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1. Introduction

Complex Lie algebras up to dimension four were originally classified by Lie [15].
A few decades later, Bianchi [2] first classified the three-dimensional real Lie
algebras. It was only in the 1950s and 1960s that the real four-dimensional case
was treated. Several authors, such as Dobrescu [3], Kruckovic [11], Bratzlavsky [0],
Mubarakzyanov [17], and Ellis and Sciama [9], independently enumerated the
four-dimensional Lie algebras; Mubarakzyanov’s scheme (which is complete and
nonredundant) seems to be the most popular (cf. [16, 22, 20, 21]). To date, real
Lie algebras up to dimension six have been classified; a complete enumeration of
both the real and complex Lie algebras up to dimension six can be found in the
recent book [23] by Snobl and Winternitz. The classification of all real Lie algebras
of dimensions beyond six seems unrealistic due to the fast growing number of
multiparameter families of pairwise nonisomorphic Lie algebras (cf. [23, 18]). For
a more detailed account on the history of the classification of lower-dimensional
Lie algebras, see e.g., [16, 22, 21].

By Ado’s theorem, every finite-dimensional real Lie algebra is (isomorphic
to) the Lie algebra of some matrix Lie group. However, not every connected real Lie
group is linearizable. Two classic examples of Lie groups that are not linearizable
are the universal covering of the three-dimensional special linear group SL (2,R)
and the quotient of the three-dimensional Heisenberg group by a discrete central
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subgroup. In contrast to low-dimensional real Lie algebras, the corresponding
connected Lie groups have been fully classified only up to dimension three.

In this paper we classify the four-dimensional connected real Lie groups
corresponding to each four-dimensional real Lie algebra. We prefer to use (a
modified version of) the enumeration of the four-dimensional Lie algebras due to
Mubarakzyanov [17], similar to that used by Patera et al. [20, 21]. Furthermore,
we determine exactly which of the groups are linearizable; a matrix representation
is supplied for each linearizable group.

The main body of the paper is divided into two sections. Those Lie groups
whose Lie algebras are decomposable (as direct sums of lower dimensional Lie
algebras) are considered first (Section 3). Most of these Lie algebras are trivial
Abelian extensions of three-dimensional Lie algebras. The classification of the
corresponding connected Lie groups is thus closely related to the classification
of the three-dimensional Lie groups. The Lie groups with indecomposable Lie
algebras are considered next (Section 4). For several Lie algebras, the universal
covering Lie group has trivial center and so the classification of the corresponding
Lie groups is trivial. The remaining five indecomposable Lie algebras are treated
individually.

Appendix A.1 contains a classification of the three-dimensional Lie algebras
and connected Lie groups. In Appendix A.2 the four-dimensional Lie algebras are
enumerated (Tables 2 and 3). Table 4 cross-references the classification scheme
used in this paper against some other schemes. Some basic properties of each four-
dimensional Lie algebra are tabulated in Table 5. Lastly, the automorphism group
of each four-dimensional Lie algebra is given in Tables 6, 7, and 8. Throughout the
paper, we use notation for the three- and four-dimensional Lie algebras as specified
in Appendix A.

2. Preliminaries

2.1. Universal coverings and discrete central subgroups. For every Lie
algebra g, there exists a connected simply connected Lie group G (the universal
covering group) with Lie algebra g. Any other connected Lie group with Lie
algebra g isisomorphic to a quotient G/N, where N is a discrete central subgroup
of G. Two such connected Lie groups G/N and G/N’ are isomorphic if and only if
there exists an automorphism ¢ € Aut(G) such that ¢(N) = N’; in this case we say
that N and N’ are equivalent. Accordingly, in order to classify the connected Lie
groups with Lie algebra g, it suffices to classify the discrete central subgroups of

G. (For more details, see, e.g., [ 1, Part I, Chapter 1, Section 4] or [12, Chapter 9,
Section 5].)
Remark 2.1. G/N covers G/N’ (i.e., there exists a Lie group covering homo-

morphism ¢ : G/N — G/N’) if and only if there exists ¢ € Aut(G) such that
©(N) is a subgroup of N’.

We denote the group of restrictions ¢|zc) : Z(G) = Z(G) of automor-
phisms ¢ € Aut(G) to Z(G) by Aut(G)|yg, - Two discrete central subgroups
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are equivalent if and only if there exists ¢ € Aut(G)|,g, such that ¢(N) = N
Any element ¢ € Z(G) can be expressed as an exponential g = exp(A) of some
A € g (see, e.g., [12, Theorem 14.2.1]). As G is simply connected, the map
d : Aut(G) — Aut(g) is a bijection. Hence, the group Aut(G)|,) consists of
maps

¢ 7(G) = Z(G), exp(A) — exp(¢ - A), ¥ € Aut(g).

A standard computation yields the Lie algebra automorphism group Aut(g).
The automorphism group for each four-dimensional Lie algebra is given in Ap-
pendix A.2 (Tables 6, 7, and 8). These explicit automorphisms are used to calcu-
late Aut(G)]Z(G), as explained above, in several cases. We note, however, that for
many algebras we arrive at our results without depending on the explicit form of
Aut(g); nonetheless, for the sake of completeness, we tabulate the automorphisms
for each Lie algebra in Appendix A.2.

Frequently Z(G) is isomorphic to R"™ or some subgroup of R™. Any
discrete subgroup N of R"™ can be expressed as

N = {mjv; + movy + -+ - +myvy : my,ma,...,my € Z}
where vy, v9,...,v, are linearly independent vectors in R™ and ¢ <n (see, e.g,
[19, Chapter 2, Theorem 1.1] or [5, Chapter VII, Section 1.1]). We refer to the
matrix B = ['vl Vg -+ ’Ug} € R™¢ of rank ¢ as a basis for N. Two bases B

and B’ generate the same discrete subgroup N of R™ if and only if there exists
U € GL(¢,Z) such that B = B'U (see, e.g., [5, Chapter VII, Section 1.1]). Here
GL (¢,Z) denotes the group of integer matrices {g € Z*¢ : detg = £1}.

2.2. Linearizability of real Lie groups. A Lie group G is linearizable if it
admits a faithful finite-dimensional linear representation; for real Lie groups this is
equivalent to G admitting a faithful finite-dimensional linear representation with
closed image (see, e.g., [12, Theorem 16.2.10]). In other words, a linearizable (real)
Lie group is one that is isomorphic to a matrix Lie group (i.e., a closed subgroup of
GL(n,R)). For every Lie algebra g, there exists at least one connected matrix Lie
group which has Lie algebra g (some matrix representations for low-dimensional
connected Lie groups are given in [10]). We shall make use of the following results
to identify exactly which four-dimensional connected Lie groups are linearizable.

First, we consider the linearizability of solvable Lie groups. Note that all but
two of the four-dimensional Lie algebras are solvable (Table 5); the two exceptions
are the trivial Abelian extensions of the simple three-dimensional Lie algebras
936 = 5l(2,R) and g37 = s0(3).

Theorem 2.2 ([12, Chapter 16 and Theorem 11.2.14] or [18, Chapter 2, Section 7
and Chapter 2, Section 3.2, Corollary 2|).  If G is a connected simply connected
solvable Lie group, then G 1is linearizable and diffeomorphic to R™.

When the group is not simply connected, we make use of the following theorem
(or rather, its corollary).

Theorem 2.3 (cf. [12, Theorem 16.2.9]).  Let G be a connected solvable Lie
group with Lie algebra g and let T be a maximal torus in G with Lie algebra
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t. Then G is linearizable if and only if the intersection tN[g,g] of t with the
commutator subalgebra is trivial.

Corollary 2.4. Let G be a connected simply connected solvable Lie group with
Lie algebra g, let N = exp(ZA;)---exp(ZA;), Ai,...,A; € g be a central
discrete subgroup, and suppose t = span{Ai,..., A;} is an Abelian subalgebra
of g. Then G/N is linearizable if and only if tN[g,g] = {0}.

Proof. Let ¢: G — G/N be the corresponding covering homomorphism and
let T = (expt) be the integral subgroup corresponding to t. It is not difficult to
show that ¢(T) is a maximal torus in G/N and hence the result follows. n

Remark 2.5. For an indecomposable nilpotent Lie algebra, only the universal
covering Lie group is linearizable (cf. [18, Chapter 2, Theorem 7.3]).

The linearizability of semisimple Lie groups can usually be checked by
studying the linearizer of the group or by considering its universal complexification
(see, e.g., [18, Chapter 4, Section 3.6] and [12, Chapter 16]). However, there are no
semisimple four-dimensional Lie algebras. For the purposes of this paper, it suffices
to know that the universal cover A, as well as the n-fold covers A,, n > 3, of
SO (2,1)p = PSL(2,R) are not linearizable (see, e.g., [12, Example 16.1.8] or [18,
Example on p. 152])

Lastly, when a group G is neither solvable nor semisimple, one considers
its Levi decomposition. Let g be the Lie algebra of G. There exists a semisimple
subalgebra s such that g decomposes as a semidirect sum

g=rad(g) x s

of the radical rad(g) (the maximal solvable ideal) and the Levi subalgebra s
([12, Chapter 5, Section 6] or [18, Chapter 1, Section 4]). The integral subgroup
S = (exps) corresponding to s is referred to as a Levi subgroup. Let Rad(G)
be the radical of G (i.e., the maximal connected solvable normal closed subgroup;
Rad(G) has Lie algebra rad(g)). We have that

G = (Rad(G))S, dim((Rad(G))NS) = 0.

When G is simply connected, then Rad(G) and S are simply connected, S is a
closed subgroup, and the above decomposition is a semidirect one ([18, Chapter 1,
Section 4]). (Note that in general S may not be closed in G; also, S could be dense
in G, see, e.g., [18, Example on p. 19]). The linearizability of G can be reduced to
the linearizability of its radical Rad(G) (which is solvable) and the linearizability
of any Levi subgroup S (which is semisimple).

Theorem 2.6 ([!9, Chapter 1, Theorem 5.2]; cf. [12, Theorem 5.6.13]). A
connected Lie group G is linearizable if and only if both Rad(G) and S are
linearizable.
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3. Groups with decomposable algebras

We consider each of the decomposable four-dimensional Lie algebras (Table 2) and
classify the corresponding Lie groups. First, we dispense with the Abelian groups.
We then briefly treat those algebras whose universal covering group is a trivial
Abelian extension of a simply connected Lie group with trivial center. We then
proceed the consider each of the remaining decomposable Lie algebras in turn.

3.1. Abelian groups. There are exactly five four-dimensional connected Abelian
Lie groups, namely R¥ x T, k+4¢ = 4. Any connected Abelian Lie group is clearly
linearizable.

3.2. Trivial Abelian extensions of simply connected groups with trivial
center. Let G be the universal covering group for a solvable Lie algebra g.
Suppose G has a trivial center. The extension G x R™ of G by the Abelian
group R” is then the universal covering group for g @ ng;. The center of
G x R™ is {1} x R™. Moreover, any automorphism of R™ can be extended
to an automorphism of G x R™. Consequently, any connected Lie group with Lie
algebra g@®ng, isisomorphic to a group G xR¥ x T where k+/¢ = n. Moreover,
as the Abelian groups and simply connected solvable groups are linearizable, so is
their product.

We identify those (decomposable) four-dimensional solvable Lie algebras for
which the universal covering group is the trivial Abelian extension of a connected
simply connected Lie group with trivial center. By the above argument, we get
the following classification of the corresponding Lie groups.

Theorem 3.1.  Suppose G is a connected Lie group with Lie algebra g.

1. If g = go1 @291, then G is isomorphic to Goq x R?, Gyy X R x T, or
Gyq X T?; here

T

Gy = { [1 eOy} DL,y € R} =~ Aff (R),.

2. If g = g32® g1, then G is isomorphic to Gzo X R or Gzo X T; here

1 0 0
Gzo = y e Of : z,y,z€R

1 0 0
G333 = y e 0 x,y,z € R
x 0 ¢€°

4. If 9= g%, ® g1, then G is isomorphic to G, x R or GY, x T; here

1 0 0
Gy, =< |r coshz —sinhz| :z,y,2€R 3 =SE(1,1).
y —sinhz coshz
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5. If g=9¢5,®01, a >0, a # 1, then G is isomorphic to G5, x R or
G§, x T; here

1 0 0
G§, = r e*¥coshz —e*®sinhz| : z,y,2€ R
y —e**sinhz e* coshz

6. If g =95, D g1, >0, then G is isomorphic to G§5; xR or G5, x T;

here
1 0 0
G; =14 |z e¥cosz —e*sinz| : x,y,z€R
y e*¥sinz e**cosz

From the list of decomposable algebras (Table 2), only 2gs1, g31 @ g1,
055, 036D g1 and g37@® g remain; we now proceed to study each of these cases
in turn.

3.3. Groups with algebra 2g;;. The universal covering group

1 0 0 0
w e* 0 0

Gog X Gog = 0 0 1 ol wnyz eR
0 0 y e~

has trivial center. Thus Gs 1 X Gy is the only connected group with algebra 2gs ;.

3.4. Groups with algebra g;; @ g; (trivial extension of the Heisenberg
algebra). There are exactly two connected Lie groups with Lie algebra g3,
namely the Heisenberg group

1 y «x
H; = 01 2z :x2,y,2€eR
0 0 1
and its quotient H} = H3/Z by the discrete central subgroup
1 0 =z
7= 01 0| :z€eZ
0 01

(HZ% is not linearizable.) The universal covering group for gs; @ g; is the trivial
Abelian extension

1 2z w O
o1y o .
H3XR— 00 1 0 —p<wax7yvz) : w7xay7Z€R
0 0 0 ¢

of Hsz. The Lie algebra o

=

Hs; x R is given by

0z w O
0 v O

hs ® gy = 00 0 0 =wkE +xF,+yFs+ 2By w,x,y,z € R
00 0 =z
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The following lemma proves useful in classifying the discrete central sub-
groups.

Lemma 3.2.  Suppose a,a’ € R. Then there exist ai,as,a3 € R, ajaz # 0

sl et oo o) (12 [12) - [1] 2+ [}

/
if and only if o= % for some {z; Zﬂ e GL(2,7Z).
Proof. The discrete subgroups ar az L Z + 0 Z') and 1, Z+ 0 Z
0 as o 1 o 1
are identical if and only if there exists Zzl 22 € GL(2,Z) such that
3 My

a1a210_10m1m2
0 az| |a 1| | 1| |mg mu

for some ay,a3 #0 and ay € R. Equivalently,

ms + mia/
as = Mo, a; = mp—maoa # 0, az = my+moa’ #0, and a= A el

my + Mmoo

mi1 Mo . .
for some [m m } € GL(2,Z). It is easy to show that m; —mea # 0 provided
3 My
. + ’ my Mo

my + maa’ # 0, o = maEe, and {mg mJ € GL(2,Z). [

Theorem 3.3.  Any (nontrivial) discrete central subgroup of Hsz x R is equiv-
alent to one of the following discrete subgroups

exp(ZE,) = {p(w,0,0,0) : w € Z}
exp(ZE,) = {p(0,0,0,2) : z € Z}
exp(ZE1) exp(ZEy) = {p(w,0,0,2) : w,z € Z}
exp(Z(Ey + aEy))exp(ZE,) = {p(w,0,0,cw + 2) : w,z € Z}.

Here o € R\Q, 0 < oo < 1 parametrizes a family of discrete subgroups. The sub-
groups exp(Z(Ey + aEy)) exp(ZEy) and exp(Z(Ey + o' Ey)) exp(ZE,) are equiv-

/
alent if and only if o= M for some " mg} € GL(2,Z); no other

my + Mo m3 My
pairs of discrete central subgroups are equivalent.

Proof.  The center of Hz x R is exp(RE;)exp(RE,). The group of automor-
phisms Aut(hs @ g1) is given by

o207 — QgQty A1 Q5 Qg
0 Ao Qg 0
0 as a; O
0 as ag ajp

Day, ..., a0 € R, (agar — azag)aig # 0
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Let ¢ € Aut(hs @ g1) and let ¢ € Aut(H3z x R) be the unique automorphism such
that T1¢ = 1. We have that

¢(exp(wEy) exp(zEy)) = exp(wy - Ey) exp(z¢) - Ey)
= exp (((agar — azag) w + agz) Ey) exp(aioFy).

We identify an element exp(wFE;)exp(zE;) € Z(H3xR) with the pair (w, z) € R?.
Hence, the restriction of the automorphism group Aut(H; x R) to Z(H; x R) is
given by

Aut(Hz X R) |7, xp) = {Fﬂ — {%1 Zj [tj D ay,a9,a3 € Z, a1a3 # O} :

Let N be a discrete central subgroup. Then N = (w,0)Z, N = (0, 2)Z,
N = (w,2)Z, or N = (wy,21)Z + (wg, 20)Z for some w, z, 21, 29, w1, wy € R with
(wy,21) and (wg,z3) linearly independent, w,z # 0. If N = (w,0)Z, then
¢ = diag(+,1) € Aut(H; x R)|zsxr) and @(N) = (1,0)Z = exp(ZE:). Likewise
if N=(0,2)Z, then ¢ = diag(1,2) € Aut(H; x R)| 75 xmy and o(N) = (0,1)Z =
exp(ZEy). On the other hand, if N = (w, 2)Z, then

z —w
90 = |:O l :| E AUt(H3 X R)|Z(H3XR)
and ¢(N) = (0,1)Z = exp(ZE,).

Assume N = (wy,21)Z + (wa, 29)Z. Either z; # 0 or z; # 0; so we may
assume z; # 0. Hence

» = {wmowm _w%iwm} € Aut(Hz x R)lZ(ngR)
and ¢(N) = (1, 2—3)24— (0,1)Z. We have (1, j—f)ZjL (0,1)Z = (1, 2 +0)7Z+(0,1)Z
for any ¢ € Z. Therefore p(N) = exp(Z(E1 + aEy))exp(ZE,y) where 0 < a <1
and o = z—"l’—l—ﬁ for some ¢ € Z. Suppose a € Q. Then o =2 where ny,ny € Z

n2
and ged(ng,ny) = 1. By Bézout’s identity, there exists integers m;j, mo such that

_ ’ —mMy 1M
min, + mony = 1. Consequently o = 2="2% where o/ =0 and €
no+mia n1 N9

GL (2,Z). Hence, by Lemma 3.2, there exists ¢" € Aut(Hz X R)|;y, g such that
(¢ o@)(N)=(1,0)Z + (0,1)Z = exp(ZE,) exp(ZEy) .

We note that (1,0) is an eigenvector of the matrix of any automorphism in
Aut(Hz X R) |4y, g, - It follows that exp(ZE;) is not equivalent to any of the other
subgroups. Clearly exp(ZE,) is not equivalent to exp(Z(E; + aEy))exp(ZE,)
for any 0 < a < 1. We claim that exp(ZE,)exp(ZE,) is not equivalent to
exp(Z(Ey + aEy)) exp(ZEy) for any o € R\Q. Indeed, if they were equivalent,
then by Lemma 3.2 we would have that o = Z—i for some integers mgs, my, yielding
a contradiction. The characterization for when exp(Z(E; + aFE,))exp(ZE,) and
exp(Z(E, + o' Ey)) exp(ZE,) are equivalent follows directly from Lemma 3.2. =

Corollary 3.4.  There are five types of connected Lie groups with Lie algebra
931 D g1, namely
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Hs x R;

Hs x R/exp(ZE;) = H

Hs x R/ exp(ZE,) = H; >< T
Hs x R/ exp(ZE,) exp(ZEy) = H; x T
Hs x R/ exp(Z(E, + aEy)) exp(ZE4)

s Lo~

Here a € R\Q, 0 < o < 1 parametrizes a family of connected Lie groups;
Hs xR/ exp(Z(E1 +aFEy)) exp(ZEy) and Hz xR/ exp(Z(Ey+'Ey)) exp(ZEy) are

M for some i mQ} € GL(2,Z).
my + moa! mg My

isomorphic if and only if o =
Remark 3.5. We have the following diagram of coverings:

H3><R

PN

H: x R Hy x T

.

H; x T

Hs x R/ exp(Z(Ey + aEy)) exp(ZE,)

Proposition 3.6.  Among the connected Lie groups with Lie algebra gsi1 @ g1,
only Hy x R and H3z x R/ exp(ZE,) = Hs x T are linearizable.

Proof.  We have that [h; @ g1,b3 ® g1] = span{E1} and so

[bs ® g1, bs @ g1] # {0}
span{ £} N [h3 @ g1, b3 © g1] = {0}

span{Fy, E4} N [b3 @ g1, b3 © g1] # {0}
span{ E + a By, By} N [h3 © g1, b3 © g1] # {0}.

The result then follows by Corollary 2.4. [ |

span{E1} N [

3.5. Groups with algebra g3. @ g; (trivial extension of the Euclidean
algebra). Any connected Lie group with Lie algebra g3 - is isomorphic to either
the Euclidean group

1 0 0
SE(2) =< |z cosz —sinz| : z,y,z €R
y sinz cosz

its n-fold covering

1 0 0 0
r cosz —sinz 0

SEA(2) = y sinz cosz 0 F Y,z E€R
0 0 0 en
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or its simply connected universal covering

1 0 0 0
x cosz —sinz 0
y sinz cosz 0

0 0 0 e’

SfE(Q): s x,y,z €R

(Here SE;(2) = SE(2).) Accordingly, the universal covering for g3 . @ g; is the
trivial Abelian extension

1 0 0 0 0
. w cosy —siny 0 0
SE(2) xR = r siny cosy 0 0| =pw,z,y,2): w,z,y,2z€R
0 0 0 eV 0
0 0 0 0 e
of ?E(?) The Lie algebra of glvE(Q) x R is given by
00 0 00
w 0 —y 0 0
se(2) P g = ry 0 0 0 =wk)+axEy+yEs+z2E, : w,z,y,2z€ R
00 0 y O
00 0 0 =z

The following lemma proves useful in classifying the discrete central sub-
groups.

Lemma 3.7.  Suppose yi,ys € Z, 21,22 € R, and (y1,21), (y2,22) € R? are
linearly independent. Then there exist a;,as € R, a; > 0 such that

10 Yilgz %] 7) = ged(yr, y2) 7 4 Ol
Az ai 21 29 0 1
Proof. By Bézout’s identity, there exists integers m,n € Z such that my; +

nys = ged(yr,y2) > 0. Also, as (y1,21) and (yg,22) are linearly independent,
we have that y12o — yoz1 # 0. Let o = sgn(y122 — y221). We claim that

ap = 22 () and ay = —2EER2 - gatisfies the conditions of the lemma.
ly122—y221] ly122—y221]
Indeed
v1 Y2
1 0 Yo Y2 _ MY + Ny 0 myi1+ny2  myi1+nyz
_ _mzi+nzo my1+nyz PN 0 1 no mo
[y1z2—y221|  [y122—y221] 1 <2
where
Y1 Y2
myit+nyz  myitny2 | < GL (27 Z)' m
—no mo

Theorem 3.8.  Any (nontrivial) discrete central subgroup of évE(Q) x R s
equivalent to exactly one of the following discrete subgroups
exp(2nnZE3) = {p(0,0,2n7y,0) : y € Z}
exp(ZEy) = {p(0,0,0,z2) : z € Z}
exp(2nmZE3) exp(ZE,) = {p(0,0,2n7y, 2) : y,z € Z}.
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Here n € N, n > 1 parametrizes families of discrete subgroups, each different
value yielding a distinct (nonequivalent) subgroup.

Proof. The center of §/E(2) x R is exp(2nZEs)exp(RE,). The group of
automorphisms Aut(se (2) @ g;) is given by

aq as ag 0
—oay oa; ag O
0 0 o O
0 0 a5 ag

Dy, ... a6 € R, ajasag #0, 0 = +1

Let ¢ € Aut(se (2)@Dg;) andlet ¢ € Aut(SAE (2) xR) be the unique automorphism
such that Ti¢ = 1. We have that

o(exp(2myE3) exp(zEy)) = exp(2myy - E3) exp(2v) - Ey)
= exp (20my E3) exp((2masy + ae2) Es)

We identify an element exp(2myFEs)exp(zE,) € Z(ng (2) x R) with the pair
(y, z)e@xRCRZ .Hence,the restriction of the automorphism group Aut(SE (2) xR)
to Z(SE(2) x R) is then given by

Aut(SE (2) x R)| :{m R [a 0

Z(SE (2)xR) 4 az ap

} B} :al,ageR,al#O,azil}.

Let N be a discrete central subgroup. Then N = (y,0)Z, N = (0, 2)Z,
N = (y,2)Z,or N= (y1,21)Z+ (y2,22)Z for some y,y1,y2 € Z, 2,21, 22 € R with
(y1,21) and (y2,22) linearly independent, y # 0 and z # 0. If N = (y,0)Z,
then N = (n,0)Z = exp(2nnZE;3) where n = |y|. If N = (0,2)Z, then
¢ = diag(1,7) € Aut(SE(2) x R) 2(GE (B and ¢(N) = (0,1)Z = exp(ZEy).

On the other hand, if N = (y, 2)Z, then

1 0 ~—
= Aut(SE (2) x R
i { ?J] € Aut(3E (2) x )Z(SNE@)xR)

and ¢(N) = (y,0)Z = exp(2nmZE3) where n = |y|. Lastly, if N = (y1,21)Z +

(y2, 22)Z, then by Lemma 3.7 there exists ¢ € Aut(SAE (2) x R)‘Z(SNE(Q)XR) such

that ¢@(N) = (n,0)Z + (0,1)Z = exp(2nnZ) exp(ZE,) where n = ged(yi,ys).
It remains to be shown that no two of the given discrete subgroups are
equivalent. We note that (0,1) is an eigenvector of the matrix of any automor-

phism in Aut(SE (2) x R)| _ . It follows that exp(ZE,) cannot be equiv-
Z(SE (2)xR)

alent to exp(2nmZFE3) or exp(2nnZEs)exp(ZE,); likewise exp(2nnZFE3) can-
not be equivalent to exp(2nnZEs)exp(ZE,). It is straightforward to show that
exp(2nmZE3) and exp(2n'wZE3) are equivalent only if n =n' (and similarly for
exp(2nmZE3) exp(ZEy)). [

Corollary 3.9.  There are four types of connected Lie groups with Lie algebra
93 - D g1, namely
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the universal covering group SE (2) x R;
2. the n-fold coverings

SE (2) x R/ exp(2n7ZE3) = SE,(2) x R

of SE(2) x R/ exp(2nZEs) = SE (2) x R;
3. the group SE (2) x R/ exp(ZE,) = SE(2) x T;
4. the n-fold coverings

SE (2) x R/ exp(2nnZE3) exp(ZE,) = SE,(2) x T

~

of SE(2) x R/ exp(2rZEs) exp(ZEy) = SE (2) x T.
Remark 3.10.  We have the following diagram of coverings:

SE(2) x R
R/ \N
R

(2) x SE(2) x T

SE,,
SE (2) x SE.(2) x T

\T/

SE (2) x

Proposition 3.11.  Any connected Lie group with Lie algebra @5 @& g1 s
linearizable.

3.6. Groups with algebra gs;¢ @ g; (trivial extension of the pseudo-
orthogonal algebra). The pseudo-orthogonal group

SO(2,1)={geR¥*3 : g"Jg=J detg=1}, J = diag(1,1,-1)

has two connected components. The identity component of SO (2,1) is SO (2,1)y =
{9 €50(2,1) : g3 >0} where g = [g;;]. Its Lie algebra is given by

0 y
50(2,1)={AcR¥ . ATJ+JA=0}=¢ |-y 0
T w

cw,r,y €R

o8 8

The Lie algebra so (2,1) = g3 is the only three-dimensional Lie algebra for which
the corresponding universal covering group, which we denote A, is not linearizable.

Any connected Lie group with Lie algebra gsg is isomorphic to either A or an
n-fold covering A,, of SO (2,1)p, n > 1.

Remark 3.12.  A; is isomorphic to both SO (2,1), and the projective special
linear group PSL (2,R). The two-fold cover Ay is isomorphic to the special linear
group SL(2,R). The four-fold cover A, is isomorphic to the metaplectic group
Mp(2,R).
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The trivial Abelian extension A x R of A is simply connected and hence
the universal covering Lie group for gz @® g1. We note however that this group is
not linearizable. Indeed, it turns out that gsg @ g; is the only four-dimensional
Lie algebra for which the universal covering is not linearizable. Hence we proceed
somewhat differently here with respect to the representation of the universal
covering group.

Let (El, EQ, Eg, El) be an ordered basis for the Lie algebra a®g; of AxR
such that span(Ey, By, E3) = d® {0}, span(Ey) = {0} @ g; and with nonzero
commutator relations [Ey, E3] = Ey, [Es, E1] = Es, and [Ey, Ey] = —E5. Now
a has Cartan decomposition

a=tdp, t= span{Eg}, p= span{El, EQ}

Indeed [t €] C €, [t,p] C p, [p,p] C ¢, and the Killing form k(A4,B) =
tr(ad Aad B) = 2(a1b; +a2§2—a3b3) is positive geﬁnite on p and negative definite
on t. (Here A= Z?Zl a;FE; and B = 2?21 b;E;.) Hence, the mapping

piRY = A, (w, 2, y) — exp(yLs) exp(wE + vEs)
is a diffcomorphism (see, e.g., [18, Chapter 4, Section 3.2] or [12, Chapter 13,

Section 1]).
The trivial Abelian extension

SO(2,1)y x R = I 0| :9geS0(21), z€R

of SO(2,1)p has Lie algebra

0 v = 0
—y 0 0

50(2,1)@91: xy w 16] 0 :wEl+xE2+yE3+ZE4:waxuyVZER
0 0 0 =z

with nonzero commutator relations given by [Fy, F3] = Ey, [Es, E1] = E,, and
[Ey, E5] = —E3. Accordingly, there exists a Lie group covering homomorphism
qg:AxR —S0(2,1)) xR such that

q(p(w, z,y), z) = exp(yEs) exp(wE + v E2) exp(2Ey)
(i.e., Tyq is the identity matrix with respect to the given bases).

Lemma 3.13.  The center of AxR is p(0,0,27Z) x R.

Proof. We have that Z(A x R) = ¢~ 1(Z(SO (2,1)o x R)). Furthermore,

Z(SO(2,1)o x R) = {1} x R and exp(y E3) exp(wEy + xEy) exp(zEy) € {1} x R
if and only if w=2=0, y € 27Z and z € R. Hence Z(A xR) = p(0,0,27Z) x
R. n
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We identify an element (p(0,0,27y), 2) in the center of A x R with the
pair (y,z) € Z x R C R2.

Theorem 3.14.  Any (nontrivial) discrete central subgroup of A xR is equiv-
alent to exactly one of the following discrete subgroups

exp(2nrZEs) = {(ny,0) : y € Z}
exp(ZE,) = {(0,2) : z € Z}
exp(nZ(2nEs + Ey)) = {n(y,y) : y € Z}
exp(2n7ZEs) exp(ZE,) = {(ny, 2) : y,z € Z}
exp(nZ(2rEs + aFy)) exp(nZEy) = {n(y, oy + 2) : y,z € Z}.

Here n € N, n>1 and 0 < a <1 parametrize families of discrete subgroups,
each different value yielding a distinct (nonequivalent) subgroup.

Proof. Any automorphism ¢ € Aut(ﬂ x R) decomposes as a direct product
¢ = ¢1 Xy of automorphisms ¢, € Aut(;&) and ¢y € Aut(R). Any automorphism
o1 € Aut(z\) is the composition of an inner automorphism and the automorphism
¢ € Aut(A) with tangent map Ty¢/ = diag(—1,1,—1). Inner automorphisms fix
elements in the center of the group. Hence the action of any ¢ € Aut(A) on
an element exp(2ryEs) € Z(A) is exp(2ryEs) — exp(?mryEg) where o = +1.
Consequently, the restriction of the automorphism group Aut(AxR) to Z(AxR)
is given by

ST (1 N [T |

Let N be a discrete central subgroup. Then N = (y,0)Z, N = (0, 2)Z,
N = (y,2)Z,or N = (y1,21)Z+(y2, 20)Z for some y,y1,y2 € Z, z,21,20 € R with
(y1,21) and (yo,22) linearly independent, y # 0, and z # 0. If N = (y,0)Z,
then N = (n,0)Z = exp(2n7ZE;) where n = |y|. If N = (0,2)Z, then
¢ = diag(1,2) € Aut(A x R)}Z(Kxﬂ@) and o(N) = (0,1)Z = exp(ZE;). Likewise,
if N = (y,2)Z, then ¢ = diag(1,%) € Aut(A x R)}Z(Kxﬂe) and ¢(N) = (n,n)Z =

exp(nZ(2nEs + Ey)) where n = |y|.

Suppose N = (y1,21)Z + (y2,22)Z. Then N = (n,2)Z + (0,2,)Z, n =
ged(y, yo) for some 27,25 € R, 25 # 0. Indeed, by Bézout’s identity, there exist
integers mq, mo such that mqyy; + moys = n and

{?/1 yQ] _ [mlyl + mays 0 } {mwlz—lmzyz m1y1zfm2y2

Y1z2—Y221
21 22 mizy+ Mz o —My my

where

Y1 Y2
miyitmay2  mayitmey2 | < GL (2’ Z)‘
—ma my
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Hence ¢ = diag(l, %) € Aut(A x R)‘Z(Kxﬂza) and ¢(N) = (n,na)Z + (0,n)Z =
~ ~ 2 ~
exp(nZ(2wE3 + aEy)) exp(nZE,) for some 0 < « < 1. Indeed,

[n(—ln—i-m) (1)] = | 5 O] {1 0], [ﬂll ﬂ € GL (2,7)

n ni|m 1
for any m € Z. When o = 0 it is a simple matter to show that exp(nZ(2mEs +
aFy)) exp(nZEy) is equivalent to exp(2nwZEs) exp(ZE;).

It remains to be shown that no two of the discrete subgroups listed in
the theorem are equivalent. For any ¢ € Aut(ﬂ X RHZ(MR) we have that
#(n,0) = (£n,0) and ¢(0,1) = (0,a) for some a # 0. It follows that no two
of the subgroups exp(2nZE;) (n > 1), exp(ZE,), and exp(nZ(27E5 + Ey))
(n > 1) can be equivalent. Clearly none of these subgroups are equivalent to
exp(nZ(2rEs + aEy)) exp(nZEy) for any 0 < a < 1.

Suppose that the subgroups

SR

exp(nZ (2w Es+aEy)) exp(nZEy) and exp(n'Z(27 Es+o E,)Z) exp(n'ZE))

are equivalent for some n,n’ € N, n,n’ > 1 and 0 < a,a’ < 1. Then there exists

[g 2] € Aut(A x R and {ml mQ] € GL (2,R) such that

0 )|Z(KxR)

ms3 My
o Of({n O] [n Of[m m
0 a| |na n| |na n'| |ms myl|’
That is, no = mn’, 0 =mon’, ana = msn’ +mn’a’, and an = mun’ +men’a’.
As n' # 0 we have my = 0 and so my,my € {1,—1}. Thus n = +n/,
anae = n/(mg £ '), and an = £n’. As n,n’ > 0 we get n = n’ and
a = +1. Hence, as 0 < a,a’ < 1, it follows that o = /. Consequently

exp(nZ(2rnEsy + aEy)) exp(nZEy) and exp(WZ(2rEs + o’ Ey))exp(n'ZE,) are
equivalent only if n =n' and a=d . [

Corollary 3.15.  There are siz types of connected Lie groups with Lie algebra
036 © g1, namely

the universal covering A x R; B

the n-fold covers (A x R)/exp(2nnZE3) = A, x R of SO (2,1)s x R;
the group (A x R)/exp(ZE,) = A x T,

the n-fold covers

B Lo o~

(A x R)/ exp(nZ(2nEs + Ey))

of (K X R)/exp(Z(Qwﬁg + E4)) ;
5. the n-fold covers

(A x R)/(exp(2nmZEs) exp(ZEy)) = A, x T

of (A x R)/(exp(ZEs) exp(ZEy)) = SO (2,1)o x T;
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6. the n*-fold covers
(A x R)/(exp(nZ(2nEs + o Ey)) exp(nZEy))
of (A xR)/(exp(Z(2rFs + aEy)) exp(ZEy)).
Remark 3.16.  We have the following diagram of coverings:

(A x R)/(exp(Z(2rE5 + aEy)) exp(ZEy))

(A x R)/(exp(nZ(2nEs + o Ey)) exp(nZEy))
A x R
/ AxT m exp(nZ(2rEs + Ey))
)o ><R\" WX T m/ exp(JZ(QWEg + Ey))
TR

Remark 3.17.  The connected component GL™ (2, R) = {g € R**? : detg > 0}
of the general linear group GL(2,R) is isomorphic to A x R = SL(2,R) x R.

Proposition 3.18.  Among the connected Lie groups with Lie algebra g3.6® g1,
only Ag x R=SL(2,R) xR, Ay x T=SL(2,R) xT, Ay x R=S0(2,1)) xR,
and A; x T=S0(2,1)g x T are linearizable.

Proof. Let N be a discrete central subgroup of A xR and let ¢ : AxR —
A x R/N be the canonical covering homomorphlsm The group A x R has Levi
subgroup A x {1} and radical Rad(A x R) = {1} x R. Accordingly, A x R/N
has Levi subgroup ¢(A x {1}) and radical ¢({1} x R). We have that A x R/N
is linearizable if and only if both its radical and the Levi subgroup are linearizable
(Theorem 2.6). The one-dimensional connected Abelian Lie group ¢(Rad(A xR))
is linearizable. On the other hand, among the connected Lie groups with Lie
algebra gz = a, only Ay = SL(2,R) and A; = SO(2,1)q are linearizable.
Consequently, q(A x {1}) = (Ax {1})/(NN(A x {1})) is linearizable if and only
it NN (A x{1}) = exp(4rE3Z) or NN (A x {1}) = exp(2nE5Z). n

3.7. Groups with algebra g3; @ g; (trivial extension of the orthogonal
algebra). There are exactly two connected Lie groups with Lie algebra gs7:
the special orthogonal group SO (3) and its simply connected double cover, the



Bicgs AND REMSING 1017

special unitary group SU (2). The special unitary group SU (2) and its Lie algebra
su(2) are given by
SU(2) = {g e C?>?: glg=1,, detg = 1}
su(2)={AeC>?: A'=—-A trA=0}
i 1 :
:{[ 1 2% z(yj‘—zz)] :x,y,zER}.
Y- e
(Here 1 denotes the conjugate transpose.) The special orthogonal group SO (3)
and its Lie algebra so (3) are given by
SO (3) = {g eER¥3 . glg=1I5 detg = 1}
s0(3)={AeR>™ : AT = -4}

[0 —2
= z 0 —x| :z2,y,2€R
-y x 0
The trivial Abelian extension
[ 0
SU(2) x R = I 0] :gesU(@),zeR
| 0 0 ¢

of SU(2) is the universal covering group for g37@®g;. The Lie algebra su (2)®g;
of SU(2) xR is given by

%w %(x+zy) 0
—%(a:—iy) —iw 0| =wky + 2By +yEs+ 2By :w,z,y,2 € R
0 0 z

Remark 3.19. SU(2) is diffeomorphic to the three-sphere S®. Moreover,
SU (2) is the only three-dimensional connected simply connected Lie group which
is not diffeomorphic to R?®. Likewise, it turns out that SU(2) x R is the only
four-dimensional connected simply connected Lie group which is not diffeomorphic
to R*.

We note that the four-dimensional unitary group
U(@2) ={geC¥?: g'g=1}
has Lie algebra
u(2) = {A e C¥? . Al = —A}
= %(w+z) %(:}c—f-zy)} Sw,x zER}
T N R

isomorphic to gs7 @ g;. However, U (2) is not simply connected and so it follows
that U(2) is isomorphic to a quotient of SU(2) x R by some discrete central
subgroup.
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Theorem 3.20.  Any (nontrivial) discrete central subgroup of SU(2) x R s
equivalent to exactly one of the following discrete subgroups

I 0
(exp(2mEL)) = 72 0| o=l
(00 1
- ) 07
(exp(FEy)) = 2 0| :2€Z
(00 e |
- ] 0
(exp(2mE1) exp(FEy)) = (=171 0 :2€Z
| 00 e®
- ol 0
(exp(2mE1)) (exp(Ey)) = > 0| :z2€Z0=4=1
| 0 0 €
(Here (g) denotes the subgroup generated by g.)
Proof. The center of SU(2) x R is
ol 0
(exp(2mFE1)) exp(REy) = 2 0| :zeR,0==l1
00 ¢

Any automorphism ¢ of SU(2)xR decomposes as a direct product ¢p=¢; X ¢y of
automorphisms ¢; € Aut(SU (2)) and ¢, € Aut(R). Furthermore, any automor-
phism ¢; € Aut(SU (2)) fixes both elements of the center of SU (2). Consequently,
the action of any automorphism on an element of the center of SU (2) xR is given
by

0 0
oly gl | 72 . a0
00 e 00 e

(Here ¢ = £1 and z € Z.) It is a simple matter then to obtain the result
(by considering whether or not the intersections of a discrete subgroup N with
(exp(2mF7)) and (exp(Fy)) are trivial or not). ]

Corollary 3.21.  There are five types of connected Lie groups with Lie algebra
937 D g1, namely

the universal covering group SU (2) x R =2 SU(2) x R;
SU (2) x R/ (exp(2mE})) = SO (3) x R;

SU (2) x R/ (exp(F,)) =2 SU(2) x T,

SU (2) x R/ (exp(2mE1) exp(Fy)) = U(2);

SU (2) x R/ (exp(27E})) (exp(E,)) =2 SO (3) x T.

Crds Lo o =
P e et

Proof. We show that SU(2) x R/ (exp(2mE}) exp(Fy)) is indeed isomorphic
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to U(2). The mapping v :su(2) @ g; — u(2) given by

i 1 :
1 2¥ 2(m—ikzy) 0 Ltz Lz +iy)
—3le—iy) w0 L —iy) -2+ iz
0 0 z 2 2

is a Lie algebra isomorphism. Hence, as SU(2) x R is simply connected, there
exists a Lie group epimorphism ¢ : SU(2) x R — G such that T3¢ = ¢. Now
ker¢ C Z(SU (2) x R). Let g € Z(SU (2) x R); we have that

g=exp((1 —o)wE}) exp(zFE,), for some z € R and o € {—1,1}.
Hence

P(g) = exp(yp - (1 —o)mEy) exp(yp - 2Ey) =

\ L

Thus ¢(g) = 1 exactly when (0 =1 and z € 2Z) or (¢ = —1 and z € 1+
27.). Therefore ker ¢ = (exp(2nE}) exp(Fy)). Consequently, SU(2) x R/kerq =
SU (2) x R/ (exp(2nEy) exp(Ey)) = U (2). ]

Remark 3.22.  We have the following diagram of coverings:

Remark 3.23. SU(2) xT, SO(3) x T, U(2) and the Abelian four-torus T*
are the only compact connected four-dimensional Lie groups.

Remark 3.24. The group of nonzero quaternions H* with multiplication is
isomorphic to SU (2) x R.

Proposition 3.25. Any connected Lie group with Lie algebra @37 & g1 s
linearizable.

4. Groups with indecomposable algebras

We consider each of the indecomposable four-dimensional Lie algebras (Table 3)
and classify the corresponding Lie groups. First, we dispense with the those
algebras whose universal cover has trivial center. We then proceed the consider
each of the remaining five indecomposable Lie algebras in turn.
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Remark 4.1. If a group is linearizable, then so is any subgroup. Hence, any
group admitting Hj as a subgroup is not linearizable. It turns out that among
the four-dimensional connected Lie groups with indecomposable Lie algebras, a
group is not linearizable if and only if it admits Hj as a subgroup (cf. [1]). Here
H3 is the quotient of the Heisenberg group Hjs as described in Section 3.4.

4.1. Simply connected groups with trivial center. For a number of the
four-dimensional indecomposable Lie algebras, the associated universal covering
Lie group has trivial center. In these cases the classification of the associated
connected Lie groups is trivial (in the sense that any connected Lie group with
given Lie algebra is isomorphic to the universal covering Lie group).

Proposition 4.2.  The universal covering Lie group for each of the Lie algebras
012, Ba4, EZ’?; 92.’65; 917, 075, and g3y has a trivial center; we have the
following linear representations of these groups

([e=* 0 0 w | )
0 —z —z
b= OO T R ko
([ 0 0 0 1]
(e —ze™ 12%¢* w]
0 e ”? —ze 7w
Gyy = 0 0 oz y| w,x,y,z €R
[ [ O 0 0 1] )
([e™* 0 0 w
B _ 0 e* 0 gyl . —-l<a<p<l,apf#0
45 0 0 e 2 wn,y,zE€R or a=-1,0<pB<1
([ O 0 0 1
(([e* 0 0 w
—Bz —Bz o
af 0 e cosz —e Psinz —y|
G4.6 - 0 e—ﬁzsinz e_ﬁZCOSZ T . U),l’,y,ZER ) a>0,ﬁ€R
(| 0 0 0 1
(e —ye ™ (x+yz)e” 2w
0 e ? —ze ? x
Gy7 = 0 0 o y | w,r,y,z € R
L[ 0 0 0 1
_e—(l—i-oz) T w
GZ.SZ 0 e Yy 3w7$ay,Z€R ,—]_<Oé§]_
|0 0 1
[e720%  — e ®*(zcosz +ysinz) e “(ycosz —axsinz) —2w
a« 0 e cos z e “*sinz Y
49 0 —e “sinz e~ cos 7 T
| 0 0 0 1

: w,x,y,zeR}, a > 0.
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Proof. Standard (though quite tedious) computation. [

From the list of indecomposable algebras (Table 3), only @41, 943, Gig,
9%y, and @410 remain; we now proceed to study each of these cases in turn.

4.2. Groups with algebra g,;. The universal covering Lie group

1 z % w
Gy1 = 8 (1) 'i —a:y+ ‘| = pw,z,y,z) : w,x,y,z € R
0 0 O 1
has Lie algebra
0 2 0 w
g41 = 8 8 S _:Cy—i_ | = wEy +xEy+yEs+ zEy - w,z,y,z € R
000 0

Theorem 4.3.  Any (nontrivial) discrete central subgroup of Gy is equivalent
to exp(ZE;) = {p(w,0,0,0) : w e Z}.

Proof. The center of Gy; is exp(RE;). Suppose N is a discrete central
subgroup. Then N = exp(aZFE;) for some a # 0. Also, there exists a group
automorphism ¢ € Aut(Gy) such that Th¢ = diag (1,1, 11) (see Table 7).

a’a’a’

Hence ¢(N) = exp(T1¢ - aZE;) = exp(ZE). ]

Corollary 4.4.  There are two types of connected Lie groups with Lie algebra
041, namely Gyq and Gy,/exp(ZE).

Proposition 4.5.  The group Gy./exp(ZE;) is not linearizable.
Proof. The commutator subalgebra [gs1,g841] = span{E;, E5} has nontrivial
intersection with span{F;} and hence the result follows by Corollary 2.4. The

result also follows by Remark 2.5. [

4.3. Groups with algebra g,3. The universal covering Lie group

—z

e 0 0 w
0O 1 —z =z

G4.3: 0 0 1 Y :p<waxvyaz) : w7x7y7Z€R
0O 0 0 1

has Lie algebra
—z

g43 = =wk +xFEy+ybs+2Ey @ w,x,y,2 € R

oo o
cocoo
o

ow 8 g
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Theorem 4.6.  Any (nontrivial) discrete central subgroup of Gu3 is equivalent
to exp(ZEs) = {p(0,2,0,0) : = € Z}.

Proof. The same argument as made for Theorem 4.3 holds. [ |

Corollary 4.7.  There are two types of connected Lie groups with Lie algebra
043, namely Gus and Gy3/exp(ZEs).

Proposition 4.8.  The group Gy3/exp(ZEs) is not linearizable.

Proof. The commutator subalgebra [g43,043] = span{E;, E»} has nontrivial
intersection with span{FE,} and so the result follows by Corollary 2.4. |

4.4. Groups with algebra g;; (central extension of the semi-Euclidean
algebra). The universal covering Lie group

T
(§

3

Gys = =p(w,2,y,2) : w,z,y,2z €ER

o O =
—_ < £

0

has Lie algebra

71 .
U458 =

o O O
o n g

w
y| =wk +xEy+ybs+ zEy - w,x,y,z €R

0

Theorem 4.9.  Any (nontrivial) discrete central subgroup of Gy is equivalent
to exp(ZE,) = {p(w,0,0,0) : w € Z}.

Proof. Again, the same argument as made for Theorem 4.3 holds. |

Corollary 4.10.  There are two types of connected Lie groups with Lie algebra
g, s, namely Gy and Gy5/exp(ZE)).

Proposition 4.11.  The group G,/ exp(ZE,) is not linearizable.

Proof. The commutator subalgebra [g;3, 8,5 = span{Ej, Fy, E3} has non-
trivial intersection with span{F;} and so the result follows by Corollary 2.4. m

4.5. Groups with algebra g}, (central extension of the Euclidean alge-
bra). The universal covering Lie group is given by

1 —xzcosz—ysinz ycosz—xsinz —2w 0
0 Cos 2 sin z Y 0
Gly = 0 —sinz cos 2z r 0| rw,x,y,z€eR
0 0 0 1 0
0 0 0 0 ¢
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Elements of the group are again denoted by p(w,z,y,z). The corresponding Lie
algebra (the so-called oscillator algebra) is given by

0 —z y —2w 0
0O 0 =z y O
0o=1<10 —2 0 =z 0| =wE +2E,+yEs+2E, : w,n,y,2€R
00 0 0 0
0 0 0 0 =z

Theorem 4.12.  Any (nontrivial) discrete central subgroup of GYg4 is equivalent
to exactly one of the following discrete subgroups

exp(2nmZE,) = {p(0,0,0,2n7z) : z € Z}
exp(ZE,) = {p(w,0,0,0) : w € Z}
exp(ZEy) exp(2nnZE,) = {p(w,0,0,2n7z) : w,z € Z}.

Here n € N, n > 1 parametrizes families of discrete subgroups, each different
value yielding a distinct (nonequivalent) subgroup.

Proof. A proof of this theorem, very similar to that of Theorem 3.8, appears
in [3]. n

Corollary 4.13.  There are four types of connected Lie groups with Lie algebra
0%y, namely

the universal covering group GY;

the n-fold coverings G4/ exp(2nwZE,) of GY4/exp(2nZE,);
the group G/ exp(ZE;);

the n-fold coverings GY o/ exp(ZE,) exp(2nmZE,) of

GYo/ exp(ZE,) exp(2nZE,).

B oo~

Remark 4.14. We have the following diagram of coverings:

0
Gig

G o/ exp(2nTZE,) Gl,/ exp(ZE))
Gl,/ exp(2nZEy) Gl 4/ exp(ZE,) exp(2nnZEy)

\/

G o/ exp(ZE) exp(2nZZEy).

Proposition 4.15 (cf. [3]).  The groups GYy and GY,/exp(2nnZE,) are
linearizable, whereas GY4/exp(ZE,) and G,/ exp(ZE;)exp(2ntZE,) are not.
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In particular, GY4/exp(2nmZE,) is isomorphic to the matriz Lie group

1 —xzcosz—ysinz ycosz—xsinz —2w 0
0 Cos 2 sin z Y 0
0 —sin 2 COS 2 T 0 :w,z,y,z€R
0 0 0 1 0
0 0 0 0 en

Proof. The commutator subalgebra of g4 is span{Fi, Es, E3}. The re-
sult then follows by Corollary 2.4, since span{FE;, Ey, E3} N span{Ey} = {0},
span{ £y, B, E3} Nspan{E1} # {0}, span{Ey, By, E3} Nspan{Ey, B4} # {0}. =

4.6. Groups with algebra g,19. The universal covering Lie group

e Ycosz e Ysinz

z 0
o Yq )
G4.10: ¢ e e con < rlf 8 :p(waxayaz> : w7$7y72€R
0

0 0
0 0

eZ

has Lie algebra

-y z x 0

110 = —z —y w0 =wk +xFy+yEs+ 2B, : w,x,y,z € R
0O 0 00
0 0 0 =z

Theorem 4.16.  Any (nontrivial) discrete central subgroup of Gyio0 1S equiv-
alent to exactly one of the subgroups exp(2nmZE4) = {p(0,0,0,2n7z) : z € Z}.
Here n € N, n > 1 parametrizes a family of discrete subgroups, each different
value yielding a distinct (nonequivalent) subgroup.

Proof.  The center of G109 is exp(2nZFE,). Hence, any discrete central sub-
group is of the form exp(2nnZE,) for some n € N. For any automorphism ¢ €
Aut(Gy19) we have that ¢(exp(2nnZE,)) = exp(T1¢ - 2nnZE,) = exp(2nnZE,)
(see Table 8). Hence ¢(exp(2nnZkE,)) = exp(2mnZEy) only if n=m. n

Corollary 4.17.  There are two types of connected Lie groups with Lie algebra
9110, namely

1. the universal covering Lie group Gyig;
2. the n-fold coverings Gyi9/ exp(2nmnZE,) of Gyi0/ Z(Ga0)-

Remark 4.18.  The group G419/ Z(Gy10) is isomorphic to the group of affine
transformations over C:

AfF(C):{B 2] :x,yGC,y%O}.
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Proposition 4.19.  Any connected Lie group with Lie algebra g4.10 is lineariz-
able. In particular, Ggi9/exp(2nmnZE,) is isomorphic to the matriz Lie group

e Ycosz e¥Ysinz x O

—e ¥Ysinz e Ycosz w 0
0 0 1 ol wryz eR

0 0 0 en

A. Low-dimensional Lie algebras and groups

The classification of the (real) three- and four-dimensional Lie algebras is well
known (see, e.g., [10], [22], [23], and the references therein). We prefer to use (a
modified version of) the enumeration of these Lie algebras due to Mubarakzyanov
[17], similar to that used by Patera et al. [20, 21]. However, in the three-
dimensional case, we use the commutator relations in the Bianchi-Behr form [13].

A.1. Three-dimensional Lie algebras and groups. In terms of an (appro-
priate) ordered basis (F1, Eo, E3), the commutator operation is given by

[EQ, E3] = n1E1 — OZEQ
[Es, By = aEy + nyEy
(B, By = n3Es.

The structure parameters «,ni,no,n3 for each type are given in Table 1.

Type Bianchi a ny Ny N3 Connected Groups

301 1 0O 0 0 O R3, R?2x T, R x T?, T3
921D o 117 1 1 -1 0 Aff (R)g x R, Aff (R)g x T
931 I7 0o 1 0 0 Hs, H:

g3.2 1V 1 1 0 Gs.o

933 Vv 10 0 Gz .3

a3, Vi 0 1 -1 0 SE(1,1)

954 Vi, g;(l) L1 0 G54

0. VI, 0 1 1 0 SE (2), SE.(2), SE(2)

93 5 VII, a>0 1 1 0 GS s

93.6 VIII 0 1 1 -1 A, A,, SL(2,R), SO (2,1),
g3.7 11X 0 1 1 1 SU (2), SO (3)

Table 1: Bianchi-Behr classification of 3D Lie algebras

A classification of the three-dimensional (real connected) Lie groups can be
found in [1&, Chapter 7, Section 1]. Let G be a three-dimensional (real connected)
Lie group with Lie algebra g.

1. If g =3¢, then G isisomorphic to R?, R2x T, Rx T, or T3.
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2. If g=go1® g1, then G isisomorphic to Aff (R)y x R or Aff (R)y x T.

3. If g = gs31, then G is isomorphic to the Heisenberg group Hj or the Lie
group H} =Hs/Z(H3(Z)), where Z(Hs(Z)) is the group of integer points in
the center Z (H;) = R of Hj.

4. If g = g39, 933, 094, 0954, or g5, then G is isomorphic to the simply
connected Lie group Gzo, Gzz, G, =SE(1,1), GS,, or G§:, respectively.
(The centers of these groups are trivial.)

5. If g=gJ., then G isisomorphic to the Euclidean group SE (2), the n-fold
covering SE, (2) of SE;(2) = SE(2), or the universal covering group SE (2).

6. If g = gs6,then G isisomorphic to the pseudo-orthogonal group SO (2,1),
the n-fold covering A, of SO (2,1)y, or the universal covering group A.
Here Ay =2 SL(2,R).

7. If g = g3z, then G isisomorphic to either the special unitary group SU (2)
or the special orthogonal group SO (3).

Among these Lie groups, only Hj, A,, n > 3, and A are not linearizable.

A.2. Four-dimensional Lie algebras. In terms of an (appropriate) ordered
basis (E, Es, F3, E4), the nonzero commutator relations for each four-dimensional
Lie algebra are given in Tables 2 and 3. In Table 4, we cross-reference the
classification scheme used in this paper against the schemes of Mubarakzyanov [17],
Patera et al. [20, 21], and Snobl and Winternitz [23]. We note that in the scheme of
Mubarakzyanov, resp. Patera et al, the parameters in the family g45, resp. A%,
should be restricted slightly further to ensure nonredundancy. Cross-referencing
to further schemes (such as those of Bratzlavsky [6] and Kruchkovich [11]) can be
found in MacCallum’s paper [16] (see also [1]).

We collect some basic properties for the four-dimensional Lie algebras in
Table 5. For each algebra g, its nilradical is identified; the quotient g/Z(g)
is displayed whenever Z(g) is nontrivial. We indicate which Lie algebras are
unimodular, which are nilpotent, which are completely solvable (or triangular, see,
e.g., [18, Chapter 2, Section 2]), which are exponential (see, e.g., [I8, Chapter 2,
Section 6.4]), and which are solvable. Most of these classes of Lie algebras can be
characterized in terms of the adjoint operator ady = [A,-]|; a Lie algebra g is

e nilpotent if and only if the eigenvalues of ads are all zero for every A € g.

e completely solvable if and only if the eigenvalues of ad, are all real for every
Aeg.

e cxponential if and only if ads does not have any purely imaginary eigenval-
ues for any A € g.

e unimodular if and only if tr(ads) =0 for every A € g.

We note that nilpotent algebras are completely solvable, completely solvable al-
gebras are exponential, and exponential algebras are solvable. Furthermore, we
indicate those algebras that admit an invariant scalar product (abbreviated ISP),
i.e., a nondegenerate bilinear form (-,-) satisfying (A, [B,C]) = ([A, B],C) for
all A, B,C €g.

A standard computation yields the automorphism group for each Lie alge-
bra (cf. [22, 7]). In Tables 6, 7 and 8 the automorphisms of each Lie algebra, with
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respect to the ordered basis (Ey, Es, E3, Ey), are displayed (as a parametrized ma-
trix Lie group). For the parametrized families of Lie algebras, the automorphism
group may depend on the parameter(s); in these cases the automorphism group
along with the appropriate restriction(s) on the parameter(s) is displayed. The
parameters ai,as, ... (which parametrize Aut(g)) are real numbers with the re-
striction that the determinant of the matrix is nonzero. In a few cases an additional
parameter ¢ = £1 is also used.

Type Nonzero commutators Parameters
Ao
919201 By, B =By
2921 [E1, Ep) = Ey [E3, E4] = E3

G ®e (B, B =By
200 By, Bs] =By — By B, Br]=Fy
3o By, Bs|=—Ep By, Br]=Fy
Ga®o EpBy) =B By, Br] =B,
Ha0e (B2, Bs| =y —a By  [Bs,En]=oB—FE >0 a1
Gs®o EpBs] =B By, B =B
o590 By, Bs] = Ey —a By B3, Bn]=abi+E a>0
d3.6 D 01 (B2, Ba] = B [Es, 1] = £

,,,,,,,,,,,,,,,,,,,,,,,, (B Bl =—Bs
93.7 ® gl [E2’ E3] - El [E?” El] E2

[Eq, Eq] = E3

Table 2: Decomposable four-dimensional Lie algebras
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Type Nonzero commutators Parameters
Yo [Eo, Bu] =By B3, o] =Fp
[Er, E4] = a Ey [Ea, E4] = Eo
[ ) a#0
,,,,,,,,,,,,,,,,,,,,,,,, R e
G4z By, B =E s, o) =Fp
g [Er, E4] = E4 [Ea, E4] = E1 + Es
44
,,,,,,,,,,,,,,,,,,,,,,,, B3, EBu] =Ep + B
Y [Er, Eq] = By [En, Ea] = f B —1<a<B<1, afF0
4.5 or a=—1,0<p8<1
(B3, Ey] = a B3
E1L Ej]=aFE Fy, Ey] = BEy — E
93.’66 (B, E4 ' B, Ea] = 0 B ° a>0,B8€R
,,,,,,,,,,,,,,,,,,,,,,,, B3, Bu] =Ep + 8B
g [Er, E4] = 2E [E, Ey4] = B>
47
,,,,,,,,,,,,,,,,,,,,,,,, B3, Eu] =Ep + B3 [EpB]=Fy
ool (B2, E3] = E4 [Eo, Ey] = E»
48
,,,,,,,,,,,,,,,,,,,,,,,, (B3, Bu] =—Bs
B E=(1+a)E Ey By = E
gis (B £l ) En |3, 4| 2 —-1l<a<l1
,,,,,,,,,,,,,,,,,,,,,,,, B3, Eu]=aky B BEl=E
o [Ea, B3] = Ey [E2, Ey] = —FE3
4.9
,,,,,,,,,,,,,,,,,,,,,,,, (B3, Bu] =Ep
a [El, E4] = 2« E1 [EQ, E4] = OéEQ — E3
949 a>0
,,,,,,,,,,,,,,,,,,,,,,,, B3, Eu] =Ep +aby  [EpBEsl=E
[Eq, E3] = E4 [Es, B3] = E>
g4.10
[E1, E4] = —E» [Ea, E4] = E4

Table 3: Indecomposable four-dimensional Lie algebras
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>
(@]
g
& —_
< = o S
= < 5 2
— 3 J— —
< o 5 8 ES
Eh % S S == <=
Type = . A Sl S R=gal o
1D g1 g1 1 ﬂ1,1
2D g2.1 92 Ay §21 aff(R)
3D g3.1 g3.1 As n3 b3
932 33,2 Az 532
g3.3 93,3 A3,3 531, a=1
954 93,4, h=-1 Az 53,1, a=—1 se(1,1)
954 g3.4, 0<|h|<1 %5 S3.1, 0<|a|<1
0
935 93,5, p=0 Az §33, a=0 se(2)
955 93,55 p>0 8.7 §33, a>0
93.6 93,6 Asg sl(2,R) 50(2,1)
g3.7 937 Asg 50 (3, R) s5u(2)
4D gaa g1 Ay My
952 9a,2 12 S4.4
4.3 94,3 Ay 541
844 94,4 Ayga 542
a,B b
945 94,5 AT 54,3
a,B b
946 94,6 Afs 545
ga7 ga,7 Ay 54,10
1
948 g8, h=—1 Ayg 546
945 ga.8, —1<h<1 Aig 548 if a#0
54,11 if a=0
99 94,9, p=0 Ay 0 S4.7 oscillator
919 94,9, p>0 111 54,9
94.10 94,10 Ay 12 $4.12 aff(C)

Table 4: Cross-reference of indecomposable lower-dimensional Lie algebras
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_ E =R
8 _ z 57 F <7
Type E = 5 E 3 5 ;(3; ;‘E
49, 49, {0} ° e o o o o
g2.1 D 2¢1 3g1 g2.1 ° ° °
2921 2g1 — ° ° °
g3.1 D g1 031D 201 ° o o o o
932 O ;1 391 032 e o o
933 D o1 391 033 e o o
93, o 391 09, ) e o o
954D 0 391 954 e o o
955 @ 0 301 955 . .
955 Do 301 955 ¢
936 D 01 g1 936 . .
937 D g1 g1 g3.7 . .
4.1 941 g3.1 ° e o o o
() 391 — a=—2 ° o o
943 301 921D g e o o
944 391 — e o o
g3y 30 — a+B=—-1 e o o
e 301 — a=—28 840 @
ga7 931 — ° ° °
0% 93.1 09, . e o o o
938 931 — e o o
92.9 931 93_5 ° e o
949 g3.1 — e o
g4.10 2g; — °

Table 5: Four-dimensional Lie algebras (properties)



Bicgs AND REMSING 1031

Type Automorphisms
-CL1 a9 0 0 T
0O 1 0 O
g2.1 @ 2g4 0 as as as
|0 ag ar ag
"""""" @, a; 0 0] 0 0 a3 a4
9 0O 1 0 O 0O 0 0 1
821 0 0 as ay ’ a1 Q9 0 0
0 0 0 1] 0O 1 0 O
-CL26L7 — Qg3 a1 a5 dag
0 a2 Qg 0
931D g1 0 as ar 0
i 0 ay ag Qi
(a1 a9 az 07
0 a; as O
g3.2 ¥ g1 0 0 1 O
L 0 0 a5 Qg
777777777 _CL1 o dsg O ]
as as ag O
933 S7) g1 04 05 16 0
|0 0 a7 ag
[ aq a9 as 0
a ar ag4 O
934 B o 002 001 04 0l © +1
0 0 as Qg
77777777777 _al a9 Aasg O
as ay ag O
954 D o1 02 01 14 0
a>0, a#l
L 0 0 as Qg
[ aq [25) as 0
— 0
00: @ O A
0 0 as Qg
(a1 ay az O
—as a1 ag 0
955 © 01 00 1 0
a>0
0 0 as Qg
& SO(2,1) 0 SO0(2,1)={geR¥>3 : g'Jg=J detg=1}
936 D 01 0 asl’ J = diag(1,1,-1)
® SO(3) 0 SOB)={geR¥3 :gTg=1 detg=1}
937 81 0 ay|’ I = diag(1,1,1)

Table 6: Automorphisms of four-dimensional decomposable Lie algebras
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Type Automorphisms
_alag o3 A4 Qy
0 a1ag Qg Qg
841 0 0 ay ag
0 0 0 as
_(11 0 0 CL4- aq 0 a4 Qg
o 0 ay as as as as as ar .
g% 0 0 a ag a7l 0 0 as asg|’ =1
| O 0 1] 0O 0 0 1
'al 0 0 ay
0 o Az as
g4.3 0 0 a9 Qg
(0 0 0 1]
(a1 a9 az a4
0 ay as as
J4.4 0 0 a; ag
0 0 0 1]
"""""""""""""""" a1 0 0 a] 421 o 0 0 a]
0 a2 0 a3 “7 0 ay ag a;| a#1
0 0 a3 a , B#1 0 a3 as ag|’ =
3 Qg 3 G5 ag a=
o 0 0 0 1| «@#p 0 0 0 1]
71<aégﬁ4'§51,a57é0 [a1 a3 0 ag] ap as ay ap]
or o=-1,0<f<1 ag ay 0 a7| a#l a; as ag aj| Qo=
0 0 a5 Clg’ﬁ: as Qg Qg alg’ﬁ—
|0 0 0 1] 0O 0 0 1

ga,ﬁ 0 G2 az as

4.6 _

a>0, BER 0 ag az dg
0 0 0 1

Table 7: Automorphisms of four-dimensional indecomposable Lie algebras
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Type Automorphisms
2
a; —ajaz ayay — (a1 + ag)ag as
0 ay Q9 ay
847 0 0 ai as
| 0 0 0 1
ajy a1az as2a4 Qs —Qi1a9 —a2a4 —aj1a3 das
g_l 0 ay 0 ay 0 0 aq ay
4.8 0 0 a9 as ’ 0 a9 0 as
| 0 0 0 1 0 0 0 -1
a1a2 —apaz agG4 As a1G2 a3 a204 das
0 a; 0 ay a#0 0 a 0 a4 _ 0
0 0 az  aaz|l’ a#£1 0 0 a OFf°
o 0 0 0 1 0 0 0 1
918
—1<a<l a1ay — gy —a103 + A406 Q204 — A3Q7 A5
0 ai ay ay
, =1
0 ag asg as
0 0 0 1
R R SRYIP LY T T
o(af+a3) —oajag+ azas —ajas — oasay as
0 0 a 45) Gy
949 0 —oa oa as|? %7 +1
2 1 5
0 0 0 o
""""""""""" 5, 2 —as(aas—as)—ai(astaas) ai(aas—as)—ag(astaas) ]
ai + ay 1+a? 1+a? as
« 0 aq a9 Qy
g4.9 0
a>0 ) ai as
0 0 0 1

aq o Qo ag O Ay

—Qay oOoay a4 —O0as
f4.10 0 0 1 0
0 0 0 o

Table 8: Automorphisms of four-dimensional indecomposable Lie algebras (cont.)
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