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Abstract. Let g be a simple Lie algebra of rank n over C. We show that the
n-dimensional abelian ideals of a Borel subalgebra of g are limits of Jordan Lie
subalgebras. Combining this with a classical result by Kostant, we show that the
g-module spanned by all n-dimensional abelian Lie subalgebras of g is actually
spanned by the Jordan Lie subalgebras.
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1. Introduction

To define a system for generalized Airy functions, Gel’fand, Retahk, and Serganova
[8] considered a Jordan group, which is the centralizer of a maximal Jordan cell in
GL(n). We call its Lie algebra a Jordan Lie subalgebra. The system is a confluent
version of an Aomoto-Gel'fand system ([1], [7], etc.) associated to a Cartan
subalgebra of gl,,. Kimura and Takano [10] explained the process of confluence
by taking limits of regular elements; a Cartan subalgebra is the centralizer of a
semisimple regular element, and a Jordan Lie subalgebra is that of a nilpotent
regular element. A natural question thus arises: describe the set of limits of
Cartan subalgebras. Recall that an element X in a simple Lie algebra g is said to
be regular if the centralizer 3,(X) has the minimal possible dimension, the rank
of g.

Let g be a simple Lie algebra of rank n over C, and G its adjoint group.
Let b be a Cartan subalgebra of g. The question is to consider the closure Ad(G)b
in the Grassmannian Gr(n,g) composed of n-dimensional subspaces of g. The
centralizer of a regular element certainly belongs to Ad(G)h. In particular, a
Jordan Lie subalgebra J that is the centralizer of a regular nilpotent element
belongs to Ad(G)h. As a generalization of a regular nilpotent element, Ginzburg
[9] defined and studied a principal nilpotent pair (also see [6]). We remark that
its centralizer also belongs to Ad(G)h. More generally a wonderful nilpotent pair
was studied in [15] and [18]; the Zso X Zso-graded component of its centralizer

belongs to Ad(G)b.
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The theory of abelian ideals of a Borel subalgebra draw a strong attention to
researchers in the representation theory (e.g., [5],[16]) after Kostant’s remarkable
paper [13] related the theory to the combinatorics of affine Weyl groups and the
theory of discrete series.

In this paper, we show that the n-dimensional abelian ideals of a Borel
subalgebra of g belong to Ad(G)J. Combining this with a classical result by
Kostant [12], we show that the g-module spanned by all n-dimensional abelian
Lie subalgebras of g is actually spanned by the Jordan Lie subalgebras.

In Section 2, after reviewing the classical result by Kostant [12], we state
the main results in this paper. Then we introduce two types of deformation in
Section 3: unipotent deformation and semisimple deformation. These are two
basic techniques we employ.

In the subsequent sections, we prove the results type by type. For the
classical types, we move some technical details into Appendix, to make the proofs
clearer.

In Section 4, we treat the case of type A. Using the Weyl group action, we
reduce the proof to a problem of the solvability of a system of inequalities, which
is proved in Appendix A. In Section 5, we consider the other classical types in a
uniform manner. In Section 6, we treat the exceptional types. To compute, we fix
a Chevalley basis of g as in [14, Proposition 4].

2. Main results
Let g be a simple complex Lie algebra of rank n, and G its adjoint group.

2.1. Kostant’s classical result. For k£ = 0,1,...,dimg, A*g is a g-module by
the adjoint representation. Let Cj be the subspace of A* g spanned by all A*a
where a is a k-dimensional abelian Lie subalgebra of g. Then C} is a g-submodule
of AFg.

Fix a Cartan subalgebra h and a Borel subalgebra b D . Let A be the
root system with respect to b, and AT the positive root system corresponding to
b. As a g-module, C} is characterized by the following theorem:

Theorem 2.1 (Kostant [12]).  Let a be a k-dimensional abelian ideal of b.
Then A*a is a highest weight vector of Cy,. Conversely any highest weight vector
of Cy is of this form.

Let a be an abelian ideal of b. Note that there exists a subset A(a) C A*
such that

a= P 9. and (AT +A(a))NAC A(a). (2.1)
a€A(a)
2.2. Jordan Lie subalgebras. Let aq,...,q, be the simple roots in A™; we
follow Bourbaki’s notation [2].

Let
{Xo,Hilaoe Ayi=1,2,...,n}
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be a Chevalley basis of g. Let A := 37, X,,, and J := 34(A). Then A is a
regular nilpotent element (cf. [11, Theorem 5.3]), and J is called a Jordan Lie
subalgebra of g.

We have the following proposition (see [3, Lemma 2.5] and [9, (1.6)]):

Proposition 2.2.  In the Grassmannian Gr(n,g),

T -1 NATNR
J = ll_r%expt adA(h) € Ad(G)b.

For o € A1 let ht(a) denote the height of a. Then the nilradical n of b

is graded by ht:
n=@Pg 9= P .

3>0 ht(a)=j
The Jordan Lie subalgebra J = 34(A) is also graded by ht:
J

The set of heights appearing in J is exactly the same as that of exponents of g
counting multiplicities (cf. [11, Theorem 6.7]).

In the following classical examples, we take the subset of diagonal matrices
and that of upper triangular matrices as h and b, respectively, and let ¢; € h*
denote the linear form taking the (,7)-component. We denote by E; ; the matrix
whose entries are 0 except for the (i, j)-entry 1. Let vy denote the maximal root.
The Jordan Lie subalgebras J below can be computed as follows: First it is easy
to check that Z and A’ belong to g for the indicated powers i. It is also clear that
they commute with A. Since we know the heights appearing in J ([11, Theorem
6.7] loc. cit.), we see that they form a basis of J.

Example 2.3. Let g = sl(n+1,C), and X,, := E;;11 (1 <i <n). Then
A = Z?:l Ei,z'—i—l; and

J =
i=1
We have 79 = Y%, a; and ht(v) = n.
o
Example 2.4. Let F := [ | , and let
1 0

gi=s502n+1,C) = {Xesl@n+1)|'XF+FX =0}

A =z B -I
= ~ly 0 ~'z| |B'=-B,C'=-C},
{ ¢y —A’J

where A, B,C' are n X n matrices, ,y are column vectors of dimension n, and

A" = (apy1-jnt1-i) for an n x n matrix A = (a;;). (2.2)
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The simple roots are

Q] =€&1 —E2,...,0p_1 =Ep—1—Ep,0p = Ep.

Let Xo, == FEiiv1 — Eopt1-ionio—i (1 <i<n).
Then
n 2n
A= Eii1— > Ei,
i=1 i=n+1
and

J=@Cca*t

k=1

We have 79 = €1+ 62 =y + 2375 ap and ht(yy) =2n — 1

0 1]

Example 2.5. Let F := 1 1 , and let

-1 0

g :=s5p(2n,C) {X esl(2n) |'XF + FX = O}

A B ; ;
([t 2] ipopc-cl

where A, B,C are n x n matrices (cf. (2.2) for A’ etc.).
The simple roots are

Q] = €1 — €2, ., Qp 1 = Ep_1 — Ep, Ay = 26,

Let X, == Eiiv1 — Eop—ionr1—i (1 <i<n—1),and X,, := Ey 1.
Then A = E?:l E’i,i+1 — Z?Z;Jlrl Ei,’i+17 and
J = @CA%!,
k=1

We have vy = 2¢; =2 Z?:_ll a; + «, and ht(y) =2n — 1.

0 1
Example 2.6. Let F := [ | , and let
1 0

g :=s0(2n,C) {X esl(2n)|'XF + FX = O}

A B ;L ,
{6 5] 1m=-pc=-c},

where A, B,C' are n X n matrices.
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The simple roots are

O] = €1 —€2,...,0n_1 = Ep—1 — Ep, Oy = Ep—1 T En.
Let Xo, == Fiis1 — Bopiont1—i (1 <i<n-—1)and X,, := Er_14+1 — Ennia.
Then
n—1 2n—1
Z Eiiq1— Z Eiivi+ Enint1 — Ennyo,
i=1 i=n-+1
and

n—1
J=CZ®@CA*,
k=1

where Z = Ey,, — Enq10n — Eing1 + Enon.
The height of A%*~! equals 2k — 1, and that of Z is n — 1. We have
Yo=¢€1+er=a; +23 " oy + an_1 + o, and ht(y) = 2n — 3.

2.3. Main Theorem. The following is the main theorem of this paper. The proof
is given by a type-by-type consideration. Proposition 2.2 leads to the latter half
of the statements in Theorem 2.7.

Theorem 2.7.  Let a be an n-dimensional abelian ideal of b. Then a € Ad(G)J
in Gr(n,g). Hence a € Ad(G)b.

Corollary 2.8.  The subspace Cy of A"g is spanned by any of the following:
(1) {A"a]a e Ad(G)J},
(2) {A"a|a € Ad(G)J},
(3) {A"ala € Ad(G)b},
(4) {A"a|a € Ad(G)b}.

Proof.  The subspace spanned by any set from (1) to (4) is a G-submodule of
C., and thus a g-submodule. Hence (2) and (4) are clear from Theorems 2.1 and
2.7. Let C! be the subspace spanned by {A"a|a € Ad(G)J}. Since this is closed
and includes {A"a|a € Ad(G)J}, we see

C, 2 {A"a|a e Ad(G)J}.
Hence we obtain (1) from (2). Similarly we obtain (3). n

We use the following lemma very often throughout this paper.

Lemma 2.9. Let C* 5t +— a; € Gr(n,g) and C* 5t — A, € g\ {0} be
morphisms. Suppose that Ay € a; for all t € C*, and A := lim;_,g A; exists in
g\ {0}. Then A € limy_oa;.
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Proof. Consider morphisms
n+1
P : gx(g)" > ]a,...,a,])» Y AarA---ANa, € N g,
P (g)"3ar,...,a,) = a1 A Na, € N\g.

Then P~1(0) (respectively, P'~1(0)) is closed and C* x GL(n)-stable (respectively,
G L(n)-stable). Hence P~1(0)N ((g\ {0}) x (g™ \ P'~%(0))) is closed in (g\ {0}) x
(g™ \ P'71(0)) and C* x GL(n)-stable.
Thus its image
{(CY,a)|Y € a}

under the canonical morphism is closed in P(g) x Gr(n, g). Hence (CA,lim;_,¢a;) =
lim; ,o(CAy, a;) belongs to {(CY,a)|Y € a}, ie., A€ limyoa. ]

We close this section with the following small example of Proposition 5.3
and Theorem 2.7:

Example 2.10. Let g =sp(6,C). As in Example 2.5, let

0 a 0 b O c
0 0a O —-b O
. . 3 5 0 0 0 «a 0 b
J={A=ah o e =0 0 00 0
0000 0 -—a
0o 0 0 0 O 0 |

There are two 3-dimensional abelian ideals of the upper triangular Borel subalge-
bra:

0 0 0 b a c 0 0 0 0 a c
00000 a 0000 b a
Cll:ooooob Gl22000000
0000O0 O 000000
000000 000000
00000 0 00000 0
We have

0 000 —a 07

0000 0 -—a

0000 0 0

B Al=10 000 0 o

0000 0 O

0000 0 0

Hence
exp(t_ladEgg))(tA) =tA — (E15 + Egﬁ),

exp(t'adEys)(A?) = A%,
exp(t~tadEys)(A°) = A®.
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By Lemma 2.9
0 0 0 b —a c]
0000 —b —a
: 1 ~J1000 00 0 b o
lim exp(t™ adEys)(J) = 0000 0 ol(=K
0000 O O
o000 0 0]

Let
dy(t) := diag(1,¢,1,1,¢t7 1), do(t) := diag(t,1,1,1,1,¢71).
Then by Lemma 2.9

lim Ad(di())(K) =a;  (i=1,2).

t—0

Hence aj, as are contained in Ad(G)K C Ad(G)J.

3. Basic deformations

In this section, a is an abelian subalgebra of b, and we suppose that,
if « € A" and g, C a, then g,15 Ca for all § € A™. (3.1)

By (2.1), abelian ideals of b satisfy (3.1).
We prepare two deformations: a unipotent deformation and a semisimple
deformation, which are used many times in this paper.

Lemma 3.1. Let B € AT.
1. If a € AT and g, C a, then

: -1
go C lg% exp(t™ adXg)(a).

2. Let T € a. If (adXp)(CT') € a and (adX3)!(CT) C a for all j > i, then

(adX5)"(CT) C lim exp(t~'ad X;)(a).

Proof. (1) By the assumption (3.1), (adX3)"(X,) € a for all i. Suppose that
k is the maximal ¢ with (adXjs)"(X,) # 0. Then

k
1 .
exp(—t'adX3)(Xa) = ) ﬁ(—t_ladXﬁ)’(Xa) €a
i—o v

for all ¢ # 0. Since

X, = exp(t 'adXp) exp(—t'adX;5)(X,) € exp(t 'adX;3)(a)
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for all ¢ # 0, we have by Lemma 2.9
: —1
X4 € %1_1)% exp(t™ adXg)(a).

(2) Suppose that & is the maximal j with (adXg)/(I') # 0. We induc-
tively define Laurent polynomials a;(t) € C[t,t™!] by

alt) = ait) == a(t) =0
a;(t) = ;!t_j - qil = q)!tq_jaq(t) (i+1<j<k).
Then
exp(t1adX5)(q:Z]:;rlaq(t)(ang)q(F))
- gllt_paq(t)(ang)erq(F)
- jélqil . ! U (1) (X P ()
- jél ;!t_j(adXﬁ)j(F).
We have
i exp(tad Xy (A (T — Z (X))

— lim( S (adXs) (T) + o(1)) = Z,ll(ang)i(F).

t—0 7!

Hence by Lemma 2.9

(adX;5)"(CI) C lir% exp(t'adXp)(a). |
—

Let H be the maximal torus of G with Lie algebra . Let x1,...,xn be
the characters of H corresponding to the simple roots «g,...,a,, respectively.
Let Aq, ..., A\, be the 1-parameter subgroups of H such that x;(A;(t)) = t% . For
m = (mi,...,m,) €Z" and a = Y}_, djo; € AT, set

(m, o) =Y myd;. (3.2)
j=1

Hence

Xa(IT 277 (1)) = ™),
j=1

where Yy, is the character of H corresponding to «.
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Lemma 3.2. Let I' = Y en+ an Xy € a. Suppose that g, C a if (m,a) < ¢
and a, # 0. Then

> X € lim Ad(T] A () ).

(m,a)=c

Proof. We have

n

AT A @)@ = Y ant™9X,.

j:l aEAJF
Hence

Ad(ﬁl)\Tj(t))(tc(F— Y auXa) = S aaXa+o(1).

(m,a)<c (m,a)=c

By Lemma 2.9, we have

> aaX, € lim Ad(f[ AT (1)) (a). "

(m,a)=c Jj=1

4. The case sl(n + 1,C)
In this section, let g = sl(n+ 1,C), and b the Lie subalgebra of upper triangular

matrices.

Let a be an n-dimensional abelian ideal of b. Then by (2.1) there exists a
Young diagram g = (1 > po > -+ > ) with |p| := 3t i = n (u+ n) such
that

I pe
a=a,: = @@CEj,n—k—i—Q-

k=1 j=1

Example 4.1.  Let g = (1 > pe > p3) = (4,4,1) and n = 9. Then the weight
spaces of a, are the following places:

=W N

Noliy BN BN NN J

5 6 7 8 10

in the upper right block of size py X (n 4+ 1 — p1) = 4 X 6 of a square matrix of
degree n + 1 = 10.

Besides a,, we define another abelian Lie subalgebra @), in the upper right
block of size py X (n+1— ) by

Kk

l
[
a/—L T @ @CEM1+1_jvul+Zi>k i+l
k=1

j=1
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Example 4.2.  Let p= (1 > p2 > p3) = (4,4,1) and n =9. Then the weight
spaces of a), are the following places:

1 ° °
2 ° °
3 ) °
4| e | e °
5 6 7 8 9 10
Remark 4.3. ), and a, are conjugate to each other by
P, O
O P.|’

where P, and P, are respectively the permutation matrices corresponding to
0 € Sy and any T € S|y, 11,n+1) such that

{U(i)=u1+1—i (i=1,2,..., 1)
T+ Siskpi +1) =n—k+2 (k=1,2,...,1),

Hence the statements a, € Ad(G).J and a, € Ad(G)J are equivalent.

Lemma 4.4.  For each h = 1,2,...,n, there exists a unique i(h) such that
Eih),i(h)+h € aL. Explicitly,

ith) = +1—=(h =3 ), (4.1)
i>k
or equivalently
i(h)+h=pm+> i+l (4.2)
i>k

with k satisfying Y sk i < b < sk pi. Note that i(h) < py < i(h) +h. We

have
n

@ i(h),i(h)+

Proof. A weight of a, corresponds to a place (p1 +1 — j,pi1 + Yisp i + 1),
Then its difference of components equals

(o + D> pi+1) = +1=7)=> i +J.

i>k i>k

As j runs over [1, ug], they are all different, and they cover {1,2,...,n}.
When h = Y-k pt; + 7, we have

i(h) =m+1—j=m+1—(h=> ). u

>k
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For a vector (z1,22,...,2,) € Q" and h,j =1,2,...,n with j+h <n+1,
put
j+h—1

zj(h) = Y .
i=j
For pt n, we consider the following system of inequalities:

ziny(h) < zj(h) (1 <h<n,j<n+1-h,j#i(h)),
2 >0 (1<i<n,i#m), (IE,)
=0.

We give a proof of the following proposition in Appendix A:

Proposition 4.5.  For any p b n, there exists a solution of the system (IE,,)
n 2.

Let 2z = (21,...,2,) € Z" be a solution of the system (/E,). Since
(n+1)z = ((n+1)z1,...,(n+ 1)z,) also satisfies (/E,), we may assume z; €
(n+ 1)Z for all j.

Define w = (wy, ..., wyy1) € Z" by

_ Sheij(n+1—k)z — Zf;ll kz

wj ——] (j=1,...,n+1). (4.3)
Then Y/ w; =0 and
j+h—1
wj —witn = Y 2= z(h). (4.4)
k=j

Proposition 4.6. Let w € Z"*! be the one defined in (4.3), and let t¥ :=
diag(t“r, tv2, ..., t"+1) € SL(n+ 1,C). Then

: w o
%%Ad(t )J =a,.

Proof. Recall that A :=>7 | E; i1, AP = ’iﬂ‘:ﬁlfh Eiitn,and J = Pj_, CA”".
We have

n+1—h

lim Ad(t)tsm AN = lim >~ 1 W =HOW B, b = B any+h-
j=1
Hence by Lemma 2.9 lim; o Ad(t")J = a,. n
Proof of Theorem 2.7. For an n-dimensional abelian ideal a of the Lie

algebra of upper triangular matrices in sl(n + 1,C), there exists pu = n such

that a = a,. By Remark 4.3 and Proposition 4.6, a, € Ad(G)J. n
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5. Main theorem for Types B,C, D

Let g be a simple Lie algebra of Type B, C, or D. Let ay,...,«®, be the simple
roots in A*; we follow Bourbaki’s notation [2]:

(Bn> Q; = E€; — €11 (Z < n), Q= Ep,
AT = {51'751' —€,& t¢&; ‘Z < j},

(On> Q; = &; — &1 (’L < n), a, = 2¢€,,
AT = {281,& —€5,& t¢€; ’Z < j},

(Dn)  ai=e—ep1 (1<n), a,=¢cn1+én,
A+:{€i—€j,€i+€j|i<j}.

In Examples 2.4, 2.5, and 2.6, we have seen the root vectors X, for simple
roots «;, the regular nilpotent elements A = > ; X,,., the Jordan Lie subalgebras
J = 34(A), the maximal roots 7y, and their heights.

We recall the diagram presentation of sets of positive roots of Type B, C,
D, the left-right reversal of that in [4]. We assign a positive root to the ‘place
of the corresponding root vector’ in the matrix presentation of Examples 2.4, 2.5,
2.6. More precisely, let T" be the shifted filling of shape

2n—1,2n—-3,...,1),2n—1,2n—3,...,1),(2n —2,2n — 4,...,2)
for Types B,,, C,, D,, respectively, with assigning the following t;; to the place

(4,):

€i+€j:ai+"‘+2(06j+"'+04n) (Z<]§n)
(B,) t; = =i+ 4o, (j=n+1)
€i — Ean—j+1
=+ Fay; (n+1<j<2n—1),
5i+5j
(Cn) ti; = :Oéi—l—-..—|-2(aj—|—..._|_an_1)+an (1§]§n)
€i — €2n—j+1
=+ Fay; (n+1<j<2n—1),
gitej=aq;+---
(D,)  ti = 20+ F o) Fapta, (1<) <n)
WM g =it s b, (j=n)
€i—Eamjy1 =0+ - Fam; (n+1<j<2n—19),

where 1 <i <n for Types B,,C, and 1 <1 <n—1 for Type D,.
For example, the diagram presentation of Type Bj is as follows:

6 5 4 3 2 jfi
]al a1 + ao @1 + oo + Qs OZ1+O[2+2043 a1+2a2+2a3‘1
o o+ as ag + 203 2
Qs 3
or
6 ) 4 3 2 j/i

lei—e [a1i—e3 | [artes[arte |1

Eg—€E3 | €9 | €2+ €3 2

€3 3

The upper right corner of an element ¢;; € T is defined as the set {t,;, € T'|
h < i,k < j}. A set of boxes A of T is said to be a subdiagram of T if A
contains the upper right corner of its elements.



SAITO 63

When the type is of D,,, for & C T, we denote by ®° the set obtained from
® by exchanging columns n,n + 1.
Let b be the Borel subalgebra corresponding to A*.

Lemma 5.1 (Theorem 3.1 in [4]).  Let ® be a subset of AT. Then ® = A(a)
for an ideal a of b if and only if ® is a subdiagram of T' in case of B, or C,,,
and either ® or ®* s a subdiagram of T in case of D, .

Let a be an n-dimensional abelian ideal of b. Recall that a satisfies (2.1).

Lemma 5.2.  The set A(a) consists of roots of form ¢; +¢; except
1. Aa) ={e1,e1+¢5|j > 2} in Type B,
2. Ala) ={e1 —en,e1+¢;|5 > 2} in Type D,,,

3. Ala) ={ea+e3,61 —en,e1+¢j|n>7>2} in Type D,,.

Proof. This is easily checked by Lemma 5.1. |

We prove the following proposition in Appendix.

Proposition 5.3.  There exist a nilpotent element S € g and an abelian Lie
subalgebra K € Ad(G)J with a basis {AW | ht(yy) — (n — 1) <i < ht(y)} in case
of Type B, or C,, and with a basis {AW | ht(yy) — (n —2) < i < ht(y)} U {Z}
in case of Type D, , such that K = lim,_oexp(t~*adS)(J), where A© is of the
following form:

AW = > cXa (ca # 0 for any a).

ht(a)=1

Furthermore, in the case of Type D,,, we can take A"V so that Z and c.,_., X., ., +
Ceyte, Xeyte, are linearly independent.

By Proposition 5.3, to prove Theorem 2.7, it is sufficient to prove
ac Ad(G)K. (5.1)
We first consider the exceptional cases appearing in Lemma 5.2.

Proposition 5.4.  Let A(a) be one of the following:
1. {e1,e1+¢5|j =2} in Type By,
2. {e1 —en,e1+¢5|j>2} in Type D,
3. {ea +e3,61 —en,e1+¢5|n>j>2} in Type D, (n >5).
4. Any in Type Dy.
Then we have (5.1), and hence Theorem 2.7 holds.
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Proof. (1) The heights of K are greater than or equal to n (cf. Proposition
5.3). For a root a of height > n, the coefficient of «; is 1 or 0, and 1 exactly
when o =¢1,61 +¢; (j > 2). In other words, for a root o of height > n,

a<A;1(t>>={t1_l Egt;fvlv};)fgj G=2)

Hence by Lemma 3.2, we see

lim Ad(\ (1)) (K) = a.

t—0
(2) Let
Xsfsj = Ei,j - E2n+17j,2n+17i7 X8i+8j = Ei,2n+17j — Ljont1—i
for ¢ < j. Similarly to the proof of (1), by Lemma 3.2,

lim Ad(A\;*(#))(K)

t—0
= <Zv C€1—€nX€1—€n + 051+5nX51+5n7 X51+5n717 s 7X61+62>
= a.

Here (A, ..., Ax) means the C-vector space spanned by Aj, ..., Ay, and the last
equation holds by the latter half of Proposition 5.3.

(3) Let =4+ - +apo+a,if n>6,and g := a5 if n = 5.
Then ht(8) = n—4, and 1 +e4 = B+ (o + -+ + ap_o + @,_1). Since
v = a3+ -+, _o+a,_1 is the unique root of height n—1 such that S+ is a root,
ad(X3)(A"V) and ad(Xg)(Z) are nonzero multiples of X, ., . Since no root of
height n or n + 1 remains as a root after added by 3, we have ad(X3)(A™) =0
and ad(Xs)(A™*Y) = 0. By ht(8) = n — 4, ad(Xs)(A™)) =0 for j > 2. By
Lemma 3.1

limexp(t'adX) (K) = (Xeype,, APTY AW, ABRS))
—
— (X52+83,A("_1),A(”), o 7A(2n—3)> ——

Here the last equation holds since A7)

similarly to the proof of (1), by Lemma 3.2,

= Coytes Xeptey T Coptes Xeptey - Again

g A(A; (1)) (1)

<X62+637 651_571X51_5n + C€1+€nX€1+€n7 X51+5n717 MR X61+62>
=: Q9.

Finally,

lim Ad<)‘n(t))(a2) = <X82+837 XEI*E'nJ XE1+En—1> s 7X€1+€2> = a.

t—0

(4) Let g be of type D,. The filling T is the following:
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7 6 5 4 3 > /i
’51—62 €1 — €3 | €1 — €4 | €E1t€4 | €1 +€E3 | €1t ¢E2 ‘ 1
€9 —E3 | €9 —€4 | €9+ €4 | E9+ €3 2
€3 —€4 | €3+ €4 3

By Lemma 5.1, there exist the following three cases:
(i) Ala)={e; —es,61+¢;]7=2,3,4},
(i) A(d) ={e2+es,61+5]j =234},
(iii) A(a”) ={e2+e3,61 —€a,61+¢;|j =2,3}.
The case (i) is included in (2). Similarly to the case (i), we have

im AdOT (O)(K) =/, lmAdO (8)(K) = o "

t—0 t—0

In the rest of this section, we fix an abelian ideal a of b such that A(a) is
none of the ones in Proposition 5.4. For f =¢;+¢; € A(a) (¢ < j), put

i=i(B) and  j=j(8) (5.2)
Hence in particular
i(B) < j(B).
Set
Vi=Y(a) = {(i(a),j(a)) | € Ala)}.

We sometimes identify Y = Y'(a) with A(a). For «a, 8 € A(a), note that a < 3
if and only if 8 belongs to the upper right corner of «, or

a<feila) Zip), jla)=i(8) (5-3)

Here recall that @ < 8 means § — a € NAT. Hence Y is a subdiagram of T, of
size n.

To prove (5.1) (or Theorem 2.7), we define a sequence of abelian Lie subal-
gebras K = a;,as,...,0a,11 = a of b such that

0741 EAd(G)al (l: 1,2,...,%).
Note that for o € A(a)

ht(a) = 2n+2—i(a) —jla) (Bn),
ht(a) = 2n+1—i(a) —jla) (Cn), (5.4)
ht(e) = 2n—i(e) —j(@) (Dn),

Let M be the set of (i,j) € Y with minimal ¢ among the elements in Y
with the same height (or equivalently with the same i+ j):

M:={(,j)eY|({,j)eY,i+j=i+7=i<i}

Put L:=Y \ M.
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J | J+1 J
\ [ o) 1
al—1) | i i :
a(l) i+1 ! all—1) |1
\ \
‘ Case 1 ‘ Case 2

Figure 1: a(l — 1) and «(()

We introduce a total order < into A(a) by

{ Jler) < 3(B)
a>f & or (5.5)
) = j(B), ila) <i(B).

Then o > f implies a = 3, and the maximal root is the biggest.

Enumerate the roots in A(a) according to < from the biggest to the
smallest, starting with 1. Let a(k) be the k-th root in A(a). (Hence a(1) is
the maximal root 7y.) Note that there exist two cases for a(l — 1) and «(l) (see
Figure 1).

For [ =1,2,...,n+1, put

Y() :={a(l),a(2),...,a(l=1)}, L(O):=Y(()NL, M(l):=Y ()N M.
Then each Y (1) is a subdiagram. We divide M into two sets M; and My:
M1 Z:{OZGMH(O./):]_}, M2 :M\Ml

Definition 5.5. A root a € A(a) is called a source if there exist no 5 € A(a)
and v € AT such that « = 4+, i.e., a source is a minimal element of A(a) with
respect to <.

By (5.3) the following is obvious:

Proposition 5.6.  The set of sources equals
{e; +¢e; € Ala) | i1 +¢ej,6i+ €11 & A(a)}.
Example 5.7. Let g be of type By, and let
A(a) :={e1 + 9,61 +€3,60 + €3,61 + €4,62 + 4,63 + €4,61 + €5}

The sources are €3 + €4,€1 + €5.
By the definition of <,

a(l) =e1+e9,(2) =e1 4 ¢€3,...,a(6) =e3+&4,a(7) = &1 + €5;

5 4 3 2 jfi
[7T]4]2]1]1
53 2
6 3
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Here we put & in the box at (¢,7) when a(k) =¢; +¢; (¢ < j). We have

M = {a(l),a(2), a(4),a(6),a(7)}
L = {a(3),a()},

and
My ={a(l), a(2),a(4),a(7)}, M= {a(6)}.

For a € A(a), let s(a) € A(a) denote the biggest (with respect to <)
source § with 8 < «. In other words, s(a) is the source § with the smallest j(5)
satisfying j(5) > j(a). Hence, by (5.3),

i(s()) = ia),  j(s(a)) = j(a), (5.6)
and, since Y is a subdiagram, the following lemma is clear.
Lemma 5.8. 1. For a, B € A(a), j(a) =j(B) implies s(a) = s(f).
2. For o, 8 € A(a), j(a) < j(B) implies i(s(a)) > i(s(B)).
3. For a € My, j(a) = j(s(a)).
Put T<; :=={a € T'|j(a) < j}, and let jo be the biggest j with 7T<; C Y.

For 1 <1l <n+1, we define 1 <t¢; < oo, which plays an important role in
the inductive proof of Theorem 5.12.

D e (l=1ora(l—1)eT, \ M) (5.7)
! min{i(s(8)) |8 = a(l — 1)} (otherwise). '
Example 5.9. In Example 5.7, t; =ty =--- =t =00,t; = 3,13 = 1.

Lemma 5.10. We have
ty >ty > -

Y

and, if t; # oo, then t; = i(s(a(l — 1))). Moreover t; 1 # t; implies t; = oo and
a(l) € My, or o(l) € M.

Proof. Recall that there exist two cases for a(l — 1) and «a(l) (see Figure 1).
First ¢41 = oo implies ¢; = oo, since a(l) € Y<j, \ My implies a(l—1) € Y, \ M.
By Lemma 5.8, i(s(«(l)) < i(s(a(l — 1)) for any . Hence ;41 < t;, and
tr =i(s(a(l —1))) if t;, # oo.
Finally suppose that ¢, # ¢, and a(l) ¢ M;. Then «(l — 1) and «(l) are
in Case 1 (Figure 1). By Lemma 5.8, s(a(l — 1)) = s(a(l)). Hence t; = 00,t;41 =
i(s(a(l)),a(l = 1) ¢ My, and «a(l) € Ms. [

Lemma 5.11. ¢ > i(a(l)).
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Proof. = We may suppose that ¢, # co. By Lemma 5.10, ¢, = i(s(a(l —1))). If
a(l —1) and «(l) are in Case 2 (Figure 1), then i(a(l)) = 1, and the assertion is
clear. If a(l —1) and «(l) are in Case 1 (Figure 1), then s(a(l)) = s(a(l —1)) by
Lemma 5.8, and hence by (5.3)

b = i(s(a(l — 1)) = i(s(a(1))) > i(a(D)). .

Theorem 5.12.  Let g be a simple Lie algebra of type B,C', or D. Then we

have Theorem 2.7, i.e., a € Ad(G)K .

Proof. We already proved the assertion in four cases (Proposition 5.4). We
suppose that a is none of those cases.

Set ht(Y) := {ht(a)|a € Y}. Then, by the definition of M, for each
h € ht(Y), there exists a unique o € M with ht(«) = h.

For k with ht(y) —n+ k < minht(Y), Put

O A if k=1 in type D,,
B Atho)—n+k) - otherwise.

Here recall Example 2.6 for Z and Proposition 5.3 for A®). Then

K = b COr® @ CAMH),

ht(vo)—n+k<min(ht(Y")) aeM

For k and I' = 3" ca+ anXq, put

ng(F) = Z aaXa. (58)
i(a)<k

Put

h<

(1) = Y({)U{ae M\ Y(l)[s(a) =s(8) (36 € Ma(l))},
R(l) = {k>$tL(l)|ht(70) —n+ k < minht(Y)}.

Note that Y (I) is a subdiagram. Indeed, Y'(I) equals Y (I') for some " > [; if
there exists 5 € My(l) with s(8) ¢ Y (1), then s(8) = a(l' — 1).
Set

w = (@ cx)e( @ cPy,W" ) e ( @ CPa,©).

acY (1) aeM\Y (1) keRr(l)
Then a; = K, and a,,; = a. Note that a; satisfies the assumption (3.1), since
Y (l) is a subdiagram.
We show
a4 € Ad(G)al (l =1,2,... ,n). (59)

Then, inductively, we have Theorem 2.7.
The proof of (5.9) is divided into three cases according to a(l) € M, L, or
M, .
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(Case 1: «a(l) € M;.) In this case, a(l — 1) and «(l) are in Case 2 (Figure
1). We have Y (I + 1) = Y(I)U{a(l)}. Since each root appearing in P<;, (A®H@1)
except a(l) belongs to Y (1), the root vector X, belongs to a;. If ¢4 = t;, then

ai+1 = 4.
Next suppose that ¢;,; < t;. We prove that

@41 = lim Ad(\ L (8)a (5.10)

First we show #;41 < i(a(l —1)). If ;41 <t < 00, then a(l — 1) is a source, and
t; =i(a(l — 1)) by Lemma 5.10. If ¢, = oo and ;41 < 0o, then
(el =1))+1,j(a(l—1)) + 1)
does not belong to Y. Since j(a(l)) = j(a(l — 1)) + 1, this implies ¢, =
i(s(a(l))) <i(a(l —1)). Hence we have proved t; 1 < i(a(l —1)).
If the coefficient of ay,,, in a root « is 2, then « is of form &; + ¢; with
i <j<t.Since i <j <ty <i(a(l—1)) <jla(l—1)), we have a(l—1) < a,
and hence X, € a;. Hence the linear combinations with roots whose coefficients
of oy, are 1 survive under lim,_,o Ad();}, (t)) by Lemma 3.2;
Peyy,(AY), Pey, (O4) € lim Ad(; L (1)) .

ti+1

Hence we have proved (5.10).

(Case 2: «(l) € L.) In this case, a(l — 1) and «(l) are in Case 1 (Figure
1), and t;11 = t; by Lemma 5.10. We have Y (I + 1) =Y () U {a(l)}.

Suppose that [ = 3 and g is of type D,,. Then K = a; = a; = a3
and «(3) = ey +e3. Let f:=as+ -+ a, 2+, if n > 6, and § = a3
if n = 5. As in the proof of Proposition 5.4 (3), C[Xs,Z] = CX,,1.,. Hence
<[Xﬁv Z],A(2"_5)> = <X61+E4aX52+53> and

. 1 o
%g%exp(t adXg)(a3) = ay.

Suppose that | # 3 or g is not of type D,,. Let h := ht(Oyr4)41). Recall
that ©yry41 = A® and h = ht(yo) — n +HL(1) + 1.

Put i :=i(a(l)) and j := j(a(l)). Note that i > 2, since a(l) € L. We
express «(l) as a sum of simple roots in the following order:

(Ba)  al)= > ax+2 Y

i<k<j j<k<n
=a;+--t+a;+--F+a, o, + -+,
(Cn) )= > ar+2 > ap+ay,
i<k<j j<k<n
=+ o+ oyt
(Dy) a(l) = Z ay + 2 Z Q + o1 + oy
i<k<j j<k<n—2
=+ -ta+tap o ta, o+,

In the above, let v be the sum of the first A simple roots, and 5 the rest.
Note that § and 7 can be defined since we have h < minht(Y") < ht(a(l)), and
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that they are in fact roots since h = n + §L(l) for B,,C, (n —2+tL(l) for D,
respectively).
We prove that
041 = limexp ttadXs(a). (5.11)

First we show
(X5, CP<t,(O51.()+1)] = CXagy)- (5.12)

By Lemma 5.11, ¢; > i(«(l)) = 7. Hence ~ certainly appears in P<;, (©41)+1)-
If v/ # v is a root of height h, and if 7' 4+ § is also a root, then +" should be
of the form «o; 1 + aj_9 +--- 4+ a;_. In Case B or C, no such root appears in
P<,(©411)+1), since h > n. In Case D, we have h > n —2. If h > n — 1, then
7 cannot exist. If h =n — 2, then §L(l) = 0, and hence a(l) is the first root in
L; a(l) = ex +e3. If 4/ exists, then 1 < j—h =3—(n—2). Namely n < 4.
Hence the only possible case is the one when n = 4,7 = ay + a4, 8 = a3, and
v = ay + a1, which we excluded in the beginning. Hence we have proved (5.12).
Since X, € a; for all @ > «(l), by Lemma 3.1

: 1
Xo) € lgréexpt adXg(a;).

As in the previous paragraph, for k£ > 1,
[X5, Py (A"9)] € CXa,
where oo = (1) + aj—1 + @j—2 + - - - + ;. Hence, even if « is a root, we have
(X5, P<t, (A" ) €y (k>1) (5.13)
since a > «(l). Hence by Lemma 3.1

Py, (AR = Py (AR ¢ lim exp ¢~ ad Xg(a). (5.14)
= = —

l

Since Y'(I) is a subdiagram, [Xz, X,] € a; for a € Y (). Hence by Lemma
3.1

X, € yx%expt—ladxﬁ(al) for « € Y(1). (5.15)
—
Hence we have proved (5.11).

(Case 3: a(l) =¢;, +¢;, € My. (i <y, for B,D; iy < j; for C.))

In this case, a(l — 1) and «(l) are in Case 1 (Figure 1), and s(a(l —1)) =
s(a(l)) (Lemma 5.8). We have Y(I+1) =Y () U{a € My|s(a) = s(a(l))}. B
Lemma 5.10, there exist two cases:

(a) i1 =1 < 00,
(b) ti41 < ooty =o00,a(l —1) ¢ M.

Since a(l) = ¢;, + ¢, € M, implies that there exist no o =¢;, +¢; € Y for j > ji,
we see j(s(a(l))) = ji.

First consider Case (a); suppose that ;.1 = t; < co. If there exist 8 € M,
such that a(l) < 8 and s(8) = s(a(l)), then a;41 = a;.



SAITO 71

Suppose that there exist no such 3 € M,. Then s(a(l)) = &, ., +¢j, by
Lemma 5.10. Put

m = —aey;, , —be; € 7",

where a > b > 0. Then (m,¢; +¢;) (cf. (3.2)) are as follows:

">jl le"' tig > j/i

—a—b | —a—2b| —2a—2b | t;

—b —2b —a —2b Ji
0 —b —a—0b :
We prove that
a1 = %1_1}]% Ad(A™ () (w). (5.16)

Let o € My satisfy s(a) = s(a(l)). Then j(a) = j(a(l)) = 7, and
i = i(a(l) <i(a) <i(s(a(l))) = ti11, since @ < «(l). Hence « is the unique
root in Pey, (A®®)) with m-weight —a — 2b (—2a — 2b if t;,; = j; in Type C)
outside of Y (/). Hence by Lemma 3.2

X, € lim Ad(A™ (£))(CPe;, (A®))),

Let o« € M\ Y(l) and s(a) # s(a(l)). Then o < a(l), and j(a) > j(a(l))
by Lemma 5.8. Since «(l) € My, we have i(a) < i(a(l)). We show

ht(a) > ht(a(l)). (5.17)

Suppose otherwise. Then j(a) > i(a(l)) + j(a(l)) —i(a). We see that v :=
€i(a) T Eila(l))+j(a(l)—i(a) 15 @ TOOt and v > o. Thus v € Y and ht(y) = ht(a(l)),
which contradicts the fact that «(l) € M.

By (5.17), all roots in P<;, (AM®)) with m-weight —a — 2b (—2a — 2b if
tix1 = i in Type C) are in Y(I). Hence by Lemma 3.2 the linear combination
with m-weight —a — b survives;

Peiyy, (AD) € Tim Ad(X™(1))(CPz, (A™) + D CXp).
BeY (1)

Similarly, by ¢,.1 = t; and the above table,
Pety,(64) = lim Ad(™ (1)) (P, (6,) € lim Ad(\™ (1)) ().
Clearly lim;_,o Ad(A™(t))(CX,) = CX,. Hence in Case (a)
a1 = lig AAO™ (1) (@)

Next consider Case (b); suppose that ¢;11 < co,t; = 00, a(l — 1) ¢ M. In
this case, s(a(l)) = e, +¢j,, and ¢4y = 5, — 1 for Types B, D and t;4, = j; for
Type C', respectively.
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Again we put
m = —aey,, —be; € 7",

where a > b > 0, and we show

a1 = lim AdA™(1)) (ay). (5.18)

For a € M, satisfying s(a) = s(a(l)),
X, € limg Ad(Y™ (1)) (CP (M)
as in Case (a).
For a € M\ Y(l) and s(a) # s(a(l)),

Peq,.,(AP) € lim Ad(X™ (£)) (CP<, (A®) + @) CX)
BeY (1)

as in Case (a) as well.

In this case, ht(s(a(l)) = minhtY. Hence the possible m-weights of
roots appearing in Oy are —a — b, —b,0 (Types B, D) and —a — b,0 (Type C),
respectively. The roots with m-weight —a — b are exactly those roots appearing
P<4,,,(©}). Hence

Peyy, (Ok) = I Ad(A™(#)) (P<, (Or)) € lim Ad(A™ (1)) ().
Since lim; o Ad(A™(%))(CX,) = CX,, is clear, we see
ar21 = limy A (1)) a1

in Case (b) as well.
We have thus finished the proof of the theorem. [ |

6. Exceptional types
Recall Bourbaki’s notation [2]:

(E,) @ o ay as e, (n=6,T,8),

Qg
(F2) o
(G2) ) == Q3.

g —— (3

044’

In the exceptional types, we fix a Chevalley basis
(Xo,Hila €A, i=1,2,...,n}
of g as in [14, Proposition 4]. In particular, we have
[Xois Xg] = (p+ 1) Xp1a, (6.1)

for non-simple 8 € At with 8+ «; € A", where p is the nonnegative integer
satisfying f — pa; € AT and f— (p+ 1)ay ¢ AT. Note that p =0 in Type E.
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Lemma 6.1.  The following is the list of n-dimensional abelian b-ideals:

(Es) a; =d' Pa, (1=1,2,3), where
a = (X12%21,X12?21,X12%21,X11%21,X12%11>, a; = <X01%21>, a, = <X11%11>,
al = <X12%10>.

(E7) a; = (X23%321,X13421321,X12421321,X12%321,X12§221> @a, (i=1,2,3), where a} =

(X12g211,X12§210>, al, = <X12?321,X12§211), ay = <X12:13321,X12%221>.

(Es) a1 = a'@<X13g4321>, as = a/69<X24g4321>, where @ =

(X24g5432 , X24g5431 , X24g5421 , X24g5321 , X24g4321 , X24§4321 , X23g4321 ).

(Fi1) (Xo3a2, X1342, X1242, X1232) -
(G2) (X2, Xa1),
where X3y means Xsa, 124, 1 Type G, etc.

Proof. This is easily checked by the following Hasse diagrams of positive roots
of height greater than ht(vy) — rank(g):

12321 234321

2 2
12321 134321

Eg 7 Ey 5
12221 124321

1 2

11221 12211 123321
1 1 2

01221 11211 12210 123221 123321
1 1 1 2 1

01211 11111 11210 123211 123221
1 1 1 2 1

v

123210 123211 122221
2 1 1
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2465432
§o43 Fy Go
2465431 2342 32
A 1342 31
2465421 .
FEyg 3
1242
2465321
3
1232
2464321
3
2454321
3
2454321 2354321
2 3
2354321 1354321
2 3

Lemma 6.2. Let A=37",X,,, and J :=34(A). Then

(E6> J = <A = f17f47f57f77f8af11>; where
o fy:= X01(1)11 — Xoo%n — X11(1)10 + X11%00,

o f5:= X01%11 — X01%10 + Xll%lo — 2X11(1)11 ,

fr= X01%21 — X11%11 + XlZ%lO,

fs = Xll%Zl — X12%11, o f11:= X12%21.

(E7) J = <A = f17f5»f7,f9,f11,f13,f17>; where
o f5:= XOI%IOO — Xll%lOO — X01%110 + 2X11(1)110 — 2X01(1)111 + 3X00%111 ,
o fr:= )<i2%100 — )(il%llo + )(01%210 — )(01%111 + 22X&1%111,

o fy:= X12%111 — X11%211 + X01%221,

fin = )(12%210 — )(12?211 %—.)(12%221,

fiz == )(12%221 — )<12?321, o fi7:= )(23%321.

(E8) J = <A = f1,f77f11,f13,f17,f197f237f29>7 where

fr= X12%1000 — X11%1100 + XOl%ZlOO — XOl%lllO + 2X11%1110 — 2X11(1)1111 +

)(01%1111,
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o fi11:= X12§2100 — X12?2110 + X12%2210 + X12%2111 — 2X11%2211 + 2X01%2221 ,
o fiz3:= X12%2221 — X12:%2211 + X12:i<3210 — X12:§2210 + 2X12%2111 ,

o fi7:= X23%3210 — X13%3211 + X124213221 — X1233321,

o fig:= X231213221 — X13%3321 + X12z214321,

o fo3:= X24g4321 — X2324321, o fog = X24g5432-
(Fy) J = (A, 2Xp120 — X1121 + X220, X222 — Xi231, Xogaz) .
(Go) J = (A, X35).

Here f,, indicates that this is an element of height m.

Proof. It is easy to check that the above elements commute with A by (6.1).
The linear independence leads to the assertion. [ ]

Proposition 6.3. Let g be a simple Lie algebra of exceptional type. Then
Theorem 2.7 holds.

Proof.  We show the proof only for Type FEg. For the other exceptional types,
the proofs go similarly, and hence we give only examples of steps from J to the
abelian ideals.

Let g be the simple Lie algebra of Type Eg. By Lemma 6.1, we have three
6-dimensional abelian b-ideals: a; (i =1,2,3).
Since ad(X12%21)(A) = -39, [Xa,, Xlz%zl] = —X12:£,21, we have

lg% exXp tilad(X12%2l)<J) = <f47 f57 f77 f87 X12%217 X12§21> = Jl'
Then from ad(X01%11)(f4) = X12%21 we obtain

li_r)%expt_lad(Xm%n)(Jl) = (fs, fr, fs,X12%21,X12§,21,X12%21> =: Jp.
Next we have
lim exp t’lad(Xoo(%n)(Jg) =(fr)®d = J5
We have

lim Ad(Ai(1)(J3) = ay,
lim Ad(AL (DA () () = aa,
lim Ad(As(1))(Js) = as.

Hence we have proved aj, as, a3 € Ad(G)J.
To give examples of steps from J to the abelian ideals, we introduce the
notations
X, Aiyo
a—da, a—a



76 SAITO

for
o =limexpt~'ad(X)(a), o =limAd()(t))(a),
—

t—0

respectively. Then the steps we have seen in Type Eg are

ap

A1
X12001  Xo1111 Xoo111 /:1)\.1

J1J11J20J3 L e as

=

as

In Types G5 and Fy, we may take the steps
X X X,
J 2 (X2, X31), J =% J1 =% o =5 (Xosag, Xisaz, Xioaz, Xi232),

respectively. In Type E7, we may take the steps

X1242;321 X12:13210 X01%210
J = S — Jo — J3:=(fo, fur, fi3, | ht(a) > 14)

X001100 1
2
J3 I Jfl —

XOO%I}\ X008001

J4H'a2

Xoou&
0

as.

In Type Eg, we may take the steps

X24g5421 X23z213321 X12?3221 X12%2110 X11%1110
J — J = J, — J3 = J; — J5

XOO%IOOO N1
2
J5 Jﬁ a . ]

X01(1)1100

A. The proof of Proposition 4.5

as

First we treat two fundamental cases.

Lemma A.1. If p = (n), then (z1,...,2,) = (1,1,...,1,0) is a solution of
(IE,).

Proof. In this case, i(h) =n+1—h and 2 (h) = 2ny1-n + Zngon + -+ 2p.
Hence (1,1,...,1,0) is a solution. [
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Lemma A.2.  Suppose that n is even and pu = (n/2,n/2). Then

21 %2ttt Z(n=2)/2 Rnj2 R(n+2)/2 A(n+4)/2 " RAn—1 Zn
2 2 .- 2 0 3 2 2 1

is a solution of (I1E,).

Proof. In this case,

n _ <n
iy ={ 2T hse)
and .
2 . n
Zimy(h) = { ;:%H_h s (h< Z>
Zz’:n+1—h 2 (h > 5)
Hence the values of z; in the statement is a solution. [ ]

Lemma A.3.  For any - n, there exists a solution of the system (IE,).

Proof. We prove the assertion by induction on n. For n = 1, there is nothing
to prove.
Let = (1 >pp>---> )k n.

(Case 1: The case g < 1)
Define p/ = () > ph > - > p)) Fn—1 by

po_ ) (i>1)
“i‘—{u1—1 (i=1).

Let 2" = (2},...,2,_;) be a solution of (IE,). Then define z = (zy,...,2,) by

n—1 )
Zp = { 2/7];11 Z; E

Zi1

>

Then it is easy to see that z = (21,...,2,) is a solution of the system (/E,).

(Case 2: The case ps = 1y =:m and n+1 > 3m.)

Let fi == (g > ps > --- > p). Then ji - n —m. In this case, i(h) = i(h)
for h <n —m by (4.1). For h > n —m, we have kK = 1 in Lemma 4.4, and we
have i(h) =i(h —m) and i(h) + h — 1 =mn by (4.1) and (4.2).

Let Z=(%,...,2,—m) be a solution of (/E;). Define z = (21,...,2,) by

2 (1 <n-—m)

Note that ¢ —m > m = puy when ¢ > n+1—m, since n+ 1 > 3m. Hence, in
particular, Z;_,, > 0 for ¢ > n+ 1 —m. Then it is straightforward to check that
z=(z,...,2,) is a solution of the system (I/E,).
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(Case 3: The case g =gy =:m and n+1 < 3m.)
Note that n > 2m, or equivalently n+ 1 —m > m. Let i := (us > uz >

- >yy). Then ik-n—m. Let 2= (%,...,2,_,) be a solution of (/Ej;). Take
0 € Q so that

Define z = (21,...,2,) by
2 (1 <n—m)
sy i=nt1iom)
B ) (i =2m)
Zicm (i>n+1—m,i#2m)
Then it is also straightforward to check that z = (zy,...,2,) is a solution of the
system (IE,). [

B. The proof of Proposition 5.3 (Type B)
In this section, let g :=s0(2n+ 1,C) (cf. Example 2.4).

A x= B
so(2n+1,C)=<¢ |-'y 0 —'z| |B'=-B,C"'=-C
cC y A

Recall that

n 2n no__ n
A= Z Eii1 — Z Eijit1 = Z Eiix1, J= @ CA*1
i=1

i=1 i=n+1 k=1

where Ei,j = Ez‘,j — E2n+2—j,2n+2—i € g. Then

n+l1—k
2%k—1 = n—i
A = Z Eiivor—1+ Z (=1)""Ejipo6-1-
i<n+1—(2k—1) i=n—2k+3

First suppose that n is odd. Let n =2m + 1. Put

m+41

S = Z aiﬁmﬂ-. (Bl)
i=1

Note that the height of S is n. By a simple computation, for £ < m,

m—2k—+2 .
(S, A1 = Z (—a; — aipok-1)Eiitnton—1
i=1
m—k+1 ~
+ Z (n—i—okts — i) Eiivnton—1.
i=m—2k+3
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Proof of Proposition 5.3, odd n case. Take, for example, a; =7 in (B.1).
Then
m—2k+2 _
[S,A* ) = N —(20 42k — 1) E; a2k
i=1
m—k+1 .
+ Z (TL + 3 — 2k — 2i>Ei,i+n+2k—1-
i=m—2k+3

By the consideration of height, we have [S, [S, A%*~1]] = 0 for all k and [S, A?*~1] =
0 for 2k — 1 > n. Hence

2k—1
%ij}(l)exp t—lads(CAQk—l) { C[S7A ] (k < m)

CA?+1 (k> m),
and K := (AD|n << 2n—1) with

AD [S, A" (I: even)
T A! (I: odd, I > n)

satisfies K = lim; ,gexpt~'adS(J) and the condition in Proposition 5.3. [ |

Next suppose that n is even. Let n = 2m. Put

m+1 ~

S = Z aiEZ-,Hn_l. (B2)

i=1
Note that the height of S is n — 1. By a simple computation, for k£ < m,
m—2k+2

(S, A%_l] = (a1 + a2k)E1,n+2k—1 — Z (a; + ai+2k—1)Ei,z‘+n+2k—2
i=2
m—k+1 .
— > (@i — ik a) Eiingon—o.
i=m—2k+3
Proof of Proposition 5.3, even n case.  Take, for example, a; =i in (B.2).
Then
_ m—2k+2 _
[S,A*7Y = (2k+1)Einon1 — > (20 42k —1)E;ipion-2
i=2
m—k+1 .
+ Z (n + 4 — 2k — Qi)Ei,i—i—n—i—Qk—Q-
i=m—2k+3

By the consideration of height, we have [S, [S, A**71]] = 0 for all k > 2, [S,[S,A]] €
CA*1 and [S,A%*71] =0 for 2k — 1 > n + 1. Hence by Lemma 3.1

[S, A% € lim exp tadS(J)  (2k—1<n+1),
A1 e lim exp t7tadS(J)  (2k—1>n+1),
and K := (AW |n <1< 2n—1) with

AD [S, A=D1 (I: even)
= A (I: odd, [ > n)

satisfies K = lim; ,gexpt~'adS(J) and the condition in Proposition 5.3. [ |
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C. The proof of Proposition 5.3 (Type C)
In this section, let g := sp(2n,C) (cf. Example 2.5).

p(2n,C) = { é _i,} |B'= B, C’ :c}.
Recall that A =Y", E; i1 — Z?;‘;il Ei 1, and
J = @ CA?*1,
k=1
where
min{n,2n—(2k—1)} ‘
AL = Z Eiivor—1 + Z (=) "E; o1
i<n—(2k-1) i=max{n—(2k—2),1}
2n—(2k—1)
— > Eiiyo
i=n+1

Define an abelian Lie subalgebra K as follows:

n—1

n 2 0] A2k—1
K=( cA’"NHa(PcC O AO ) if n is odd,
k:nT-H k=1
n 3 O A2k—2
K = ( @ CAQk—l)@(@C{O AO ) if n is even,
k=2+1 k=1

where Ay := Z?;ll Eii+1. Put

1

S = {O _21} €g if nisodd, and

o %El,n —% S B
O —3E,
Note that the height of S is n for n odd and n — 1 for n even.

€g if n iseven.

Proof of Proposition 5.3. By a straightforward computation, we have
CA2Z+1 (2l<; —1> n)
) 1 2%k—1\ _ 2k—1
limexp(t™"adS)(CAT™) = § |0 A4 (2k — 1 < n)
O O
for n odd, and
CAZ-1 (2k—1>n)
. _1 2k—1\ __ 2k—2
lim exp(t~"'adS) (CA 1) = 3 B Afb (2k —1<n)

for n even. Hence
K = %i_r)réexp(t’ladS)(J).

It is clear that K satisfies the condition in Proposition 5.3.
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D. The proof of Proposition 5.3 (Type D)
In this section, let g := s0(2n,C) (cf. Example 2.6).

s0(2n,C) = Hé _i,} |B'=—-B, "= —C} :

Put

Ei,j = F;j — Font1—jont1—i-
Recall that

n—1

A=>" Ei,i-‘,—l + En—l,n-‘,—la J=CzZ&p BRZ CA

i=1
where Z = B, — E} 1. We have

n—(2k—1) k—1

A= Z Eiivor—1+ E/nf(Zkfl),n+1 +2 Z(_l)iﬁnf(%*l)ﬂmﬂﬂ'

=1 =1

The height of A?*~1 equals 2k — 1, and that of Z n — 1. Note that, when n is
even,

w3

1
A= Eip+ Eipp +2 Z (_1)iE1+i,n+l+i~
i—1

Let 1<i<n,1<j7<2n,1<yj,1<2n+1-7. Thentheheightofﬁi,j
equals j—i for j <n and j—i—1 for j > n. Hence, (CEM and CEMM (1< ”?*1)
are all the root spaces of height n — 1, and, for h > n, Cﬁi,i+h+1 (i <mn-— %) are
all the root spaces of height h.

First suppose that n is odd. Put

n+1
2 N 2
S:=3 aiLiitna2+ Y biEiin 1. (D.1)
i=1 i=2
By a simple computation,
[S,A] = (a1 — CL2)El,n + (a1 — 52)E1m+1
n—1

2

—(az + by + 53)Ez,n+2 - Z (b; + bi+1)Ei,n+ia

i=3
and for k > 2
[S,A*7Y] = (2a; — b2kz)El,n+2k—1 — (ag + by + b2k+l)E2,n+2k
n+3—4k
- Z (b; +bi+2k71>Ei,i+n+2k72
i=3
n—2k+1

- Z (b’L - bn+37i72k)Ei,i+n+2k72-
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Proof of Proposition 5.3, odd n case. Take, for example, a1 = 2,a, =
1,bp =1, and b; = —i (i > 3) in (D.1). Then

n—1

_ _ N o
[S,A] = E1n+ Evng1 + Eo o + 2(22 + 1) E; nti,
i=3

and for k > 2

[S,A% ) = (44 2k) Eypyor 1 + (2k — 1) By yo

n+3—4k

2
+ > (20+2k —1)E;jinion—2
i=3

n+272k
- Z (TL + 3 — 2k — 2i>Ei,i+n+2k—2-

n+5—4k
2

By the consideration of height, we have

[S,A* 1] =0for 2k—1>n and [S,Z] € CA*"2.

Hence
%ir%expt’ladS(J) =(Z, A n-1<1<2n-3) =K,
—
where z ,
w0 _ [ [SA0D] (1 even) .
Al (I: odd, I > n).
Next suppose that n is even. Let
I
S = aEl,n + Z biEi,i-i-n' (DQ)
i=1
By a simple computation,
n+2—4k
[S,A*7Y = —(a+b + b2k)E1,n+2k — Z (b; + bi+2k71)Ei,i+n+2k71
i=2
n—2k
- Z (bi — bn+2f2kfi)Ei,i+n+2k71~
n+4—4k

1= 3

Proof of Proposition 5.3, even n case.
Take, for example, a = 0 and b; = —i in (D.2). Then

n+2—4k

[S, A1 = (2K + 1)El,n+2k + Z (204 2k — 1)Ei,i+n+2k71
i=2
n—2k

2
— Z (n +2— 2k — 22‘)Ei,i+n+2kfl-
. n+4—4k
2
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By the consideration of height, we have

[S,A*1] =0 for 2k >n and [S,Z]=0.

Hence

ynéexpt’ladS(J) =(Z,AD|n-1<1<2n-3) =K,
—

where

[9]

[10]

[11]

[12]

AD [S, AI=(»=D]" (I: even)
LA (I: odd, I > n —1).
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