Journal of Lie Theory
Volume 27 (2017) 85-110
(© 2017 Heldermann Verlag

Lattices of Oscillator Groups

Mathias Fischer

Communicated by D. Miiller

Abstract. This paper is concerned with discrete, uniform subgroups (lattices) of oscillator
groups, which are certain semidirect products of the Heisenberg group and the additive group
R of real numbers. The present paper classifies the lattices of the oscillator group up to
automorphisms of the ambient Lie group. Moreover, by introducing discrete oscillator groups we
can classify the abstract isomorphism type of lattices of some oscillator groups.
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1. Introduction

Oscillator groups are certain semidirect products of the Heisenberg group and
the additive group R. They are interesting because they are the only simply
connected solvable Lie groups, besides the abelian ones, which have a biinvariant
Lorentzian metric. In addition, the quotient of an oscillator group by a lattice
gives an example of a compact homogeneous Lorentzian manifold. Thus it is of
interest to know the lattices of oscillator groups and an important duty to give
a classification of them. In [8] Medina and Revoy already tried to classify the
lattices of the oscillator group. But unfortunately there are several mistakes and
inaccuracies that affect the classification result. Lattices have been classified for
the Heisenberg group in [1] (see also [13] and [4]). There are also classifications
for lattices of nilpotent Lie groups of special structure or small dimension (see for
instance [2], [5], [3], [9] and [10]) and for certain 2-step solvable Lie groups in [11]
and [6]. Now, our goal is to rectify the uncertainties in [8] and to characterize the
lattices of oscillator groups up to automorphisms of the ambient Lie group by the
help of a certain parameter space.

More precisely, we consider groups Osc, (A, ..., \,), 1. e. R x R?*™ x R with the
group multiplication given by
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where A= (A\,...,\,), i #O0fori=1,...,n,

0 -\
A0

0

and w is a symplectic form on R*" given by w(&,n) := ¢'N_;  _in. For the
4—dimensional oscillator groups it is well known that these groups are isomorphic
to each other, compare [8].

We set

1
F+:{($7Q)ER2’0§$§§79>Oax2+y221} (1)

Theorem 1.1.  For n =1 the set of lattices of Oscy(1) up to automorphisms of
the ambient oscillator group Oscy(1) is given by the set of all tupels (r,\, x,y,&),
where T is a positive integer, X = X\o+km is an angle with Ay € {7 /3,7/2,27/3, 7}
and k € N, (z,y) is a vector in R? satisfying
= (%7 \/Tg)a Zf )\0 € {%777 %ﬂ-}
(xay) = (07 1)7 Zf )\0 = %ﬂ-
S F+ Zf )\0 =T

and & is an vector in R? to extract from the list in Section 6 (dependent on r,

A, x and y).

This parameter space describes certain properties of the lattices. For a lattice L the
parameter € IN\{0} classifies the restriction of the lattice to the normal subgroup
H;(w) of the oscillator group construed as a lattice of the Heisenberg group. It is
the uniquely determined positive power of the generator v of L N 3(H;(w)) such
that 7" generates the commutator subgroup [LN Hy(w), LN H;(w)], compare [13]
and [4]. The angle A is the smallest positive number such that (z,£,\) € L for
some (z,£) € Hy(w). Moreover, A describes a rotational invariance of the elements
in the associated lattice L N Hy(w)/3(L N Hy(w)) in R?, which has to be satisfied,
since for (z,¢,t) € L and (v,n,0) € L N Hy(w) the conjugation

1 _ [(cosA —sin A
NN = G (S o o)
is also in L N Hy(w). Thus A = Ao + k7 for Ay € {n/3,7/2,27/3,7} and
k € IN. The parameter (z,y) describes more precisely the associated lattice
LN Hy(w)/3(LNHy(w)). At this, we remark that the generators of the associated
lattice have to be in precise proportion for a rotational invariance by an angle
Xo € {m/3,7/2,27/3}. Hence (x,y) is uniquely determined. This is not true for
Ao = m. Here, we obtain an action of GL(2,7Z) on the upper half plane H of
C, which includes the well known action of the modular group SL(2,7Z). As a
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system of representatives of this action on H we can choose I, , the half of the
fundamental domain of the quotient SL(2,7Z)\H. However, the lattice L is not
necessarily uniquely determined up to the ambient Lie groups by the parameters
r, A and (x,y). There is always a finite set of lattices satisfying r, A and (zx,y),
which are not isomorphic to each other with respect to automorphisms of the
oscillator group. The number and kind of lattices depends on the concrete values
of r, XA and (z,y) and is prescribed by the parameter &;.
The tupel (r,\,z,y,&) defines a lattice of the 4-dimensional oscillator group
Osci(1) in a canonical way, namely the lattice L(r, A, x,y, &) generated by the
elements (0,\%61,0), (O,\%el + \/ye2,0), (%,0,0) and (0,&p, \), where {ej, e}
denotes the standard basis of R?. However, there is another possibility to describe
this lattice. We can also think of the lattice

L(fo) = <(07 €1, O)a (07 €2, 0)7 (17 0, 0)7 (07 607 1)>
but now in a group Osc;(w,, AB,,) isomorphic to the oscillator group and given
by the multiplication

1

for (z,£,t)(v,n,s) € Osci(wr, AByy). Here w, = rw and

Sy
8
<
Il
VN
|- |8
|
| =1%
< |8 |
<
v

It is not hard to see that L(r, A\, z,y,&) in Osci(1) and L(&) in Osc(wy, ABy,y)
are isomorphic. For instance we can choose

0 1 0sci(1) = Oscy(wr, AByy),  (2,&,t) — (rz, Ty &t/ N),

where
r= (7 )

In this paper we will use the second visualisation. The reason for preferring the
second visualisation is simple. We want to use the known facts about the classi-
fication of the lattices of the Heisenberg group (compare [13] and [4]). Therefor,
we have to bear in mind that the automorphisms, used to classify the lattices of
the Heisenberg group, have lifts to automorphisms of the oscillator group. This
is in general not true and was ignored in [8]. It is only possible to find for any
automorphism ¢ of the Heisenberg group an isomorphism between groups of oscil-
lator type Osci(1) and Oscy(w, AB,,) for certain parameters A and (x,y) whose
restriction on the Heisenberg group equals .

In addition, the second visualisation allows us to classify the lattices of oscillator
groups of arbitrary dimension by Theorem 3.3, 3.7 and 3.9. Here it is not possible
anymore to calculate the parameters explicitely, but we can describe the parame-
ters with certain group actions. Remark that Theorem 3.9 differs from Theorem 3
in [8], since the automorphisms whose restriction to the Heisenberg group equals
the identity were not calculated correctly in [8].
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The second main theorem in this paper determines a set of representatives of the
abstract isomorphism classes of lattices of Oscy(1). For this purpose we introduce
discrete oscillator groups (see section 5 for definition) and use the one-to-one
correspondence between the lattices of the 4-dimensional oscillator group and this
discrete oscillator groups.

More precisely, for » € IN\{0}, I,k € Z and S € SL(2,7Z) of finite order we
define the discrete oscillator group G, (S,[, k) as the semidirect product I', g Z.
Here T', is prescribed by generators {«, 3,7} where v generates the center and
afa'f71 = 4" is satisfied and S(1) is the automorphism of I, given by the

3 X 3-matrix
S 0
(l k 1)
with respect to («, 3,7).
Let [x] denote the smallest integer larger or equal to = and |z | the largest integer
smaller or equal to x. We set

0 —1 0 —1 1 -1
S, :=1d, S,:=—1Id, 5’3;:<1 _1), 54::(1 0), 56::(1 0).

(2)
For r € N\{0} we define the groups

r

L' = G,(5,0,0), L%:=G,(5,0,0), L?:=G,(Ss0, —L%J),

L} :=G,(54,0,0), L:=G.(Ss,0,0).
Moreover, for an even r we define the additional groups
L3 = G.(9:,0,—1), L :=G.(S4,1,0),
and for an r devisible by 3 we define

r+1

.

L§’+ = Gr(‘SS, 1, —(

Theorem 1.2.  Let L be a lattice of the 4— dimensional oscillator group. We
choose the tupel (r,\,x,y,&) for L which is uniquely determined by Theorem
1.1, set o as the order of the matriz exp(AB,,) and 19 := r for o # 1 or
ro := gcd(r,réy,rés) for o = 1. Then

Lo, if ro € 2N, 0 € {2,4},£ #0
L~ orro € 3N,0 =3,& € {(+,0),(3,5), (; +3,0)}
Le else.

707

Moreover, L7 and L3* for ro € N\{0} and o € {1,2,3,4,6} form a system of
representatives of the isomorphism classes of discrete oscillator groups and thus a
system of repesentatives of the lattices of Osci(1) up to isomorphism as abstract
groups.
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Here, the parameter 1y is compared with r (see above) the positive power of ~
such that ~" generates the subgroup [L,L] N 3(L). If the subgroup [L,L] is
abelian, then r equals ry. In the other case the subgroup [L, L] is contained in
() and thus ry is a factor of r. In particular, the parameter r is in general not
determined by the abstract isomorphism type of the lattice.

Although the parameters (z,y) € F, are relevant to characterise a lattice of
the oscillator group with Ay = 7 up to automorphism, these parameters are
irrelevant for describing this lattice as an abstract group. Now, the smallest
positive power o of the generator ¢ of the lattice not contained in the Heisenberg
group such that 07 acts trivial on H;(w)/3(H;(w)) is important for the abstract
isomorphism type. This power can be calculated by the equation in Theorem
1.2. Furthermore, Theorem 1.2 shows that the abstract isomorphism type is not
necessarily determined by ry and o.

In section 2 we give a definition of oscillator groups Osc,(w, B) and calculate
there automorphism group. In the third section we classify the lattices of oscillator
groups of arbitrary dimension by a certain parameter space, where the parameters
are uniquely determines up to certain group actions. Section 4 contains the proof
of Theorem 1.1 and Section 5 the proof of Theorem 1.2.

2. Oscillator groups and their automorphisms

We introduce the oscillator groups as a certain semidirect product of a Heisenberg
group and the real numbers. Then we will see that every oscillator group is isomor-
phic to some Osc,(w, B), which are isomorphic to the groups G(\) considered in
[8]. Finally we compute the automorphisms of Osc,(w, B) in Corollary 2.7, which
rectifies the assertion in [8, p. 92].

Definition 2.1.  For a symplectic form w on R?", let H,(w) denote the group
R x R*" with the multiplication given by

()01 = (+ 0+ (€. ). € +1).

Each of these groups are isomorphic. We call them Heisenberg groups.

Let H be a Heisenberg group, b its Lie algebra and j the center of f. Suppose
that p is a one-parameter subgroup of the automorphism group of H with trivial
action on the center of the Heisenberg group and satisfying that the bilinear form

A/ xb/3=3=R, Al +3.ha+3) = [((doP)(1))(h1), hs]

is definite, where P : R — Aut(h) is the differential of the automorphism p(t) €
Aut(H) at the point 0 € b, i. e. P(t) := do(p(t)). Then the semidirect product
H x, R of H and R with respect to p is called oscillator group.

Lemma 2.2.  Let p be a one-parameter group of the automorphisms of H,(w).
Then p satisfies the conditions in Definition 2.1 if and only if there is a § € R?"
and a B € gl(2n,R) satisfying w(BE&,n) = —w(&, Bn) for all £,n € R*™ and
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w(B-,-) is definite, such that

0 6T 2n 2n
p(t) =exp (t 0 B R x R — R x R™™.

If B satisfies w(BE&,n) = —w(€,Bn) for all £,m € R* and w(B-,-) is definite,

then B has purely imaginary eigenvalues and can be diagonalized over C.

Proof. The equivalence follows directly from the definition and known results
for automorphisms of the Heisenberg group. That is, in particular, that we can
write each automorphism of H,(w) as a matrix

a €
6 s)

where S € GL(2n,R), e € R*, a € R\{0} satisfying S*w = aw (see for instance
[13]).

Let w(B-,-) be positive definite (otherwise we consider -w(B-,-)) and consider the
complexification of B and the complex bilinear extension of w. One can check that
w(Bz,%Z) € R and w(Bz,%z) > 0 for all z € C*". Suppose z is an eigenvector of
B with its corresponding eigenvalue A # 0, then we see R 5 w(Bz,Zz) = \w(z,Z).
On the other hand w(z,Zz) € iR. Hence, A € iR and finally the first part follows.
Now, we prove the second part by induction over n. For m = 1 the assertion
holds. Assuming the assertion holds for n, we will prove it for n + 1. Let Z;
be an eigenvector of B over C with corresponding eigenvalue i\;, A; # 0. Then
w(Z1, 7)) = &w(BZl,Z) # 0. In particular wl,,.(7 7} is nondegenerate. Also
7, is an eigenvector of B with corresponding eigenvalue —i\;, so B maps the
subspace span{Z;, Z,} onto itself. Since B is antisymmetric with respect to w,
B maps span{Z;, Z;}* into itself. Making use of the induction hypothesis on
Blgpaniz 7)1 yields the assertion. n

Definition 2.3.  The Lie group Osc,(w, B) is the oscillator group H,(w) %, R,
where p(t) = (§ 45 ), w(B,-) = —w(-, B-) and w(B-,-) definite. We also define
for A= (A1,..., ), A € R the matrix

0 -\

and the symplectic form wy(§,7) = £ N_yn. We denote Osc, (w1
Osc(Ay, ..., \y), where M i1 >0 fori=1,...,n—1.

-----

The group multiplication in Osc,(w, B) is given by
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and inversion by
("7'7 57 t)il = (_Za - eitB 57 _t>7
where £,7 € R* and z,v,s,t € R.

Lemma 2.4. FEach oscillator group H,,(w)x,R is isomorphic to some Osc,(w, B).

Furthermore, the oscillator groups Osc,(w, B) and Osc(\y,...,\,), where
0 < A < -+ <\, denote the positive imaginary parts of the eigenvalues of B
with multiplicity, are isomorphic.

Proof. First of all, we remark that the Lie algebra of the oscillator group
H,(w) », R is the semidirect sum of b, (w) and R with respect to the derivation
shys (3.

Hence, there is a basis {X1,Y1,..., X, Y.} of R?" satisfying w(X;,Y;) = &, (0

y Lj
denotes the Kronecker symbol) and w(X;, X;) = w(Y;,Y;) = 0 for i,j=1,... n such
that the Lie algebra of the oscillator group H,(w) %, R is

RZ @span{Xy,Y1,..., X,,, Y, } ®RT
with the non-zero brackets of {Z, X, 1, .. X, Y, T} given by
(XYl =2, [I'Xi]=BX;+0u1Z, [T,Y;]=DBY;+ 02

for i =1, ..., n. Here §; denotes the i-th component of §. Now
¢ T T+ (05X, —0y.1Y;), Xim X, YimY, ZeZ
j=1

is an isomorphism from the Lie algebra of H,(w) %, R to osc,(w, B) and we
proved the first part of the lemma. Now suppose that w(B-,-) is positive definite
(similarly for w(B-,+) negative definite). Let {ZI,Z, e Zn,Z_n} be a basis of
eigenvectors as in the proof of Lemma 2.2, such that BZ; = i\;Z; with \; > 0
and A < -+ <X, Weset ;= 1w(Z;,Z;) = ﬁw(BZj,Z-) > 0. Then

1
Zw—Z, ——Re(lZ;)—X;, —Im(Z))—Y;, T—-T

N N
is an isomorphism from osc,(w, B) to osc(A1, ..., \,). u
Note that Osc(Aq, ..., A,) is isomorphic to the group G (M) introduced in [8].
Lemma 2.5.  (Medina/Revoy: [8, p. 91]) .

Let 0 < A\ < --- < A and 0 < Ay < -0 < A, Then Osc(Ay, ..., \,) and
Osc(A1, ..., \n) are isomorphic if and only if there is a k > 0, such that k\; = \;

fori=1,...,n.

Thus, each oscillator group of dimension 2n + 2 = 4 is isomorphic to Osc(1).
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Theorem 2.6.  Let Osc,(w,B) and Osc,(w, B) be isomorphic and let k > 0
denote the number such that k)i = X\ for all positive imaginary parts of the
eigenvalues 0 < A\j < -+ < X\, of B and 0 < Ay < --- < X\, of B with multiplicity.
A map ¢ : Oscy(w, B) = Oscy(w, B) is an isomorphism if and only if there are
numbers m € R, p € {3,—+} and a € R\{0}, a vector b € R* and a matriz
S € GL(2n,R) with S*w = aw and SB = uBS, such that

1 . 1 . .
¢@f¢%:Cm+§w@§€wb+m+nw+§MJWQMJ%+&wb—@uO.
(3)

Proof. One can check that a map satisfying condition (3) is an isomorphism.
So we only verify the other implication. Let ¢ be an isomorphism. First of all,
we check how elements of {0} x {0} x R will be mapped. Therefore, suppose

¢(0,0,t) = (2(t),£(t), u(t)) . Then
(2(s +1),6(s + 1), u(s + 1)) = ¢(0,0,5)$(0,0,1)
= (=) + 2(0) + 5(E(5). PP E(0)).E(5) + X OP (). u(s) + (D).

We notice that p is a linear mapping, i. e. pu(t) = ut for some p € R\{0}.
Differentiating &(s + ¢) = &(s) + e#*B £(t) with respect to s and setting s = 0, we
get

€(1) = uBb + uBe(t)
where uBb = ¢(0), b € R*". The solution of this ODE with £(0) = 0 is
E(t) = eHB b — .

Finally, the comparison of the first components shows that
1 5 1 ; 1 2
2(s+1t)+ éw(b, eHIB by — »(s) + §w(b, B b) + 2(t) + §w(b, B p)

and thus ]
z(t) =mt — §w(b, B p)
for some m € R.
Since H,(w) is the commutator subgroup of Osc,(w,B) and Osc,(w, B), the

isomorphism ¢ maps H,(w) onto itself. Hence ¢(z,&,0) = (az + 07, SE,0),
where S*w = aw, a € R\{0} and 6 € R*" (compare to [13, p. 294]).

Thus ¢(z,e" &,0)$(0,0,t) = ¢(0,0,)¢(z,£,0) gives

1, .5 1 : 5
(6T e &+ az+mt + §w(et“B b,b) + 5w(S B e B b —b), SeP 4B b —b ut)
= (mt + %w(et“é b,b) + 676+ az + %w(et“lé b—b,etB S¢), B b — b+ B Se, ut).

From the second component it follows, that SB = uBS.

Since det(SB) = p*" det(BS) = p*"k*" det(BS), we get p € {+1,—1}.

From the first component, we get §7 B¢ + w(SeP £ eBh —b) = §7¢ for all
¢ € R*™™, t € R. Differentiating and setting ¢t = 0 gives §7 B¢ — w(SBE,b) = 0 for
all £. This completes the proof. [ |
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The next Corollary follows immediately

Corollary 2.7. A map ¢ : Osc,(w, B) = Oscy(w, B) is an automorphism if
and only if there are numbers m € R, p € {+1,—1} and a € R\{0}, a vector
b e R*™ and a matriz S € GL(2n,R) with S*w = aw and SB = uBS, such that

Pz, &, 1) = (az + %w(Sﬁ, B b4 b) + mt + %w(et“B b,b),SE+ "B b —b, ,ut) .
(4)

So the automorphisms ¢ satisfying ¢|m, ) = Id are of the form (z,§,t) —
(z+mt, &, t) with m € R. This result differs from that in [8, p. 92].

3. Lattices of oscillator groups

In this section we will describe lattices of oscillator groups up to equivalence under
automorphisms of the ambient Lie group. For this classification we use three
theorems. Now, Theorem 3.3 shows that we can describe each equivalence class
by a certain data r € Z#, B € B, and £ € 2, 5, which is defined in Definition 3.2.
But to get some one-to-one correspondence between the isomorphism classes of
lattices of the oscillator group and this data, we will define certain groups S, and
S, 5 with corresponding actions on B, and =, p (Definition 3.6 and 3.8). Then
we will prove in Theorem 3.7 and 3.9 the uniqueness of B modulo S, and of ¢
modulo S, 5. But first of all, we begin with an example.

Example 3.1. Let I', denote the subgroup in Osc,(w,B) generated by
{(1,0,0),(0,€;,0) | i = 1,...,2n}. For each zp € R and & € R* the sub-
group L := (L, U {(20,&,1)}) is a lattice in Osc,(w, B) with L N H,(w) = T,
if and only if (w(&),eB e;), el ei,O) el fori=1,...,2n. To see this, one can
check that

for each (v,7,0) € H,(w)N L and (z,&,t) € L.
If L=(I', U{(0,£,1)}) defines a lattice in Osc,(w, B) with LN H,(w) =T, then
we just call it L(). Furthermore, we set ', :=T',, for r € (N\{0})". Note that

I = {(2,5,0) ‘5 ez z ¢ Z %521%1521@ + Z} :
k=1

In particular for n =1, we have I', = {(2,£,0) | £ € Z?, z € 1&& + Z} for r odd
and T, = Z?® x {0} for r even. Moreover let II : Osc,(w, B) — R denote the
projection on the last component and for a lattice L of Osc,(w, B) we denote
by II(L) the set II(L) := {t € R | 32,¢ : (2,&,t) € L}. Note that II(L) is a
non-trivial discrete subgroup of R for each lattice L (compare to [8, p. 90]).
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Definition 3.2.  We define
7! = {r € (IN\\{O})" | ry devides ry41,k=1,...,n—1}.

Then for r € ZF, we set

B, := {B € GL(2n,R) | w.(B-,-) is symmetric and negative definite

and e” € SL(2n, Z)}

Moreover for r € Z% and B € B,., we set

"1
=B = {£ € R™ | w,(&,eP¢) € Z §rk(eB e)ap—1(eP e +Z,i=1,..., 2n} )
k=1

Theorem 3.3.  Let L be a lattice in Osc,(w, B). Then there exists a uniquely
determined v € 7%, a linear map B € B,, an isomorphism ® : Osc,(w, B) —

n?’

Oscp(wr, B) and a & € =, 5, such that
(L) = L(&)-

Proof. At first, note that L N H,(w) is a lattice in H,(w), see [12, p. 50].
Furthermore, we know from Theorem 1.10 in [13, p. 303] that there is a uniquely
determined r = (ry,...,r,) € Zf and an isomorphism ¢ : H,(w) — H,(w,),
©(z,€) = (67 + az, S€), where S*w, = aw, such that ¢(L N Hy(w,)) =T,. We
choose b, such that 67¢ = w,(SE,b) for all £ € R?™. Then

1 . 1 1 .
D(z,&,t) = (az + Ewr(sg, B 4+ b) + §wr(etSBS b,b), SE+ e85 h— 1, t)

is an isomorphism from Osc,(w, B) to Osc,(w,, SBS™'), mapping LN H, (w) onto
r,.

If w,(SBS™1. ) is positive definite, then we use the map ¢y : (2,&,t) — (2,&, —t),
which is an isomorphism from Osc,(w,, SBS™') to Osc,(w,,—SBS™!) with
Let ¢y denote the smallest positive element in II(3(L)). So there is a zy and a &,

such that (zo,&o,t0) € ®(L). The map

. _ A, o b
¢ (2,6,1) — <z tot,f, t0>

is an isomorphism from Osc,(w,, +SBS™!) to Osc,(w,, £tcSBS™!) such that
Pl i, () = Id and (z9,&o,%0) maps to (0,&y,1). Moreover B := +t,SBS~" has
vanishing trace. Furthermore i i

ePe; € 72" and w,(&o,eP e;) € Y1y 3re(eP €)an—1(eP €;)a, + Z,
since (w,(&,ePe;),eP,0) = (0,&,1)(0,¢;,0)(0,&,1)"t € [',. Thus the theorem is
proved. [ |
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Proposition 3.4. Let ¢ : (2,€) — (az + 67, S€) be an automorphism of
H,(w.). Then ¢(I';) = T, if and only if a = £1, S € GL(2n,7Z) and §; €
% ZZ:l rk(Sei)gk,l(Sei)gk —+ Z fO?“ = 1, Ce ,271.

We need the following lemma to prove the Proposition.

Lemma 3.5.  Suppose S € GL(2n,7Z.) satisfying S*wo = fwo, where

wo(&,m) = &7 (_ djag(r(l), ) diag(rlb. .. ,rn)) "

If 6; € 5 30 i(Se)i(Se)kin +Z for i =1,...,2n, then for all £ € 7" we get

S % kz_; Tk(SE)k(SE)kin — % ; T6&k8kn + 2.

Proof. For short, we denote R := diag(ry,...,m,). Suppose S € GL(2n,7Z),
S*wy = twy and 9; € %Zzzl r(Se)k(Se)gin + Z for i = 1,...,2n. We show
that

n

0 R SR, € 2 Y (SO — 5 D el
k=1

k=1
satisfies (A +€) € Aa(E+E)+Z for all £,€ € Z*" and A € Z. Therefore suppose

(A Ay
5 ( " A4) |
Since S*wy = twy we get ATRA3 and AJRA; are symmetric and AJRA; =
AZRAl + R. Furthermore, suppose f = (511,512) and é' = (521,522) for fij SV

ij=1,2.
Then a(§ +§)

=3 (S(E+ENMSE+Eirn — D D€+ (€ + i

-3 %’“((sg)k(sg)km + (SE)r(SE)ksn) + Y %((Sﬁ)k(sf)mn + (SEK(SE)ktn)
P k

= > S (OM ke + O(Ein) = D F (1 trn + (OrlEsn)
=€) + al€) + Y (A1 A)E)((AsADE) + (A1 A2)E)k((A3AE)]

—a(€) + a(d) + 5(ER AT + ELADR(Astar + Ast)
+ %(fﬂAz@T + ELATVR(A &y + Agéan) — %51[13522 - %6[23521
=a(§) + 04(5) + flTlAriFRAsfm + §ﬂA{RA4522 + S{QAZR/thl

1 1 1 1
+ E12T AJ RAs & — 55?15’522 + §§1T1Rf22 - 55?23521 + 55?23521
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€ al)+al) +Z.
For £ € Z®" and \ € Z we also get

n

A = 5 3 SIS n — 5 D iMoo
k=1

k=1
1 1
= )\2(5 > r(SOR(SE) kn — 3 > rirbien)
k=1 k=1
€ A(l Y 7. (SE)k(SE)kin — ! Y 5&kChan) + Z
2 2
k=1 k=1
= (&) + Z.
Now, we see for £ € Z*" that §7¢
2n 1 2n n 1 2n
= izlfz@‘ €5 121 (& ;Tk(sei>k<sei>k+n) +7Z = 3 ;&a(ei) +7Z=a(§) +Z
= (S k(SE)k+n — Z T&kSk+n + 2,
k=1 k=1
and we proved the assertion. [ |
Proof of Proposition 3.4. Assume that the automorphism ¢ maps ', onto
itself. Then a = %1, since (a,0), (+,0) € I',. Furthermore ¢(0,¢;) = (67e;, Se;) €

T,. Hence 6; = 6”e; is an element of £ 37, re(Se;)an—1(S€;)2r+7Z and Se; € Z*"
for i =1,...,2n. Moreover (—ad? S~ te;, S7te;) € T, since ¢(—ad? S~te;, S~1e;)
(0,e;) € T'.. Thus S~'e; € Z*" and S € GL(2n,7Z).

For the other direction we see that ¢ : (2,€) — (az + §7¢,5€) maps (0,¢;) to
(0;,S5e;) € T, (1,0) to (£1,0) € T.. We define a transformation matrix 7' by
Te; = ey for © < n and Te; = ey for ¢ > n, which satisfies T"wy = w,.
Then

1 n
0T e, € 3 ; Tk(STflei)qu(STilei)% + 7

1 n
=3 > (ST ek (ST e)psn + Z

k=1

and Lemma 3.5 shows

—adt S e, = —adTT TS e,

1 n n
€ —aﬁ(z re(Te)k(Te;)pyn — Zrk(TS_lei)k(TS_lei)Hn) + 7

k=1

ol
—_

(ST ) ok 1 (ST e ) + Z

I
Q
DN | —
(]

1
n

P—‘Tl?‘

(S e)or—1(S 7€) ok + Z.
1

I

|

)

N |
=
Il
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Thus (—adé”S7te;, S7te;) € T, and p(—ad?S~te;, S7te;) = (0,¢;). This proves
that ¢ maps I', onto I'.. [ ]

Definition 3.6.  We define the group
S, :={Se€GL?2n,Z)| S*w, = *w,}.

Moreover the formula S.B := uSBS™!, where S*w, = pw,, defines a left action
of $, on B,. Let S,\B, denote the set of all left cosets.

Theorem 3.7. Assume B,B € B,. Let L(&) be a lattice in Osc,(w,, B).
There is an isomorphism ¢ : Osc,(wy, B) — Oscy(w,, B) and an & € R* such

that (L(&)) = L&) if and only if [B] = [B] € S,\B, .

Proof. Let ¢ and £ be as in the theorem. We know from Theorem 2.6 that
there is an a,u € R\{0} and an invertible matrix S such that S*w, = aw, and
SB = uBS. Since II(¢(0,&,1)) = £1 we get p € {1,—1}. Furthermore ¢|g,, ()
is an automorphism of H,(w,) which maps I', onto I'.. Hence a € {1,—1},
S € GL(2n,7Z). Finally u = a, since w,(B-,-) is negative definite and

awT(Bgvé) = S*WT<B£7€) = WV(SBgv Sé) = :U’WT(Bsgasé)

So one direction of the lemma is verified.

Now, assume [B] = [B] € $,\B,. Then there is an integer Matrix S satisfying
S*w, = +w, and B = uSBS™t. Weset m = 0 and §; = %Zzzl rr(Se;)ok—1(5€;)as -
Then, by Proposition 3.4, ¢ : (2,€) — (£z + §7¢,S¢) is an automorphism of
H, (w,) which maps T', onto I',. Now we set b such that w,(Se;,b) = ;. Then

1 5 1 5 5
G (2,6,t) = (az + 50 (SE, "B b4 b) + 5w,ﬂ(e#tB b,b),SE + et B b — b ut)

is an isomorphism from Osc,(w,, B) to Osc,(w,, B), satisfying ¢(I',) = T, and
I1(4(0,0,1)) = +£1, since @[y, @) = ¢. Then $(0,&,1) = (2,£ 1)" for some
B) by ¢ (2,6,1) =
( nto L(§). =

Z € R and € € R?*". We define an automorphism of Osc,(w,, B) b

3
y
(z—2t,&,t) and finally ¢ := ¢o@ is an isomorphism mapping L(&p) o

Definition 3.8. For r € (N\{0})" and B € B, we define the subgroup

S, 1 ::{(5, b) € GL(2n,Z) x R*" | 3u € {£1} : S*w, = pwr, SB = uBS,
wy(Se;, b) €

k=1

Tk(Sei)Qk_l(Sei)gk + Z,l = 1, Ce ,271}

N | —

Note that £ +n € E,p for n € Z*" and £ € =, 5. Hence this defines a right
action of Z*" on E,p5. Let =n5/z2» denote the set of right cosets of this action.
We define by

(S.0).6 = S¢E+eBb—b+ 7 if S*w, = w,
ST —Se BereBb b+ 7 if S*w, = —w,
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a left action of the group $, 5 on B*"/z2n. By Lemma 3.5 and the transformation
matrix 7" which satisfies T'e; = eg;—; for © < n and Te; = ey for i > n and
T*wy = w,, this action leaves the set =r5/z2r invariant. We denote the set of
cosets by S, p\=r5/z2".

Theorem 3.9.  There is a bijection between the equivalence classes of lattices
L&) of Oscp(w,, B) under the automorphisms of the ambient Lie group and the
elements of S, g\=r8/z2", mapping L(§) to [£].

Proof. Let ¢ be an automorphism of Osc,(w,, B), given as in formula (4),
mapping L(&;) onto L(&;). Then ¢|g, (v,) is an automorphism of H,(w,) mapping
I, onto I', and by Proposition 3.4 we get a = £1, S € GL(2n,7Z), S*w, = aw,
and w,(Se;,b) € Y5 E(Sei)ow—1(Sei)ok + Z. Since w,(BSE, SE) is negative
definite and w,(BSE,S¢) = w,(uSBE,SE) = paw,.(BE,€), we also get u = a.
Then for =1 we see that

1
©(0,61,1) = (w(S&, e” b+ b) +m + 5%(@3 b,b),S& + ePb—b, 1)
= (]{7, O, 0)(0, mes, 0) e (O, Mon€2n, O)(O, 52, 1)

for some n;, k € Z. Thus SE+ePb e & + Z*". For yu = —1 we have instead that

90(07 - e_B 517 _1)
1
= (w(—Se Be,ePb+b) —m+ éwT(eB b,b),—Se P& +ePb—b1)
= (k, 0, O)(O, mer, 0) e (0, M2n€2an, 0)(0, fg, 1)

for some 7;, k € Z. Hence —Se B +eB b € &+72". This shows that [&] = [&] €
S, 5\=5/z2» and that the map between the equivalence classes of lattices L(§) of
Oscp(wy, B) and the elements of S, g\=r5/z2" is well-defined. The surjectivity
follows directly, since (e® &) € S, p and thus L := ((1,0,0),(0,e;0),(0,&,1))
defines a lattice in Osc,(w,, B) with L N H,(w,) = I',. At least we show the
injectivity. Suppose [§] = [&]. Then there are n € Z**, S € GL(2n,7Z)
satisfying S*w, = pw, for some p € {£1} and a vector b with w,(Se;,b) €
> ket % (Se;)ar—1(S€i)2x + Z such that pS es(h=DB & +ePb—b=2E&+n. Weset
a =y and

1 1o 1 N
m = M§Wr(77a §2) — puwr (MS e ¢ eP b+ b) - uiwr(eB b,b) + Z Ekﬁzkfm%
k=1

and define an automorphism ¢ with these S,b, u,a and m as described in for-
mula (4). This automorphism maps I', onto itself (compare Proposition 3.4) and
(0, ez DB g 1) to

N 1
(Z Ekn%—ﬂhk + 5%(777 &), + &, 1) = (0,m1€1,0) ... (0, m2ne2n, 0)(0, &2, 1).
k=1

Thus ¢(L(&)) = L(&). u
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4. Lattices of the 4-dimensional oscillator group

In this section we concentrate on the lattices of the 4-dimensional oscillator group.
As we already know from Theorem 3.3, 3.7 and 3.9, we can classify every lattice of
oscillator groups up to automorphisms of the ambient oscillator group by a data
(r, B,€), where B € B, and £ € 2, g/Z*" are unique modulo S, and S, 5. Now,
we define the matrices B, , so that we can give a certain fundamental domain for
S \B, in Theorem 4.4. Finally we give in Theorem 4.5 for each B = AB,, in that
fundamental domain a system of representatives of S, p\=r&/z2 and thus obtain
Theorem 1.1 as a corollary. Let us be more precise.

Definition 4.1. For y # 0 and x € R we denote

By, =

N
Q=< |8
|

| <%
< |8 [
NS

\_/

The set of all B,, is equal to the set of all matrices which are conjugate to Ny,
and to the set of all 2 x 2-matrices with determinant 1 and trace 0.

Definition 4.2. We define
1
F, = {(aj,y) ER*|0<x < 59> 0,22 +y* > 1}

and .
]F:IF+U{(a:,y)€R2]—§<x<0<y,az2+y2>1}.

Note that the map ¢ : B, , — x+1y is a bijection from {Bx,y |y > 0} to the upper
half plane of C, satisfying t(AB,,A™!) = A(z+1y) for all A= (2%) € SL(2,R),

where Az = gjj:s With this in mind, we rewrite the theorem in [7, p. 109]:

Remark 4.3. For all B/, , v > 0 there is a uniquely defined (z,y) € F and
an S € SL(2,Z), such that SBy S~ = B,,

Theorem 4.4.  Let L be a lattice of Osci(w, B). Then there exist
e a uniquely determined r € IN\{0},
e a uniquely determined A\ = Ao + km with k € N and A\ € {%W, %W, %71’,7‘(}

e and a uniquely determined

and an isomorphism ¢ : Oscy(w, B) = Oscy(wy, ABy,) satisfying o(L)NHy(w,) =
[, and (p(L)) =Z.

Conversely, for any such data (r, \, (z,y)) there exists a lattice L in Osci(wy, ABy )
satisfying L N Hy(w,) =T, and 1I(L) = Z.
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Proof. Because of Theorem 3.3 we know that r € Zﬁ is uniquely determined.
Moreover we know from Theorem 3.7 the existence of an B = AB,, € B,, which
is unique modulo $,. So the procedure is to find a fundamental domain of $,\B,..
Be AB,, € B,. Then x € R and A,y > 0. We know that B and N, are
conjugate. Hence e? and e™ = (5} ~5in}) are conjugate. So tr(e?) = 2cos A
and cos \ € {—1, —%, 0, %, 1}, since e € SL(2,7). Thus A\ = X\ + k7 # 0, where
Xo € {%,2,% 7} and k € N. Using Remark 4.3, we sce that [AB,,] = [AB, /]
for some (2/,y') € F. Moreover [ABy /| = [AB_u ], since S = ({ %) €S, and
S.Bz/y/ = fo’,y’ .

Now assume [N By ] = [N'Byr | for NN >0, (2,y), (2",y") € F1. We want
to see that ' = X" and (2/,y') = (2”,y"). The first equation follows immediatly
from \? = det(ABy ) = det(N'Byr ) = N, If there is an S € SL(2,7Z)
satisfying N'SBy S~ = N By v, then (2/,y') = (2”,y"”) follows by Remark 4.3.
If instead S satisfies N.SBy ,S~' = —X By ,. Then there is an S € SL(2,7)
satisfying NSB_, ,,S™" = N By, since (§ %) .Byy = B_w,. Then ' €
{0,3} because of Remark 4.3 and thus for x’=0 immediatly (2/,y') = (2", y").

For 2/ = I we see that (§1) B_1, = By, and finally by Remark 4.3 that

2
(:L,/7 y/) — (:C”7 y//>‘
At last, we want to see how A\ and (x,y) fit together. Suppose B = AB,, € B,,
where (z,y) € F, and A = Ao+ k7 for £ € IN and A\ € {%ﬂ', %ﬂ', %ﬂ} Then

Y

B cos A + £ sin A —%sin)\—ysink
= L(2,7).
¢ ( , sin A —sin A 4 cos A € SL(2.2) (6)
Thusisin)\EZandy:|sin/\|.Sox:%ifcos)\:j:%,andx:()ifcos)\:().
We get
ABy1, cosA=0
"~ | ABL s, cosA =41

Conversely, it is obvious that e’=v € SL(2,Z) for the data (r, A, (z,y)) described
in the theorem. Hence there is a lattice satisfying the claimed conditions (see
Example 3.1, where & = (0,0), & = (0, %) or & = (%,0) depending on r and
eB). n

Now we can prove Theorem 1.1 by using Theorem 4.4 and the following one.

Theorem 4.5.  Suppose r € N\{0} and B = \B,, with (z,y) and \ as in
Theorem 4.4. Be L(&) given in Oscy(w,, B). Then there is a uniquely defined &
to extract from the list in Section 6 and an automorphism ¢ of Oscy(w,, B), such

that o(L(£)) = L(&)-

By Theorem 3.9 we know that it is sufficient to show that the given &; in the
list in Section 6 form a system of representatives for S, p\=r5/z2". In the first
paragraph of the proof of Theorem 4.5 we show that every ¢ in =, p has an §, as
described in the list in Section 6, which is equivalent to ¢ in S, g\=r5/z2". This
proof will be divided into parts, dependent on the value of \. Here we always use
eP | which we can compute with equation (6) in the proof of Theorem 4.4. First
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we notice, depending on r, which are the elements of =, p and afterward, we give
a (S9,b) € S, p which maps £ € Z, g to one of the described &, in the list. In the
second paragraph we show, that for every & ,é € Enp/z2n with € # é in the list in
section 6 there is no (S,b) € S,.p, such that (S,b).6 = €. But first of all, we want
to describe the elements of S, 5 more precisely.

Lemma 4.6.  Suppose r and B = AB,,, as in Theorem 4.5 Then (S,b) € S, g
if and only if

s= (2 #)efemer(y ) ierfnoiez
S3 Sy 0 -1

and b € (£,2):= 17 x 17, if r is even, respectively

Tor

(%, %), $189 and s3S4 are even
b= (b1,b) € (%, 2% + %), $189 15 even and s3s4 s odd ,
(% + %, %), $384 18 even and $1S 1S odd
if v is odd.

Proof. It’s not hard to show that such an (S,b) as defined in the lemma is an
element of S, 5. Assume now that (5,b) € S, 5. For

N
T:( 0 .
it holds that TNyT~! = B,,. Since SB = uBS we see that STN;T! =
pT'N;T7'S. Then T-'ST and N; (anti-)commute. Hence T'ST € O(2,R).

Thus T7'ST = ™M (§0) and S =eBT (§7) T, for some t € R. If p =1,
then S = e'B if = —1, then

_tB ]_ _2,17
S=e <O _1).

This shows that S is an integer matrix in

{etB,etB ((1] __21:6) |t e R} .

Finally we want to see how b looks like. Let r be even. Then

W ((51, 83), (bl, bQ)) , OJT((SQ, 84), (bl, bg)) eZ.

Thus b € (1Z,17). Now let r be odd, then w,(Se;,b) € 1(Se;)1(Se;)2 + Z.
We see that there are three cases to consider, depending on the values of S. Here,
we only check the case that s;s, is even and s3s4 is odd, especially s; is even (the

case that sy is even runs similarly). Since det(S) is odd, we get that sy is odd.
Then wr((sl, s3), (b1, bg)) € 7 and wr((sg, s4), (b1,b9)) € Z + % Hence

by . —S2 81 k1
(1) = (220 2) ().
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for some ki,ky € Z. Thus rb; € Z and rby € Z + %
Finally, for each case we obtain the assertion. ]

Proof of theorem 4.5. For further argumentation let £ = (£, &) denote an
arbitrary vector in =, .

First part. Suppose A = Ao + 2kw, k € N and Ay € {§,%F}. Let r be even.
Then Z,5 = (27Z,%7). In addition det(e? —Id) = 1. So b := (e —Id)7'¢ €
(1Z,17) and ([d b).0 = . Now let r be odd. For \g = % one can check
that =, 5 = (37 + ;,%Z) Again, since det(e® —Id) = 1, we see that b =
(P —Id)" & — 5,&) € (2Z,27Z). Thus (Id, b) (5,0) = § For \g = 27 an

analogous argumentation holds except having = 5- in the other component.

Suppose A = Ao + 2km, k € N and Xy € {%,%°}. Then = =np = = (12,17). In
addition det(e? —Id) = 2. If r& — r& is even, then (Id, (e —Id)~ 15) € S5
and (Id, (e? Id)_lf) = & If r& — r& is odd, then we set S := Id and
b= (B —Id)"}(& — 2+ {2) (12,%7). Thus (%,0) is equivalent to &. If ad-
ditionally r is odd, we instead set b : = (P —Id)'(1+ &,&) € (12,27Z). So
(1d,b).0 = €.

= X +2km, k € N and Ay € {3,%}. Let r be even. Then
17,17). 1t 7’51 + r& = 0(3), then (Id,e? —1d)"'¢) € S,p and
maps 0 to €. Hence (0,0) and & are equivalent. If r& + ré = 1(3), then
bim (07 ~1d) (6 ~ L&) € (A2, 12) and (1.0).(1,0) = €. 1 16y + 162 = 203,
we set b = (eP —Id) N — T,fg — 1) € (3Z,2Z) and S := (7 '). Thus
(%,0) and 5 are equivalent. If additionally 3 is not a factor of r, we set
b= (ef —Id) "z +&,&%) € (2Z,27), where rz+1& +1& = 0(3), and S := Id.
So we get that (0,0) is equivalent to £.

Suppose A

Now let r» be odd. We obtain \g = %7?. We get EnB = (%Z %Z + QL) If
7"51 + 7"52 — 1/2 = 0( ) then b := ( B Id)i (51,52 ) (%Z, %Z) nd S :=1Id
shows that (0,5) and ¢ are equivalent. If & + 7“52 —1/2 = 1(3), then we set
b= (e —Id)™' (& — 1, & — ) € (1Z,1Z) and S := Id. Then (S,b). (% %) =¢.
For r&+ré—1/2 = 2(3) weset b= (e —Id) (&, &+5:) € (32,17), S = —Id

and get that (0, 5-) and ¢ are equivalent.

If additionally 3 is not a factor of r, then we set b := (e® —Id)~!(x +&;, % +&) €
(1Z,17), where rx + 1€ +1& — 1/2 = 0(3), and see that (Id,0).(0, 5=) =¢.
For A\ = %W there is an analogue argumentation, where 2 is in the other compo-

2r
nent.

Suppose A = 7w+ 27k, k € N. Then Z,5 = ( 7, 1Z) Let r be odd. So
there are 2/,y’ € {0,1}, such that b := (e —Id)~ (51 +2,6+y) € (22,17)
and (Id,b) maps (0,0) to & + (2/,y) + Z*" = £. Now let r be even. We set
n = 5(=1+ (=1)"", =1+ (=1)). Then 5 € {(0,0),(%,0),(0,%),(+, 1)} and
(Id, (e” —1d)"" (& +n)) € S,z maps 7 to &.

If 22 +y* =1, then we set S=(9§) and b= (0,0). (S,b) shows that (+,0) and
(0,1) are equivalent.

If 2 =1, then we set S := (1) and b:= (—1,—1) and see that (5,b) maps
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(0 %) to (%, %) If (z,y) = (%, %) then both automorphisms can be used. Thus
every £ € (%Z, %Z) is equivalent to (0,0) or (%, %)

We come to the last case: Suppose A = 27k, k € N\{0}. We get Z, 5 = (17, 1Z).
In this case we can neglect b, since e b — b = 0. Instead, it’s more important to
consider all the finitely many integer matrices in

{eth,y, etBay (é 2x> |t e R}

for B,,. At first we give some S, which (anti-) commute with all B, ,. Afterward,
we restrict our observation to the different cases.

For each ¢ € =, g there are 0 <k, < r such that ¢ and (£, %) are equivalent.
Moreover (—Id,b) maps (%,1) to ( —k =1y — (1,1) + Z*. Thus there is for each
£ € (2Z,%7) an equivalent

k1

k1 r
fOEMl-:{(F —)‘O<k’l<2}U{(;,;)’0<k<§<l<’r}

and the first row is verified.

If additionally = = 0, then ((§ °),b) maps (£, %) toa (0,—1) + (¥, =) + Z2.
Hence the second row is verified.

If z = 1 instead, then (('1),b) maps (£,1), where k > [, to (&£, =) + 72,
So we can narrow the set of all £, down to

{(—a—)|0§k§1<r}u{(ﬁ 1)|o<k<2<z<r}u{(§,0)|ogk:gg},

Furthermore (—('1),b maps (%,1), where [ > k, to (£, 1) 4+ Z*. Hence the
third row follows.

For further argumentation suppose z? + > = 1. We know that there is for
each & € (%Z, %Z) an equivalent £ € M;. We can still restrict this set, since
((° %) ,b) maps (%,1) to (L,%) 4+ Z2. So there is for each & € (1Z,1Z) an
equivalent

506{(E)i)|o§k§l§;}u{(ﬁ,£)\0<k<g<l<r}.

rr rr

Additionally the element ((93),b) maps (5, 4) to (=4, =8) — (1,1) + 22,

01
10
Hence for 2? +y? =1 and { € (27, 17Z) there is an equivalent

k1
}U{(;,;)\k+l§r,0<k<g<l<r}

Eyjo<r<i<!
rr

£OEM2::{(

[\]

Now we want to see, which elements in M, are equivalent, if (z,y) = (0,1) or
(,9) = (3.9)-

27 2

So suppose (x,y) = (0,1). Then (4 9),b) maps (£,1) to (£, =) = (0,1) + 22
and the fourth row follows.
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At last suppose (z,y) = (3, i) The element ((§Z}),b) maps (%,1) to (=5, L)+
Z?. Hence we get for each & € (27, 1Z) an equivalent

N |

k1 [
& € {( )|k+l<r0<k<2<l<rk< }

u{(g,

Additionally ((1°),b) maps (£,%) to (0,—1) + (&, =E£) + Z2?. Thus the last
row follows.

N | e~

)T|0§k§£§lsf}.
2 2

Second part. We use a proof by contradiction.

Assume that for an r € N\{0}, (z,y) € F; and a A = \g + km, where
0 = {g,g,zg,w} and k € N, there are € and &, € # € from the hst which

are equivalent. Then we check each (S,b) € S, p and will note that none of them

maps & onto &, and we get our contradiction.

Let us begin with A =7+ 27k, K € N and r even.

Assume (S,b) € S, p, then b € (1Z,1Z) and (S,b).£ = SE — 2b + Z?, since
e = —Id. Hence each (S,b) € S, 5 maps (0,0) to a vector in 2Z2. Thus there is
a contradiction for & € {(2,0),(0,1), (3, 1)}.

In an analogue way, we find a contradiction if & = (%, 0). But we subdivide the
proof, depending on the value of z and y.

If 22 +y*> > 1 and = # §, then each (S,b) € S, maps (£,0) to a vector
n (37 + 1,27). Thus there is a contradiction for all £ € {(0,1), (3, 1)}. If
2 +y? > 1 and = 1, then each (S,b) € S, p maps (1,0) to a vector in
(1Z.,27). Thus there is a Contradlctlon for £ = (£,3).

Now, suppose 2 +y*> =1 and x ¢ {O, 2} Then each (S,b) € S, p maps (%,0) to
a vector with one entry in fZ and one in zZ +1 . Thus there is a contradiction
for £ = (3,1).

At last suppose & = (0,2) for 22 +y? > 1 and z # 5. Each (S,b) € S, 5 maps
(0,1) to a vector in (27Z,1Z). Thus there is a contradiction for (1, 1).
Altogether, we verified that the &, from the list, which we refer to a lattice L(£) in
Osci(wr, ABy ), where A =7+ 27k, k € N, (z,y) € Iy, is uniquely determined.

Now, we consider the case that A = 27k, k € IN\{0}, and get the same contradic-
tion. But, first of all, we recall that { € =, p and £ € E, p are equivalent if and
only if there are t;,t; € Z and an integer matrix

Se{e e (§7F)|teR}

with det S = p, such that éz wSE + treq + taes.

So it suffices to fix a 1 and ¢, for each integer matrix S € {e'5,e'? (§ %) | t € R}
and each &, such that uSE +tie; + taes € [0,1)% and show that uSE + tie; + taes
is equal to £ or not an element in the set from the list.

We consider the case that (x,y) = (0,1). Note that +1d, = (9 '), £(94) and
+ (§ ° ) are the only integer matrices in {e'®,e'? ({ 727) | t € R} for this case.



FISCHER 105

We will denote by M the set M == {(¥,L)0<k <<%} andset £ = (1) €
M.

o If S =Id, then S¢ =¢.

o Let S = —Id. For the cases that k=1=0,k=[=5,0or k=0 and [ = 7,
we get SE =&, SE+e1 + ey =& or SE+ e; = £ respectively. Now, assume
that 0 < k,l < %, then SE+e1 4+ ey = (5, =) € [0,1)%, but =5 > 7. At

last, if k=0 and 0 <[ < %, then S¢+e; = (0,2=1) € [0,1)%, but =L > L.

e Suppose S = ({ ). First of all, we see that S{+e; = &, respectively S¢ = ¢
for k=1=2%ork=1=0.1f 1 ¢ {0,5}, then S¢+e = (=4 5) €[0,1)?,
but TT_l > % For [ = § and k < g, we see that S§ +e; = (%,é) € [0,1)2,
but §<%

e Similar arguments apply to the case S = (% {).

o Let S = —(94). It follows that —S¢ = (L, %) € [0,1)>. Hence, we get
(L,E)y ¢ M for k<l,and =S¢ =¢, for k=1.

e Suppose S = (9}). We see again that —S§{ =& for k=1=0. If k=0
and [ > 0, then —S¢ + e, € [0,1)%, but TT_Z > 0. For k,l # 0 we get
—Sé+e+e = (TT_Z, %) € [0,1)*. If, additionally, k < %, then % > 5.

If, however, k =1 = 7, then (it r=ky = ¢,

r?or

e Suppose S = (§ %). If k¢ {0,%}, then —S&+ e = (z=k Ly € [0,1)2, but

r or

kst I k=1=1%, then —S{+e; =& and if k=0, then —S¢ =¢.

e The same reasoning applies to the case S = (' 9).

Finally, for (z,y) = (0,1) it follows that (£,1) € M and (’%,%) € M, where
k # Kk or [ #1 aren’t equivalent.
The rest of the case A = 27k runs as before.

For A\ = A\g + km, where )y € {%, o %”} and k£ € IN, we can use the same prove
and obtain our assertion.
Finally, Theorem 4.5 is verified. [ |

5. Abstract isomorphism classes and discrete oscillator groups

In this section we prove Theorem 1.2. Similar to the definition of oscillator groups
we define a discrete oscillator group as a semidirect product of a group I' which
has an embedding such that the image of I' is a lattice of the Heisenberg group and
the group of integers with respect to an homomorphism S : Z — Aut(I") which

satisfies S(l)h(r) —id : 3(T') = 3(I") and S(1) : I/3(T") — I'/3(I") has finite order.
Now, from [2] we know that every lattice of the Heisenberg group is isomorphic
to I', as an abstract group for exactly one r € N\{0}. Here I', is prescribed by
generators {a, 8,7} where v generates the center and afa~157! =" is satisfied.
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Compared to [13] we can prescribe every automorphism of T, by a 3 x 3-matrix

of the form
S 0
Lk d

with respect to (a, f8,7), where [,k € Z, S € GL(2,7) and det(S) = d. This
motivates the following notation. For r € N\{0}, [,k € Z and S € GL(2,Z) with
det(S) = 1 and finite order let G,(S,1, k) be the discrete oscillator group I', x5 Z
where S(1) is given by the 3 x 3-matrix

(i 1)

Every G,(S,l,k) has an embedding in the oscillator group such that the image
of G.(S,l,k) is a lattice. Moreover, every lattice of the 4-dimensional oscillator
group is isomorphic as an abstract group to G, (95,1, k) for some tupel (r,S,, k).
In addition, every L(&) = ((0,e1,0),(0,e2,0),(1,0,0),(0,&,1)) C Osc;(w,, B)
where B = AB,, for the tupel (r, A\, z,y,&) given by Theorem 1.1 is isomorphic
as an abstract group to G, (5,1, k) for some (r,S,[, k) in the following list:

o st 1 k]
€ IN\{0} | Se —15] 0
e N\{0} | S5’ 0 —[5]
c N\{0} | S, 0 0
€ 2IN\{0} | S, 1 0
c N\{0} |S;* 0 0
c 2IN\{0} | S, —1 0
€ IN\{0} | Ss 0 —13)
€ 3N\{0} | S5 1 5]
e N\{0} |S;" —[5] 0
€3N\{0} | 537 [ [ 0
c N\{0} | S, 0 0
€ 2IN\{0} | S, 0 —1
€ 2IN\{0} | S, 1 0
€ 2IN\{0} | S, 1 —1
eN\{0} | S; | r<I<0|0<k<r

Here Si,..., 54, Se is given by equation (2). More precisely, it is isomorphic to
G, (5,1, k) with

1 1
S=eB, I=w, (&, eB 61)—§T<GB)171(8B)271 and k‘:wr(&),eB 62)—57“(63)172(63)272.
(7)

This follows from the fact that L(§,) as an abstract group is a discrete oscillator
group I', xg Z, where I', = ((0,e1,0),(0,e2,0),(1,0,0)) and the action of Z is
given by

(ZS;C 2) (Oa €, 0):§<1)(07 €, 0)2(07 50, 1)(0, €, 0) (O, fo, 1)_1:(%(50, eB 61'), eB €;, O)
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Writing (w,(&o,eP ¢;),ePe;,0) as a product of (0,e1,0), (0,e3,0) and (1,0,0)
shows the equations (7).

Recall the definition of the discrete oscillator groups L}, ..., L3 LS L>* ... L»*+
from the introduction. We can now show that every G,.(S,(, k) with some (r, S, [, k)
from the list is isomorphic to some L, ... L4 LS L2T ... LY. Therefor, it is not
hard to see that the following mappings are isomorphisms:

GT<SG7_L£J7O) _>L76~7 aHOK}/iL%Ju ﬁHﬁfYL%% Y, o0

GT(SG_I,O,—[gD—)Lf, a— Byl B anyTlEl sy, 567t
G.(S;1,0,0) = L, a—a =By, 8
G(S;H —1,0) = LAY, a—a = By vy, 0 87
G ( gﬂ—(%},O)—>L§ ar BB a,y syl 6 6,
r+2

Gr( 3_17_[

Moreover, G,(53,0,—1), G.(S2,1,0) and G,(Ss,1,—1) are isomorphic since these
groups have embeddings in Osc; (w,, 7B, y3) such that the image equals L(+,0),
27 2

1,0) = L3 aw By, 8= a, vy 60

L(0,%) and L(:,1) which are isomorphic, as we already know from the proof of

Theorem 4.5. For groups of the form G, (Id,l, k) we have the following lemma.

Lemma 5.1.  Given G,.(Id,l, k) then ro := gcd(r,r&,ré) is the only positive
integer such that G,.(I1d,l,k) and G,,(1d,0,0) = L, are isomorphic.

Proof. Note that ry is the positive number such that " generates the com-
mutator subgroup. We choose z; as the positive number such that *' generates

the subgroup (y!,7%). Then we set zy = —TO’; and g, = —T0121. Now, we can
choose x; and y; as an integer solution of

r k l

To Toz1 Toz1
and x3,y3 and 23 as an integer solution of

l k r
r3— —yzs— + 23— =1L
To To To

Now, we define an isomorphism ¢ from G.(Id,l, k) to G,,(Id,0,0) by
a = Q™ BT B VB0, vy, 0 O

It is not hard to see that ¢ is homomorphic and that this map is bijective, since

1 T T3
det {y1 y2 ys | =1
Z1 0 Z3

Since «y is unique up to inverse and 7™ the generator of the commutator subgroup,
ro 1S unique. |
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At this point we have seen that indeed every lattice is isomorphic as an abstract
group to L7 respectively L7" as claimed in theorem 1.2. We will now show that
this L7 respectively L?(’)Jr is the only group of this form which is isomorphic to L.
Therefor, we show at first that ry is uniquely determined: For S # Id, r = rq is
the power of « such that 4" generates the subgroup 3(L) N[L, L]. Since = is the
uniquely determined generator of the center of I', up to inverse, r is also uniquely
determined. For S = Id, we already know that rq is uniquely determined from
Lemma 5.1. Now, it remains to show that L}"O, cee LEO are pairwise not isomorphic.
Therefor, it suffices to show that the abelianizations of the groups L}qo, ce Lfo are
not isomorphic: We compute

L\ =7, x 7 LS =7, xZ
L2 = Zy X Zy X Ty X 7. L2 = Ziy X Loy X Z.
739 _ {Zg X 2y X 2., for even ry 734ab _ {ng X 7., for even rq
"o Z3.y X 7, for odd 1 "o Zs X 2y X 7, for odd 1
LE™ = 7y X Zipy X Z LA = Zy X Z

and it immediately follows that Lf&’(ﬂ and ij’(+) are not isomorphic for oy # o5.

Moreover, L2 , L%, L} and Ly* are not isomorphic for an even 7y and L? and
L;?(;* are not isomorphic for an rg devisible by 3. This completes the proof of

theorem 1.2.
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6. List of &

A>0 (x,y) € Fy &o for an even r &o for an odd r
irt 2k o =gy=% {(0,0)} {(5-0)}
T2k | o=y ="F {(0,0)} {0,5)}
sT+2rk | v =0,y=1 {(0,0), (,0)} {(0,0)}
sm+2rk | v =0,y=1 {(0,0), (+,0)} {(0,0)}
ok | oty | T =IO 00 GO} =08 05), ()
’ & 2 else: {(0,0)} else: {(0,52)}

’ & 2 else: {(0,0)} else: {(5,0)
$2+y2 > ]-7 {(070)7(%70)7(0»%)7
1 11
™+ 21k 2xi2 G o)}
rt+y* > 1,
, {(0,0),(5.0), (7. 1)}
vy’ =1, 1 11
1 {(Oa())a(F?O)v(;?F)}
x:%,y: \/73 {(070)7(%7%)}
2 +y?>1
k {EDlo<ki<zu{EbHo<k<i<l<r}
z ¢ {0,3}
Pyt >1
Y (D 0<ki<y)
x =0
Pyt >1 | {E D10 k<5 <I<5U{(50)]0<k <5
2mk r=1 {E D <k<i<l<r k<li}
Py =1 (EH0<k<I<3)0
x¢{0,1} {EHlo<k<i<li<rk+l<r}
r=0y=1 (B ho<k<i<z)
1 V3

{(E, Do <2k <1< ki)
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