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Abstract. Hamrouni and Souissi gave a sufficient condition for a family of 7-
dimensional filiform Lie algebras to have no rational structures and constructed
an example of a 7-dimensional filiform Lie algebra without rational structures
explicitly. In this paper, we give a sufficient condition for arbitrary-dimensional
filiform Lie algebras to have no rational structures. Moreover, we consider a
sufficient condition for products of filiform Lie algebras and arbitrary nilpotent
Lie algebras to have no rational structures and give infinitely many new examples
of nilpotent Lie algebras without rational structures.
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1. Introduction

An n-dimensional Lie algebra over K = R or C is said to be a Lie algebra with
a rational structure if g admits a basis such that the structure constants with
respect to this basis are rational. In the case where g is nilpotent, by a theorem of
Mal’cev, a nilpotent Lie algebra g has a rational structures if and only if the simply
connected nilpotent Lie group G whose Lie algebra is g has a uniform lattice. By
the classification of nilpotent Lie algebra of dimension n < 6, it is known that
every nilpotent Lie algebra of dimension n < 6 has a rational structure (cf. [8]).

The first example of a nilpotent Lie algebra without rational structures were
given by Mal’cev [7], which is a 16-dimensional nilpotent Lie algebra. Chao [1]
constructed 2-step nilpotent Lie algebras of dimension n > 10 without rational
structures explicitly. Scheuneman [9] gave an example of a 2-step nilpotent Lie
algebra of dimension 8 without rational structures. Hamrouni and Souissi [6] gave
a sufficient condition for a family of 7-dimensional filiform Lie algebras to have
no rational structures. By using this condition, they constructed 7-dimensional
filiform Lie algebras without rational structures.

In this paper, we give a sufficient condition for almost all filiform Lie
algebras to have no rational structures. Moreover, we give a sufficient condition
for products of filiform Lie algebras and arbitrary nilpotent Lie algebras to have
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no rational structures and infinitely many new examples of nilpotent Lie algebras
without rational structures.

2. Structures of filiform Lie algebras

Let g be an n-dimensional nilpotent Lie algebra. The lower central series {g®)}
of g is inductively defined by

g =g and

g®) = [g,g*" V).

The nilpotent Lie algebra g is said to be r-step if g # {0} and g"+Y = {0}.
By the definition, g is abelian if and only if g is one-step.

Let dj, be the dimension of g® /g*+) where k = 1,...,7 and r is the
step of g. The sequence (di,...,d,) is called the type of g. An n-dimensional
nilpotent Lie algebra g is said to be filiform if the step of g is n — 1 and the type
of gis (2,1,...,1).

One of the most classical example of filiform Lie algebras is the following.

Example 2.1. Let L = L(n) be the n-dimensional vector space spanned by
{e1...,e,} over K. Define a Lie bracket [ , |, on L by

[61, ei]L = €i+1

for any ¢ = 2,...,n — 1 and the undefined brackets are zero. Then L is a filiform
Lie algebra. We call L the standard filiform Lie algebra.

Let L be the standard filiform Lie algebra and Z2(L, L) be the space of
2-cocycles of the adjoint module L. Let I, be an index set defined by

I ={(k,s) cENxN|2<k<[n/2],2k+1<s<n}and
I I° if n is odd,
"l IPU{(n/2,n)} if nis even.

Then for any element (k,s) € I,,, an associated 2-cocycle ¢y, € Z*(L,L) is
defined by

j—k—1

Vi s(e; Nej) = ( 1)k1( k—i )€S+i+j—2k—1 if2<i<k<j<n,
,S (2 1) —
0

otherwise.

Let ¢ = Z oy sVk,s be a 2-cocycle such that
(k,s)eln

XAV ANX)) + Y AYZAX)) +D(Z APXAY)) =0

for any X,Y,Z € L, where oy s € K. Then we can define a new structure of Lie
algebras [ , | on L = (ey,...,e,)x by the following:

lei, e5] = [ei, e5]L + ¥ (e A ej).
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Definition 2.2.  We call the Lie algebra L with the above Lie bracket the Lie
algebra associated with ¢ and denote by L.

It is known that any n-dimensional filiform Lie algebra over C is isomorphic
to L, for some ¢ € Z*(L, L) (cf. [5], [10]).
By a computation, we can see that the brackets of L, are given by

[617ej]:ej+17 QSJSn_17

n ((j—i=1)/2] .
—i1—1—-1 . .
e, ej] = Z Z (1) (‘7 I ) Qi r—jritaisl | €, 251 <j<n,

r=1 =0

where oy s = 0 if (k,s) & I,,. In fact, the above brackets of L, are determined by
the following brackets:
[61,6]‘] :ej-l-la 2§.] Sn_]-
ek, ert1] = Qport1Corir + -+ Qppen, 2< k< [(n—1)/2].

[en, ensz] = an ue, if nis even.
2 b

By the above equations, we have the following proposition.

Proposition 2.3.  Let ¢ = Z Q. sVrs be a 2-cocycle and Ly = (eq, ..., en)k

(k,s)eln
be the Lie algebra associated with 1. Then Ly satisfies the following properties:

(i) Lq(f) = (€k+1,---,en)k forany k=2,...,n—1.
(11) If n is odd, then [e;, ejly € (€itrj, ..., en)x for any i and j.
(ii) If n is even and an, =0, then [e;, ejly € (€itj, ..., en)x for any i and j.

(iv) The centralizer 3(pr”_2)) of Lz(pn—2) is spanned by {ea, ..., en}.

3. Main Theorem

Let L = L(n) = {e1,...,e,)x be the standard filiform Lie algebra of dimension
n>7, 9= Z a,sVks a 2-cocycle, and Ly, the Lie algebra associated with 1.
k,s)EIly

Let b be a t(-di)mensional r-step nilpotent Lie algebra over K, where 0 <r < n—2
and 0O-step means b is the O-dimensional Lie algebra. Let g = L, x b be the
product Lie algebra of L, and b.

Fix a basis {vi,...,v;} of b such that {v,..., v, } span the ideal h*)
for each £k = 2,....r. If h is O-step, we put ¢t = 0. Then g is spanned by
{e1,...,en,v1,...,v;}. By Proposition 2.3, g*) satisfies the following properties:

g™ = (eri1, - €n, U1, -5 Vg K forany k=2,... 7.
g™ = (epi1,. .. en)k forany k=r+1,...,n—1

3(g(n72)) — <e27 ey Cpy U, ;Ut>K-
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Let afj be the structure constants of Ly, with respect to the basis {ey,...,e,}.
Suppose that n is odd or n is even and az , = 0. Then we have

lei, e;] = Z a”ek (3.1)

k=i+j

Jj+1

1,7 =1 since [61, ej] =€j41-

For each j =2,...,n— 1, we have a
Lemma 3.1.  Let p,q be integers satisfying p>1,q>1, p#q and 1+p+q =
n. Suppose that r satisfies p > r+1 and ¢ > r + 1. ]f apzq and ay,. ., are
non-zero, and g has a rational structure, then aj . \/abt? is a rational number.

Proof.  Suppose that g has a rational structure. By Corollary 5.2.2 of [2] ideals
g*) are rational for each k =2,...,n—1. Since g2 is rational, by Proposition
5 of [3], the centralizer 3(g™~?) is also rational. Therefore there exists a strong
Mal'cev basis {€},...,€,,} over Q through 3(g"?),g®,...,g" Y (see [2]),
that is, there exists a basis {e’l, ce € +t} which satisfies the following conditions:

(a) Foreach k=1,...,n+t,(€,..., e, )k is an ideal of g.

(b) 5(g(n72)) = <6/27 ceey €;+n>K

k) _ [ / _
g% = (€}, ths1s- s Epn)x for each k=2,... 7, and
k) _ / ! _
g™ = (€l 41, s €k foreach k=r+1,...,n—1.
(c) The structure constants of g with respect to the basis {e},...,€,,} are
rational.
We define a new basis {€1,..., €.} by
/
o
62 — 62,
/
€k+1 = Et—8k+k+17 k= 27 s T
/
€kl = €qpy1y k=r+1,...,n—1, and
, .
Entspri+j — Et—sk+k+1+j’ k= 17 cees My = 17 <oy Sk T Sk41,
where s; =t and s,y = 0. Then the basis {ey,...,€,.} satisfies the following
conditions:

() 5(672) = (en, s ensedic
g(k) = <Ek+17 e 7€n+8k>K for each k = 27 e T and
g% = (€11, .., €n)x foreach k=r+1,...,n—1.

(ii) The structure constants c of g with respect to the basis {e1,..., 6,44} are
rational.
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Let (b%) be the matrix for changing the basis {ei,...,en,v1,..., v} to the
basis {€1, ..., €,1+}. By the condition (i) above, we obtain the followmg equations:

n t
€ = E Wrey + E i
SJ 1

—Zbkek+2bk+” Ve, j=2,...,r4 1.
ej:beek, J=r4+2,....n

€ = Z bkek+Zbk+" l=1,...;r, j=n+s41+1,....,n+ s
k=l+1

Since (b%) is regular, b; #0 foreach j=1,r4+2,...,n. Foreach j =2,...,r+1,
by changing €; to €,4; for a suitable [ = s; +1,...,s; 1 if necessary, we may
assume that b} # 0 for each j =2,...,r+1.

By equations (3.1) and (3.2) and the fact that [h¥ h)] C ) we have
the following:

[El,Ej] S (61+]~,...,en,vl,...,vsj)K:g(j), ]:2,,77,—1

o o
(€1, €5] € (€itgseslny V1, s Uiy oK CE(HJ ), 2<ij<n
In particular, we have

€1, €5] € (e14gs - -s ) = (€11, s En)K

if j satisfies r+1<j<n—1 and

€, €5] € (€itjs s en)k = (€itjr- -5 €n)K

if 2 and j satisfy 2<i,j<nandi+j—2>r+1.

By the assumption of p,q, and r, these integers satisfy 1+ p + ¢ = n,
p>r+1,¢g>r+1,and p+q—2> 7‘—1—1 Therefore, by equations (3.1) and
(3.2), we obtain the equations

leq, [e1. €] = bIbEb1a ZHpai;pen and

€1, [€p, €] = blbpbqa1p+qap+qen.

(3.3)
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On the other hand, we have the following equations:

[eq’ [61’ ep” = [Etp Z clipek]

k=p+1

n n

_ kol
- § : § : C1,pCq,k€l

k=p+1l=q+k

1+pin

=, bre

ql+p*~lp

" (3.4)

[617 [EZNEQH - [617 Z Cl;,qek]

k=p+q

n n
_ kol
= Z Z CpgC1kEl

k=p+ql=1+k
+q n
=cp 2ty bnen.

Since alﬂ =1foreach j=2,...,n—1, ab¥ #0, and a,,, # 0, by equations
(3.3) and (3.4), we obtain

14+p
blPpe v ¢
1 1 1

bfL 9 _ 4 +p p and

n q1+p (3 5)
11ppa p+q )
blbzbq _ Clp+qc

n o p+q

by Qpq

If 7 and j satisfy either t =1l and r+1<j<n—1or2<ij<n-—1
and i +7 —2>r+ 1, then we have

leiy €5] = E E kel and

kz+]lk

€, €] = ZZ Z bkbl@klem

k=i l=j m=k+l

By comparing the (i+ j)-part of the right-hand sides of these equations, we obtain
the equation

H—] bzig — bzbjal-H )

Therefore, since ab @ # 0, alﬂ =1 for each j = 2,. —1, and b} # 0 for each
k=1,.. nWehavecp+q7é0andclj]#OforeaCh]fQ ,n—1.
Hence, by the equations (3.5), we have

a” 1+p
Qg14p _ Cq1+pclp
ptq

Upg Clp—&—chq

: ko5 : n p+q
Since each ¢j; is rational, we have ap,,,/abr? € Q. u
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Theorem 3.2. Let ¢ = Z oy sYrs be a 2-cocycle and Ly, be the Lie algebra
(k,s)ely,
associated with . Let b be an arbitrary r-step nilpotent Lie algebra.

(1) Suppose that n =2m+1 and r < m—2. If tpomt1/Qm—12m—1 1 irrational,
then Ly x b has no rational structures.

(ii) Suppose that n =2m, r < m —3, and myu = 0. If m_29m—3/0Un—12m-1
is wrrational, then Ly X B has no rational structures.

Proof. First, we assume that n =2m + 1. Let p=m —1 and ¢ = m + 1.
Then we have

n (1/2]
1—1
[em—176m+1] = Z Z(—l)l < I ) Om—1+1r+20-1 | Er

r=1 =0

n
= E Om—1,r—1€r
r=1

= Qup—1,2m—1€2m + Qum—12m€am+1  and
[€m7 em+1] = Om 2m+1€2m+1-
Hence we obtain afnm_lm 41 = Qm_12m—1. By the assumption,
U amt1/Cm—1.2m—1 = imrih/ U 1 g1
Ennrilm/&m 1,m+1

is irrational. Therefore, by Lemma 3.1, L, X b has no rational structures.
Next, we assume that n = 2m and o, =0. Let p=m—2 and ¢ = m+1.
Then we have the following equations:

[em—2, €mi1] = Zn: <i(—1)l (2 il l) O‘m—2+l7r+2l—2> er

r=1
= Z (am—Q,r—Q - am—l,r) €y
r=1

= (am72,2m73 - am71,2m71)€2m71 + (am72,2m72 - amfl,Qm)GQm-
[Gm—h €m+1] = Om—12m—1€2m-
Hence we obtain

2m—1 _
Cpn—2m+1 = ¥m—22m—-3 — Om—12m—1 and

Ap—1,m+1 — Om—12m—1-

Therefore we have

m+1 m— 1/am 2 m+1 am—1,2m—l/(am—2,2m—3 - CYm—l,Zm—l)-

2m m—1
By the assumption, c4,—22m—3/Qm—1,2m—1 is irrational. Hence a2, /a?™5!

is also irrational. Therefore, by Lemma 3.1, Ly x b has no rational structures. =
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4. Examples of Lie algebras without rational structures

By using Theorem 3.2, we give concrete examples of nilpotent Lie algebras without
rational structures.

Example 4.1.  Let ¢ = aiyy5+137 be a 2-cocycle and g, be the 7-dimensional
Lie algebra associated with ¢. Then g, is spanned by {ej,...e;} and the Lie
bracket is defined by

le1,e;] =ej41  forany j=2,...,6,
[ea, €3] = aves,
[ea, €4] = creg,
lea, €5] = (v — 1)e7, and
[637 64] = ér,
where undefined brackets are zero. Since asz/ass = 1/a, g, has no rational

structures if « € R\ Q.

This Lie algebra g, is isomorphic to the example constructed by Hamrouni
and Souissi in [6].

Example 4.2.  Let ¢ = ay5+137 be a 2-cocycle and g, be the 8-dimensional
Lie algebra associated with ¢. Then g, is spanned by {ej,...,es} and the Lie
bracket is defined by

where the undefined brackets are zero. Since ass/a37 = «, g, is no rational
structures if a € R\ Q.

We remark that this 8-dimensional Lie algebra g, is not isomorphic to the
Lie algebra constructed by Scheuneman in [9].

Example 4.3. Let ¢ = 95 + P37 + %’Lp&g be a 2-cocycle, where a # —2,

and g, be the 9-dimensional Lie algebra associated with . Then g, is spanned
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by {e1,...,e9} and the Lie bracket is defined by

le1,e;] =ej41  forany j=2,...,8,
[62763] = €s,
e, e4] = e,
[e2, €5] = (1 — @)er,
[ea, €6] = (1 — 2a)eg,
—da + 2
[62,6’7] = o L2 €9,

2a(—a+1)
e3, 6] = —————=e9, and
les, eq) o2 9,
[ ] 3a?
€4, 65| = e
4, C5 C(—|—2 9,
where the undefined brackets are zero. Since ayg/c37 = ;’—fQ, go is no rational

structures if a € R\ Q.

Example 4.4. Let ¢ = 95 + ats7 + 2%221/)479 be a 2-cocycle, where o # —2,
and g, be the 10-dimensional Lie algebra associated with 1. Since aszz7/ag9 =

O;)—tf, go is no rational structures if « € R\ Q.

Example 4.5. Let g, be a nilpotent Lie algebra defined in Example 4.1, 4.2,
4.3, and 4.4. If « € R~ Q, then g, x R™ has no rational structures for any n.

This example is also obtained by using a theorem of Ghorbel and Hamrouni
(see theorem 5 in [3]).

Example 4.6. Let g, be a nilpotent Lie algebra defined in Example 4.3 and
4.4. Let b be an arbitrary dimensional 2-step nilpotent Lie algebra. Then g, x b
has no rational structures if o € R\ Q.
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