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Abstract. Fix a positive integer number r . A class of Lie conformal su-
peralgebras in r dimensions called r -dim i -linear Lie conformal superalgebras
is studied for 1 ≤ i ≤ r . It is shown that an r -dim i -linear Lie conformal
superalgebra is equivalent to an (r− 1)-dim super Gel’fand-Dorfman conformal
bialgebra, which is a generalization of a super-Gel’fand-Dorfman bialgebra in the
conformal sense. In particular, a special Lie conformal superalgebra named r -
dim linear Lie conformal superalgebra can be characterized by a generalized super
Gel’fand-Dorfman algebra which has a Lie superalgebra structure and r Novikov
superalgebra structures adjoint with some compatibility conditions. Moreover,
by these equivalent characterizations, several constructions and examples of Lie
conformal superalgebras in higher dimensions are given.
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Key Words and Phrases: Lie conformal superalgebra, Gel’fand-Dorfman bialge-
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1. Introduction

Throughout this paper, set r a positive integer number and denote by C the field
of complex numbers; Z the set of integer numbers; Z+ the set of non-negative
integer numbers. In addition, all vectors are defined over C and tensor products
over C are denoted by ⊗ .

Lie conformal superalgebra, introduced by Kac in [14], gives an axiomatic
decription of the singular part of the operator product expansion of chiral fields in
conformal field theory. It is an useful tool to study vertex superalgebras (see [14])
and has many applications in the theory of infinite-dimensional Lie superalgebras
and integrable systems. In particular, the category of Lie conformal superalgebras
is equivalent to the category of some infinite-dimensional Lie superalgebras named
formal distribution Lie superalgebras in some sense (see [14]). The main examples
of Lie conformal superalgebras are Virasoro conformal algebra, current conformal
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superalgebras, Neveu-Schwarz conformal superalgebra and so on. It is known
that Lie conformal superalgebra is a C[T ]-module. Therefore, there is a natural
generalization, i.e. we change C[T ] by C[T1, · · · , Tn] . This is just the n-dim Lie
conformal superalgebra (see [2]). More generally, C[T ] can be generalized to a
cocommutative Hopf algebra. This is the case of Lie pseudoalgebras (see [1]). The
structure theory [11], representation theory [9, 10] and cohomology theory [2] of
finite Lie conformal algebras has been developed.

A class of Lie conformal superalgebras named “quadratic” Lie conformal
superalgebras are also studied in [12, 17]. It was essentially stated in [12] that a
“quadratic” Lie conformal superalgebra is equivalent to a bialgebra structure. One
is a Lie superalgebra structure , the other is a Novikov superalgebra structure and
they satisfy a compatibility condition. The above bialgebra structure is called a
super Gel’fand-Dorfman bialgebra by Xu in [17]. In fact, a quadratic Lie conformal
algebra corresponds to a Hamiltonian pair in [12], which plays fundamental roles in
completely integrable systems. Then, Xu in [17] presented several constructions of
super Gel’fand-Dorfman bialgebras and classified the Gel’fand-Dorfman bialgebra
structures on simple Novikov algebras. Therefore, there are some natural questions
whether there exists a similar characterization of Lie conformal superalgebras in
higher dimensions and if there exists, what is the corresponding algebraic structure.
In this paper, we study this question. We prove that an r -dim i-linear Lie confor-
mal superalgebra (see Definition 2.6) is equivalent to one (r − 1)-dim conformal
superalgebra with a Lie conformal superalgebra structure and a Novikov conformal
superalgebra structure adjoint with some compatibility conditions. We call such
an algebraic structure an (r−1)-dim super Gel’fand-Dorfman conformal bialgebra.
In particular, we also show that an r -dim linear Lie conformal superalgebra (see
Definition 2.6) is equivalent to a Z/2Z-graded vector space with a Lie superalgebra
structure and r Novikov superalgebra structures adjoint with some compatibility
conditions. Here, any one of r Novikov superalgebra structures and the Lie super-
algebra structure construct a super Gel’fand-Dorfman bialgebra structure. We call
such an algebraic structure a generalized super Gel’fand-Dorfman algebra. More-
over, we present several constructions and examples of super Gel’fand-Dorfman
conformal bialgebras in r dimension and generalized super Gel’fand-Dorfman al-
gebras. Since an r -dim Lie conformal superalgebra corresponds to an infinite-
dimensional Lie superalgebra, we can give many interesting examples of infinite-
dimensional Lie superalgebras using super Gel’fand-Dorfman conformal bialgebras
in r dimension and generalized super Gel’fand-Dorfman algebras.

This paper is organized as follows. In Section 2, we introduce some basic
definitions and some facts about r -dim Lie conformal superalgebras and Novikov
conformal superalgebras. The definitions of r -dim i-linear Lie conformal super-
algebras and linear Lie conformal superalgebras are presented for 1 ≤ i ≤ r . In
Section 3, we mainly present two equivalent characterizations of r -dim i-linear
Lie conformal superalgebras and linear Lie conformal superalgebras. Several con-
structions and examples of Lie conformal superalgebras in higher dimensions are
given.
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2. Preliminaries

In this section, we will introduce some basic definitions and some facts about r -dim
Lie conformal superalgebras and r -dim Novikov conformal superalgebras. These
facts can be found in [2, 14].

First, we introduce the definitions of Lie superalgebra (see [15]) and Lie-
Poisson superalgebra.

Definition 2.1. A Lie superalgebra g is a Z/2Z-graded vector space g = g0⊕g1
with an operation [·, ·] satisfying the following axioms:

[a, b] = −(−1)αβ[b, a], [a, [b, c]] = [[a, b], c] + (−1)αβ[b, [a, c]],

for a ∈ gα , b ∈ gβ and c ∈ g .

A Lie-Poisson superalgebra (A, [·, ·], ·) is a Z/2Z-graded vector space A =
A0⊕A1 with two operations [·, ·] and · such that (A, [·, ·]) forms a Lie superalgebra
and (A, ·) forms a commutative associative superalgebra with the compatibility
condition:

[a, b · c] = [a, b] · c+ (−1)αβb · [a, c], a ∈ Aα, b ∈ Aβ, c ∈ A.

If A1 = {0} , it is called a Lie-Poisson algebra.

Set T = (T1, · · · , Tr) and λ = (λ1, · · · , λr). Then, T and λ are r
dimensional vector variables. Assume that m = (m1, · · · ,mr) ∈ Zr and ei =
(0, · · · , 1︸ ︷︷ ︸

i

, · · · , 0) ∈ Zr for 1 ≤ i ≤ r . Set C[T] = C[T1, · · · , Tr] .

Next, we introduce the definition of r -dim Lie conformal superalgebra.

Definition 2.2. An r -dim Lie conformal superalgebra (R, [·λ·]) is a left Z/2Z-
graded C[T]-module R = R0⊕R1 endowed with a λ-bracket [aλb] which defines a
C-linear map R⊗R→ R[λ] , where R[λ] = C[λ]⊗R = C[λ1, · · · , λr]⊗R , subject
to the following axioms:

[Tiaλb] = −λi[aλb], [aλTib] = (Ti + λi)[aλb], (2.1)

[aλb] = −(−1)αβ[b−(λ+T)a], (2.2)

[aλ[bµc]] = [[aλb]λ+µc] + (−1)αβ[bµ[aλc]], (2.3)

for a ∈ Rα , b ∈ Rβ and c ∈ R . When R1 = {0} , R is called an r -dim Lie
conformal algebra. If r = 1, R is called a Lie conformal superalgebra.

If λ = (λ1, · · · , λr) and m = (m1, · · · ,mr), we set λ(m) = λ
(m1)
1 · · ·λ(mr)

r =
λ
m1
1

(m1)!
· · · λ

mr
r

(mr)!
. We can rewrite

[aλb] =
∑
m∈Zr

+

λ(m)a(m)b.

Given an r -dim Lie conformal superalgebra R , we can associate a Lie
superalgebra as follows. Let LieR be the quotient of the Z/2Z-graded vector
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space with the basis an (a ∈ R,n ∈ Zr) by the subspace spanned over C by
elements:

(αa)n−αan, (a+b)n−an−bn, (Tia)n+nian−ei , where a, b ∈ R, α ∈ C, n ∈ Zr.

Here, if a ∈ Rα , an ∈ (LieR)α . The operation on LieR is defined as follows:

[am, bn] =
∑
j∈Zr

+

(
m
j

)
(a(j)b)m+n−j, (2.4)

where

(
m
j

)
=

(
m1

j1

)
· · ·
(
mr

jr

)
, if m = (m1, · · · ,mr) and j = (j1, · · · , jr).

Example 2.3. Let g be a Lie superalgebra. Then Curg = C[T] ⊗ g can be
endowed with the following λ-bracket (a, b ∈ g):

[aλb] = [a, b].

g̃ =Lie(Curg) is just the current Lie superalgebra in r variables, i.e. g̃ =
g⊗ C[x1, x

−1
1 , · · · , xr, x−1r ] with the following Lie bracket:

[a⊗ xm1
1 · · · xmr

r , b⊗ xn1
1 · · ·xnr

r ] = [a, b]⊗ xm1+n1
1 · · ·xmr+nr

r ,

where a , b ∈ g , and m1 , · · · , mr , n1 , · · · , nr ∈ Z .

Example 2.4. Let R =
⊕r

i=1 C[T]Li . It can be endowed with the following
λ-bracket:

[LiλL
j] = TiL

j + λiL
j + λjL

i.

LieR is just the Lie algebra Wr = DerC[x1, x
−1
1 , · · · , xr, x−1r ] . For r = 1, R is the

Virasoro Lie conformal algebra.

Example 2.5. Let r = 2s and R = C[T]L . The following λ-bracket endows
R a Lie conformal algebra structure:

[LλL] =
s∑
i=1

(λs+iTiL− λiTs+iL).

LieR is just the subalgebra Hr of Hamiltonian derivations of Wr .

In the following of this paper, we mainly study a special class of r -dim Lie
conformal superalgebras.

Let λi = (λ1, · · · , λi−1, λi+1, · · · , λr) and Ti = (T1, · · · , Ti−1, Ti+1, · · · , Tr)
for i ∈ {1, · · · , r} .

Definition 2.6. Suppose that R is a free C[T]-module over a Z/2Z-graded
vector space V . R is called an r -dim i-linear Lie conformal superalgebra if for
any a , b ∈ V , its λ-bracket is of the following form:

[aλb] = Tif(λi,Ti)u+ λig(λi,Ti)v + h(λi,Ti)w, (2.5)
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where u , v , w ∈ V , f(λi,Ti), g(λi,Ti), h(λi,Ti) ∈ C[λ1, · · · , λi−1, λi+1, · · · , λr,
T1, · · · , Ti−1, Ti+1, · · · , Tr] , i ∈ {1, · · · , r} . In particular, R is called an r -dim
linear Lie conformal superalgebra if for any a , b ∈ V , its λ-bracket is of the
following form:

[aλb] =
r∑
i=1

λiwi +
r∑
j=1

Tjuj + v, ui, wi, v ∈ V. (2.6)

When r = 1, for simplicity, it is also called a linear Lie conformal superalgebra.

Remark 2.7. Since the right side of (2.5) can be seen a linear function with two
variables λi , Ti , we take the name “r -dim i-linear Lie conformal superalgebra”.
Similarly, since the right side of (2.6) can be seen a linear function with variables
λ1 , · · · , λr , T1 , · · · , Tr , we call it an “r -dim linear Lie conformal superalgebra”.
When r = 1, it is called a “quadratic Lie conformal superalgebra” in [17], since
the definition of Lie conformal superalgebra is given by the language of formal
distribution (see [14]).

Remark 2.8. Obviously, Examples 2.3 and 2.4 are r -dim linear Lie conformal
superalgebras. Example 2.5 is an r -dim r -linear Lie conformal superalgebra.

Next, we introduce the definitions of Novikov superalgebra and Novikov-
Poisson superalgebra.

Definition 2.9. A (left) Novikov superalgebra (A, ◦) is a Z/2Z-graded vector
space A = A0 ⊕ A1 with an operation “◦” satisfying the following axioms: for
a ∈ Aα , b ∈ Aβ , c ∈ Aγ ,

(a ◦ b) ◦ c = (−1)βγ(a ◦ c) ◦ b,
(a ◦ b) ◦ c− a ◦ (b ◦ c) = (−1)αβ[(b ◦ a) ◦ c− b ◦ (a ◦ c)].

When A1 = 0, we call A a (left) Novikov algebra.

A Novikov-Poisson superalgebra (A, ◦, ·) is a Z/2Z-graded vector space
A = A0 ⊕ A1 with two operations “◦” and “ ·”, where (A, ◦) is a Novikov
superalgebra, (A, ·) is a commutative associative superalgebra, and they satisfy
the following axioms:

(a ◦ b) · c− a ◦ (b · c) = (−1)αβ((b ◦ a) · c− b ◦ (a · c)),
(a · b) ◦ c = a · (b ◦ c),

for a ∈ Aα , b ∈ Aβ and c ∈ A . When A1 = {0} , it is called a Novikov-Poisson
algebra.

Remark 2.10. Novikov algebra was essentially stated in [12] that it corresponds
to a certain Hamiltonian operator. Such an algebraic structure appeared in [3]
from the point of view of Poisson structures of hydrodynamic type. The name
“Novikov algebra” was given by Osborn [16]. Moreover, Novikov-Poisson algebra
is introduced by Xu in [18] to study Novikov algebra, and the author also studied
the constructions of Novikov-Poisson algebra in [19].
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Definition 2.11. An r -dim right Novikov conformal superalgebra is a left
Z/2Z-graded C[T]-module R = R0 ⊕ R1 endowed with a λ-product aλb which
defines a C-linear map R⊗R→ R[λ] , where R[λ] = C[λ]⊗R = C[λ1, · · · , λr]⊗R ,
subject to the following axioms:

(Tiaλb) = −λi(aλb), (aλTib) = (Ti + λi)(aλb), (2.7)

aλ(bµc)− (aλb)λ+µc = (−1)βγ(aλ(c−µ−Tb)− (aλc)−µ−Tb), (2.8)

aλ(bµc) = (−1)αβbµ(aλc). (2.9)

for a ∈ Rα , b ∈ Rβ and c ∈ Rγ . When R1 = {0} , R is called an r -dim
right Novikov conformal algebra. If r = 1, it is called a right Novikov conformal
superalgebra.

An r -dim (left) Novikov conformal superalgebra is a left Z/2Z-graded C[T]-
module R = R0⊕R1 endowed with a λ-product aλb which defines a C-linear map
R⊗R→ R[λ] , where R[λ] = C[λ]⊗R = C[λ1, · · · , λr]⊗R , subject to the following
axioms:

(Tiaλb) = −λi(aλb), (aλTib) = (Ti + λi)(aλb), (2.10)

(aλb)λ+µc− aλ(bµc) = (−1)αβ((bµa)λ+µc− bµ(aλc)), (2.11)

(aλb)λ+µc = (−1)βγ(aλc)−µ−Tb, (2.12)

for a ∈ Rα , b ∈ Rβ and c ∈ Rγ . When R1 = {0} , R is called an r -dim (left)
Novikov conformal algebra. If r = 1, it is called a (left) Novikov conformal
superalgebra.

Remark 2.12. The definition of (left) Novikov conformal algebra is introduced
in [13]. Obviously, if (R, ·λ·) is a left (resp. right) Novikov conformal superalgebra,
then (R, ◦λ) is a right (resp. left) Novikov conformal superalgebra with a ◦λ b =
(−1)αβb−λ−Ta for any a ∈ Rα , b ∈ Rβ .

Example 2.13. If (A, ◦) is a Novikov superalgebra, then R = C[T ]A is a
Novikov conformal superalgebra with the following λ-product:

aλb = a ◦ b, a, b ∈ A.

Let R = R0 ⊕R1 = C[T ]a⊕ C[T ]b be a free C[T ]-module generated by a ,
b . Then, R is a Novikov conformal superalgebra with the following λ-product:

aλa = (λ+ T + C1)a, aλb = (λ+ T + C1)b, bλa = (λ+ T + C1)b, bλb = 0,

where C1 ∈ C .

Next, we present a theorem about the classification of torsion-free Novikov
conformal algebras of rank 1 in [13].

Proposition 2.14. Let R = C[T ]x be a Novikov conformal algebra that is free
of rank one as a C[T ]-module. Then R is isomorphic to the Novikov conformal
algebra with λ-product which is one of three cases as follows:



Hong 1151

(i) xλx = 0;
(ii) xλx = x, i.e. R is associative;
(iii) xλx = (λ+ T + a)x, for any a ∈ C.

Next, we also introduce a construction of Novikov conformal superalgebras
from Novikov-Poisson superalgebras (see [13]).

Proposition 2.15. If (V, ◦, ·) is a Novikov-Poisson superalgebra, then R =
C[T ]V is a Novikov conformal superalgebra with the following λ-product:

aλb = (λ+ T )(a · b) + a ◦ b, a ∈ Vα, b ∈ Vβ. (2.13)

In addition, it is easy to check the following proposition.

Proposition 2.16. If (R, ·λ·) is an r -dim left (resp. right) Novikov confor-
mal superalgebra, then (R, [·λ·]) is an r -dim Lie conformal superalgebra with the
following λ-bracket:

[aλb] = aλb− (−1)αβ(b−λ−Ta), a ∈ Rα, b ∈ Rβ.

Definition 2.17. (see [17]) A super Gel’fand-Dorfman bialgebra (A, [·, ·], ◦) is a
Z/2Z-graded vector space A = A0 ⊕A1 with two algebraic operations [·, ·] and ◦
such that (A, [·, ·]) forms a Lie superalgebra, (A, ◦) forms a Novikov superalgebra
and the following compatibility condition holds:

[a ◦ b, c] + [a, b] ◦ c− a ◦ [b, c]− (−1)βγ[a ◦ c, b] (2.14)

−(−1)βγ[a, c] ◦ b = 0,

for a ∈ A , b ∈ Aβ , and c ∈ Aγ . When A1 = 0, it is called a Gel’fand-Dorfman
bialgebra (see also [17]).

A characterization of linear Lie conformal superalgebra is as follows.

Theorem 2.18. (see [17],[12]) A linear Lie conformal superalgebra R = C[T ]V
is equivalent to that V is a super Gel’fand-Dorfman bialgebra.

3. A characterization of i-linear Lie conformal superalgebra in r
dimension

In this section, we will give characterizations of r -dim i-linear Lie conformal
superalgebra and r -dim linear Lie conformal superalgebra for i ∈ {1, · · · , r} .

Theorem 3.1. An r -dim i-linear Lie conformal superalgebra R = C[T]V is
equivalent to that Ri = C[Ti]V is equipped with an (r−1)-dim Novikov conformal
superalgebra structure (Ri, ·λ·), an (r−1)-dim Lie conformal superalgebra structure
(Ri, [·λ·]) and they satisfying the following condition:

[(a−µi−Ti
b)−λi−Ti

c] + [a−µi−Ti
b]−λi−Ti

c− a−λi−µi−Ti
[b−λi−Ti

c] (3.15)
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−(−1)βγ[(a−λi−Ti
c)−µi−Ti

b]− (−1)βγ[a−λi−Ti
c]−µi−Ti

b = 0,

for a ∈ V , b ∈ Vβ , c ∈ Vγ . We call such Ri = C[Ti]V an (r − 1)-dim super
Gel’fand-Dorfman conformal bialgebra. Denote it by (Ri, [·λ·], ·λ·).

Proof. Obviously, we only need to prove this theorem for one special case, i.e.
i = r . Other cases can be obtained similarly.

For convenience, set λ = λr , T = Tr , µ = µr and R = Rr = C[Tr]V .

By (2.5), we can assume that

[aλb] = Tr(a ◦λ b) + λr(a ∗λ b) + [aλb], a, b ∈ V. (3.16)

Here, ◦λ , ∗λ and [·λ·] are three C-bilinear maps from R ⊗ R → C[λ] ⊗ R where
R = C[T]V .

Since [Tiaλb] = −λi[aλb] and [aλTib] = (λi + Ti)[aλb] for 1 ≤ i ≤ r − 1, by
comparing the coefficients of Tr , λr and T 0

r λ
0
r , we can obtain that

(Tia) ◦λ b = −λi(a ◦λ b), a ◦λ (Tib) = (λi + Ti)(a ◦λ b), (3.17)

(Tia) ∗λ b = −λi(a ∗λ b), a ∗λ (Tib) = (λi + Ti)(a ∗λ b), (3.18)

[(Tia)λb] = −λi[aλb], [aλTib] = (λi + Ti)[aλb], (3.19)

for 1 ≤ i ≤ r − 1.

For any a ∈ Vα , b ∈ Vβ , using (2.5), (2.2) becomes:

Tr(a ◦λ b) + λr(a ∗λ b) + [aλb]

= −(−1)αβ(Tr(b ◦−λ−T a)− (λr + Tr)(b ∗−λ−T a) + [b−λ−Ta]).

Since R is a free C[T]-module, by comparing the coefficients of Tr , λr and T 0
r λ

0
r ,

we get

a ∗λ b = (−1)αβb ∗−λ−T a, (3.20)

b ∗−λ−T a = b ◦−λ−T a+ (−1)αβa ◦λ b, (3.21)

[aλb] = −(−1)αβ[b−λ−Ta]. (3.22)

By (3.20) and (3.21), we obtain

a ∗λ b = a ◦λ b+ (−1)αβb ◦−λ−T a. (3.23)

Obviously, (3.20) can be obtained from (3.23). Moreover, (3.18) follows from (3.17)
and (3.23).
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Next, we consider (2.3). For any a ∈ Vα , b ∈ Vβ , c ∈ Vγ , we have

[aλ[bµc]]

= [aλ(Tr(b ◦µ c) + µr(b ∗µ c) + [bµc])]

= (λr + Tr)[aλ(b ◦µ c)] + µr[aλ(b ∗µ c)] + [aλ[bµc]]

= (λr + Tr)(Tr(a ◦λ (b ◦µ c)) + λr(a ∗λ (b ◦µ c)) + [aλ(b ◦µ c)])
+µr(Tr(a ◦λ (b ∗µ c)) + λr(a ∗λ (b ∗µ c)) + [aλ(b ∗µ c)])
+Tr(a ◦λ [bµc]) + λr(a ∗λ [bµc]) + [aλ[bµc)]]

= T 2
r (a ◦λ (b ◦µ c)) + λrTr(a ◦λ (b ◦µ c) + a ∗λ (b ◦µ c))

+λrµr(a ∗λ (b ∗µ c)) + µrTr(a ◦λ (b ∗µ c)) + λ2r(a ∗λ (b ◦µ c))
+λr([aλ(b ◦µ c)] + a ∗λ [bµc]) + Tr([aλ(b ◦µ c)] + a ◦λ [bµc])

+µr[aλ(b ∗µ c)] + [aλ[bµc]].

Similarly, we can obtain

[bµ[aλc]]

= T 2
r (b ◦µ (a ◦λ c)) + µrTr(b ◦µ (a ◦λ c) + b ∗µ (a ◦λ c))

+λrµr(b ∗µ (a ∗λ c)) + λrTr(b ◦µ (a ∗λ c)) + µ2
r(b ∗µ (a ◦λ c))

+µr([bµ(a ◦λ c)] + b ∗µ [aλc]) + Tr([bµ(a ◦µ c)] + b ◦µ [aλc])

+λr[bµ(a ∗λ c)] + [bµ[aλc]].

On the other hand, we have

[[aλb]λ+µc]

= [(Tr(a ◦λ b) + λr(a ∗λ b) + [aλb])λ+µc]

= (−λr − µr)[(a ◦λ b)λ+µc] + λr[(a ∗λ b)λ+µc] + [[aλb]λ+µc]

= (−λr − µr)(Tr((a ◦λ b) ◦λ+µ c) + (λr + µr)((a ◦λ b) ∗λ+µ c) + [(a ◦λ b)λ+µc])
+λr(Tr((a ∗λ b) ◦λ+µ c) + (λr + µr)((a ∗λ b) ∗λ+µ c) + [(a ∗λ b)λ+µc])
+Tr([aλb] ◦λ+µ c) + (λr + µr)([aλb] ∗λ+µ c) + [[aλb]λ+µc]

= λ2r((a ∗λ b) ∗λ+µ c− (a ◦λ b) ∗λ+µ c) + λrTr((a ∗λ b) ◦λ+µ c− (a ◦λ b) ◦λ+µ c)
+λrµr((a ∗λ b) ∗λ+µ c− 2(a ◦λ b) ∗λ+µ c)− µrTr(a ◦λ b) ◦λ+µ c
−µ2

r(a ◦λ b) ∗λ+µ c+ λr([(a ∗λ b)λ+µc]− [(a ◦λ b)λ+µc] + [aλb] ∗λ+µ c)
+Tr([aλb] ◦λ+µ c) + µr([aλb] ∗λ+µ c− [(a ◦λ b) ∗λ+µ c]) + [[aλb]λ+µc].

By (2.3), comparing the coefficients of T 2
r , λrTr , µrTr , λrµr , λ2r , µ2

r , Tr ,
λr , µr and 1, we obtain the following equalities:

a ◦λ (b ◦µ c)− (−1)αβb ◦µ (a ◦λ c) = 0, (3.24)

a ◦λ (b ◦µ c) + a ∗λ (b ◦µ c) + (a ◦λ b) ◦λ+µ c− (a ∗λ b) ◦λ+µ c (3.25)

−(−1)αβb ◦µ (a ∗λ c) = 0,

a ◦λ (b ∗µ c) + (a ◦λ b) ◦λ+µ c− (−1)αβ(b ◦µ (a ◦λ c) (3.26)
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+b ∗µ (a ◦λ c)) = 0,

a ∗λ (b ∗µ c) + 2(a ◦λ b) ∗λ+µ c− (a ∗λ b) ∗λ+µ c (3.27)

−(−1)αβb ∗µ (a ∗λ c) = 0,

a ∗λ (b ◦µ c)− (a ∗λ b) ∗λ+µ c+ (a ◦λ b) ∗λ+µ c = 0, (3.28)

(a ◦λ b) ∗λ+µ c− (−1)αβb ∗µ (a ◦λ c) = 0, (3.29)

[aλ(b ◦µ c)] + a ◦λ [bµc]− [aλb] ◦λ+µ c (3.30)

−(−1)αβ([bµ(a ◦λ c)] + b ◦µ [aλc]) = 0,

[aλ(b ◦µ c)] + a ∗λ [bµc] + [(a ◦λ b)λ+µc]− [(a ∗λ b)λ+µc] (3.31)

−[aλb] ∗λ+µ c− (−1)αβ[bµ(a ∗λ c)] = 0,

[aλ(b ∗µ c)] + [(a ◦λ b)λ+µc]− [aλb] ∗λ+µ c (3.32)

−(−1)αβ(b ∗µ [aλc] + [bµ(a ◦λ c)]) = 0,

[aλ[bµc]]− [[aλb]λ+µc]− (−1)αβ[bµ[aλc]] = 0. (3.33)

By (3.19), (3.22) and (3.33), we know that (R, [·λ·] is an (r − 1)-dim Lie
conformal superalgebra.

We first consider (3.26). Taking (3.23) into (3.26) and according to (3.24),
we can get

a ◦λ (bµc)− (a ◦λ b)λ+µc = (−1)βγ(a ◦λ (c−µ−Tb)− (aλc)−µ−Tb). (3.34)

By (3.17), (3.24) and (3.34), we know that (R, ·◦λ ·) is an (r−1)-dim right Novikov
conformal superalgebra.

Next, we show that when (3.24) and (3.34) are satisfied, (3.25), (3.27),
(3.28) and (3.29) holds. Here, we only prove that (3.27) holds. Other equalities
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can be checked similarly. The right side of (3.27) is equal to the following:

a ◦λ (b ∗µ c) + (−1)α(β+γ)(b ∗µ c) ◦−λ−T a+ 2(a ◦λ b) ◦λ+µ c
+2(−1)(α+β)γc ◦−λ−µ−T (a ◦λ b)− (a ∗λ b) ◦λ+µ c
−(−1)γ(α+β)c ◦−λ−µ−T (a ∗λ b)− (−1)αβb ◦µ (a ∗λ c)
−(−1)βγ(a ∗λ c) ◦−µ−T b
= a ◦λ (b ◦µ c) + (−1)βγa ◦λ (c ◦−µ−T b) + (−1)α(β+γ)(b ◦µ c) ◦−λ−T a
+(−1)α(β+γ)+βγ(c ◦−µ−T b) ◦−λ−T a+ 2(a ◦λ b) ◦λ+µ c
+2(−1)(α+β)γc ◦−λ−µ−T (a ◦λ b)− (a ◦λ b) ◦λ+µ c− (−1)αβ(b ◦−λ−T a) ◦λ+µ c
−(−1)γ(α+β)c ◦−λ−µ−T (a ◦λ b)− (−1)γ(α+β)+αβc ◦−λ−µ−T (b ◦−λ−T a)

−(−1)αβb ◦µ (a ◦λ c)− (−1)α(β+γ)b ◦µ (c ◦−λ−T a)

−(−1)βγ(a ◦λ c) ◦−µ−T b− (−1)γ(α+β)(c ◦−λ−T a) ◦−µ−T b
= (−1)(α+β)γ(c ◦−λ−µ−T (a ◦λ b)− (c ◦−λ−T a) ◦−µ−T b
−(−1)αβc ◦−λ−µ−T (b ◦−λ−T a) + (−1)αβ(c ◦−µ−T b) ◦−λ−T a)

−(a ◦λ (b ◦µ c)− (a ◦λ b) ◦λ+µ c− (−1)βγa ◦λ (c ◦−µ−T b)
+(−1)βγ(a ◦λ c) ◦−µ−T b) + (−1)αβ(b ◦µ (a ◦λ c)− (b ◦−λ−T a) ◦λ+µ c
−(−1)αγb ◦µ (c ◦−λ−T a) + (−1)αγ(b ◦µ c) ◦−λ−T a)

= 0.

Finally, we show that (3.31) and (3.32) can be obtained from (3.30). Here,
we only prove that (3.31) holds. (3.32) can be checked similarly. Using (3.22) and
(3.30), the right side of (3.31) is as follows:

[aλ(b ◦µ c)] + a ◦λ [bµc] + (−1)α(β+γ)[bµc] ◦−λ−T a+ [(a ◦λ b)λ+µc]
−[(a ◦λ b)λ+µc]− (−1)αβ[(b ◦−λ−T a)λ+µc]− [aλb] ◦λ+µ c
−(−1)(α+β)γc ◦−λ−µ−T [aλb]− (−1)αβ[bµ(a ◦λ c)]− (−1)α(β+γ)[bµ(c ◦−λ−T a)]

= ([aλ(b ◦µ c)] + a ◦λ [bµc]− [aλb] ◦λ+µ c− (−1)αβ[bµ(a ◦λ c)])
+(−1)α(β+γ)[bµc] ◦−λ−T a+ (−1)αβ+(α+β)γ)[c−λ−µ−T(b ◦λ−T a)]

+(−1)(α+β)γ+αβc ◦−λ−µ−T [b−λ−Ta]− (−1)α(β+γ)[bµ(c ◦−λ−T a)]

= −(−1)α(β+γ)([bµ(c ◦−λ−T a)] + b ◦µ [c−λ−Ta]− [bµc] ◦−λ−T a
−(−1)βγ[c−λ−µ−T(b ◦λ−T a)]− (−1)βγc ◦−λ−µ−T [b−λ−Ta])

= 0.

Therefore, from the above discussion, the Lie conformal superalgebra struc-
ture of R is determined by (R, [·λ·], · ◦λ ·) where (R, [·λ·]) is an (r − 1)-dim Lie
conformal superalgebra, (R, · ◦λ ·) is an (r − 1)-dim right Novikov conformal su-
peralgebra, and they satisfy (3.30).

For the unity with Theorem 2.18, set

aλb = (−1)αβ(b ◦−λ−T a) (3.35)



1156 Hong

for a ∈ Rα , b ∈ Rβ . Therefore, (R, ·λ·) is an (r − 1)-dim Novikov conformal
algebra. By (3.30), using (3.35), we can obtain the following equality:

[(c−µ−Tb)−λ−Ta] + [c−µ−Tb]−λ−Ta− c−λ−µ−T[b−λ−Ta] (3.36)

−(−1)αβ[(c−λ−Ta)−µ−Tb]− (−1)αβ[c−λ−Ta]−µ−Tb = 0,

for a ∈ Rα , b ∈ Rβ , c ∈ R . Therefore, by (3.36), we obtain that (R, [·λ·], ·λ·) is
an (r − 1)-dim super Gel’fand-Dorfman conformal bialgebra.

Thus, the theorem holds when i = r . So, the proof is finished.

By Theorem 3.1, we know that one (r−1)-dim super Gel’fand-Dorfman con-
formal bialgebra can correspond to r Lie conformal superalgebras in r dimension.
In the following, we only consider the r -dim r -linear Lie conformal superalgebras.

Next, we give two remarks about r -dim super Gel’fand-Dorfman conformal
bialgebras.

Remark 3.2. In fact, there are some relations between r -dim super Gel’fand-
Dorfman conformal bialgebra and super Gel’fand-Dorfman bialgebra. If (R =
C[T]V, [·λ·], ·λ·) is an r -dim super Gel’fand-Dorfman conformal bialgebra, then
(LieR, [·, ·], ◦) is a super Gel’fand-Dorfman bialgebra with the Lie bracket and the
Novikov algebraic operation as follows:

[am, bn] =
∑
j∈Zr

+

(
m
j

)
(a(j)b)m+n−j, (3.37)

am ◦ bn =
∑
j∈Zr

+

(
m
j

)
(ajb)m+n−j, (3.38)

where [aλb] =
∑

m∈Zr
+
λ(m)a(m)b and aλb =

∑
m∈Zr

+
λ(m)amb . The proof is similar

to that in Section 2.7 in [14].

Remark 3.3. Obviously, any r -dim Novikov conformal superalgebra (R =
C[T]V, ·λ·) with the trivial r -dim Lie conformal superalgebra can construct a
super Gel’fand-Dorfman conformal bialgebra. Therefore, by Theorem 3.1, given
an r -dim Novikov conformal superalgebra (R = C[T]V, ·λ·), we can obtain an

(r + 1)-dim Lie conformal superalgebra (R̃ = C[T1, · · · , Tr, Tr+1]V, [·λ̃·]) with the
λ-bracket as follows:

[aλ̃b] = Tr+1((−1)αβb−λ−Ta) + λr+1((−1)αβb−λ−Ta+ aλb), (3.39)

where λ̃ = (λ1, · · · , λr, λr+1), a ∈ Vα , b ∈ Vβ .

Proposition 3.4. Let (R, ·λ·) be an r -dim Novikov conformal superalgebra.
Then, (R, [·λ·], ·λ·) is an r -dim super Gel’fand-Dorfman conformal bialgebra with
the λ-bracket given as follows:

[aλb] = aλb− (−1)αβb−λ−Ta, a ∈ Rα, b ∈ Rβ. (3.40)
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Proof. By Proposition 2.16, we only need to check that (3.15) holds. By (3.40),
the right side of (3.15) is the following:

(a−µ−Tb)−λ−Tc− (−1)(α+β)γcλ(a−µ−Tb) + (a−µ−Tb)−λ−Tc

−(−1)αβ(bµa)−λ−Tc− a−λ−µ−T(b−λ−Tc) + (−1)βγa−λ−µ−T(cλb)

−(−1)βγ(a−λ−Tc)−µ−Tb+ (−1)αβbµ(a−λ−Tc)

−(−1)βγ(a−λ−Tc)−µ−Tb+ (−1)(α+β)γ(cλa)−µ−Tb

= ((a−µ−Tb)−λ−Tc− a−λ−µ−T(b−λ−Tc)− (−1)αβ(bµa)−λ−Tc

+(−1)αβbµ(a−λ−Tc))− (−1)βγ((a−λ−Tc)−µ−Tb− a−λ−µ−T(cλb)

+(−1)αγcλ(a−µ−Tb)− (−1)αγ(cλa)−µ−Tb)

+((a−µ−Tb)−λ−Tc− (−1)βγ(a−λ−Tc)−µ−Tb)

= 0.

Therefore, (R, [·λ·], ·λ·) is an r -dim super Gel’fand-Dorfman conformal bialgebra.

By Propositions 3.4 and 2.15, we can easily obtain the following corollary.

Corollary 3.5. If (V, ◦, ·) is a Novikov-Poisson superalgebra, then R = C[T ]V
is a super Gel’fand-Dorfman conformal bialgebra with the following λ-product and
λ-bracket (a ∈ Vα, b ∈ Vβ):

aλb = (λ+ T )(a · b) + a ◦ b, (3.41)

[aλb] = (T + 2λ)(a · b) + (a ◦ b− (−1)αβb ◦ a). (3.42)

Remark 3.6. In fact, by Corollary 3.5 and Remark 3.2, we can obtain a
super Gel’fand-Dorfman bialgebra from a Novikov-Poisson superalgebra. The
construction is as follows.

Let (V, ◦, ·) is a Novikov-Poisson superalgebra, then (A = V ⊗C[t, t−1], [·, ·],
∗) is a super Gel’fand-Dorfman bialgebra with the following Novikov superalgebra
structure and the Lie superalgebra structure:

(a⊗ tm) ∗ (b⊗ tn) = (a ◦ b)⊗ tm+n − n(a · b)⊗ tm+n−1,

[a⊗ tm, b⊗ tn] = (m− n)(a · b)⊗ tm+n−1 + (a ◦ b− (−1)αβb ◦ a)⊗ tm+n,

where a ∈ Vα , b ∈ Vβ , m , n ∈ Z .

Next, we present several examples of super Gel’fand-Dorfman conformal
bialgebras.

Example 3.7. By Proposition 2.14 and Proposition 3.4, we have the following
Gel’fand-Dorfman conformal bialgebra R = C[T ]x with the λ-product and λ-
bracket as follows (a ∈ C):

xλx = (λ+ T + a)x, [xλx] = (T + 2λ)x.



1158 Hong

This Gel’fand-Dorfman conformal bialgebra corresponds to a 2-dim 2-linear
Lie conformal algebra R̃ = C[T1, T2]x with the following λ-bracket:

[xλx] = T2(−λ1 + a)x+ λ2(T1 + 2a)x+ (T1 + 2λ1)x.

LieR̃ = Cx⊗ C[t±11 , t±12 ] is a Lie algebra with the following Lie bracket:

[x⊗ tm1
1 tn1

2 , x⊗ tm2
1 tn2

2 ]

= a(n1 − n2)x⊗ tm1+m2
1 tn1+n2−1

2 + (m1 −m2)x⊗ tm1+m2−1
1 tn1+n2

2

+(m1n2 − n1m2)x⊗ tm1+m2−1
1 tn1+n2−1

2 ,

for m1 , m2 , n1 , n2 ∈ Z .

Example 3.8. Let R = R0 ⊕ R1 = C[T ]a ⊕ C[T ]b be the Novikov conformal
superalgebra given in Example 2.13. Then, by Proposition 3.4, we obtain a super
Gel’fand-Dorfman bialgebra (R, ·λ·, [·λ·]) given by as follows:

aλa = (λ+ T + C1)a, aλb = (λ+ T + C1)b, bλa = (λ+ T + C1)b, bλb = 0,

[aλa] = (T + 2λ)a, [aλb] = (T + 2λ)b, [bλb] = 0,

for C1 ∈ C .

This Gel’fand-Dorfman conformal bialgebra corresponds to a 2-dim 2-linear
Lie conformal algebra R̃ = C[T1, T2]a⊕ C[T1, T2]b with the following λ-bracket:

[aλa] = T2(−λ1 + C1)a+ λ2(T1 + 2C1)a+ (T1 + 2λ1)a,

[aλb] = T2(−λ1 + C1)b+ λ2(T1 + 2C1)b+ (T1 + 2λ1)b,

[bλb] = 0,

for C1 ∈ C .

Example 3.9. If (A, ·) is a commutative associative algebra and D : A → A
is a derivation of A , then (A, ◦, ·) is a Novikov-Poisson algebra with

a ◦ b = a ·Db.
Then, by Corollary 3.5, we obtain a 2-dim 2-linear Lie conformal algebra R =
C[T1, T2]A with the following λ-product and λ-bracket:

[aλb] = T2(−λ1(a · b) + b ·Da) + λ2(T1(a · b) + b ·Da+ a ·Db)
+(T1 + 2λ1)(a · b) + (a ·Db− b ·Da), a, b ∈ A.

Next, we present another construction of Gel’fand-Dorfman conformal bial-
gebras.

Proposition 3.10. If (V, [·, ·], ◦) is a Gel’fand-Dorfman bialgebra, (V, ◦, ·) is
Novikov-Poisson algebra and (V, [·, ·], ·) is a Lie-Poisson algebra, then R = C[T ]V
is a Gel’fand-Dorfman conformal bialgebra with the following λ-product and λ-
bracket (a ∈ Vα, b ∈ Vβ ):

aλb = (λ+ T )(a · b) + a ◦ b,
[aλb] = T (b ◦ a) + λ(a ◦ b+ b ◦ a) + [b, a].

The quadruple (V, [·, ·], ◦, ·) is called a Gel’fand-Dorfman Novikov-Poisson algebra.
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Proof. It can be check directly.

Remark 3.11. If the operation “ · ” in the above proposition is trival, then
we can obtain a construction of Gel’fand-Dorfman conformal bialgebras from
Gel’fand-Dorfman bialgebras.

If (V, [·, ·], ◦) is a Gel’fand-Dorfman bialgebra, then R = C[T ]V is a
Gel’fand-Dorfman conformal bialgebra with the following λ-product and λ-bracket
(a ∈ Vα, b ∈ Vβ ):

aλb = a ◦ b,
[aλb] = T (b ◦ a) + λ(a ◦ b+ b ◦ a) + [b, a].

In fact, by Remark 3.2, we can also obtain a construction of Gel’fand-
Dorfman bialgebras as follows.

If (V, [·, ·], ◦) is a Gel’fand-Dorfman bialgebra, then (LieR = V ⊗C[t, t−1], ∗,
[·, ·]) is a Gel’fand-Dorfman bialgebra with the Novikov operation and Lie algebra
operation as follows (a ∈ Vα, b ∈ Vβ , m , n ∈ C):

(a⊗ tm) ∗ (b⊗ tn) = (a ◦ b)⊗ tm+n,

[a⊗ tm, b⊗ tn] = (ma ◦ b− nb ◦ a)⊗ tm+n−1 + [b, a]⊗ tm+n.

We give a construction of Gel’fand-Dorfman Novikov-Poisson algebras in
the following.

Example 3.12. Let (A, [·, ·], ·) be a Lie-Poisson algebra and let d be a deriva-
tion of the algebra (A, ·) such that

d[u, v] = [d(u), v] + [u, d(v)] + ξ[u, v], for u, v ∈ A, (3.43)

where ξ ∈ C is a constant. We define another algebraic operation ◦ on A by

u ◦ v = u · d(v) + ξu · v for u, v ∈ A. (3.44)

By Corollary 2.6 in [19], (A, ◦, ·) is a Novikov-Poisson algebra. And, by The-
orem 3.2 in [17], (A, [·, ·], ◦) forms a Gel’fand-Dorfman bialgebra. Therefore,
(V, [·, ·], ◦, ·) is a Gel’fand-Dorfman Novikov-Poisson algebra.

Finally, we will present a theorem about an equivalent characterization of
r -dim linear Lie conformal superalgebra.

Theorem 3.13. An r -dim linear Lie conformal superalgebra R = C[T]V is
equivalent to that V = V0 ⊕ V1 is equipped with one Lie superalgebraic operation
[·, ·], and r Novikov superalgebraic operations ◦i such that (V, [·, ·], ◦i) is a super
Gel’fand-Dorman bialgebra for each 1 ≤ i ≤ r and ◦i and ◦j satisfying the
following conditions:

a ◦i (b ◦j c)− (a ◦i b) ◦j c = (−1)αβ(b ◦j (a ◦i c)− (b ◦j a) ◦i c), (3.45)

(c ◦i a) ◦j b+ (c ◦j a) ◦i b = (−1)αβ((c ◦i b) ◦j a+ (c ◦j b) ◦i a), (3.46)

for a ∈ Vα , b ∈ Vβ , c ∈ V and i 6= j . We call such (V, [·, ·], ◦1, · · · , ◦r) a
generalized super Gel’fand-Dorfman algebra.
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Proof. By (2.6), we can assume that:

[aλb] =
r∑
i=1

Ti(b ◦i a) +
r∑
j=1

λj(b ∗j a) + [b, a] for a, b ∈ V, (3.47)

where ◦i , ∗j , [·, ·] are algebraic operations on V . Then, the proof is similar to
that in Theorem 3.1. Here, b∗ia = (b◦ia)+(−1)αβa◦i b , where a ∈ Vα , b ∈ Vβ .

Remark 3.14. If (V, [·, ·], ◦i) is a super Gel’fand-Dorfman bialgebra for one of
1 ≤ i ≤ r , then (V, [·, ·], ◦1, · · · , ◦r) with ◦j trivial for each 1 ≤ j ≤ r and j 6= i
is a generalized super Gel’fand-Dorfman algebra, and its corresponding r -dim Lie
conformal superalgebra R = C[T]V is determined by the following λ-bracket:

[aλb] = Ti(b ◦i a) + λi(b ◦i a+ (−1)αβa ◦i b) + [b, a],

for a ∈ Vα and b ∈ Vβ .

In addition, by Theorem 3.13, we can classify r -dim linear Lie conformal
superalgebras by classifying generalized super Gel’fand-Dorfman algebras. One
useful method to classify generalized super Gel’fand-Dorfman algebras is that given
a Lie superalgebra, we first classify all Novikov superalgebra structures compatible
with this Lie superalgebra, i.e. constructing a super Gel’fand-Dorfman bialgebra
and then study which Novikov superalgebra structures satisfy (3.45) and (3.46).

Example 3.15. Let V = Ce1 ⊕ Ce2 . Then, (V, [·, ·]) is a Lie algebra with the
Lie bracket [e1, e2] = e2 .

Set ei ◦ ej =
∑2

l=1 c
l
ijel for any i , j ∈ {1, 2} . If [·, ·] and ◦ satisfy (2.14),

by some computations, we can obtain

c111 = c221, c
1
12 + c121 = 0, c122 = 0, c121 = c222.

For simplicity, set a = c111 = c221 , b = c211 , c = c212 , d = c121 = c222 = −c112 . Then, if
(V, ◦) is a Novikov algebra, we get cd = bd = 0.

Therefore, (V, [·, ·], ◦) is a Gel’fand-Dorfman bialgebra if and only if the
Novikov algebraic operation is defined by

e1 ◦ e1 = ae1 + be2, e1 ◦ e2 = −de1 + ce2, e2 ◦ e1 = de1 + ae2, e2 ◦ e2 = de2,

with cd = bd = 0.

Assume that (V, [·, ·], ◦1) and (V, [·, ·], ◦2) are two Gel’fand-Dorfman bial-
gebras with the Novikov algebraic operations

e1 ◦i e1 = aie1 + bie2, e1 ◦i e2 = −die1 + cie2, (3.48)

e2 ◦i e1 = die1 + aie2, e2 ◦i e2 = die2, (3.49)

with

cidi = bidi = 0, i ∈ {1, 2}. (3.50)
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For ◦1 and ◦2 satisfying (3.45) and (3.46), by some computations, we have

a1c2 = a2c1, b2(c1 − a1) = b1(c2 − a2). (3.51)

Therefore, (V, [·, ·], ◦1, ◦2) is a generalized Gel’fand-Dorfman algebra with
the Novikov algebraic operations defined by (3.48),(3.49) if and only if (3.50) and
(3.51) hold.

For example, (V = Ce1⊕Ce2, [·, ·], ◦1, ◦2) is a generalized Gel’fand-Dorfman
algebra with the Lie algebra structure and Novikov algebra structures as follows

[e1, e2] = e2,

e1 ◦1 e1 = e2, e1 ◦1 e2 = e2 ◦1 e1 = e2 ◦1 e2 = 0,

e1 ◦2 e1 = e1, e1 ◦2 e2 = e2, e2 ◦2 e1 = e2, e2 ◦2 e2 = 0.

It corresponds to a 2-dim linear Lie conformal algebra R = C[T1, T2]V with the
following λ-bracket

[e1λe1] = (T1 + 2λ1)e2 + (T2 + 2λ2)e1,

[e1λe2] = (T2 + 2λ2)e2 − e2,
[e2λe2] = 0.

Proposition 3.16. Let (V, [·, ·], ◦i) be a super Gel’fand-Dorfman bialgebra for
some i. Assume that other operations ◦j for 1 ≤ j ≤ r and j 6= i are defined as
follows:

a ◦j b = kja ◦i b, for some kj ∈ C. (3.52)

Then, (V, [·, ·], ◦1, · · · , ◦r) is a generalized super Gel’fand-Dorfman algebra.

Proof. It is easy to check.
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