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Abstract. We compute the cohomology groups of the Heisenberg-Virasoro
conformal algebra with coefficients in its modules C,C, and Ma o 3. In par-
ticular, we completely determine the cohomology groups with trivial coefficients
both for the basic and reduced complexes.
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1. Introduction

The notion of Lie conformal algebra, introduced by Kac in [4], encodes an ax-
iomatic description of the operator product expansion of chiral fields in conformal
field theory. Lie conformal algebras are closely related to infinite-dimensional Lie
algebras such as affine Kac-Moody algebras and the Virasoro algebra, as well as
to vertex algebras. They have been extensively studied in [3, 5, 7, 8, 10, 11]. In
particular, a general cohomology theory of conformal algebras with coefficients
in an arbitrary conformal module was developed in [1], where explicit computa-
tions of cohomologies for the Virasoro conformal algebra and current conformal
algebra were given. The cohomologies (with degree < 3) of the general Lie con-
formal algebras gcy were studied in [6]. However, the cohomology problem for
non-semisimple Lie conformal algebras has not yet studied. It is highly nontrivial.
In [9], we computed the cohomologies of the Lie conformal algebra of W(2,2)-type
with trivial coefficients. It turned out that the nontrivial cohomology group is at
most of degree 6, which is different from that in the Virasoro conformal algebra
case.

In this paper, we aim to study the cohomology of the Heisenberg-Virasoro
conformal algebra, which is another non-semisimple conformal algebra of rank 2.
We obtain a different and interesting result on the cohomology groups with trivial
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coefficients. In addition, our methods may be useful to study the cohomologies
of other non-semisimple conformal algebras of rank > 2. This motivates us to
present this study.

The Heisenberg-Virasoro conformal algebra was introduced in [8] as a Lie
conformal algebra associated with the twisted Heisenberg-Virasoro Lie algebra.
By definition, the Heisenberg-Virasoro conformal algebra is a free Lie conformal
algebra with a C[J]-basis {L, M} and satisfying

[LoL] = (0+2\)L, [LaM] = (0+ANM, [M\L] =AM, [MyM]=0. (1)

In this paper, we denote by H)V the Heisenberg-Virasoro conformal algebra. It is
easy to see that ) contains the Virasoro conformal algebra Vir as a subalgebra,
which is a free C[0]-module generated by L such that

Vir = C[9]L, [LaL] = (9 +2)\)L. 2)

Moreover, HV has a nontrivial abelian conformal ideal with one free generator M
as a C[0]-module. Thus HV is neither simple nor semisimple.

The paper is organized as follows. In Section 2, we recall the notions of Lie
conformal algebra, conformal module and cohomology of Lie conformal algebras,
and present the main results of this paper (see Theorem 2.6). Section 3 is devoted
to the proof of the main theorem.

Throughout this paper, all vector spaces and tensor products are over the
complex field C. We use notations Z for the set of integers and Z, for the set of
nonnegative integers.

2. Preliminaries and Main results

In this section, we recall the definition of a Lie conformal algebra and a (conformal)
module over it and cohomology with coefficients in an arbitrary module. Then we
list our main results of this paper.

Definition 2.1.  ([4]) A Lie conformal algebra R is a C[d]-module endowed
with a C-bilinear map R ® R — C[\| ® R, a ® b — [a)b], and satisfying the
following axioms (a,b,c € R),

[Daxb] = —Aaxb], [ax0b] = (0 + A)[arb] (conformal sesquilinearity), (3)
laxb] = —[b_x_oa] (skew-symmetry), (4)
lax[buc]] = [larblasuc] + [bularc]] (Jacobi identity). (5)

Definition 2.2.  ([2]) A module V' over a Lie conformal algebra A is a C[J]-
module endowed with a C-bilinear map A® V — V[[A]], a ® v — ayv, satisfying
the following relations for a,b € A, v €V,

ax(buv) = bu(arv) = [axb]ruv,
(0a) v = —Aayv, ax(0v) = (0 + A)ayw.

If ayv € V[ for all a € A, v € V, then V is called conformal. If V' is finitely
generated over C[J], then V is simply called finite.
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Since we only consider conformal modules, we will simply shorten the term
“conformal module” to “module”. The vector space C is viewed as a trivial module
with trivial actions of 9 and A. For a fixed nonzero complex constant a, there is
a natural C[0]-module C,, such that C, = C and dv = av for v € C,. Then C,
becomes an A-module with A acting by zero.

For the Virasoro conformal algebra Vir (cf. (2)), it was shown in [2] that
all the free nontrivial Vir-modules of rank 1 over C[0] are the following ones

(A, € C):
Mp o =C[0]v, Lyv= (04 a+ AX)v. (6)

The module My , is irreducible if and only if A # 0. The module M, , contains

a unique nontrivial submodule (0 + «)My, isomorphic to M;,. Moreover, the

modules Mp , with A # 0 exhaust all finite irreducible nontrivial Vir-modules.
From the proof of [8, Theorem 4.5 (1)], we have

Proposition 2.3.  All free nontrivial HY -modules of rank 1 over C[J] are the
following ones:

Maop=Cl0lv, Lyv=(0+ a+ ANv, Myv = pv, for some A, o, € C.

Definition 2.4. ([1]) An n-cochain (n € Z,) of a Lie conformal algebra A
with coefficients in an A-module V' is a C-linear map

W,:¢4®n — VTA17"' MAAn]y aléb"' (X)an}__> vAh“yAn(a17'.. 7an)

satisfying the following conditions:

(1) vgeanl(ar, -+, 0as, -+ ,an) = —=XNiYay o an (@1, ,a,) (conformal antilin-
earity),

(2) ~ is skew-symmetric with respect to simultaneous permutations of a;’s and
Ai’s (skew-symmetry).

) As usual, let A% = C, so that a 0-cochain is an element of V. Denote by
C™(A,V) the set of all n-cochains. The differential d of an n-cochain + is defined
as follows:

n+1

(d/y)A17A..7)\n+1 <a/1’ “ e 7an+1) = 2(_1)1“"»10/1‘%1"7)\17‘“7):i7"'a)\n+1 (aly P 7d’\i7 “ e 7an+1)
1=
n+1 o ) )
+; (f1)z+a%i“jm7.“7X1_,.“7Xj’m7+An+1([aikiaj],al,... Sy Gy ), (7)
1,7=1;2<g

where v is linearly extended over the polynomials in \;. In particular, if v € V
is a 0-cochain, then (dv)x(a) = ayy.

It was shown in [1] that the operator d preserves the space of cochains and
satisfies d? = 0. Thus the cochains of a Lie conformal algebra A with coefficients
in an A-module V' form a complex, called the basic compler and denoted by

C A V)= @ CA, V). (8)

neEZy
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Moreover, define a (left) C[d]-module structure on C*(A, V) by
(af}/)Al,"'yAn(a’l? e 7an) = (8‘/ + ZAi),YA17“'7An (ala e aa’n)a
i=1

where Jy denotes the action of & on V. Then d0 = dd and thus IC* (A, V) C
C*(A, V) forms a subcomplex. The quotient complex

C*(A, V) =C*(A,V)/0C* (A V)= P CHAV)

nely

is called the reduced complex.

Definition 2.5. The basic cohomology H*(A, V) of a Lie conformal algebra
A with coefficients in an A-module V' is the cohomology of the basic complex
C*(A,V) and the (reduced) cohomology H®(A,V) corresponds to the reduced
complex C*(A, V).

The main result of this paper is given as follows.

Theorem 2.6.  For the Heisenberg- Virasoro conformal algebra HV, the follow-
ing statements hold.

(1) For the trivial module C,

(1 if ¢=0,
.4 _ 3 Zf q=3,
dimH (HV,C) = 5 if q—Ad. 9)
0 otherwise,
(1 if ¢=0,
3 if ¢=2,
dimHY(HV,C) =< 5 if ¢=3, (10)
2 aif q=4,
0 otherwise.

(2) H*(HV,C,) =0 if a #0.
(3) H*(HV, Maag) =0 if a 0.

Remark 2.7.  Theorem 2.6(1) in particular shows that there is a unique nontriv-
ial universal central extension of the Heisenberg-Virasoro conformal algebra HV
by a three-dimensional center CC; @& CCy & CC35, which agrees with that of the
twisted Heisenberg-Virasoro Lie algebra. The three independent reduced 2-cocycle
¢1, ¢o and ¢ are determined by (29)-(31) respectively, and the corresponding

universal central extension HV of HV is given by

)\3
LALl = (0 +20)L + T5Ch,

[
[LAM] = (0 + A)M + N*Cs,
[M\L] = AM — \2Cs,
[M)\M] = )\Cg,

where C7, Cy, ('3 are nonzero central elements of HY with 0C; =0,i=1,2,3.
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Remark 2.8. Denote by Lie(HV)_ the annihilation Lie algebra of HV. It
can be easily checked that Lie(H)V)_ is isomorphic to the subalgebra spanned
by {Ln,]\/[n| —1 < n € Z} of the twisted Heisenberg-Virasoro algebra. Since
HY(HV,C) = Hi(Lie(HV)_,C), we have actually determined the cohomology
group of Lie(HV)_ with trivial coefficients (cf. [1]).

3. Proof of Theorem 2.6

In this section, we prove Theorem 2.6, which will be done by several lemmas.

Keep notations in the previous section. An element ~ in C’q(.A, V) is
called a g-cocycle if d(vy) = 0; a g-coboundary if there exists a (¢ — 1)-cochain
¢ € CI1(A, V) such that v = d(¢). Two cochains 7, and 7, are called equivalent
if 7, — 7, is a coboundary. Denote by D(A,V) and B%(A,V) the spaces of
g-cocycles and g-boundaries, respectively. By Definition 2.5,

HY(A,V) = DY(A,V)/BYA,V) = {equivalent classes of g-cocycles}.
Lemma 3.1. H°(#V,C) =H°(H#V,C) =C.

Proof.  For any v € CO(HV,C) =C, (dy)r(X) = Xoy = 0 for X € HV.
This means D°(HV,C) = C and B°(HV,C) = 0. Thus H°(HV,C) = C and
H(HV,C) = C since 9C = 0. n

Let v € C’q(HV, C) with ¢ > 0. By Definition 2.4, 7 is determined by its
value on X3 ® --- ® X, with X; € {L,M}. Since v is skew-symmetric, we can
always assume that the first k£ variables are L and the last ¢ — k variables are M
in ya,,. a0, (X1, -+, Xg). Thus we can regard 7y, .. , (X1, -+, X;) as a polynomial
in Ai,---, Ay, which is skew-symmetric in Ay, ---, Ay and also skew-symmetric in
Aet1s 7 o 5 Aq. Therefore, vy, .. 5, (X1, -+, Xy) is divisible by

[T Qi=x)x IT (=),
1<i<j<k k+1<i<j<q
whose polynomial degree is k(k —1)/2 4 (¢ — k)(¢ — k —1)/2.
Following [1], we define an operator 7 : CY(HV,C) — C71(HV,C) by

0

(TY)xr, ags (X1y e, X)) = (—1)‘1715%1,---,Aq_l,A(Xh'" , X1, L)r=0, (11)

where X; = -+ = X, =L, Xy = -+ = X1 = M. By (7), (11) and skew-
symmetry of 7,

0 4 i A
= (—1)‘]5;(—1) T oo g g (K L] X X X ) aso
0 4
= ﬁ;%\l,m,,\i+,\,-..,>\q(X1, s [ XL, - Xy) o (12)

By (1) and conformal antilinearity of 7, [X;,L] can be replaced by
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either (A; — A)X; when X; = L or by \;X; when X; = M in (12).
Thus, equality (12) becomes

((dT + Td)’}/))\h.‘.,)\q(Xl, cee ,Xq)

o k
- 5-71()% B /\)ry)\l’m’)‘i‘l’>‘i+>‘v)‘i+lv"'v)‘q (X17 T 7Xi—17 Xi7 Xi+17 T 7Xq)|>\:0
q
+_ z >\Z‘7/\1,~~- i 1A, ,)\q (X17 Tt JXi—17 Xi7 XZ'+17 e 7Xq)|/\:0
X it
= (degy = k)1 p (X1, -+, Xo), (13)
where degy is the total degree of v in Ay,---, ;. Therefore, only those homo-

geneous cochains whose degree as a polynomial is equal to k contribute to the
cohomology of C*(HV,C). This is our key observation. Consider the quadratic
inequality
k(k—1 —k)qg—k—1
(h=1), a=Ra—k=1 _,
2 2

whose discriminant is A, = —4k? + 12k 4+ 1. Since A, > 0 has k= 0,1,2 and 3
as the only integral solutions, we have

0.1 ifq=1,

)12 ifgq=2

F=90 123 ifq=3 (14)
2,3 if q=4.

In particular, HY(HV,C) = 0 for ¢ > 5.
Lemma 3.2.  Theorem 2.6 (1) holds.

Proof. According to Lemma 3.1 and the discussions in the previous paragraph,
we only need to compute H?(HV,C) for ¢ =1,2,3,4.

For ¢ = 1, we need to consider k = 0,1 by (14). Let v be a 1-cocycle.
From the discussions below (13), we know 7, (M) should be a constant, whereas
(L) should be a constant factor of A. By dy = 0, it is easy to check that both
(M) and (L) are zero. Hence, H'(HV,C) = 0.

For ¢ = 2, we need to consider k = 1,2 by (14). If v € H2(HV,C),
then deg(vya (L, L)) = 2 and deg(ya, 1, (L, M)) = 1 as polynomials in Ay, As.
By skew-symmetry of v, v, (L, L) should be a constant factor of A2 — A3,
which is a coboundary of a 1-cochain of the form ¢,,(L) = A;. Assume that
Yarne (L, M) = ady + bXy for some a,b € C. A straightforward computation gives

0= (d’}/))\h)\%)\g(lz, L, M) = —a)\1(>\1 + )\2)()\1 — )\2) + CL>\2)\3 — d)\l)\g, (15)

and thus a = 0. Set @), (M) = b. Then (dg), (L, M) = by = vy, 0, (L, M),
namely, x, »,(L, M) is also a coboundary. Therefore H%(HV,C) = 0.

For ¢ = 3, we need to consider k = 1,2,3 by (14). Let v € D*(HV,C) be a
3-cocycle. In the case of k = 1, we can assume that v, x,xs (L, M, M) = c(Aa—\3)
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for some ¢ € C. One can check that it satisfies the following equation

(dY)ay roxana (L Ly M, M)
= (=M1 = X2)Dr 420500 (L M, M) + A3dag ay 123,04 (L, M, M)
=MDy ntxans (L M, M) — A3day agragng (L M, M)
FA4Or; dotaans (L M, M)
= (=AM = A2)(As = M) + As(A1 + Ag — Ag)
—A(A A= A3) = A3(Aa+ A3 — Ag) + M(De + Ay — A3))
= 0. (16)
And it is a not coboundary, because it can be the coboundary of a 2-cochain

O o (M, M) of degree 0, which must be zero by skew-symmetry of . In the case
when k& = 2, we suppose that

T dens (Ly Ly M) = (A1 — Ag)(a(A + A2) + bA3), for some a,b € C. (17)
It satisfies (d7y)x, ronsn (Ly L, L, M) = 0. Setting oy, (L, M) = a)X;, we have
(dp)ay nons (Ly Ly M) = —a(Ar — Aa) (A1 + Az + Az),
and
(d)aydons(Ly Ly M) 4 xy aons (L Ly M) = (b — a) (A — Aa) As.

Thus v, a0 (L, L, M) is a constant factor of (A —A2) A3, which is not a cobound-
ary by (15). By [1, Theorem 7.1}, vx, aons(Ls L, L) = (A1 — Xa) (A1 — A3) (A2 — A3)
(up to a constant factor) is also a 3-cocycle, which is not a coboundary. Therefore,
dim I°(HV, C) = 3 and IP(HV,C) = Cé, @& Cey ® Copy, where

le = ¢1>\1,)\2,)\3(L7 M7 M) - /\2 - /\37 (18)
¢2 = ¢2/\1,)\2,)\3<L7 L, M) = ()\1 - )\2))\3, (19)
B3 = D3 o (Ly Ly L) = (A1 — M) (A1 — Az) (ha — Ng), (20)

and where, we take ¢, for example, the skew-symmetric function ¢; : HY Q@ HYV ®
HY — C[A1, Mg, A3] has values Adg — A3 on L& M @ M and 0 on L ® L ® M and
L L®L.

For ¢ = 4, we need to consider k = 2,3. Let v € D4(HV,C). By skew-
symmetry of v with whose degree as a polynomial taken into account, assume
that

’)/)\1,)\27)\37)\4([1, L, M, M) = €1(>\1 — )\2)()\3 — )\4), fOT some e; € C (21)
It is easy to check that (dy)x asasnans(Ly L, L, M, M) = 0. Thus
¢1 = ¢1A1,>\2,A3,)\4<L7 L7 M7 M) - (Al - A2)(A3 - A4)

is a 4-cocycle. If 9, is the coboundary of a 3-cochain ¢y, r, x, (L, M, M) of degree
1, then ¢y, a,0s (L, M, M) must be a constant factor of Ay — A3, whose coboundary
is zero by (16). Hence 1 is not a coboundary. Similarly, we have

g dedsng(Ly Ly Ly M) = ea(Ar — Aa2) (Mg — A3) (A1 — A3), for some es € C,
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is a cocycle. We should point out that
V2 = Y2 popana (L Ly L M) = (A = A2) (A2 — A3) (A1 — As) (22)

is not a coboundary. Because it can be the coboundary of a 3-cochain of the form
Oxy aons (Ly Ly M), which should be of degree 2 and thus of the form (A;—A2)(a(A+
A2) + bA3), whose coboundary is zero by (17). Hence H*(HV,C) = Cy); & Ci),.

By [1, Proposition 2.1], the map « +— 07 gives an isomorphism ﬁq(HV, C) =
H?(9C*) for ¢ > 1. Therefore,

3 C(9¢1) ® C(09q) ® C(0¢3) if ¢ =3,
HY(9C*) = { C(0¢1) & C(0y») if =4, (23)

0 otherwise.

The computation of H*(HV, C) is based on the short exact sequence of complexes

0 —— 9C* — C* - C* 0 (24)

where ¢ and 7 are the embedding and the natural projection, respectively. The
exact sequence (24) gives the following long exact sequence of cohomology groups

(cf. [1]):

. —— HY9C*) —*» HIY(HV,C) —» HYHV,C) —

- ) . (25)
—— HH(9C*) 5 HHY(HY,C) -5 HIYY(HY,C) —— ---

where ¢, 7, are induced by ¢, 7 respectively and w, is the g—th connecting
homomorphism. Given dy € H9(dC*®) with a nonzero element v € HI(HV, C) of
degree k, we have 1,(9y) = 9y € HY(HV, C). Since deg () = deg (7)+1 = k+1,
dy = 0 € HY(HV,C). Thus the image im(s,) of ¢, is zero for any ¢ € Z,.
Because ker(m,) = im(z,) = {0} and im(w,) = ker(i,,1) = H1(OC*®), we obtain
the following short exact sequence

0 — HY(HV,C) —— HY(HV,C) —— HY(5C*) — 0.  (26)
Therefore,
dim HY(HV, C) = dim H'(HV, C) + dim H"*}(9C*), for all ¢ > 0. (27)

Consequently, we obtain (10). Moreover, we can give a basis of HY(HV,C) for
g = 2,3,4. By (26), a basis of H/(HV,C) can be obtained by combining the
images of a basis of HY(#),C) with the pre-images of a basis of H"t'(HV,C).
Let ¢ be a nonzero (¢ + 1)-cocycle of degree k such that dp € Hit1(AC*). By
(13), we have

d(7(9p) = (dr + 7d)(9p) = (deg (Op) — k)(Ip) = (k +1) = k)(0p) = dp. (28)

Thus the pre-image w;'(d¢) of dp under the connecting homomorphism w, is
T(Dp), ie., w, ' (Op) = T(Dyp). Finally, let us finish the proof by giving a basis of
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q=2,3,4. For ¢ = 2, we have known that H2(HV,C) = 0 and
HY(OC*) = C(961) & C(0en) & C(90s). By (11), (18)-(20),

= (@6 (M, M)
= () 33@% 1o (M, M, L)y

A

0
= —(AM+ X+ N —A2)|r=0

oA

= A1 — Ay,
= (T(a¢2))A1,A2(L7M)

0

= (_1)287(a¢2)>\1,)\2,)\([/aMaL)|/\=0

0

= — (M + A+ N — Ml

O\

= )\37
= (7(9¢3))x.2 (L, L)

0

= (-1 ) (3¢3)A1 (L, Ly L) |a=o

6/\(

= Al + A

= C¢; @ Cpy ® Cos. For g = 3, we have

(T(awl)b\h)\z,/\:s (L7 M, M)

0
(_1)35(61#1))\1,)\2,/\3,)\(-[/7 M7 M7 L)|>\:0

0
8)\(/\1 + X+ A3+ A) (A — A (A3 — A2)|a=o0

A2 = Ass

(T(an)))\l,M,/\s (L> L, M)

(1) @) ruraaL L M, Do

0

oA
AT = APAs + A+ A3,

=Cop1 ®Copy ® Cos C@l S C@Q and H4<HV7 C)

Lemma 3.3.  Theorem 2.6 (2) holds.

0 AL+ A+ A) (A — A2) (A — A) (A — A)|azo

(29)

(30)

(31)

— (A F X+ A3+ (A= A2) (A1 — A (A2 — A)|r=o

= Cypy © Co)y

Proof. For a # 0, define an operator 7, : C4(HV,C,) — C'(HV,C,) b

(T2 s (X1s o+, Xg1) = (D) e ngon (X1, Xgo1, L)oo, (32)

for Xy,---, X, 1 € {L, M}. Note that 9CI(HV,C,) = (a+ 3L,

X\)CIUHY, C,).
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Thus

((dma + T2d)Y)rg g (X150 5 Xg)
= (Zgzl)‘i)fhlw'Aq (Xb T 7XQ)
= —ayn,. (X1, o, X,) (mod CU(HY, C,)). (33)

Let v € C9(HV,C,) be a g-cochain such that dy € C (HV,C,), namely,
there is a (¢ + 1)-cochain ¢ such that dy = (a + Y% \)¢. By (32), we have

Tady = (a+ 3L, \i)magp € OCUHY,C,). By (33), 7 = —d(a ') is a reduced
coboundary. [ ]

Lemma 3.4.  Theorem 2.6(3) holds.

Proof. In this case, dCU(HV, Ma o) = (0 + L, \)CUHY, Ma o). Define
an operator 73 : C1Y(HV, M o5) = C1TH(HV, Ma op) by

(7'3’7),\1,---,,\,1,1()(1, T 7Xq71) = (_1)(1717)\1,---,)\q,l,)\(le T 7Xq717 L)’)\:Ou
for Xq,---,X,-1 € {L, M}. We have
((d73 + 73d) V), 2 (X5, X)

q
= LaYag, g (X155 Xo)amo + (2 X0) Y g (X1, -, Xy) (34)
=1

q
= (8 + o+ Z:l)\i)’y)q,---,)\q(xla T 7Xf1)

1

= a0, (X1, LX) (mod OCUHY, Ma o).

If v is a reduced g-cocycle, then, by (34), v = d(a~'737) is a reduced coboundary,

since a # 0. Thus HY(HV, Ma o) = 0 for all ¢ > 0. [

This completes the proof of Theorem 2.6.
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