2)) = 〈e2, . . . , en, v1, . . . , vt〉K.
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Let akij be the structure constants of Lψ with respect to the basis {e1, . . . , en} .
Suppose that n is odd or n is even and αn

2
,n = 0. Then we have

[ei, ej] =
n∑

k=i+j

akijek. (3.1)

For each j = 2, . . . , n− 1, we have aj+1
1,j = 1 since [e1, ej] = ej+1 .

Lemma 3.1. Let p, q be integers satisfying p > 1, q > 1, p 6= q and 1 +p+ q =
n. Suppose that r satisfies p ≥ r + 1 and q ≥ r + 1. If ap+qp,q and anq,p+1 are
non-zero, and g has a rational structure, then anq,p+1/a

p+q
p,q is a rational number.

Proof. Suppose that g has a rational structure. By Corollary 5.2.2 of [2] ideals
g(k) are rational for each k = 2, . . . , n− 1. Since g(n−2) is rational, by Proposition
5 of [3], the centralizer z(g(n−2)) is also rational. Therefore there exists a strong
Mal’cev basis

{
ε′1, . . . , ε

′
n+t

}
over Q through z(g(n−2)), g(2), . . . , g(n−1) (see [2]),

that is, there exists a basis
{
ε′1, . . . , ε

′
n+t

}
which satisfies the following conditions:

(a) For each k = 1, . . . , n+ t, 〈ε′k, . . . , ε′n+t〉K is an ideal of g .

(b) z(g(n−2)) = 〈ε′2, . . . , ε′t+n〉K ,

g(k) = 〈ε′t−sk+k+1, . . . , ε
′
t+n〉K for each k = 2, . . . , r , and

g(k) = 〈ε′t+k+1, . . . , ε
′
t+n〉K for each k = r + 1, . . . , n− 1.

(c) The structure constants of g with respect to the basis {ε′1, . . . , ε′t+n} are
rational.

We define a new basis {ε1, . . . , εn+t} by

ε1 = ε′1
ε2 = ε′2,

εk+1 = ε′t−sk+k+1, k = 2, . . . , r,

εk+1 = ε′t+k+1, k = r + 1, . . . , n− 1, and

εn+sk+1+j = ε′t−sk+k+1+j, k = 1, . . . ,m, j = 1, . . . , sk − sk+1,

where s1 = t and sr+1 = 0. Then the basis {ε1, . . . , εn+t} satisfies the following
conditions:

(i) z(g(n−2)) = 〈ε2, . . . , εn+t〉K ,

g(k) = 〈εk+1, . . . , εn+sk〉K for each k = 2, . . . , r , and

g(k) = 〈εk+1, . . . , εn〉K for each k = r + 1, . . . , n− 1.

(ii) The structure constants ckij of g with respect to the basis {ε1, . . . , εn+t} are
rational.
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Let (bij) be the matrix for changing the basis {e1, . . . , en, v1, . . . , vt} to the
basis {ε1, . . . , εn+t} . By the condition (i) above, we obtain the following equations:

ε1 =
n∑
k=1

bk1ek +
t∑

k=1

bk+n1 vk.

εj =
n∑
k=j

bkj ek +

sj−1∑
k=1

bk+nj vk, j = 2, . . . , r + 1.

εj =
n∑
k=j

bkj ek, j = r + 2, . . . , n.

εj =
n∑

k=l+1

bkj ek +

sl∑
k=1

bk+nj vk, l = 1, . . . , r, j = n+ sl+1 + 1, . . . , n+ sl.

(3.2)

Since (bij) is regular, bjj 6= 0 for each j = 1, r+ 2, . . . , n . For each j = 2, . . . , r+ 1,
by changing εj to εn+l for a suitable l = sj + 1, . . . , sj−1 if necessary, we may
assume that bjj 6= 0 for each j = 2, . . . , r + 1.

By equations (3.1) and (3.2) and the fact that [h(i), h(j)] ⊂ h(i+j) , we have
the following:

[ε1, εj] ∈ 〈e1+j, . . . , en, v1, . . . , vsj〉K = g(j), j = 2, . . . , n− 1.

[εi, εj] ∈ 〈ei+j, . . . , en, v1, . . . , vsi+j−2
〉K ⊂ g(i+j−2), 2 ≤ i, j ≤ n.

In particular, we have

[ε1, εj] ∈ 〈e1+j, . . . , en〉K = 〈εj+1, . . . , εn〉K

if j satisfies r + 1 ≤ j ≤ n− 1 and

[εi, εj] ∈ 〈ei+j, . . . , en〉K = 〈εi+j, . . . , εn〉K

if i and j satisfy 2 ≤ i, j ≤ n and i+ j − 2 ≥ r + 1.

By the assumption of p, q, and r , these integers satisfy 1 + p + q = n ,
p ≥ r + 1, q ≥ r + 1, and p + q − 2 ≥ r + 1. Therefore, by equations (3.1) and
(3.2), we obtain the equations

[εq, [ε1, εp]] = bqqb
p
pb

1
1a
n
q1+pa

1+p
1p en and

[ε1, [εp, εq]] = b11b
p
pb
q
qa
n
1p+qa

p+q
pq en.

(3.3)
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On the other hand, we have the following equations:

[εq, [ε1, εp]] = [εq,
n∑

k=p+1

ck1,pεk]

=
n∑

k=p+1

n∑
l=q+k

ck1,pc
l
q,kεl

= cnq1+pc
1+p
1p bnnen.

[ε1, [εp, εq]] = [ε1,
n∑

k=p+q

ckp,qεk]

=
n∑

k=p+q

n∑
l=1+k

ckp,qc
l
1,kεl

= cp+qp,q c
n
1,p+qb

n
nen.

(3.4)

Since a1+j1j = 1 for each j = 2, . . . , n − 1, ap+qpq 6= 0, and anq1+p 6= 0, by equations
(3.3) and (3.4), we obtain

b11b
p
pb
q
q

bnn
=
cnq1+pc

1+p
1p

anq1+p
and

b11b
p
pb
q
q

bnn
=
cn1p+qc

p+q
pq

ap+qpq

.

(3.5)

If i and j satisfy either i = 1 and r + 1 ≤ j ≤ n − 1 or 2 ≤ i, j ≤ n − 1
and i+ j − 2 ≥ r + 1, then we have

[εi, εj] =
n∑

k=i+j

n∑
l=k

ckijb
l
kel and

[εi, εj] =
n∑
k=i

n∑
l=j

n∑
m=k+l

bki b
l
ja
m
k,lem.

By comparing the (i+j)-part of the right-hand sides of these equations, we obtain
the equation

ci+jij bi+ji+j = biib
j
ja
i+j
ij .

Therefore, since ap+qpq 6= 0, a1+j1j = 1 for each j = 2, . . . , n− 1, and bkk 6= 0 for each

k = 1, . . . , n we have cp+qpq 6= 0 and c1+j1j 6= 0 for each j = 2, . . . , n− 1.

Hence, by the equations (3.5), we have

anq1+p

ap+qpq

=
cnq1+pc

1+p
1p

cn1p+qc
p+q
pq

.

Since each ckij is rational, we have anq1+p/a
p+q
pq ∈ Q .
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Theorem 3.2. Let ψ =
∑

(k,s)∈In

αk,sψk,s be a 2-cocycle and Lψ be the Lie algebra

associated with ψ . Let h be an arbitrary r -step nilpotent Lie algebra.

(i) Suppose that n = 2m+1 and r ≤ m−2. If αm,2m+1/αm−1,2m−1 is irrational,
then Lψ × h has no rational structures.

(ii) Suppose that n = 2m, r ≤ m − 3, and αm,n = 0. If αm−2,2m−3/αm−1,2m−1
is irrational, then Lψ × h has no rational structures.

Proof. First, we assume that n = 2m + 1. Let p = m − 1 and q = m + 1.
Then we have

[em−1, em+1] =
n∑
r=1

[1/2]∑
l=0

(−1)l
(

1− l
l

)
αm−1+l,r+2l−1

 er

=
n∑
r=1

αm−1,r−1er

= αm−1,2m−1e2m + αm−1,2me2m+1 and

[em, em+1] = αm,2m+1e2m+1.

Hence we obtain a2mm−1,m+1 = αm−1,2m−1 . By the assumption,

αm,2m+1/αm−1,2m−1 = a2m+1
m,m+1/a

2m
m−1,m+1

= −a2m+1
m+1,m/a

2m
m−1,m+1

is irrational. Therefore, by Lemma 3.1, Lψ × h has no rational structures.

Next, we assume that n = 2m and αm,n = 0. Let p = m−2 and q = m+1.
Then we have the following equations:

[em−2, em+1] =
n∑
r=1

(
1∑
l=0

(−1)l
(

2− l
l

)
αm−2+l,r+2l−2

)
er

=
n∑
r=1

(αm−2,r−2 − αm−1,r) er

= (αm−2,2m−3 − αm−1,2m−1)e2m−1 + (αm−2,2m−2 − αm−1,2m)e2m.

[em−1, em+1] = αm−1,2m−1e2m.

Hence we obtain

a2m−1m−2,m+1 = αm−2,2m−3 − αm−1,2m−1 and

a2mm−1,m+1 = αm−1,2m−1.

Therefore we have

a2mm+1,m−1/a
2m−1
m−2,m+1 = −αm−1,2m−1/(αm−2,2m−3 − αm−1,2m−1).

By the assumption, αm−2,2m−3/αm−1,2m−1 is irrational. Hence a2mm+1,m−1/a
2m−1
m−2,m+1

is also irrational. Therefore, by Lemma 3.1, Lψ × h has no rational structures.
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4. Examples of Lie algebras without rational structures

By using Theorem 3.2, we give concrete examples of nilpotent Lie algebras without
rational structures.

Example 4.1. Let ψ = αψ2,5+ψ3,7 be a 2-cocycle and gα be the 7-dimensional
Lie algebra associated with ψ . Then gα is spanned by {e1, . . . e7} and the Lie
bracket is defined by

[e1, ej] = ej+1 for any j = 2, . . . , 6,

[e2, e3] = αe5,

[e2, e4] = αe6,

[e2, e5] = (α− 1)e7, and

[e3, e4] = e7,

where undefined brackets are zero. Since α3,7/α2,5 = 1/α , gα has no rational
structures if α ∈ RrQ .

This Lie algebra gα is isomorphic to the example constructed by Hamrouni
and Souissi in [6].

Example 4.2. Let ψ = αψ2,5+ψ3,7 be a 2-cocycle and gα be the 8-dimensional
Lie algebra associated with ψ . Then gα is spanned by {e1, . . . , e8} and the Lie
bracket is defined by

[e1, ej] = ej+1 for any j = 2, . . . , 7,

[e2, e3] = αe5,

[e2, e4] = αe6,

[e2, e5] = (α− 1)e7,

[e2, 26] = (α− 2)e8,

[e3, e4] = e7, and

[e3, e5] = e8,

where the undefined brackets are zero. Since α2,5/α3,7 = α , gα is no rational
structures if α ∈ RrQ .

We remark that this 8-dimensional Lie algebra gα is not isomorphic to the
Lie algebra constructed by Scheuneman in [9].

Example 4.3. Let ψ = ψ2,5 + αψ3,7 + 3α2

α+2
ψ4,9 be a 2-cocycle, where α 6= −2,

and gα be the 9-dimensional Lie algebra associated with ψ . Then gα is spanned
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by {e1, . . . , e9} and the Lie bracket is defined by

[e1, ej] = ej+1 for any j = 2, . . . , 8,

[e2, e3] = e5,

[e2, e4] = e6,

[e2, e5] = (1− α)e7,

[e2, e6] = (1− 2α)e8,

[e2, e7] =
−5α + 2

α + 2
e9,

[e3, e4] = αe7,

[e3, e5] = αe8,

[e3, e6] =
2α(−α + 1)

α + 2
e9, and

[e4, e5] =
3α2

α + 2
e9,

where the undefined brackets are zero. Since α4,9/α3,7 = 3α
α+2

, gα is no rational
structures if α ∈ RrQ .

Example 4.4. Let ψ = ψ2,5 + αψ3,7 + 3α2

α+2
ψ4,9 be a 2-cocycle, where α 6= −2,

and gα be the 10-dimensional Lie algebra associated with ψ . Since α3,7/α4,9 =
α+2
3α

, gα is no rational structures if α ∈ RrQ .

Example 4.5. Let gα be a nilpotent Lie algebra defined in Example 4.1, 4.2,
4.3, and 4.4. If α ∈ RrQ , then gα × Rn has no rational structures for any n .

This example is also obtained by using a theorem of Ghorbel and Hamrouni
(see theorem 5 in [3]).

Example 4.6. Let gα be a nilpotent Lie algebra defined in Example 4.3 and
4.4. Let h be an arbitrary dimensional 2-step nilpotent Lie algebra. Then gα × h
has no rational structures if α ∈ RrQ .
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Dedicata, 40 (1991), 269–295.

[6] Hamrouni H., and S. Souissi, Nilpotent Lie algebras without Q-structures, J.
Lie Theory, 19 (2009), 391–394.

[7] Mal’cev A. I., On a class of homogeneous spaces, Transl. A. M. S. 9 (1951),
276–307.

[8] Onishchik A. L., and E. B. Vinberg, “Lie groups and Lie algebras II,” Ency-
clopaedia of Mathematical Sciences 20, Springer, Berlin, 1997.

[9] Scheuneman J., Two-step nilpotent Lie algebras, J. Algebra, 7 (1967), 152–
159.

[10] Vergne, M., Cohomologie des algèbres de Lie nilpotentes. Application à l’étude
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