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Abstract.  Multisymplectic geometry admits an operation that has no coun-
terpart in symplectic geometry, namely, taking the product of two multisym-
plectic manifolds endowed with the wedge product of the multisymplectic forms.
We show that there is an L., -embedding of the L., -algebra of observables of
the individual factors into the observables of the product, and that homotopy
moment maps for the individual factors induce a homotopy moment map for the
product. As a by-product, we associate to every multisymplectic form a curved
L. -algebra, whose curvature is the multisymplectic form itself.
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Introduction

Multisymplectic forms are higher analogues of symplectic forms. More precisely,
we will refer to closed non-degenerate (n+ 1)-forms as n-plectic forms, so that for
n = 1 we recover the definition of a symplectic form. Although multisymplectic
forms have been studied for a long time, in part due to the role they play in
field theory, it was only around 2010 that the algebraic structure underlying them
was unveiled: in [I][9] it was realized that the “observables” on a multisymplectic
manifold carry the structure of an L. -algebra, which in the symplectic case
reduces to the Poisson algebra of functions. Recall that an L. -algebra is the
notion that one obtains from a Lie algebra when one requires the Jacobi identity
to be satisfied only up to a higher coherent chain homotopy. Given an n-plectic
manifold (M,w), we denote by L. (M,w) its associated L, -algebra.

Given an action of a Lie group on a multisymplectic manifold (M, w), homo-
topy moment maps were introduced in [3] making use of L., (M,w) in an essential
way. Homotopy moment maps enjoy nice properties: cocycles in equivariant coho-
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mology give rise to homotopy moment maps, and the latter are well-behaved w.r.t
loop space constructions, as shown in [3]. In the setting of (higher) Hamiltonian
systems, one can show that homotopy moment maps induce conserved quantities
[10]. In the setting of (higher) prequantization, homotopy moment maps can be
lifted to higher prequantum bundles [4].

One feature of multisymplectic geometry, first explored in [12], is that it
admits a natural operation which has no counterpart in symplectic geometry,
namely the wedge product: let (M,,w,) be a n,-plectic manifold, and similarly
let (M, wy) be a ny-plectic manifold. Then

(M, %) == (M, x My, w, A w) (1)

is also a multisymplectic manifold, since w is a non-degenerate (n, + n,+ 2)-form.
Notice that while this structure is natural and always well-defined, the structure
on M that is familiar from symplectic geometry — namely the sum w, +w, — is of
little use since it is not a form of well-defined degree except in the case n, = n.

The main goal of this letter is to show that both the L. -algebra of ob-
servables and homotopy moment maps are well-behaved with respect to the above
wedge product operation in multisymplectic geometry. Actually, all our results are
proven in the more general setting of closed forms, in which the non-degeneracy
assumption is dropped.

More precisely, assuming that a Lie group G, with Lie algebra g¢, acts
on (Mg, we) with homotopy moment map f© : go — Lo (Mc,we), for C = a,b:

1. We construct a homotopy moment map
F:g.®g,— LOO(M,UJ)

for the product manifold (M , CE) , out of the homotopy moment maps f¢
for the individual factors.

2. We construct an L., -embedding
H ¢ Loo(My,wa) @ Loo(Mpy,wy) — Loo(M, D)

from the direct sum of the L. -algebras of the factors, to the L. -algebra of
the product manifold.

We will see that the two questions addressed above are closely related. Indeed,
rather than approaching directly question (2), we first construct F' as in question
(1), and using its explicit formula we are able to make an educated guess for H as
in question (2) so that the following diagram of L., -morphisms commutes:
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Loo (Maa wa) S¥ Loo (Mba wb) H Loo (]/_\Z, w)

fa D fb (2)

ga@gb

We construct the homotopy moment map F out of f@ and f° in §2f (see
Thm. [2.3)), making use of the machinery developed in [5][I1], and we compare our
construction with the one given by [3] for homotopy moment maps arising from
equivariant cocycles. Then in §3] we specialize to the case of iterated powers of the
same multisymplectic form, i.e. (M,w™), displaying explicit formulae for the case
(M, w?) and discussing Hyperkihler manifolds as an example. In 4| we construct
the Lo-embedding H (by L.-embedding we mean an L.,-morphism whose first
component H; is injective). We do this in Thm. , using the formulae for F' as
a guide.

Finally in §5| we present an interesting by-product of this note, namely, the
existence of a curved L. -algebra that is naturally associated to every multisym-
plectic manifold, and whose “curvature” is the multisymplectic form. Being a gen-
uinely curved L, -algebra, it differs from the L, -algebra of observables L..(M,w)
introduced in [I][9]. The underlying graded vector spaces are the same in degrees
< 0, but the one of the curved L., -algebra also has non-trivial components in
degrees 1 and 2, while L (M,w) is trivial in those degrees.

1. Background on homotopy moment maps

In this section we briefly review the geometry of closed differential forms and the
notion of homotopy moment map, which will be used through the rest of this note,
following [3, 8]. We will call (M,w) a pre-n-plectic manifold if M is a manifold
and w a closed (n + 1)-form.

1.1. Closed forms on manifolds and L. -algebras.

Definition 1.1. Let (M,w) be a pre-n-plectic manifold. A (n — 1)-form « is
said to be Hamiltonian if and only if there exists a vector field v, € X(M) such
that

do = —i, W.

[e3

We say then that v, is a Hamiltonian vector field for o. The sets of Hamiltonian
(n —1)-forms and Hamiltonian vector fields are respectively denoted by Q-1 (M)
and %Ham(M ) .
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A pre-n-plectic manifold (M, w) is said to be n-plectic if for every u € T'M ,
the following non-degeneracy condition is satisfied: ¢,w = 0 implies © = 0. In
other words, w is injective when seen as a bundle map TM — A™I™*M . Notice
that if (M,w) is n-plectic, then for each Hamiltonian form o € Q1 (M) there

exists a unique Hamiltonian vector field v, € Xgam(M). Further, a 1-plectic
manifold is the same thing as a symplectic manifold.

Definition 1.2.  Let (M, w) be a pre-n-plectic manifold. We define the bilinear
bracket {-,-}, : QL (M) x QF L (M) — QL (M) as follows
{a76}2 = bygly W, a,ﬁ S Q%;IL(M>7

where v, and vg are any Hamiltonian vector fields for o and § respectively.

The bracket of two Hamiltonian forms is Hamiltonian, and it is well defined
since it does not depends on the choice of Hamiltonian vector field among those
which are associated with the given Hamiltonian forms. Although the bracket is
skew-symmetric, it fails to satisfy the Jacobi identity (the failure is given by an
exact form), and therefore it does not make the vector space of Hamiltonian forms
into a Lie algebra. Of course one could consider the induced graded Lie bracket
on the quotient of Q-1 (M) by the exact forms or by the closed form, but doing
so one loses a lot of information.

In [9, Thm. 5.2|, Rogers associated to any n-plectic manifold an L-
algebra, depending exclusively on w and the de Rham differential d. This was
generalized to pre-n-plectic manifolds in [I3, Thm. 6.7]. Let us first recall the
general definition of L., -algebra.

Definition 1.3 ([7]). An L., -algebrais a graded vector space L equipped with a
collection {lk: L - L|1<k< oo} of graded skew-symmetric linear maps with
degl, = 2 — k, such that the following identity holds for m > 1 and homogeneous
elements xq,...,x,, € L:

> (—1)7e@) (=) VL L(Toq)s - - Ta(i)) Talie1) s - - Tam) =0

i+j=m+1,
Ueshi,m,i

Here Shj,—; denotes the (i, m — i)-unshuffles, i.e. permutations o of {1,...,m}
such that o(1) < --- < o(i) and o(i +1) < -+ < o(m), while €(0) is the Koszu]
sign.

The definition of L., -algebra may seem somehow arbitrary, however it admits
a conceptual and elegant formulation in terms of a coalgebra equipped with a
codifferential |3, [7], which we will not need in this note. We will be interested in
a particular class of L. -algebras:

!The latter quotient is isomorphic to Xgam (M) as a graded Lie algebra.
2The Koszul sign depends on z1,. ..,z too. For instance, if ¢ is the transposition of z;
and x5, then the Koszul sign is (—1)I=1l1z2],
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Definition 1.4. A Lie n-algebra is an L., -algebra (L,[;) such that the graded
vector space L is concentrated in degrees —n +1,...,—1,0.

For Lie n—algebradﬂ, by degree counting we have [, =0 for k >n+1. For n =1
we recover the definition of an ordinary Lie algebra. The L. -algebra constructed
in references [9, [13] starting from a pre-n-plectic or n-plectic manifold is indeed a
particular instance of Lie n-algebra. The construction is the following.

Definition 1.5. Let (M,w) be a pre-n-plectic manifold. There is a Lie n-
algebra structure Lo (M, w) = (L, {lx}r>1) on the graded vector space L whose
non-trivial components are

L QL (M) fori=0,
QM) forl—n<i< -1

The Lie n-algebra structure is given by the sequence of maps {l;}x>; defined by

da if dega < —1,
lLi(a) = .
0 ifdega=0,

and for all k£ > 2 by

lk(Oél, Ce ,Ozk) =

0 ifdega; ® - ®@ap < —1,
S(k)e(vay N+ AN )w  if degay @ -+ ® oy = 0.

Above, v,, is any Hamiltonian vector field associated to «; € Q.1 (M), and we

define ¢(k) := —(=1)FF+D/2 (50 ¢(k) = 1,1,—-1—1,1,... for k=1,2,3,4,5,...).

Notice that Iy (-,-) = {-,-},, so the L.-algebra constructed above extends the
bilinear bracket of Def. [1.2] We will often write {...}, instead of I, ,k > 1.

We introduce a further sequence of operations on L, which turns out to be
very handy for the purposes of this note.

Remark 1.6. The operations [...]; on L we introduce now are labelled by
integers & > 0, unlike the operations introduced in Def. [1.5] The multilinear
maps [...] are closely related to the multibrackets of L., (M,w): for k > 1,

[a1, .. aple = {oa, ..., it — Ok adoy

where 0 denotes the Kronecker delta. In particular, for £ > 2, [...]x and {... }x
agree, while [o]; vanishes if dega < 0 and equals —da when dega = 0. We
also have [1]p = —w. In Prop. we will see that the [...]; extend to a curved
L. -algebra structure.

Explicitly, the operations [...]; are given as follows:

3Lie n-algebras should not be confused with Filippov’s notion of n-Lie algebra, in which the
structure is given by a single map of arity n.
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Definition 1.7. Let (M,w) be a pre-n-plectic manifold. Let L denote the
graded vector space underlying L., (M, w).

For all k > 0, we define the multilinear maps [...]y: LZ* — Q"F1=%F(M) as
follows:
0 ifdega; ® - @ ag < —1,
[ala 7ak‘]k - .
S(k)e(vay N+  Nvg )w i degay ® -+ ® oy, = 0,

1.2. Homotopy moment maps and group actions.

Let (M,w) be a pre-n-plectic manifold and let G be a Lie group, with
corresponding Lie algebra g, that acts on (M,w) preserving w. The Lie group
G acts on Q°(M) from the left via g - w — (¢,-1)*w, where 1, is the diffeo-
morphism associated to ¢g. The corresponding infinitesimal action is a Lie-algebra
homomorphism from the Lie algebra g to the vector fields X(M) on M, namely:

vog—=>X(M), z— v,

wherd?]

d
Vglp = %exp(—t:v) Plimo, YpeE M.

We present now the concept of homotopy moment map, introduced in [3], which
generalizes the comoment map construction that appears in symplectic geometry.

Definition 1.8. A homotopy moment map for the action of G on (M,w) is an
Lo-morphism f: g — Lo (M,w) such that for all x € g

df1(z) = —ty,w. (3)

An action is said to be Hamiltonian if it admits a homotopy moment map.

Remark 1.9.  a) From equation ([3), we see that a necessary (but not sufficient)
condition for an action of G to be Hamiltonian is that, infinitesimally, it acts
through Hamiltonian vector fields. Notice that f is not required to satisfy any
equivariance properties.

b) Def. is a generalization of the notion of comoment map for the action
of a Lie group on a symplectic manifold. Indeed, for n = 1 we recover the standard
definition of a comoment map as a Lie-algebra homomorphism from the Lie algebra
g to the Poisson algebra of functions on the symplectic manifold.

A homotopy moment map is a particular instance of L. -morphism, and the latter
is a fairly complicated object to handle in general. Luckily enough, we only need
to consider L.,-morphisms having as source a Lie algebra, and as target a Lie
n-algebra with the property that its higher brackets are non-trivial only in degree
zero (this is Property (P) in [3 §3.2]). By [3, Prop. 3.8] (see also the text at the

4The notation we chose for the vector field v, (associated to 2 € g by the infinitesimal action)
is similar to the one chosen for Hamiltonian vector fields v, of a Hamiltonian form « (Def. [1.1)).
We hope this does not give rise to confusion.
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beginning of Section 5 there), f: g — Lo(M,w) being a L,,-morphism means
that it consists of components fy: A¥g — Q"%(M) (for k= 1,...,n) satisfying:

Z (—1)i+j+1fk71([$i,$j],$17 ey Ty 7@', -

1<i<j<k
=dfi(z1,...,26) +S(k)e(vey Ao AV )w (4)

for 2 < k <n, as well as

S Il ag) en, B e E L Tg)

1<i<j<n+1
=¢(n+1D)u(vy, Ao Nvg,)w. (5)

Notice that the right-most term of eq. is just U(fi(z1),..., fi(zx)), and
similarly for . As mentioned above, comoment maps for symplectic manifolds
are particular cases of homotopy moment maps. Further examples of homotopy
moment maps can be found in [3| and [11].

2. Homotopy moment maps for cartesian products
(Ma X Mb, wq N wb)

Let (M¢,we) ,C =a,b, be a pre-n-plectic manifold and let G¢ be a Lie group,
with Lie algebra go, which acts on (Mg, we) in a Hamiltonian way, with corre-
sponding homotopy moment map f¢ : go — Loo (Mc,we). Then G = G, x Gy
acts on the pre-(n, + ny + 1)-plectic manifold?]

(M =M, x My, w=w, ANwp) .

The main theorem of this section is Theorem where from the above data we
explicitly construct a homotopy moment map F' : g, ® gp — Loo(M,w).

2.1. The construction of F'.

We first recall a few facts from [5, §2] [11]. Let (M,w) be a pre-n-plectic
manifold, and G a Lie group acting on M preserving w. The manifold M and
the Lie algebra g give rise to a double complex

K = (\2'g" @ Q(M), dy, d),

where d; is the Chevallier-Eilenberg differential of g and d is the de Rham
differential of M. We consider the total complex with differential

oy = dg @1 +1®4d.

Hence, on an element of A*g* @ Q(M), dy acts as dy + (—1)"d.

5We will slightly abuse the notation, denoting a differential form on M¢ and its pullback to
M, x My, via the canonical projection, by the same symbol.
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For any G-invariant o € QY (M) define
of AP g = QVNTRM), (w1, a) (ol A Ao,

and
0= Z(—l)k_lak. (6)
k=1
Since each % can be viewed as an element of A*g* @ QN=k(M), it follows that
o can be viewed as an element of K of total degree N. It turns out that w
is d;,;-closed, as a consequence of the fact that w is a closed form. The link to

homotopy moment maps is given by [5, Prop. 2.5|, which we reproduce for the
reader’s convenience:

Proposition 2.1.  Let o = @1 + -+ + ©,, with ¢, € A*g* @ Q"*(M). Then:
dtot@ =W fo
fe=s(k)or: A¥g— QF(M),

for k=1,...,n, are the components of a homotopy moment map for the action
of G on (M,w).

Now we apply the previous machinery to the manifolds M,, M, M, x M, and
the data given at the beginning of this section. For each of these three manifolds
we obtain a double complex, which we will denote by (K,,d%,), (K d2%,) and
(K, dyot) respectively.

Lemma 2.2.  Let o € K¢ be of degree ng. If dS,p% = ¢ for C = a,b, then
diorp = Wa A wp where

1 -~ Na a n
o= 5 (=" + (—1)"Ga”) + (9w + (1) wag’) € K.

Proof. First notice that

—_—

We N\ Wy = —Zd\;(;b + (:—J(;wb + waﬁb . (7)

. . o~ ~ —_ —~ —~
This is a consequence of W,wp = w, A wy for Lo := we — we .
Now we exhibit d;.;-primitives for each of the three summands in eq. .

diot (" wp + (_1>na+1a}\;<ﬂb)
= d?otgpaﬁb + <_1)nagpadlt)0tgb + (_1)na+1d?ota};wb + Z‘—Jgd?ot(pb
= 2W,Wp

where in the last equation we used our assumption and d<,wc = 0, which holds
by [B, §2|. Further

ot (9" wn) = dipyp"wy + (—1)" " iy, = Wawp,

where in the last equation to compute d?,w, = 0 we have to enlarge the double
complex K to include A%(gy)* ® Q(M;) = Q(M,). Similarly,

dior (1) T, 0?) = wa . n
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Applying Prop. , the dy,-primitive of wmb obtained in Lemma allows
us to construct a homotopy moment map for the g action on (M, w, A wp):

Theorem 2.3. Let G¢ be a Lie group with Lie algebra gc, where C' = a,b.
Let (Mc,we) be a pre-ne -plectic manifold equipped with a Ge action admitting a
homotopy moment map € : go — Lo (Mc,wc). Then the action of G, X Gy on
(M, w) := (M, x My, w, A wy) admits a homotopy moment map with components
determined by graded skew-symmetry and the formulae (k=1,...,ny +ny+1)

Fri(@a® ) — Lo (M, w)

1 m .1 l a a 1 m
(zhy .. almy, . ay) Cond o (2o @) At qwe
I

+ Clr)n,l U,..;mWa N flb (xé, e 7«%) )

where m,1 >0 with m+1 =k, 2\ € g, and z} € g,. Here we define f¢ = f& =0
and

b, iWo =1 (Uflc(fﬂlc) JANRIEVAN Uff(%)) we -
The coefficients are defined as follows for all m > 1,1 > 1:

1
C?n,l - §§(m + l)g(m)(_l)(na+1—m)z :
1
C?n,l = §§<m + l)g(l)(_l)(”a+1fm)(l+1) ’
and
c?n,o =1, 0871 = (_1>(l+1)(na+1) .

k(k+1)
2

Recall that (k) = —(—1)

Remark 2.4. The formula for F}, simplifies once written using the operations
[...] introduced in Def. [1.7}

Fp(zl, . oamap, ... o) = o fo (g xl) A (L), fh())]

—_

+Clr)n,l [ ?(x(lz)a"-aflc%le)} /\flb (méa"'axé)a

@, = _5(_1)(na+1)l ,
gm\,l _ _%(_1)(na+1)(1+1)+m :
and /\
Fom 1 &= (e
This is a straightforward consequence of ¢(m)s(l)s(m + 1) = —(=1)™ for all

integers m,{ > 0.

Proof. Prop. and Lemma [2.2] deliver a homotopy moment map

F: Ja @gb — LOO(MG X Mb,w)
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whose components Fj, for k =1,...,n, + ny + 1, are given by
Fk - g(k%Ok )
where
1 a, Ng 3, b a ng+1 b
p =5 (=0 + (=1)"0a”) + (@'wp + (1) wa”) (8)

Let us point out that
pr € A (g5 @ gp) © QU TR (M, X M)

In order to prove the theorem we just have to write Fj using equation and
fa=c(k)p?, f=c(k)ph. We do so evaluating the components of F on elements
of g, and of g,.

We have

Fin(@g -, 2q") = <(m)pm (g, - 25") = s(m)gr, (2g, - 23") Awy
= fo(xf,...,2%) ANwp,
using that ¢ = ¢(m)f® in the last equality. In the second equality we used

eq. (notice that on the r.h.s. of eq. , only the summand ¢%w, gives a
contribution). We conclude that

Let us take now

Filab, o) = st ab) = @)= 1" w2
= (1) (wa ) (@, - - 1)
(—=1)at DD A fo(ah, 2l

The last equality holds sinceﬁ, if we pick a basis {€} of g; and write f{ as a sum
of terms of the form & A--- A& @ B € A (g;) @ QD (M,), then

Q1 @w) (& AN @B) = (=1) A AE & (wa A B).

We obtain
0871 — (_1)(na+1)(l+l) , l 2 1.

For m,l > 1 consider

Fpp(zl, o oa™al, ... xh)
=c¢(m + Domy(xt, .. ™ xp, ... xh)

1 -~ n — m
:C(m + l)i (_Sogn(wb)l + (_1) a(wa)WQD?) (‘r(lv sy Ty 71‘;7 st 7$é)

:g(m + l)% (_g(m)(_l)lilfr?@wbl + (_1>na<_1)milg(l>wamflb) ('Tzlzv s 7‘7"217 95;7 s 7$§))7

6We are slightly abusing the notation by denoting the product of two elements in the double-
complexes K¢ or K and the wedge product of forms simply by juxtaposition.
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where in the last equality we used eq. @ We have

(few (@, o am ay, . al) = (=1)memmlpe (el ey Awyl (g, L),

using f2 € Ag: @ Q=™ (M,) and wy' € Alg; ® Q (M,). Therefore
Co (l+m) (m)(=1)etmmt,
Similarly,

(wamflb)(:v;, ce Tl x;, . ,xlb) = (—1)(”“+1_m)lwam(:p}1, e T A flb(m;, o ,:L‘é) ,

using w,™ € Ag: ® Qe t1=m (M,) and f} € Alg; @ Q (M,). Hence

1
= el m)s((~ 1)t .
Example 2.5. We spell out the homotopy moment map constructed in Thm.
in the case that M, and M, are pre-symplectic manifolds, i.e. n, = n, = 1.
In that case f¢: g, — C*°(M,) is an ordinary comoment map, just like f°, and
(M,w) is a pre-3-plectic manifold. One obtains

(20 ® ) = f*(@a) -y +wa - f(x1)
Py (20 © 20, Yo ® yp) = % <_fa($a> "oy Wo T gy Wa fb(gb))
—(z < y)
F3(zq ® Ty, Yo © Yp, 20 D 2) = _% (fa(%) T TORUCT TR

T boga o) Ava () Wa fb(zb)> +c.p.

where z¢,yc,2¢c € go for C' = a,b and “c.p.” denotes cyclic permutations of
x7 y7"7’

2.2. Non-associativity of the construction. The construction of homotopy
moment maps for product manifolds given in Thm. is not associative. More
precisely: for C' = a,b,c let Go be a Lie group with Lie algebra g¢, acting on
a pre-ng-plectic manifold (Mg, we) with homotopy moment map f¢ : go —
Leo (Mc,we). Denote by f* f° the homotopy moment map for the action of
Ga x Gy on (M, x My, w, A wy) constructed in Thm. [2.3] Then

(fo ) % fo 2 fox (f0 % ), (9)

as one can see from a straightforward computation using the fact that ¢}, ; = j:%
for m > 1,1 > 1. Indeed, the construction of the d;,;-primitives done in Lemma
is also not associative: denote by ¢ the elements of K¢ corresponding to the

homotopy moment maps f¢ (via Prop. [2.1). If we denote by ¢® * ¢’ the dyo-
primitive of w, Ja A wy, constructed in Lemma then (%)% and @ (" °)



1048 SHABAZI AND ZAMBON

are differen primitives for ((we A wp) Awe) = (wa A (wp Awe)). The difference
between these two primitives is

1 a, 5 e C 1 a, 5 C

1(_90 Wple +wawb90 ) - dtot <_Z<;D Wp@ ) .
Hence the two homotopy moment maps appearing in eq. @D are inner equivalent
in the sense of [5, Remark 7.10]. This notion of inner equivalence is the one that
arises naturally considering the complex AZ(g, X g5 X gc)* @ Q(M, x My x M.),
and can be characterized as equivalence of L,-morphisms (see [5, Prop. A2]).

Under quite restrictive conditions, there is another way to construct homo-
topy moment maps for product manifolds, which does have the property of being
associative in the sense above.

Remark 2.6.  Given an action of G, on the pre-n,-plectic manifold (M,,w,),
the theorem [3| Thm. 6.8] provides a map

® )y, - {Closed extensions of w, in Cg,(M,)}
— {Homotopy moment maps for (M,,w,)},

where Cg,(M,) = (Sg: ® Q(M,))% is the Cartan model for the equivariant
cohomology of the G, action on M, (it is a differential graded algebra). This
map is not surjective in general [3, §7.5]. It is also not injective in general: by the
formulae in |3, Thm. 6.8] it is clear that, if g, is a abelian Lie algebra, then the
component lying in (S%gF ® Qe=3(M,))% of a closed extension ¥ can not be
recovered from the homotopy moment map @/, (¢%).

However, in the cases in which ®;;, and ®,,, are injectiveﬂ one can carry
out the following construction: if homotopy moment maps f¢ for (M¢,we) arising
from closed extensions in the Cartan model (C' = a,b) are given, then

ot o, (U 1) (10)

is a homotopy moment map for (M, x My, w, A wy), where ¢ is determined
by ®u.(9°) = f¢, and the dot denotes the product in the Cartan model
Ca,xa, (Mg x My). This prescription has the property of being associative, in
the sense above, for the simple reason that the algebra structure in the Cartan
model is associative.

In the special case of pre-symplectic manifolds (M,,w,) and (M, w;), the
injectivity assumption is satisfied. The above prescription delivers a homotopy

"One could hope that redefining ¢® * ¢ by adding a real multiple of dyo;(¢%@®) to it might
remove this issue, but this is not the case.

8The same prescription does not seem to work without the injectivity assumption, for in that
case it seems to depend on the choice of ® and ¢°. In view of the formulae in [3, Thm. 6.8],
the technical reason behind this is the following: if Py € S?g* is a quadratic polynomial on the
Lie algebra g,, then the total skew-symmetrization of P¢([-,-],[-,]): §2* — R does not seem to
be determined by the total skew-symmetrization of P§(-,[-,-]): g©3 — R.
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moment map H for (M, x My, w, A wy), which as expected is different from the
one F obtained in Ex. 2.5 we have H; = F, Hy = I3, but

2
%MJM%%®%%@%%§&QJM%%®%%@%)

— S () I ) + (s 2e]) () + )

where z¢, Yo, 20 € go for C = a,b.

3. Application: homotopy moment maps for iterated powers (M, w™)

In Section [2| we have shown how to build a homotopy moment map for the product
manifold of two pre-multisymplectic manifolds, assuming that a homotopy moment
map for the individual manifolds exist. Here we apply this construction to some
specific examples of geometrical interest: powers of closed forms and Hyperkéhler
manifolds.

3.1. Restrictions.

Let G be a Lie group with Lie algebra g, acting on a pre-n-plectic manifold
(M,w) with homotopy moment map f: g — Lo (M,w). One obtains new actions,
either restricting to a Lie subgroup of G or to an invariant submanifold of (M, w).
We display homotopy moment maps for both cases.

Lemma 3.1. Let H C G be a Lie subgroup, and denote by j: bh — g the
inclusion of its Lie algebra. The restricted action of H on (M,w) has homotopy
moment map foj:bh — Loo(M,w).

Proof. The Lie algebra morphism j is in particular an L.,-morphism, so foj
also is. Since eq. holds for all x € g, in particular it holds for all x € . [ |

Lemma 3.2. Let N <5 M a G-invariant submanifold of M. Then the action
G O (N,i*w) is Hamiltonian with homotopy moment map i*of : g — Lo (N, 7*w).

Proof. According to Def. we have to show that
fVi=i*of:g— Ly (N,i*w)
is an L,.-morphism such that
— ti'w=df¥(z), Vzeg, (11)

where (v,)", which is a generator of the action on N, denotes the restriction of
the vector field v, to N.

Eq. follows simply by applying the pullback i* to Eq. (3). To show
that fV is an L.-morphism, let us introduce the following L. -subalgebra of
Lo (M,w):

LN (M,w) = C® (M) @ Q" (M) ® -~ & QL (M)

Ham
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where

QrL (M) = {a € QF (M) : 3 a Hamiltonian vector field of o tangent to N } .

Ham Ham

Since L (M,w) and LY (M,w) are equal in every component except for the
degree zero component, in order to see that LY (M,w) is really a L., -subalgebra
of Lo, (M,w), we only have to check that the binary bracket Il of L., (M,w)
restricts to Qﬁ;ﬁn (M). This is indeed the case since given any two Hamiltonian
forms o and 3 and respective Hamiltonian vector fields v,,vs, a Hamiltonian
vector field for lo(ar, ) is given by the Lie bracket [v,,vg], which of course is
tangent to N whenever both v, and vs are.

Notice that the homotopy moment map f: g — Lo (M,w) takes values in
LY (M,w), that is,

fe(z) € LY (M, w) , N kE>1. (12)

To prove this, since Lo, (M,w) and LY (M,w) are equal in every component but
the zero one, we have to check equation only in the k£ = 1 case, that is, we
have to prove that N

fle) e Gl (M), Vaeg.
It holds since a Hamiltonian vector field of fi(x) is the generator of the action v,
which is tangent to N by assumption.

Next, notice that the pullback of forms
i*: LY (M,w) — Lo (N, i*w)

isﬂ a (strict) Lo.-morphism, as a consequence of the facts that i* commutes with
the de Rham differential and due to the definition of Qf.! (M). We conclude that
i*o f:g— Ly (N,i*w) is a homotopy moment map. n

3.2. Actions on (M,w Aw).

Let us consider two pre-multisymplectic manifolds (M¢,we), C = a,b.
We assume that there is a Hamiltonian action of a Lie group G¢ O My with
corresponding homotopy moment map f¢ : gc — Lo (Mg, we). By Thm. 2.3 we
know that there is also a Hamiltonian action

Ga X Gb O (Ma X Mb, Wg N wb) , (13)

with homotopy moment map F given by Thm. [2.3]

Assume now that G, = G, =: G, whose Lie algebra we denote by g. One
can restrict the action to the diagonal AG = {(g,9) : g€ G} of G x G:

AG O (Ma X Mb, Wae N wb) . (14)
By Lemma [3.T] a homotopy moment map for this action is

Foj:Ag— Lo (Mg x My, wg A wp)

9However the map Lo, (M,w) — Lo (N,i*w) given by pullback of forms is not an L,-
morphism. This is the reason we need to introduce LY (M, w).
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where
j:Ag={(z,x):x €9} > g9 (15)

is the inclusion. By the isomorphism G ~ AG, g — (g,g) we can view eq. (14)) as
an action of the Lie group G, and j asamap g~ Ag —>gdg.

Now we specialize even further, taking M, = M, =: M , w, = wp, =: w and
fo= .
The diagonal AM of M x M is invariant under the action of AG. Therefore,
using the inclusion

1AM — M x M
and the identification M ~ AM we obtain by restriction an action of G on M:
G>~AGO (AM,i" (wAw)) ~ (M,wAw).

Of course, this is interesting only when w has even degree, for otherwise wAw = 0.
Lemma (3.2] states that this action is Hamiltonian with homotopy moment map
given by

i"Foj:g— Loo(M,wAw),

where F' is as in theorem 2.3]

Remark 3.3. If an action G O (M,w) is Hamiltonian, then the action G O
(M,w™), m € N, is also Hamiltonian. This follows from a slight variation of the
above reasoning, allowing w, and w;, to be different.

Remark 3.4. The above reasoning also leads to the following more general
statement. Consider again, for C' = a,b, actions G¢ OO Mg with corresponding
homotopy moment maps f¢. Assume now that there is a manifold B and G¢-
equivariant submersions mo: Mc — B. Then the diagonal action of G on the
fiber product M, xp M, = (7, X ) 1 (AB), endowed with the pullback by the
inclusion of w, A wy, admits a homotopy moment map.

The special case M, = M, = B with 7, = m, = Id delivers (M,w A w).
Another interesting special case arises when 7o: Mc — B are principal G-
bundles (in that case the action on B is trivial).

Making more explicit the formula for i*F o j, we obtain:

Proposition 3.5. Let G be a Lie group with Lie algebra g, and fix an ac-
tion of G on an pre-n-plectic manifold (M,w) with homotopy moment map
f:9 = Loo(M,w), where n is odd. Then the G action on (M,w A w) has a
homotopy moment map, with components (k=1,...,2n+1)

g = L (M,wAw)

k
@@ = 2 Z Z (—1)00%7k_mfm (x”(l), e ,a:"(m)) N Lo (ma1),....o (k) W-

m=1 0€Shm k—m
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Remark 3.6. The above double sum consist of 2¥ — 1 summands.
Proof. Fix k>1 and 2! A--- A 2% € AFg. Notice that

Jj@) A AG(Y) € AF(g @ g)

is the sum of 2¥ monomials in a natural way. For instance, introducing the notation
j(x) =z, ®xp, one has j(a')Aj(2?) =zl N2+ al Naf+ o A2 +ap Ao}, Let X
denote one of these monomials, let m be the number of elements in X decorated
by the index “a”, and [ :=k —m. If m =0 or [ =0, it is clear by Thm. [2.3] that
(@ (F))(X) = F(X) Aw.

Hence we consider only the case that m,l # 0. X can be written as

(—1)72IW Ao A S A gD AL A TP
for a unique o € Shy,;. By Thm. 2.3 we have
Fp(X) = (=1)7 |:C?n,l Jm (ﬂﬂg(l)v e ’xg(m)) A lo(m+1),...0(k)W (16)
+ cfml Lo(1),.o(m)W N fi (arg(mﬂ), o ,xz(k)> ] .

Denote by Y the monomial obtained from X interchanging each index “a” with
the index “b”. Notice that Y can be written as

(—1)72TW A A IO AT A TP

for a unique 7 € Sh(l,m). One can check that the first summand of Fj(X) in eq.
agrees exactly with the second summand of Fj(Y). Hence

(Z*(Fk))<X + Y) =2 <_1)chm,l m (1‘0(1)7 s 7xcr(m)) A lo(m41),...,0(k)W

+ (=17 fn (™YY A gy rw] -

Pairing two by two as above all the summands of m(z*)A---Am(z*) and summing
up, we see that (i*(Fy)oj)(z'A- - -Az®) equals the expression given in the statement
of this proposition. [ |

Not all the homotopy moment maps for (M,w A w) arise from homotopy
moment maps for (M,w) as in Prop. [3.5] as the following example shows.

Example 3.7.  Consider the symplectic manifold M := S! x S x S x R with
canonical “coordinates” 61, 05, 03, x4, and symplectic form w = dfy AdOs+dOsNdxy.
The action of the circle on M with generator 8%1 is by symplectomorphisms, but
does not admit a moment map since df, is not exact.

On the other hand w A w = 2d0; A df; A dbs N dxy is exact with invariant
primitive (for instance, as primitive take —2z4df; A dfy A dfs). Therefore by [3]
§8] there is a homotopy moment maps for w A w, constructed canonically using
this primitive.
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3.3. Hyperkiahler manifolds.

The results in this subsection are closely related to Martin Callies’ results
in [2].

Definition 3.8. A Hyperkdhler manifold is a Riemannian manifold (M, g)
equipped with three complex structures J; : TM — TM ,7 = 1,2,3, which satisfy
the quaternionic relations Jf = J1JoJ3 = —1 and are covariantly constant with re-
spect to the Levi-Civita connection V associated to g, thatis, VJ; =0,i=1,2,3.
We say then that (g, Ji, J2, J3) is a Hyperkihler structure on M.

As a consequence of the definition of Hyperkdhler manifold, M is also equipped
with three symplectic two-forms w;,7 =1,2,3, as follows

w; (u,v) =g (Jiu,v) , wveX(M), 1=1,2,3.

Remark 3.9. Notice that w; is non-degenerate as a consequence of g and J
being non-degenerate and it is closed as a consequence of J; being covariantly
constant. In fact, we have Vw; = 0 for ¢ = 1,2,3. If ¢; € R,7 = 1,2,3, with
S a2 = 1, then 337 a;J; is a complex structure un M , and g is Kihler
respect to it, with Kéhler form Z?Zl a;w;. Hence, a Hyperkdhler manifold M is
equipped with a sphere of complex structures and Kéahler forms.

A Hyperkéhler manifold can be also characterized as a 4k-dimensional
(real) Riemannian manifold with Riemannian holonomy contained in Sp(k), where
k > 1. Since Sp(k) C SU(2k), every Hyperkdhler manifold is Calabi-Yau and
Ricci-flat. Notice that the natural representation of Sp(k) on R* preserves
three complex structures J;,7 = 1,2,3, that satisfy the quaternionic relations
J?2 = Ji o3 = —1.

It turns out that
3
Q.= Z w;i N\ w;
i=1

is a 3-plectic form.
The following Lemma follows immediately from Def. using Eq. and
(B) (or alternatively from Prop. [2.1)).

Lemma 3.10.  Suppose we are given an action of a Lie group H on a manifold
N preserving pre-n-plectic forms Qq and s, with homotopy moment maps F*
and F? respectively. Then the action of H on (N,Q;+Qy) has homotopy moment
map F*+ F2.

Proposition 3.11.  Let G be a Lie group acting on the Hyperkdahler manifold
M. Assume that (M,w;) admits an equivariant moment map f*, for i = 1,2,3.
Then the G action on the 3-plectic manifold (M,$2) admits a homotopy moment
map, constructed canonically out of f1, f2, 3.

Proof. Since f* is a moment map for w;, Prop. provides a homotopy
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moment map F? for w; A w;, for i = 1,2,3. A homotopy moment map for € is
then given by F' + F? + F® by Lemma [3.10] n

Not all homotopy moment maps for {2 arise from moment maps for the w;,
as the following variation of Ex. shows.

Example 3.12. Consider the Hyperkihler manifold R* with the canonical
metric and the complex structures Ji, Js, J3 given by quaternionic multiplication
by 4,7,k € H = R*. Dividing by the lattice Z* x {0} we obtain a Hyperkihler
structure on M := S x S x S' xR (the product of the 3-torus with the real line),
on which we have induced “coordinates” 61,6, 03, 4. The symplectic structures
on M associated to the distinguished complex structures are

w1 = d(91 /\deg +d93/\d.’l§'4, Wy = del /\d93—d92/\dx4, W3 = del /\dl’4+d92/\d(93

The action of the circle on M with generator % preserves each w;, however w;
and wy have no moment map for this action. On the other hand, it is easily
computed that Q := 23:1 w; AN w; = 6dO; A dby A dbs A dzy, and € admits a
homotopy moment map as we explained in Ex. [3.7

4. Embeddings of L. -algebras associated to closed differential forms

Let (Mc,we) be a pre-ng-plectic manifold, C' = a,b. We consider the pre-
ng + np + 1-plectic manifold

(M =M, x My,w = wy A wp) -

Being (M¢,we) a pre-ne-plectic manifold, it is equipped with a Lie ne- algebra
Loo(Me,we), constructed exclusively out of we and the de Rahm differential d.
The purpose of this section is to find an L. -morphism

H: Loo(My,wa) @ Loo( My, wp) ~ Loo(My X My, wq A wp) (17)

whose first component is an embedding. We will exhibit such a morphism in Thm.
4.2

Remark 4.1. As in the previous section, we will slightly abuse notation, de-
noting a differential form on My and its pullback to M, x M,, via the canonical
projection, by the same symbol. Similarly, given a vector field on My, we denote
by the same symbol its horizontal lift to the product manifold M, x M,.

Further, we denote by [® and [° the multi-brackets of L..(M,,w,) and
Loo(My, wy) respectively, and by [ the multi-brackets of L. (M, w).

4.1. The construction of H and its properties.

The source of H is Loo(M,,ws) @ Loo(My, wy), which, being a direct sum of
L.-algebras, is itself an L. -algebra. We spell this out, assuming n, > n,. The
underlying complex is

C®(My) — -+ — C°(M,) @ Q™ " (M) — --- — Q"1 (M,) © Q" 1(M,).
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Its multibrackets ({® (for k > 1) are defined by
I (1 @ B,y @ Be) =18 (o) DL (B, Br)
where oy @ f1,..., a8 ® By € Loo(My,ws) @ Loo(My,wy). Notice that
Loo(My,wa) @ Loo( My, wp)

is a Lie N-algebra, where N := Maxz{n,,ny}, while L. (M,w)—the target of
H—is a Lie (n, 4+ ny, + 1)-algebra.

We now argue that there is a natural candidate for the first component of
an L.,-morphism as in (I7). Given o € Qe l(M,) and 8 € Q. (M), take

Ham Ham

Hamiltonian vector fields X, and Xj for them, and consider X, +X3 on M, x M,,.
It is again a Hamiltonian vector field, since

U Xt X5)W = —d [ Awp +wo A ]
Hence there is a well-defined map

he Qe (M) @ Q! (M) — Q™ (M)

Ham Ham Ham

ad®f — alNwy+w,ANp.
Endow QU1 (M,) @ Q%1 (M,) with the bracket [%°, i.e., the sum of the binary

Ham Ham

brackets [$ and [5 on the two factors. Denoting all binary brackets by {-,-} to
ease the notation, we have

h({%@ﬁl, 042@52}) = {h(@l@ﬁl) ) h(@2@52)}+(—1)n“d g AdBy —az Ndp] .

That is, h does not preserve the binary brackets on the nose, but just up to an exact
term. This a characteristic feature of the first component of an L., -morphism. In-
deed, in Thm. 4.2/ we extend h to an L..-morphism from L., (M, w,)® Leo(My, wy)
to Loo(M,w). The concrete expression of the L..-morphism is motivated by the
results of Section [2] and in particular by Theorem [2.3]

We will use the square brackets introduced in Def. [I.7] for C' = a,b. Recall
that [...]¢ is defined for all & > 0, and that it vanishes unless all entries have

degree zero (i.e., are Hamiltonian forms). Recall also that [1]S = —we and that
for k> 1, by Remark [1.6],
[al,...,ak]g:{al,...,ak}c—ékyldcal, C:a,b,

where {ay,...,ap}c is the k-bracket of Lo (Me,we) and de is the de Rahm
differential on M.

Theorem 4.2. Let (M¢g,we) be pre-ng-plectic manifolds. There is an L -
morphism

H: Loo(My,wa) ® Loo(My,wy) ~ Loo(My X My, wa A wyp)

whose first component is injective. The components of H will be denoted by H,
(Il > 1). They are determined by graded skew-symmetry and the requirement that
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Hker(ab <oy O, 517 s 7Bm) - tg%‘al‘ék,lal A [517 s 7ﬁm]?n
+ t%‘ﬁl‘&m,l[ala-"aak}z/\ﬁla

where k+m > 1, aq,...,00 € Loo(My,wa), Biy---yPBm € Loo(Mp,wy), [1]0C =
—we and the coefficients are, for all 1 < 0:

1 .
= —5 ()" m > (18)

(_1)i(na+1)+k : k 2 1

DO | — Do

b
by = —

and |
tg,i = —1, t(bm. = — (_1)z(na+1) .

Above, § denotes the Kronecker delta, and || refers to the degreﬂ of a1 as an
element of Loo(Mgy,w,) .

Remark 4.3. Notice that H, applied to a family of elements lying in
(Loo(Ma,wa) & {0}) U ({0} & Leo(My, ws)),

vanishes unless: either exactly one element is of the form o &0 and the remaining
elements have degree zero, or exactly one element is of the form 0@ § and the
remaining elements have degree zero.

Remark 4.4.  The first component H; is clearly injective for it is given by
Hi(o)=aAw, and H(B)= (=)0 np,

where o € Loo(M,,w,) and € Lo (My,wy).

The restriction of Hy to Leo(M,,w,) @ {0} is a strict morphism. This can
be seen using Remark [£.3], since the higher components of H vanish if all entries
lie in Loo(My,w,) ® {0}, or alternatively it can be seen directly using Lemma
below. The same holds for the restriction of H to {0} & Lo (M, ws).

Remark 4.5. Recall that the composition ¥ o ¢ of two L. -morphisms is given

by ($0 @)k = 1y Doy gt TU1© (D4, ® -+ @ ¢y,). Possibly up to signs, the
Loo-morphism H given Thm. 4.2 has the following property: for any action of a
Lie group G¢ on (Mg, we) with homotopy moment map f¢ (C = a,b), one has

F=Ho(f"®[)

where F' is the homotopy moment map constructed in Thm. out of f* and
f°. In other words, the diagram (2)) commutes.

Example 4.6. Let n, = n, = 1. That is, (M,,w,) and (M,,w,) are pre-
symplectic manifolds, and so (M,w) is a pre-3-plectic manifold. Consequently,
the cochain complex L underlying the Lie 3-algebra L., (M,w) is

C® (M) — Q' (M) — Q* (M) — Q.. (M) .

Ham

10T his differs by n, — 1 from the degree of oy as a differential form.



SHABAZI AND ZAMBON 1057

On the other hand, L. (M,,ws) @ Loo (Mp,wp) = C™ (M,) & C™ (M,) is just a
Lie-algebra. The higher components of the L., -embedding of theorem [4.2] read

1
H2(fa®fbvga@gb) :§(fa/\dgb_dfa/\gb_gaAdfb+dga/\fb) 5

Hs (fo @ fo, 90 @ gp, ha ® hyy) = % (fadge, Moty + fo {90, hats — Ga {fo, Mo}
—Gb {far haty + ha {fo, g}y + Po{fa; Gu'ts)
for all fc,gc,hc € C° (Mg) , C =a,b. Notice that since
Loo (Mg, wa) ® Lo (Mp, wy)

is a Lie algebra, we can use formulae and to double-check that H is indeed
an L.,-morphism.

4.2. The proof.
We now turn to the proof of Thm. £.2] We will use repeatedly the following
Lemma.

Lemma 4.7.  For all aq,...,0p € Loo(My,w,) and B, ..., Bm € Loo(My,wy),
where k,m >0 and k+m > 1, we have

[alwba <oy Oy, waﬂla cee 7waﬁm]k+m = _(_1)m(na+l)[al’ s 7ak}k A [617 Tt 7ﬁm]m

Proof. = We may assume that all the o and g have degree zero, for otherwise the
equation is trivially satisfied. It is straightforward to verify that the Hamiltonian
vector field of aw, (w.r.t w, A wpy) equals the Hamiltonian vector field X, of «
(w.r.t w,), and the exactly analogous statement holds for w,3. The statement of
the lemma follows from

L()(a1 A Xa2 VANREIVAY Xgm)(wa VAN wb)
= (=)™ TR (X A A Xy )wa A (X, A A Xp, w
together with the identity <(k)s(m)s(k +m) = —(=1)*". ]

According to the conditions that an L.,-morphism has to obey (see for
instance [I1, Def. 2.4]), we have to check that the following relation holds for all
N € Nog and for all Z = (21,...,2x5) € (Loo (My,ws) & Lo (My,wp))*™

Z <—1)’L(]71) Z (—1)06(0', .’f) Hj (lgb (370(1), e ,xg(i)) 7370(1'_;'_1), Ce ,IU(N))

i+j=N+1 UEShi,]’_l

(19)

1=1 Nyt Ne=N cShe
N1<~~-§§VZ TESRN, LN,
e (Hyy (Zo1ys -+ s Tov))s - - - HNy (Zo(NmNp41) s - - -5 To ()
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(O, N) = 0 L NY(0— 1) + Ny(£—2) + -+ Ny

Shy,..n, € Shy,,. N, is the set of (Ny, ..., N¢)-unshuffles such that

o(Ny+-+N;14+1)<o(Ni+--+ N1+ N;+1) whenever N; = N;,;.

o H — (HNla"'7HNg7£BO'(1)7"'7xO'(N)) and p is the permutation of the set
{1,...,4+ N} sending H to

(HNNCUU(I), P ,QJU(Nl), ce ,HN[,Z'U(N_N£+1), Ce ,.I'G(N)) .

As usual, (—1)7 denotes the sign of the permutation ¢ and €(o,Z) denotes the
Koszul sign.

Remark 4.8. Notice that on the Lh.s. of eq. , the sign of the summand
corresponding to i = N, j =1 is +1 (since the only permutation appearing is the

identity).
On the r.h.s.; the sign of the summ_@nd corresponding to [ = N is +1.
Indeed Ny = -+ = N; = 1, so that v(¢, N) = +1, ¢ = id, and all Hy, have

degree zero. Further, the sign of the summand corresponding to ¢ =1 is also +1,

—

since y(1, N) = +1, 0 =id and p = id.

Proof of Thm. (4.2l Let C = a,b. We first check that H; has degree 1 — j.
For j = 1 this is clear. For j = k+m > 2, we use that [...]¢ as an operation on
Loo(Me,we), has degree 2 —m. Hence, for instance, if the elements aq, f1, . .., G
all have degree zero, then Hy ., (a1, B1,...,0m) = j:%ozl[ﬁl, ..., Bm]b, is the prod-
uct of a n, — 1 and (ny, — 1) + (2 —m) form, that is, a n, + n, —m form, which
therefore is an element of Lo, (M, X My, w,Awy) of degree —m = 1—(14m) = 1—j.

The rest of the proof is devoted to checking that H is an L.,-morphism.
Our strategy is as follows. We propose an educated ansatz for H depending
on some arbitrary parameters and then we will impose on it the L. -morphism
conditions . Equations will turn out to be an over-determined system of
equations for the parameters of the ansatz, and we will show that a solution is
given by eq. .

The ansatz is the following: for the first component of H,

Hy(a) = sg 0 A (—wp), H,(B) = 887‘B|(—wa) AB.
For the higher components of H, i.e. for k+m > 2, Hyi (o, ..., cn, B, .., Bm)
equals

Sim,joul b . Skl .
T(sk,la/l A [/Bla s 7ﬁm}m + T(Sm,l[ab cee 7ak]k A ﬁl 5 (20)

where aq,...,ap € Loo(M,,w,) and By, ..., Bm € Loo(My,wy) are homogeneous
elements of their respective graded spaces. Here S jon| depends on the number of
(’s and the degree of «y. It cannot depend on the number of a’s since if there
is more than one the corresponding term in (20)) is zero, and it cannot depend on
the degree of the §’s since if |f; ® - -+ ® f,,] < 0 then the corresponding term in
is again zero. A similar discussion applies to SZJ Bl
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We now apply condition to our ansatz for H and elements
a1y .., Qp, B, ..., B . We are going to consider six different cases depending on £
and m, namely {k > 1,m =0}, {k=0,m>1}, {k=1m=1}, {k>1,m > 1},
{k=1,m > 1} and {k > 1,m = 1}. We will use repeatedly Remark |4.3| and the
fact that for ¢ > 2 the multibrackets [; vanish unless all entries have degree zero.

Case {k>1,m=0}. This case will allow us to calculate s§;, i < 0. The
condition ([19)) evaluated on ay, ..., € Loo(M,,w,) reads

Hy (18 (c, ) = U (H () s Hy (o)) (21)

as one sees using Rem. together with Remark to determine the signs.
Using now that

Hy (I (ons - o)) = =800 ko i (05 o) Ay,
Iy (Hl (al) ) >Hl (ak)) = (_88,\o¢1|) Tt (_58,|ak\) ZZ (ah s 7ak> N Wy,

where |a] = |oy ® -+ - ® | and using Lemma in the second equation when
k > 2, we conclude that we can choose s, = —1 for all i <0.

Case {k=0,m>1}. This case will allow as to calculate s}, i < 0. The
condition ((19) evaluated on By, ..., B € Loo(My,wy), similarly to the case above,
reads

Hl (lf% (517 s >ﬁm)) = lm (Hl (Bl) () Hl (ﬁm)) : (22)
Using now that

Hl (lfn (617757)@)) = _88,27m+\,3| Wa/\lfn (ﬁlr";ﬁm) ,
L (Hy (B1) ..., Hi (Bm)) = (_3’57|51‘) . (_Sg,\ﬁm\)(—l)m(naﬂ) wa AP (B, .., B)
where |B| = |1 ® -+ ® B| and using Lemma in the second equation when
m > 2, we conclude (taking m = 1) that equation implies 5371 e =

(—1)("““)!‘58M| and therefore sf; = (—1)imeth) oo, @ < 0. Plugging this into
into eq. it can be easily verified that eq. is solved by

sy, =—(=1)t <o,

Case {k =1,m = 1}. This case will allow as to find s{; and s}, for i <0. The
condition evaluated on «, 3, where a € Lo(M,,w,) and B € Loo(My,wy),
reads

— Hy (I{(a), B) — (_1)|Q‘H2 (Oé, lll)(ﬁ)) =1y (Ha(c, B)) + o (Hy(r), Hi(B)) . (23)

(The Lh.s. corresponds to the summand i = 1,j = 2 in ([19)), and the signs for the
r.h.s. follow from Remark ) Recall that by ansatz , for all A € Loo(M,,w,)
and B € Loo(My,w,) we have

Sa
(A, B) = %A A[B] +
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In order to solve equation we have to analyze the different cases in

terms of the degree of a and . If |a| = |B| = 0 the Lh.s. of is zero while
the r.h.s. is

a b
—L0da ndg - (1) =Eda A dB + (~1)"da A dB

as one sees using Lemma [4.7] Hence we can take
a Ng b __
51,0 = (=1)", S10 = L. (24)
Now, if || =0 and |B] < 0 the first and fourth term in equation (23) vanish, and
that equation translates into
b

b
B (02 A 8(8) = (1) 12 fat A (B,

implying that sl{’wﬂ = (—1)”““3?7%. Together with equation this implies
finally that

Sl{,i = (_1)i(na+1) ) 1< 0.
By means of a completely analogous calculation for the case |a| < 0 and || =0
we obtain ST aj+1 = —51a|» SO We can choose
sii=(D™", <0,

Lastly, the case |a] < 0 and |f| < 0 is trivial since both sides of equation ([23))
vanish.

Case {k>1,m >1}. This case will allow as to find s{, and s}, ; for i < 0
and k,m > 1. The condition evaluated on (aq,...,ax,01,...,Bm), where
gy .. € Loo(My,w,) and B, ..., B € Loo(My, wy), reduces to

<_1)kam+1 (ZZ(OQ, s 7ak)7 617 ce 7Bm> + (_1)ka+l (ah ceey O, l?n(ﬂlu - 76m>)

=lktm (Hl(al), R Hl(ak), H1(61), e 7H1(/3m)) )

where in the Lh.s. only the summands corresponding to ¢ = k£ and i = m appear
by Rem. , and for the r.h.s. we use Remark to determine the signs (a term
involving /; does not appear, again due to Rem. {4.3)).

From Def. it can be seen that equation is only non-trivial 11E|
la] = |B| = 0. Therefore, we will assume henceforth that this is the case. The two
terms on the Lh.s. of equation can be written as follows:

Sim,2— a
Hm+1 (lg(alw"7O‘k’)7517'-'7ﬁm) = ’T2k [a17"'aak]k/\ [Blaaﬁm]fn )

b

Sk2-m a
Hk—i—l (0517 s 7ak7lfn(617 s 7ﬂm)) = k722 [ala s 7ak]k A [617 s 75771]571 .

" The fact that necessarily |a| = 0 was already used to determine the sign of the second term
on the Lh.s. above.
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By Lemma the r.h.s. of equation can be written as

lk+m (Hl(Oél), e ,Hl(Oék), H1<61), e ’Hl(ﬁm))
= —(=1)™ D [y, ot A B - Bl -

From the last three equations we obtain

sy s
(_1)km m,2—k + (_1>k k2—m _ _(_1)m(na+1)

2 2
which is solved by
§% ;= — (1)t b ()it DR g s 1 <0,

Cases {k=1,m >1} and {k>1,m=1}. Notice that this point we have
already explicitly solved all the parameters s¢, ; and s}, for all k,m > 0 and
i < 0. Although this was obtained by separately analyzing different cases given by
different values of £ and m, the result be summarized in a single formula, namely
st =—(=1)mnetith g = (=) et DR k>0, <0, (26)
However, there remain two cases to be solved, namely {k=1,m > 1} and
{k>1,m = 1}. Notice that we do not have any parameter left to be fixed, so
checking those cases is really a constraint.

We consider first the case {k = 1,m > 1}. At first, we also assume m > 2.
The condition evaluated on (a, f1,. .., Bm) reads

<_1)mHm+l (llll<a>a 617 B 7ﬁm)
+ 3 (-1, (a, BB B Bres By By .5m)) (27)

1<p<g<m
+ Hy((I%, (B, . . ., Bm), @)
= I (Hi(a), Hi(B1), .., Hi(Bm)) + L(Hmga (@, Br, - -5 Bim)) -

(On the Lh.s. the first term corresponds to i = 1 in eq. , the second to
i = 2, and the third to ¢ = m; not other values of i contribute by Remark
4.3l On the r.h.s. only the terms corresponding to l,41 and [; appear since
the multibrackets of L. (M, x M,) with two or more entries vanish unless all the
entries have degree zero, and the signs are given by Remark ) We may assumeE|

|B1] = -+ = |Bm| = 0, for otherwise both sides of the above equation vanish by
Remark [4.3]
The first term on the lL.h.s. of eq. reads
ms"anv‘al—’—l a

12This assumption was already used to determine the sign of the second term on the lh.s.
above.
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The second term on the lL.h.s. equals

a

Sm‘Tl"aa Ad[Br, ..., Bl (29)

To see this, we use the computation

Z (_1)p+q[l12)(ﬁp7ﬁq)7/817"'7@)7"'7@]7"'76771] (30)
1<p<g<m
=c(m=1) > (VU X, 50 A Xpy Ao AXg A A X A A X, Jwy
1<p<g<m
=¢(m — 1)(=1)"du(Xp, A --- N X3, )wp
:d[ﬁla <. 7ﬂm]

where we used [3, Lemma 9.2| in the second equality and ¢(m — 1)g(m) = (—1)™.
The third term on the Lh.s. reads

b a
51,

~ I A (B ) = L A (B ) (31)

where the second summand vanishes because of the assumption m > 2.
The first term on the r.h.s. of eq. (27), using Lemma and —sfy =
—5870 =1, equals

— (=)™ D[] A By, ..., Bul. (32)

The last term on the r.h.s. is

el A By B

Smla
= S (da A By Bl (T e nd[p L Bl) . (33)

The term in cancels out with the second summand in . Further,
using that ;o — [a] = da by Remark and the fact that [o] vanishes if
la] # 0, one check that the term (28) minus one half the term equals

%da A[Bi, .., Bm], which is exactly the first summand in eq. (33). Finally, the
term cancels out with one half the term .

Now, if £ =1, m = 2, then the term (29) is omitted (because the summand
i = 2 on the L.h.s. of condition is already given by the term (31))), and in (31
the second summand no longer vanishes. We conclude that the case {k = 1,m > 1}
indeed works out with the choice of parameters given in .

One check in a similar way that the same holds for the case {k > 1,m = 1}.
This concludes the proof that H, as defined in the statement of the theorem, is
an honest L. -morphism. [ |

5. A curved L -algebra associated to a closed differential form

Let (M,w) be a pre-n-plectic manifold. We saw that one can associate to it an
Loo-algebra Loo(M,w), whose definition we recalled in Def. [L.5 For k > 2,
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the k-th multibracket of L. (M,w) is essentially given by contracting with w
the Hamiltonian vector fields of & Hamiltonian forms, while the unary bracket is
defined differently, as the de Rham differential. On the other hand, contracting
with w the Hamiltonian vector fields of an arbitrary number of Hamiltonian forms
is a natural operation, which we introduced in Def. using the notation [...],
and which proved to be necessary to describe the L.,-embedding obtained in Thm.
[1.2] In this section we show that the operation |[...] can be extended to a curved
L, -algebra structure canonically associated to (M,w), whose “curvature” is —w.

Definition 5.1. A curved L., -algebra is a Z-graded vector space W equipped
with a collection (k > 0) of linear maps l: @ W — W of degree 2 — k,
graded antisymmetric, and satisfying for every m > 0 and for every collection of

homogeneous elements wy, ..., w,, € W the following relations:
Z (—1)10_1) Z (—1)06(0')lj(li(wa(1), e ,’LUO(,')), wg(i_H), e ,wg(m)> =0.
i+j=m+1 O'ESi,m_i
i20,j>1

(34)

Remark 5.2.  The zero-th bracket [j: R — W has degree 2, and is determined
by the element [y(1) € Wy, which we refer to as the “curvature”. Writing D := [y,
the relations for m = 0 and m = 1 read as follows: D(lp(1)) = 0, i.e. (1)
is a D-closed element, and D?(x) + l(lg(1),2) = 0 for all z € W, so D does not
square to zero in general.

Proposition 5.3. Let w € Q"W (M) be a pre-n-plectic form. Consider the
graded vector space whose non-trivial components are

(w) fori =2,
o - Q™ (M) fori=1,
el (M) fori=0,

QM) for1—n<i< -1,

where (w) denotes the one-dimensional real vector space generated by w. We define
multilinear maps |...|p: C®F — QUH=F(M) as follows:

o for k>0 and aq,...,ar of degree zero:
(a1, ..oyl = s(k)t(vay A+ Avg, )w
o for k>2 and aq,...,qp of degree zero:
[, .y =W, ity s Qe = (= D)o, ... agk,
where d denotes the de Rham differential.

Then C', together with the above collection of multibrackets (all other multi-
brackets are declared to vanish) is a curved Lo, -algebra. We denote it LS (M, w).
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Remark 5.4. In particular, the “curvature” is [1]g = —w (where 1 € C®° = R).
The differential D :=[]; gives rise to the following chain complex:

c>(M) S Sl (M) =S (M) S (w).
Remark 5.5. Notice that for £ > 1, the multibrackets [...]; vanish, except
possibly in two cases: all entries of have degree zero, or all entries of have degree

zero except for one, which has degree 2 (and hence is a multiple of —w).

Proof. For all £ > 0, the multibracket [...]j is graded skew-symmetric and of
degree 2 — k.

We need to check that the generalized Jacobi identities are satisfied,
for all m > 0. For m = 0 we have D(—w) = 0 by degree reasons. So in the
following we take m > 1 and homogeneous elements wy,...,w,, € C. We argue
similarly to Rogers’ [9, Proof of Thm. 5.2]. By Rem. , we can assume that
all w; have degree zero or 2. Further, since Cy = (w) is one-dimensional and the
Lh.s. of eq. is graded skew-symmetric by construction, we may assume that
at most one w; has degree 2. Hence we just need to consider two cases.

Case 1: all wy,...,w,, have degree zero. Let ay,...,q, € C be elements of
degree zero.

For m =1 we have [—w, ;] + D(D(c;)) = 0, since both terms vanish.

For m = 2 we have [—w, ay, as] — ([Day, as] — [Dag, 1)) + Day, as] = 0:
the first and last term cancel out, while the two middle terms vanish.

Now we assume that m > 3, and consider the various summands of the

sum Zi+j:m+1 on the Lh.s. of eq. .

e For j = 1 (so i@ = m): the corresponding summand vanishes, since
Dlay, ..., an] =0, for D vanishes in negative degrees.
e For j =2,... m—2 (soi=m—1,...,3): the corresponding summand

vanishes by degree reasons (see Rem. [5.5)), since for i > 3 the bracket [...];
takes elements of degree zero to elements of negative degree.

e For j = m (so i = 1): the corresponding summand vanishes by degree
reasons (see Rem. , since D has degree one.

e For j =m —1 (so i =2): the corresponding summand is

> ()70 [0q), @@ Qo3 - - Qam)mo1 = —dfan, ..., ). (35)

0€S2 m—2

The above equality is obtained from the computation , recalling Remark
1.0l

e For j=m+1 (so i =0): the corresponding summand is
[—w, 1, ..., ] =d[ag, ..., ap)

and cancels out with the summand given by j =m — 1.
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Case 2: all wq,...,w,, have degree zero except for one, which has de-
gree 2. Fix m > 1, and let ay,...,q,,_1 € C be elements of degree zero. We
consider the various summands of the sum ), +j=ms1 on the Lhs. of eq. ,
applied to aq,...,q,_1,—w. For ¢ = 0, the corresponding summand vanishes,
because —w appears twice as an entry of the bracket ;.
For all + > 1,
[[—w, A, ... 7051'—1]757 (723 ,Oém_l]j =0. (36)

Indeed, by Remark [5.5] we may assume that the inner bracket has degree zero or
2, and in those cases it reads respectively [—w, aq, ag, azls (which is an exact form,
so its Hamiltonian vector field vanishes) and [—w, a]y (which vanishes). Further,
except in the case 1 = 2,

Hala cee 7ai]i704i+17 s O, _w]j =0

by degree reasons (again by Rem. [5.5)).

Hence we need to consider only the summand on the Lh.s. of corre-
sponding to ¢ = 2 (so j = m — 1, and necessarily m > 2). It is a sum over
unshuffles S5 ,,_2, however due to eq. it reduces to

Z (_1)U€(U>[[aa(1)7 a0(2)]7 A5(3)y -+ Ao(m—1), _W}m—l

0€S2 m—3

— Z (—1)06(0')(—1)md[[050(1), ag(g)], 040(3), Ce ,Ozo(m_l)]m,Q

C"ESQ,m—S

S (—1)md<d[a1, . ,am_1]> —0.
Notice that the second equality is just eq. (35). n

In conclusion, a pre-n-plectic form w on M gives rise to both the L.-
algebra L..(M,w) of Def. and the curved L., -algebra L& (M,w) of Prop.
5.3l The underlying graded vector spaces are the same in degrees < 0, but the
one of L% (M,w) also has components in degrees 1 and 2. Their higher brackets
are almost identical, but the underlying chain complexes are very different and
certainly not quasi-isomorphic.

Remark 5.6.  The relation between Lo, (M,w) and L™ (M, w) is not clear at
this stage. One can regard both as curved L. -algebras, and ask if there is a
natural morphism of curved L., -algebras (see [6, Def. 6]) between them.

In the simplest case in which w € Q?(M) is a symplectic form, we have that
Loo(M,w) = C>®(M) is a Lie algebra while L&™(M,w) = C®(M) & Q. (M) &
(w) is an L. -algebra concentrated in degrees 0,1,2. There is no morphism
g: Loo(M,w) — LZ"(M,w): the first condition such morphism would have to
fulfil is an equality of certain maps from R to the degree two component of

L& (M, w), and this condition fails since w # 0.
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In the opposite direction, there is a strict morphism f: L& (M, w) — Loo(M,w),
which is zero except for the restriction of the unary component f; to degree zero
elements, which reads fi|cee(ar) = Ideeo(ary. For an arbitrary pre-n-plectic form w,
one can check that there exists no strict morphism f: L& (M, w) — Loo(M,w)
such that f; is the identity in degrees < 0, and we do not know if there is a
non-strict one with this property.
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