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Abstract. It is shown that the unimodularity condition for a four-dimensional
Lie algebra g with H?(g) # {0} is equivalent with a certain decomposition of
the group H?(g) taking place with respect to any almost complex structure J
on g. One direction of this result was proved by Li and Tomassini in [8]. This
note proves the other direction.
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1. Introduction

For any almost complex manifold (M, J), Li and Zhang introduced in [9] certain
cohomology subgroups naturally defined by the almost complex structure. Partic-
ularly interesting are the subgroups H} and H; of the second cohomology group
H?(M,R). These subgroups contain the cohomology classes having a closed 2-
form representative which is .J-invariant, respectively, J-anti-invariant. It was
shown in [4], Theorem 2.3, that on any compact 4-dimensional almost complex
manifold (M*,J), the subgroups H; and H; induce a direct sum decomposition
of the second cohomology group H?(M%* R). This is specifically a 4-dimensional
result, see [5], [2], [1] for counter-examples in dimension greater than 6. In dimen-
sion 4, however, this decomposition can be seen as an extension to non-integrable
compact almost complex 4-manifolds of the Dolbeault degree two cohomology de-
composition for compact complex surfaces.

For an almost complex Lie algebra (g,.J), one similarly defines the sub-
groups H}(g), H; (g) of the second Chevalley-Eilenberg cohomology group with
real coefficients H?(g). Among other interesting results in [8], Li and Tomassini
prove a Lie algebra version of the cohomology decomposition observed in [4].

Theorem 1.1.  ([8], Theorem 3.3) If the four-dimensional Lie algebra g is
unimodular then for any almost complex structure J on g there is a direct sum

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



44 DRAGHICI AND LEON

cohomology decomposition

H*(g) = Hj(g) ® H; (g) .

In this note we prove the converse of the above result for 4-dimensional
Lie algebras with H?(g) # {0}. The precise statement is in Theorem 2.2 in the
next section. Combining with the above result of Li and Tomassini, we obtain the
following:

Theorem 1.2. A four-dimensional Lie algebra g with H*(g) # {0} is unimod-
ular if and only if for any almost complex structure J on g there is a direct sum
cohomology decomposition

H*(g) = Hj(9) ® H; () -

Recall that a Lie algebra g is called unimodular if tr(ade) = 0 for every £ €
g. This is equivalent to the fact that a volume form on g (i.e. a non-vanishing top-
dimensional form) cannot be exact(see [6], p. 81 (6.3)), which in turn is expressed
in dimension 4 by H*(g) = R. Consequently, the condition H*(g) = {0} is the
cohomological characterization of four-dimensional non-unimodular Lie algebras.
Therefore, Theorem 1.2 can be interpreted in cohomological terms as saying that
the structure of the (non-trivial) second Chevalley-Eilenberg group H?(g) with
respect to almost complex structures is predicted by the top Chevalley-Eilenberg

group H*(g).

Acknowledgments: The first author is grateful to Tian-Jun Li for helpful
comments and for encouragement to write this note. We also thank the referee for
useful suggestions.

2. Notations and Preliminaries

Given a Lie algebra g, the Lie bracket induces the Chevalley-Eilenberg differential
d on the spaces of forms A¥(g*) on g. On Al(g*), d is defined by

do(u,v) = —a([u,v]), o€ A'(g"), u,v € g,

and then is extended to A*(g*) by the Leibniz rule. The cohomology of the
differential complex (A*(g*),d) is the Chevalley-Eilenberg cohomology with real
coefficients of g. The r-th cohomology group is H"(g) = Z7/B", where Z", B"
denote the spaces of closed, respectively, exact r-forms on g.

Let now J be an almost complex structure on the Lie algebra g, that
is, an endomorphism J : g — g with J?> = —1. The induced action of J on
the bundle of 2-forms, «(-,-) — a(J-,J-), is an involution. This induces the
decomposition of A?(g*) into J-invariant and J-anti-invariant forms, respectively,
the +1-eigenspaces of the above action

A*(g") = AJ(g") @ A7 (0") -
We denote by 2T = 220 Aj;(g*) the spaces of closed J-invariant, respectively,

closed J-anti-invariant 2-forms. The following are Lie algebra analogues of defini-
tions introduced by Li and Zhang [9] for almost complex manifolds:
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Definition 2.1.  Let (g, /) be an almost complex complex Lie algebra.

(i) The subgroups H7(g) of H?(g) are defined as the sets of cohomology
classes that can be represented by J-invariant forms, respectively, by J-anti-
invariant forms:

Hj (g)={acH*(g)|30€Z], [a]=a}, H, (g)={acH’(g)[3a€Z;, [o]=a}.
Hy(g) ={a€ H(g) | 3a € Z7, o] =a}.
(ii) J is said to be C>®-pure if HF (g) N H; (g) = {0}.
(iii) J is said to be C*™-full if H} (g) + H; (9) = H*(g).
(iv) J is said to be C™-pure-and-full it H}(g) & H; (g) = H*(g).

With these definition, Theorem 1.1 of Li and Tomassini mentioned in the
introduction states that on a four-dimensional unimodular Lie algebra any almost
complex structure is C'*°-pure-and-full. We prove the following converse:

Theorem 2.2.  Let g be a non-unimodular four-dimensional Lie algebra and
assume that H?(g) # {0}. Then g admits an almost complex structure which is
not C* -pure-and-full. More precisely, if g admits symplectic forms, then there
exists an almost complex structure on g which is not C*°-pure. If g admits no
symplectic forms, then there exists an almost complex structure on g which is not

C* -full.

3. Proof of Theorem 2.2

Let g be a four-dimensional Lie algebra oriented by a fixed a volume form p €
A*(g*). The wedge product and the fixed volume form induce a bilinear form of
signature (3,3) on the 6-dimensional space of 2-forms:

O, A2(g") x A2(g) =R, aAB=0,(a,B)p Ya,BeA(g). (1)

As observed by Donaldson in the introduction of [3], a special feature of dimension
four is that various geometric structures can be characterized in terms of subspaces
of the space of 2-forms and their behavior with respect to ®,. Important for us
will be the following well known lemma:

Lemma 3.1.  Let g be a four-dimensional Lie algebra, oriented by a fized volume
form p € A*(g*). The map £J — A; is a two-to-one correspondence between
(positively oriented) almost complex structures J on g and 2-dimensional planes
in A*(g*), positive definite with respect to ®@,, .

This lemma will enable us to construct almost complex structures on the
Lie algebra by defining two-dimensional subspaces of A%(g*), positive definite with
respect to ®,. Note that the sign ambiguity +J is not relevant, as J and —J
induce the same action on A%(g*), so the subgroups H7(g) are the same for +.J.

The proof of Theorem 2.2 will proceed along the two cases mentioned in the
statement, that is depending whether the Lie algebra g admits symplectic forms
or not. In the first case, we start with the following lemma.
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Lemma 3.2. Let g be a four-dimensional non-unimodular Lie algebra with
H?*(g) # {0}. Assume that g admits a symplectic form wy, let p = wy A wp
be the induced volume form and denote by ®, the bilinear form defined by (1).
The following hold:

(a) The Lie algebra g admits a symplectic form « so that [a] # 0 in H*(g)
and ®, (o, ) > 0.

(b) With o as in part (a), there exists a 1-form 0 € A*(g*) so that

¢, (a,a+df)=0. (2)

(c) With « and 0 as in parts (a), (b), there exists a 2-form B € A*(g*) so
that

(I)u(ﬁaﬁ) = @u(a,a), @#(ﬁ,a) =0, (I)uw’a +df) =0. (3)

Proof. (a) If [wp] # 0 in H?(g), then there is nothing to prove for part (a).
Note however that non-unimodular Lie algebras may admit exact symplectic forms.
But if wy is exact, let ag be a closed, non-exact 2-form on g (such form exists by
the assumption that H?(g) # {0}). Then for ¢ > 0 small enough, a = wy + ey
satisfies the requirements of part (a).

(b) While it was not needed in (a), for (b) we’ll use the assumption that g
is not unimodular. Thus, there exists a 3-form ¢ so that di # 0. By rescaling
and eventually changing the sign of ¢, we can assume that diy = —a A «. Since «
is non-degenerate, the wedge product by « is an isomorphism between A'(g*) and
A3(g*). There exists a 1-form 6 so that ¢ = 0§ A . As « is closed, the relation
dip = —a A\ a is equivalent to (2).

(c) As the orthogonal complement of Span(a, a4+ df) with respect to @,
is four-dimensional and &, has signature (3,3), there exists § in the orthogonal
complement of Span(c, o+ df) and such that ®,(5,5) = ¢,(a, ) > 0. n

From Lemma 3.2 we immediately obtain the symplectic part of Theorem 2.2:

Proposition 3.3.  Let g be a four-dimensional symplectic non-unimodular Lie
algebra with H*(g) # {0}. Then g admits a non-C™ -pure almost complex struc-
ture.

Proof. With the notations from the previous Lemma, consider the almost
complex structure J defined by the plane A; = Span(a, ). It is clear that
®,, is positive definite on this plane. By parts (b) and (c) of Lemma 3.2, o + df
is orthogonal to A7, hence a+ df € ZF. On the other hand, by construction,
a€ Z;7. Thus, 0# [o] € Hf (g) N H; (g). n

For the case when the Lie algebra g does not admit any symplectic forms,
we start again with a lemma.

Lemma 3.4. Let g be a four-dimensional non-unimodular Lie algebra with
H?(g) # {0}. Assume that g does not admit any symplectic forms. Let u be
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a volume form on g and let ®, be the bilinear from defined by (1). The following
hold:

(i) The space of closed 2-forms Z? is isotropic with respect to ®,,, i.e.

q)ﬂ(¢7p) = 07 ngvp S ZQ .

In particular, Z% is at most 3-dimensional and any element ¢ € Z% is a simple
form, i.e. ¢ =aAb, where a,b € A'(g*).

(ii) Given ¢ € Z* with [¢] # 0 in H?(g), there exists o € A*(g*) such that
P, (a,a) >0, P, (a,0) >0, Pula,p)=0, VpeB. (4)

Proof. (i) The assumption that g does not admit any symplectic forms implies
that

D.(0,0) =0, Vo e 2%
By polarization, this implies that Z? is isotropic with respect to ®,. Since ®, has
signature (3,3), it follows that Z? can be at most 3-dimensional. The fact that

all elements of Z? are simple forms follows from an observation of Li-Tomassini
[8], Lemma 2.1.

(ii) Suppose now we fix ¢ € Z2 with [¢] # 0 in H?(g). Taking into account

(i), by eventually changing the basis of the Lie algebra, we can assume ¢ = el A ¢?
and

Z2 C Span{e* Ne* et Aed et Aet} or 22 C Span{e' Ae* et Aede? e} .
It follows that the space of exact 2-forms satisfies
B* C Span{e* Ae? e' Aet} or B> C Span{e' Aed e* Ae} .
Let o = e!' Ae? £ e A e, where the sign is chosen to satisfy the condition

P, (a, ) > 0. It is clear that the other conditions are also satisfied. ]

The next proposition covers the non-symplectic case of Theorem 2.2 and
concludes its proof.

Proposition 3.5.  Let g be a four-dimensional non-unimodular Lie algebra with
H?*(g) # {0} and assume that g does not admit any symplectic form. Then g
carries a non-C -full almost complex structure.

Proof. First note that the assumption that g does not admit any symplectic
form implies that H; (g) = {0} for any almost complex structure on g. It only
remains to produce an almost complex structure J with H} (g) # H*(g).

Fix ¢ € 2% with [¢] # 0 in H%*(g) and let o € A%*(g*) satisfying the
conditions from (4) in Lemma 3.4. Choose one other two form £, so that

(I),u</87ﬁ) = (I)H(Oé,Oé), (I),u<aaﬁ) = 07

and define the almost complex structure J, by A5 = Span(a, §).
Relation (4) in Lemma 3.4 implies that [¢] € H}(g), as no representative
of the class [¢] can be orthogonal to the space of J-anti-invariant 2-forms A;. m
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As pointed out in the proof of Proposition 3.5, if g does not admit any
symplectic form, then any almost complex structure J on g satisfies H; (g) = {0},
hence any J is automatically C'*°-pure. As a completion to Propositions 3.3, 3.5,
one might ask whether it is true that any 4-dimensional symplectic non-unimodular
Lie algebra with H?(g) # {0} admits non-C*-full almost complex structures. We
don’t know the answer to this, although one could probably do a case-by-case
check using the classification of symplectic 4-dimensional Lie algebras (e.g. see
[11]). The following example shows that there are even Kéhler non-C*-full J’s
in the non-unimodular case.

Proposition 3.6.  The Lie algebra g = voty admits an almost complex structure
J which is not C* -full, but which is Kdhler (that is, J is integrable and compatible
with a symplectic form).

Proof. The Lie algebra g = toty has structure equations
de! =0 de?* = —e' Ne? de* =0 de* = -2 Net .
The spaces of exact 2-forms, respectively, of closed 2-forms are given by
B? = Span(e' A e, e® Net), Z? = Span(e* Ne* et NeP e’ Aet),

so the cohomology group H?(g) = Span([e! A €?]). If J is given by Je!' = €2,
Je? = e*, it is immediately checked that J is integrable and, in fact, is Kéhler
with respect to the compatible (exact) symplectic form e! A e? + €3 A et. On the
other hand, it is clear that the class [e! A €3] does not admit a J-invariant nor a
J-anti-invariant closed form representative. Thus H} = H; = {0}, so J is not
¢ -full. [

As final remarks, note that the difference between the results of [8] in the
unimodular case and those in the non-unimodular case presented here was not
unexpected. A key observation in [8] is that on unimodular Lie algebras endowed
with a Riemannian metric the Hodge decomposition of forms holds as for compact
Riemannian manifolds. This clearly is not true for non-unimodular Lie algebras.

In dimensions 6 and higher, the problems considered here are much less
understood. There are known examples of almost complex unimodular Lie algebras
(nilpotent, or completely solvable) which are not C'*-pure and full (see again [1]
and the references therein). Such examples exist even with integrable J, [2].
Finding necessary and sufficient conditions for C'*°-pure-and-full almost complex
Lie algebras in dimensions 6 and higher is an interesting problem. One could also
ask whether the statement of Theorem 2.2 remains true for non-unimodular Lie
algebras of any even dimension.
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