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Abstract. We give an explicit integral formula for the Dunkl kernel asso-
ciated to root system of type A, and parameter k > 0, by exploiting recent
results in B. Amri, Note on Bessel functions of type An_1, Integral Transforms
and Special Functions 25 (2014), 448-461.
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1. Introduction and statement of the result.

As originally constructed by Dunkl [2], the investigation of intertwining operator
between Dunkl operators and ordinary derivatives is still ambiguous. Except for
a few cases the finding of explicit form is an open problem. One of the most
important contributions is due to Résler [7] who proved that attached with finite
reflection group and nonnegative multiplicity function the Dunkl intertwining
operator is positive and can be expressed as an integral transform with positive
kernel. Dunkl kernels FEy(.,y), first defined by Dunkl by means of intertwining
operator [3], are the joint eigenfunctions of the Dunkl operators and so they are
considered as the generalization of the usual exponential functions e'¥ . The basic
fact, derived from the main result of [7] is the validity of the representation of Ej
by an integral of Laplace type,

Ey(z,y) = / =y (y) 1)

where p, is a compactly supported probability measure. This representation
is useful to determine the behavior of these functions and so making explicit
computation for p, becomes increasingly important.

In this paper we mainly focus on Dunkl kernels associated to root systems
of type A, for the purpose of finding an explicit integral representation of type
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(1), following our recent work on the symmetric case. We outline here a simple
method that leads us to such formulas for the A, root system and provide an
elementary proof of Dunkl’s formula for the intertwining operator established in [4]
for parameter k£ > 1/2. The key idea here is that a Dunkl kernel can be obtained
by differentiating its symmetric counterpart, namely the Dunkl-Bessel function
(Lemma 2.1). The proof is then achieved by using the integral representation
of the Dunkl-Bessel function as already established in [1] and is concentrated on
finding similar representations for products of these functions and its derivatives
by certain polynomials. It would be interesting to generalize Theorem 1.1 to the
higher dimensional but our approach is far from being applied to other cases of
A, , n > 3, because it becomes more complicated as calculus when using products
of Dunkl operators.

We begin by summarizing some facts from [1], general references are [2, 3,
4,5,7,8,9]. Let V be the hyperplane in the Euclidean space R* given by

V={(z,y,2) €ER* v +y+2=0}

and R = {£(e; — ea), £(e1 —e3), £(ea —e3)} be the root system of type A, in
V, where (ey, es,e3) is the standard basis of R3. Fix (e; — eq, €9 — €3) as the basis
of simple roots and C' the corresponding fundamental Weyl chamber,

C= {)\ = ()\1,)\2)\3); )\3 < )\2 < )\1}

The Weyl group is isomorphic to the symmetric group S3. The Dunkl operators
are given by

T, =

1— s ,
+E Y T =123

— X
1<i<j<3 Li J

&El

where k is a positive real parameter and s; ; acts on functions of vaiables (z1, z2, x3)
by interchanging the variables z; and x;. The Dunkl kernel Ei(.,y), y € R? is
characterized by being the unique solution of the following eigenvalue problem

T:(Ex(.,9)(x) = yi Ex(z,y); Er(0,y) =0, i=1,2,3.

Let J the generalized Bessel function associated with R and k, given by

ry) = £ 3 Filo,y) 2)

oceG

The functions J; are related to the ordinary modified Bessel functions jk_%, by

(see [1]):

Al A2
(p1+np —2u )(v1+v2) — MU2)(V1 — V
Jk(u’ /\) - Qk 1F / / B R jk—;(( 2)2( - 2))

(vy — vo)Wi(p, N)dvrdus, (3)
for all A = (A1, A2, A3) € VN C and p € R, where
VA = (A= A2)(A2 — A3)(A1 — Az),
Wi(, ) — «M—WXM—WXM_WXW—&XW—MXW_%ﬁk{
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Recall that the modified Bessel functions J,_ 1 is given by

Tpy(2) =T(k+1/2) ) n!l—‘(éii‘): 1/2)

n=0

and has the integral representation

L@k [ . -
jk_;(2>—m/_16t(1—t2)k ldt, zeR.

In the next section we shall use this fact to construct an integral formula for Fj .
The following theorem is the main result of this article.

Theorem 1.1.  The Dunkl kernel of type Ay has the following integral formula
Ey (:ua )‘) =

e [, [, {ren o i ()

_6<V1V2 + %(m + 1) + AlAg) ) <<M1 — p12) (1 — 1/2)> }

2
(ry+po—2p3) (v +v2)
2

ch(Va )‘)dVIdV% (4)

()\3 — 1/1)(/\3 — 1/2)6
forall A\ e VNC and p € R3.

2. Outline of the proof

An interesting relation between J; and Jgi is given in ( [6], p.369 ) by the
following functional equation

Tv (Jer (L 9)V ()N (@) = vdi(z,y) (5)
where Ty = (Ti — To)(Ts — Ts)(Ty — Ts) and 7 = Ty (V(.))(0) = ((ka +1)(3k +

-1
1)(3k + 2)) . This together with Proposition 1.4 of [4] implies
> det(0)Ex(o.pt, ) = 3V (1)V (N Jesr (1, A).- (6)
Combining (6) with (2) yields for all g € R® and A € V

Ex (11, N) + Ex(p, 0. 0) + Ep(p, 0°.)\) = %('VkVO‘)V(M)Jk—i-l(Nv A) + 65, A)) (7)

where 0 = 51351 2. This is a starting point from which we have the following

Lemma 2.1. Let A€V and T* be the operator
A 2/\1 + >\2 4 2)\2 + )\1
JUIEID VISV VR VINED NI W W

Then we have

B(i, \) = TA(% V) V) dkrt () + il )\)) (1), peR

Ty +1=aNTi+ BN+ 1.
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The proof is a straightforward calculation which we shall omit. However, to
obtain our integral formula for Ej, it therefore comes down to express the following
terms with suitable integrals

(1) V() Jesr(p, A)
(i) (1 — p2) (2 — pa) Jesa (1, A)

(i) (p1 = p2)(pa — p3) Jir1 (11, A)

() LV () ar (o A) (1) = vm)%‘]—jj(u, A) (2t 1>83ij> Jenr (s )
0Jj41

oV ()
)+ (2K +1 Jeer (1A
aﬂQ (M ) ( ) a,UQ k—i—l(ﬂ )

We will need to use the following classical equations of the modified Bessel function
jaa a > R

(v) To(V()Trar (- A) () = V()

2 Toni(z) = 2at DT(2) 8)
T2 = T+ 2 ) (9)

and the following facts:

(1 — p2) (g + po — 2p3) + (1 — p2)?

) = 2 (10)
(i1 — p2)(p2 — ) = (1 = ) (pia + ; 23) — (1 — pa)? )
(b1 — p3)(p2 — p) = (pa + 1o — 2;@22 — (p1 — pio)? )

Vin) = (4 pi2 = 2p3)* (i1 — pa) — (= p12)® )

4

Further, the rule of integration by parts will be used repeatedly with the derivatives
0y, +0,, and 0,, —0,,, since by looking the integrant of (3) the machine works well
with the obvious facts: (9,, + 0., )h(v1 +1v2) = 2R/ (11 + 1), (Oy, + 0y, h(11 — 1) =
0, (0y, — Ouy)h(vy — 1v) = 20/ (11 — 1) and (0,, — Oyy)h(1n + 12) = 0, for a
C*-function h.

We begin by treating (7). From (8) we have

(1 — p2) Jrga (e, A)

(4]{: + 2)['(3k + 3) /)‘1 /)‘2 (1 1tz = 2113) (1 +2) j (1 — p2)(v1 — 1)
V()\ V2EHIT (k+ 1 T2 2

Wk+1 (1/, )\) dl/ldl/g
and by using integration by parts,

(1 = p2)* Ty (1, X)
_ 4k +2)T(3k +3) /Al /AQ a2t ((m p2) (1 —VQ))
_ s
©

V()\)2k+1r k_+_ 9
vy 8y2)Wk+1(V, )\) dVldVg .



AMRI 1167

Making use of (9) we have

(1 — p2)® T (1, A) =

_ (4/{? + 2 3]{7 + 3 M A2 (u1+u2—2u3)(V1+V2) j (,ul — ,uz)(ljl — VQ)
VN (k + 1) (k1 — p2)e k=3 2

l/1 - al/g)Wk‘+1 (U )\) dVldVZ

_4]{)(4k + 2)F(3k + 3) / /)\2 e(u1+u272g3)(vl+1/2) j/ (/Jd - ﬂ2)(7/1 - VQ)
VOVETk+ 17 J, ke 2

1
2 JA3

(81/1 B al/z)Wk+1(V7 )‘)

V1 — 2

dVl dVQ

and by integration by parts one-time,
(1 + p2 — 208)* (i — pi2) Jiea (p, A) =

(4k +2)T(3k +3) (M [* (i1 112 =203) (21 £ v2)
VOV + 1)3 (1 + p12 — 2ps)e

j/_% ((Ml M2)2< )) (0,,1 + 81/2)Wk+1(1/, )\)dyldVQ.

Note that the condition & > 0 is not sufficient to make an integration by parts
again using the derivative operators 9,, +0,, or d,, —0,,, because the appearance
of 9 Wi1 and 02, Wj1. However, we see that

—(,u,l n g — 2“3)6<N1+M27253)(V1+V2) j,_l ((:U’l - N?)(Vl - VQ)) (81/1 + a}/g)Wk+1(V7 )\)

2
(mytpg=2p3)(vitve) ((

= e 2§m—w>
= _281/1 {e(u1+u2253)(yl+y2>jkl_1 (( ,MQ)( )> } aVZWk+1<V7 )\>

2
—231,2{ B 2“3)@1“2)\7,, (( #2)2( )) } O Wi (v, A).

Thus from (13) and integration by parts we obtain

) @ = 0

V(1) Jos1(pt; A)

(4]{3 + 2)F(3]€ + 3) /)\1 /)\2 e(#1+u2*2§3)(l'1+u2) , (,u1 — ,UQ)(Vl — VQ)
VOHRHT(k+1)2 [y, Sy, k=3 2

(8,,1 Oy, + k

M) Wk+1 (V, )\)dl/ldl/g,

vV —

which is a nice integral formula for (7).
Next, using (10) and (11) with integration by parts,
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(1 — p2) (1 — p3) T (p, A) =

(4k +2)T 3k+3l/h/%
V()L (k+1)3
/M/AZ

(4k + 2)T(3k + 3)
V()T (k + 1)3

and

(1 — o) (p2 — pt3) Jrg1 (e, A
(26 +1)0(3k + 3)
T VORI 4 1)

B
9

For (iv) we make use of the fact that

(2k + 1)I'(3k + 3)
V)R +1)3

2Tl (z) = 2(a +

AMRI

(p1+uo— 2#3)(1!1 +vg)

Tk

()
V1 - 8u2)Wk+1< )dl/ldVQ
(p1+po— 2#3)(1/1—0—1/2) , (,U/l _ IU’Q)(Vl _ VQ)

(11 — p2) (1 — 1)
(e

(91,1 + 6V2)Wk+1< )\)dl/ldVQ

(p1+uo— 2#3)('/14-”2)

((Ml - M2)2(V1 - Vz))

i
((Ml - M2)2(V1 - V2))

- 8V2)Wk+l(

(p14po— 2#3)(U1+U2)

Vl

_1

81/1 + 81,2)Wk+1(1/ /\)dl/ldVQ

D) (a(2) = Tar(2))

and write
0Jy41
v
m>&“<m
B F(Sk + 3) /J\1 /)\2 (H1+po— 2M3)(V1+u2) j (,ul MQ)(I/l — 1/2)
"2vxxym4rgp+1 N Las: 2

(2k + 1)I'(3k + 3)
V()T (k4 1)3

(p11 — p3)(p2 —

1/1 — I/Q)(Vl + V2)Wk+1<1/ )\)dl/ldl/Q

M A2 u1+u2 2#5)(V1+V2)
M3
A2 A3

N/ ((“1 fi2) (1 — vs)

—(2k + 1) (1 — p3) (p2

9 ) (Vl - VZ)Wk-H(V, A)dyldl/2

— p3) St -

Proceeding as for the integral representation of (i), we have

T'(3k + 3)
OV (AT (k + 1)3

M A2 (H1+#2 2#3)('/1+"2) (/,Ll J75)
jk+ 2
A2 A3

)(v1 — 1)

(1/1 — VQ)(Vl + V2)Wk+1(y )\)dVldVQ

(2k + 1) 3k+3
V(NZEID(k + 1)

0,0, ((Vl + o) Wi (v, A))

M A2 (u1+u2 2u3)(”1+'/2) (,LL1 MZ)(Vl - V2)
Jis 2

+k

)

(Ov, — Oy) ((Vl + o) Wi (v, /\)>

V1 — V2

dl/l dl/g .
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On the other hand, by using (9) and (12) with integration by parts,

(Zk + 1)F<3k + 3) ( /)\1 /)‘2 (p1+po— 2#3)(V1+V2>
VOVEIT (3 1y 1~ He) (ke = hs) v

jk,, ((Ml M2)2 n V2)) (Vl — VQ)Wk+1(V )\)dl/ldl/g

. (Zk + 1)F(3]€ + 3) AL Az (11 +n2—2p3) (v +v2)
- _4v()\)2k+1r(k: 4 1)3 N N (H’l + M2 — 2/1’3)6 2
3

jk_; (('ul —H) = VQ)) (Ovy + Ovs) <V1 — 1/2) Wii1(v, N)drdus

2
(2]€ +1 3]€ -+ 3 M A2 (#1+p2— 2u3)(vl+u2)
T %HF k1) (11 = piz)e
1;_1 ((,u1 MQ)Q(Vl — VQ)) (Ovy — Ovs) <V1 — Vo) Wi (v, /\)>d7/1dl/2
+ k(2k +1)I(3k + 3) /M /AQ st (11 — p2) (1 — 1)
V(AT (K + 1 2 2

8V1 8V2)Wk+1(l/ )\)dl/ldyg

As we noted above for the use of integration by parts a second time, we can do it
by the following

(u1+u2—2u3)(v1+v2)j ((/Ll — /.LQ)(Vl — VQ))

—(p1 + p2 — 2p3)e 2 k-1 5

(O + Ouy) ((Vl — v2)Wiia (v, A))
(myt+pg=2p3)(vitve) _, ((/Jq — /Lg)(Vl — 1/2))

+(p1 — p2)e 2 I, 5

NI

(0, — Do) ((V1 — ) Wi (v, A))

_ 99, {€(M+H2_253)(U1+U2)~7k—§ ((Ml - M2)2(1/1 — VQ)) } Dy, ((yl — V) Wi (v, A))

_2&/2 {€(H1+H2_253)(V1+u2)\7k_§ ((,ul - ,U2)2(V1 - 1/2>> } 8y1 ((Vl . V2)Wk+1<l/, )\)>

Thus

(2k + 1)F(3k+3)( /Al /A2 (13- 01 22)
V()\)Qk+1f(k+1)3 M1 /’L3 /’LQ /*’63 N N

Ty ((’“ pa) ””) (1 — )W s (v, Ndrdv

. (2k + 1) 3]{3 + 3 /)\1 /)\2 (w1+po— 2#3)('/1+'/2)j ((ul ILLQ)(I/l — 1/2)>
V)T (k+1)3 k=3 2

{0Vlal/2 <<V1 — VQ)WkJrl(V, )\)) + k;((?ul — 0V2)Wk+1(l/, )\)} dVldVQ .
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From these calculations it follows that

TV (ki (A 1)
= Vi >a;;“< )4 2k 1) (G — 1) — )+ (= o) — 1)) i ()

(2]{3 +1 3]€ -+ 3 /)\1 /)\2 (n1+po— 2#3)(V1+V2)j (,u1 ILLQ)(]/l — VQ)
V() 2k+1r k+1)3 ~2 2

{(Vl + VQ) <8V16V2 + km) — 21{:(@1 + 8V2>} Wk+1(V, )\)dl/ldl/g

V1 —

(2]{3 + 1)F 3]{3 + 3 /)\l /)\2 (p1+po— 2#3)(V1+u2)j (/ll LLQ)(Vl — 1/2)
V(A)ZHD(k +1)3 k=3 2

(On = 01)

vy — 12

(v — 1) (0V18V2 + 3k ) Wii1(v, N)dvydys.

By the fact that

LV () Ik (5 M) (i, pr2s ps) = =To(V () Jrgn (5 A) (2, i, 13),

we also have

To(V () k(- A) (1

(2]{ —+ 1 Bk =+ 3 /A1 />\2 (p1+po— 2#3)(V1+V2) j (,Uq — /LQ)(Vl — VZ)
SV 2k+1r k+1 2 2

{(1/1 + 1) <8V13V2 + k%) — 2k(0,, + 01,2)} Wit (v, N)dindi,
1 — P2

B (2/{} + )F 3k’ + 3 A2 M1+u2 2#3)(V1+V2)j ) (M1 ,UQ)(Vl - V2>
V(A\)HT(E 4 1 b2 2

(al/1 B al/z)

Vi — 12

(1/1 — V2) (81/181/2 + 3k ) Wk+1(V, )\)dl/ldl/g .

By virtue of these integral formulas we obtain

TV ()T (5 N) (1

(2/{5 + 1 3/€ + 3 Ml (u1+u2 2#3)(V1+V2) ,
V() 2k+1r k+1 -

((Ml - M2)2(V1 - V2)>

IO‘H

{((a + B) (1 + 1) +2) <8V18V2 + km> —2k(a + B)(0,, + aw)}

VvV — 12

Wk+1 (1/ )\)dyldyg

(2k + 1)I'(3k + 3) /*1 /*2 iyt (py — pi2) (1 — 1)
V(A)ZHD(k +1)3 k-3 2

Oy, — Oy
(Vl — VQ)(Oé — 5) (81/13u2 + Skﬁ) Wk+1(7/, )\)dl/ldl/g .
1= 2
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Put a()\) = )\1/\2 + /\1)\3 + )\2)\3 and b(/\) = —)\1/\2/\3, we have

((91/18V2 + ]{7 8 ) Wk+1(V )\)
vy — Uy
—k? (61/1 v + 2a(v? + va + vivn) + 3b(vy + yg)) Wi(v, A),
{ v+ V2 <8V16V2 + k%) - 2]6(8,/1 + 01/2)} Wk-H(”a >\)7
1— V2
= k> <2au11/2(1/1 + o) + 3b(vy — 1p)? + 2a* (v + 1) + 4ab> Wi(v, A)
(8V18V2 + 3]{7 Vl — 8 >> Wk+1< )\)
vy — Uy
= k2< — 6av vy — 9b(vy + 112) + 2a2>Wk(y, A),
Oy, — Oy
(a4 B) (v +1v9) +2) | O 0vg + k———=
=1

—2k(v+ B)(Dy, + D) }WkH(U, )

—k? (121/1 v + 4a(vi + vi + vi1n) + 6b(vy + y2)> Wi(v, A)

+(a + B)k? <2aV1V2(V1 +vo) + 3b(y — 12)? + 2a* (11 + 1) + 4ab> Wi(v, ).

Now by the fact that

T ) (1)

F(3l€) /Al />\2 o+ ﬁ (n1+mo—2p3)(v1+v2)
= — — e 2 /St
VAPIT(R)? Sy, U 2
(1 — ) (11 + vo) Wi (i, ) drdus,

4 F(?)/{Z) /Al /‘)\2 o — ﬁ e(#1+u2*2;¢3)(V1+vz)jl (,u1 — ,ug)(l/l — I/Q)
VINEID(R)E Sy, Sy 2 k-3 2
(Vl — V2)2Wk(/1,, )\)dVldVQ

((Ml - M2)2(V1 - ’/2))

and

(2k + 1)y (3k +3)  I'(3k)
60 (k +1)3 - 20(k)3




1172 AMRI

it follows from Lemma 2.1 that

F ?)k //\1 //\2 (u1+u2 2#3)(V1+V2)
Er(p, A (v — v
k(1 A) = )\) KD (k )\2 N 1 2)
jk_, ((,u1 G UQ)) {a ; b < — 6av vy — 9b(vy + 1) + 2a2)
_.I_
+(O‘ . B n+va) + 1>V(/\)}Wk(y, N dvidvs
I'(3k M A2 (n1+po—2p3)(v1+vo) — —
+ NG (QkF)k - / / p At -7/_;(('“1 M2)2(V1 V2))
OV NCHE VW 2
{@ <2au11/2(ul 4 15) + 3b(vy — 1y)? + 2a* (vy + 1) + 4ab>

(61/1 v 4 2a(v? 4 v + vin) + 3b(vy + 1/2)) +2 5 ﬁ(yl — VQ)QV()\)}
Wk(l/, )\)dl/ldl/g.

Now, a simple computation gives the following

c 5 b ( — Bavvs — 9b(1y + 1) + 2a2) v (O‘ ; B+ 1)+ 1>V(>\)
= 3()\1 — )\2)V1V2 + 3()\% — )\%)(1/1 + 1/2) + 3)\%()\1 — )\2)
= 3(/\1 — /\2)(/\3 — Vl)()\g — VQ)
and
(a ;— f) (2(1V1V2<I/1 + o) + 3b(vy — 1p)? + 2a* (V1 + 1) + 4ab)
a—pF,
— 6vivz +2a(vi + V3 +vin) + 3b(vy + 1) ) + 5 (1 — 1r)°V(A)

= —6V1 U2 + 3)\31/1V2(V1 + VQ) - 3)\3()\2 + )\2)(1/1 + 1/2) — 6 )\2)\
—2(1/1 + I/2 + 1/11/2)()\1>\2 — )\g) (2)\1)\2 + )\%)(Vl — 1/2)2

A
= —6()\3 — V1)<)\3 — Vg) <V1V2 + ?3(V1 —+ VQ) + )\1)\2) .

This conclude the proof of the theorem.

Now if we equippped the space V with the basis ( e; — e3, e3 —e3 ) and
with the Lebesgue measure dv = dv,dvs, then we can state

Corollary 2.2.  The Dunkl kernel E) connected with the exponential function
by

Eu(p, \) = / ) <”1 R Rl V2,)\) dv (14)
co(A) 2 2

where p € V, X e VNC, col\) ={v eV, \3< v, 1n, vr3 <A}, the convex
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hull of the orbit G.A\ and the function F} is given by

Fk(xaya /\)

6T'(2k)I'(3k) L/”mn@’ASAlw ( ,
i 2+ M — Xa) +y( — @)@ — )
92k QF(]{?)5V()\)% (][ Aal)

k-1

((Ag - ) (2= (0 =) = A= e —2)) dz (15)

22

if max(|y|, |x — A2]) < min(z — A3, A\; — ) and equal 0 otherwise. Moreover Fy, is
a nonnegative function.

Proof. Recall that

_ F(Qk) (B1—p2)y y2 k-1 Yy, -1
jk_%((lll — f2)z) = 2%1—“@2/11&6 (1— ;) X[—m](;)z dy,
I'(2k) \—pn Y ko1 Y y
j];_%((/’bl - /*L2)Z) = 22k_1r(k)2 /Re(u : )y(l - ?) ;X[—l,l](;)dy

Inserting these into (4) and making use the change of variables:

V) + o 2l 2]
x: 5 Z: y
2 2

with Fubuni’s Theorem, we obtain

Ex(p, \) ://e(“1+“2_2“3)z+(“1_”2)yFk(x7y, A)dady
R JR

where

Fk<x7 Y, )‘) =
61 (2k)T(3k)
22k—21“<k)5v<)\)2k

(B (0o = 26 - )

/ <Z2<)\1 — )\2) — y(l‘2 — 22 + /\31’ + /\1)\2))
R

k—1

22

y
X[fl,l](;)X[Az,Al](fU + 2)X g ) (T — 2)d2

6I(2k)L(3k)  [mne—deh=a) B o
22k-21(k)5V/ ()2 /max(|y|,|z—,\2|) (z (y+ A= X2) +y(M ) )\2)>
2,2 k E—1

(P =0=5) (-0 -0 = A = (=) s

where we used the fact that
Yy
X[=1,1] <;> Do) (T F 2)X s 2] (T = 2) = Xmax(yl,je—ra|)<z<min(z—As,\ —)-

The change of variables
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gives

Ek(,u, )\) = / / 6<‘M’V>Fk (Vl i VQ, n- V2,>\) dVll/Q.
R JR 2 2

Noting here that the integral is over the set co(\), since

{VGV; max( v — 1 >

Rl %)

2

W

We shall now prove that the integrand in (15) is positive. Indeed, under the
condition

max(|y|, |[x — A2]) < z < min(z — A3, \ — ), (16)

we argue as follows. Suppose first y + Ay — Ay > 0. Observe that

(@ = X)(y + M = Xo) +y(M —2)(x = Ao) = (2= )M = Ao)(y + 2 — No),
Yy + A=) Hyh —2)(e =) = yly+ M —a)(y+z— )

and from (16)

22(y + )\1 — )\2) -+ y(>\1 — (L’)(l’ — )\2>
> max ((z = Aa)(A = Do) (y + 7= Xa), yy+ A — 2)(y +2 = X))
Soif 2 =Xy >0 and y+ax— Ay > 0 then (z—X2)(A1 —A2)(y+2—Ag) > 0. But if
r—X>0 and y+2—Ay<0 then we must have y<0 and y(y+A —z)(y+x—XA2) >0,
since y + A\ —x > 0.
Similarly, if z—Xy < 0 and y+x—Xy < 0 then (z—X3)(A1—A2)(y+x—A9) > 0 and if

r—MX2<0 and y+2—A2>0 then we must have y>0 and y(y+X  —z)(y+z—X32) > 0.
This yields that in the case y + Ay — Ay > 0,

2y 4+ M — X)) +y(A —2)(m— Ag) > 0.
However, when y + A; — A2 <0, we get from (16)

P+ =) FyA—2)(@— X)) > (2 — X)*(y+ M — Aa) + (A — 2)(z — Ao)
=M —2) (M —X)(y+A —z)>0.

This achieves the proof of the positivity of F}, and so, the proof of Corollary 2.2. =
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