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Abstract. Vogan raised the idea of Dirac cohomology to study representa-
tions of semisimple Lie groups and Lie algebras. He conjectured that the in-
finitesimal characters of Harish-Chandra modules are determined by their Dirac
cohomology. Huang and Pandzi¢ proved this conjecture and initiated the re-
search on Dirac cohomology for Lie superalgebras based on Kostant’s results.
The aim of the present paper is to study Dirac cohomology of unitary repre-
sentations for the basic classical Lie superalgebra of Type I and its relation to
nilpotent Lie superalgebra cohomology.
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Introduction

After Dirac discovered a matrix-valued first-order differential operator and had a
remarkable success in the understanding of elementary particles, there have been
various analogues of differential operators called Dirac operators. One striking
example is the Dirac operator used to construct discrete series representations by
Parthasarathy [18] and Atiyah-Schmid [1]. Relative to Parthasarathy’s geometric
setting, Vogan introduced an algebraic version of the Dirac operator; and conjec-
tured that the infinitesimal character of (g, K)-modules is determined by their
Dirac cohomology [22]. The conjecture was proved in [5]. During the past twelve
years, there have been many results of this nature. The Dirac cohomology turned
out to be involved deeply with a few classical subjects of representation theory,
like the discrete series and branching laws (see [7, 10]). The relation between Dirac
cohomology and nilpotent Lie algebra cohomology (Kostant’s u-cohomology [14])
is also interesting. It was shown in [8] that the Dirac cohomology of unitary mod-
ules is up to a twist isomorphic to u-cohomology for Hermitian types. Similar
isomorphisms were obtained by Huang and the author in [9] for all the simple
highest weight modules in the setting of cubic Dirac operator (see [15, 17]).
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On the other hand, Kac’s foundational papers [11, 12, 13] about Lie superal-
gebras and their representations had led to an enormous amount of work involving
a growing list of researchers. A distinguished feature of the representation theory
of Lie superalgebras is that Lie superalgebras have typical and atypical irreducible
finite-dimensional representations. The nilpotent Lie superalgebra cohomology
groups play important roles in the determination of formal characters of atypical
representations (see [19, 20, 2, 21]). Dirac cohomology for Lie superalgebras was
introduced by Huang and Pandzié¢ in [6]. They defined Dirac cohomology for Lie
superalgebras of Riemannian type (see [16]) and proved an analogue of Vogan’s
conjecture in the case of basic classical Lie superalgebras.

The aim of the present paper is to study Dirac cohomology of unitary
representations for basic classical Lie superalgebras g = go @ g1 of type I and its
relation to nilpotent Lie superalgebra cohomology. More precisely, g has a natural
consistent Z-grading g = g_ & go P g+, namely it is one of the Lie superalgebras
A(m|n) and C(n). Since the results obtained in [6] also hold for gl(m|n), for
convenience, we will make no explicit distinction between gl(m|n) and sl(m|n)
and focus on the cases when g = gl(m|n) and o0sp(2|2n). It is shown that the
Weil represention M(g;) of the Weyl algebra W(g;) can be identified with the
corresponding polynomial algebra up to a twist as gy representations. With this,
we have a Hodge decomposition for any irreducible unitary representation V' of
g. The Dirac cohomology of V' is up to a twist equal to its g, -cohomology and
g_-homology. Note that for gl(m|n), Cheng and Zhang [3] found an explicit
formula for the g,-cohomology of unitarizable tensor representations. Therefore
their calculation also gives the Dirac cohomology of the associated representations.

An outline of this paper is as follows. In Sections 2 and 3, we recall the basic
notions and properties of Lie superalgebras and corresponding Dirac cohomology.
In Section 4, a correspondence between Weil representation and related polynomial
algebra for Lie superalgebras g of type I is proved. A Hodge decomposition for g, -
cohomology and g_-homology of unitary representations of g is given in Section
5.

I wish to thank Prof. J.-S. Huang, for his encouragement and inspiring
discussions.

1. Lie superalgebras of Riemannian type

In this section we outline the fundamental results on Lie superalgebras used in
this paper, referring to [16] and [7] for full details. Let g = go ® g1 be a
complex Lie superalgebra with a bracket [-,:]. A bilinear form B on g is called
supersymmetric if it is symmetric on gy and skew-symmetric on g;, and go and
g1 are orthogonal. The form B is called invariant if B([X,Y],Z) = B(X,[Y, Z])
for all X,Y,Z € g. We say that g is of Riemannian type if there exists a
nondegenerate supersymmetric invariant bilinear form B on g.

We call a subspace of g; a Lagrangian subspace if it is maximal isotropic.
Fix a pair of complementary Lagrangian subspaces with bases 0;,x; for i =

1,---,n, such that

1
=

B(a“ CCJ') = 9
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This notation is chosen so that the Weyl algebra W (g;) is generated by 0; and
x;, with commutation relations:

[zi, zilw =0;  [0;,05lw =0; [0, xjlw = ;.

The subscript W is used to distinguish the commutators in W (g;) from the (totally
different) bracket in g. With 0; = 9/0x;, we see that W (g;) can be identified
with the algebra of differential operators with polynomial coefficients in variables
Z;.

For the basis 0y, -+ ,0,, 21, -+ ,x, of g1, the dual basis with respect to B
is 2z, ,2x,,—201, -+ ,—20,. The Casimir element of g can then be defined

as
Qg =D WZ+2) (2:0; — Omy),
k )

where W is an orthonormal basis of gy with respect to B. It is easy to check
that €, is contained in the center Z(g) of the universal enveloping algebra U(g)
of g.

The adjoint action of gy on g; defines a map

v:go— sp(g1).

We can embed sp(g;) into the Weyl algebra W (g;) as a Lie subalgebra consisting
of quadratic elements. Start with the symmetrization map o : S(g1) — W(g1),
where S(g;) is the symmetric algebra of g;. It is a linear isomorphism obtained by
first embedding S(g;) into the subset of symmetric tensors in the tensor algebra
T(g1), and then projecting to W(g;). Next we show that ¢(S*(g;)) is isomorphic
to sp(g1). In fact, one can verify that

1 1
in the basis (9;,2;). Considering the action of ¢(S*(g1)) on g1 C W(g1) by
commutators |-, |y in W(g;), the associated matrices in the basis (0;,z;) are
o(xiz;) «— —Enyi j — Entj 4
U(aiaj) +—— F; ntj T Ej n4i;
o(0ixj) «— —Eij + Enyj nti,

where E); is the matrix with 1 in the k-th row and [-th column and 0 elsewhere.
Therefore (S%(g;1)) =~ sp(g1). In view of the map v mentioned above, we obtain
a Lie algebra morphism

o go — Wi(g).

Since a(go) € 0(5%(g1)), one can assume that
OJ(X) = Zaija(xixj) + Z b”a(ﬁﬁj) + ZCijO'(aiajj)? X e do-
1,J .3 1,J

To determine the coefficients, we apply [-, Ox]w to both sides and get

[a(X), Olw = [X, 0] = — Zaikﬂfi - Zakjﬂ?j - Zcikai-
7 j 7
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Then we apply B(-,0;) and obtain B([X, k], ;) = 1/2(ai + ay), that is,
(078% —|— QA = QB(X, [8k,(?l])

Similarly, we get
bk + b = 2B(X, [k, z1])

and
Crl = —2B(X, [xk, 8;])

With (1) in hand, the explicit formula for « is

a(X) = Z( (X, [0;, 0i])wiw; + B(X, [, 25])0:0;)

—Z2B 2,0 ZB 05,21, X € go.

Now we can define a diagonal embedding
go — U(g) ® W(g1)
given by
X=>Xe1l+1®aX)=Xa.

We denote by goa the image of gg. Denote by U(goa) the image of U(gg) and by
Z(goa) the image of the center Z(go) of U(go). Let €y, be the Casimir element
for go. We denote by €, the image of € . Then

doa

Qgos = > (WP @1+ 2W, @ a(Wi) + 1 @ a(Wy)?).
k

Kostant [16] proved that C' := Y, a(WW})? is a constant which is equal to 1/8 of
the trace of €2y on g;.

2. Dirac cohomology for (g, go)

In this section, we present the definition and fundamental results on Dirac coho-
mology for Lie superalgebras ([6, 7]).
The Dirac operator D is defined to be the following element of U(g) ®

Wi(g1):
—22 i QT — 1 ® 0;).

Then D is go-invariant and is independent of the choice of basis of g;. The
property of this Dirac operator is analogous to the case of reductive Lie algebras.

Proposition 2.1 ([7], Proposition 10.2.2).  Let D € U(g) @ W (g1) be the Dirac
operator. Then
D?=—-Q;®1+ Q. — C,

where C is the constant mentioned above.
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Recall that the Weyl algebra W(g;) can be identified with the algebra of
differential operators with polynomial coefficients in the z;’s, where i =1,--- n.
Then we have a natural representation of W(g;) on the polynomial algebra
Clxy, -+, x,). This is the Weil (or metaplectic) representation which we denote by
M (g1). Note that M(g;) is Zy-graded. Let M*(g;) and M~ (g;) be the submod-
ules of M(g;) generated by homogeneous polynomials of even and odd degrees
respectively.

Definition 2.2. Let V' be a representation of g. Consider the action of D €
U(g) @ W(g1) on V @ M(gi):

D:VeM(g)® —VeMg)F
The Dirac cohomology of V' is the go-module
Hp(V) :=KerD/KerD NImD

In particular, the Zs-grading of M (g;) implies a Zy-grading of Hp(V),
that is, Hp(V) = H}(V) @ Hp (V) with even part H}, (V) and odd part H, (V).

Proposition 2.3. Let 0 - U 5V Ly W — 0 be a short ezact sequence of
g-module and suppose that D? is a semisimple operator for U, V and W . Then
there exists a six-term exact sequence:

H(U) —— HL(V) —— Hi(W)

| |

Hp(W) «—— Hp(V) «—— Hp(U),

where the horizontal arrow are induced by i and p; the vertical are the connecting
homomorphisms.

Proof. Tensoring the short exact sequence 0 — U — V 25 W — 0 by
M (g1), the corresponding homomorphisms will still be denoted by i and p. We
only need to give the definition of connecting homomorphisms since the proof
of exactness is quite similar to the case of ordinary long exact sequence for Lie
cohomology. Let w € W ® M(g;) represent a Dirac cohomology class. Then
Dw = 0. The surjectivity of p gives rise to a v € V ® M(g;) such that pv = w.
Since D? is semisimple and D?*w = 0, we can assume that D?*v = 0. Observe that
pDv = Dpv = Dw = 0. One obtains Dv = iu for some v € U® M(gy). In view of
D?v =0, we see that Du = 0, that is, v defines a cohomology class, which is the
image of the class of w under the connecting homomorphism. Moreover, the parity
changed when we applied D, and this gives the two vertical homomorphisms. =

Recall that we say a Lie superalgebra g is classical if gy is reductive, in
which case the adjoint action of gy on g; is completely reducible. We call g a
basic classical Lie superalgebra if it is also of Riemannian type. The analogues of
major results in [5] for Dirac operators of Lie superalgebras were obtained in [6]
and summarized in [7].
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Theorem 2.4 ([7], Corollary 10.3.4 and Theorem 10.4.7).  Let g be a basic
classical Lie superalgebra with a Cartan subalgebra o C go. Let W be the Weyl
group of (go,ho). For any z € Z(g), there exists an algebra homomorphism
C:Z(9) = Z(80) = Z(goa) and a go-invariant a € U(g) @ W(g1), such that

2®1—((z) = Da+ aD.

Moreover, ( fits into the following commutative diagram:

Z(g) —— Z(g)
S(ho)" —1 S(ho)",

where the vertical maps v and 7y are Harish-Chandra monomorphism and iso-
morphism respectively.

For A € b, denote by x» : Z(g) — C the character x,(z) =
z € Z(g). Similarly, denote by % : Z(go) — C the character x3(zo)
for zo € Z(go)-

f( (= )) for

Corollary 2.5 ([7], Corollary 10.4.8).  Let V be a representation of a basic
classical Lie superalgebra g, with infinitesimal character x,. Suppose that a go-
module with Z(go)-infinitesimal character X,g for € b is contained in the Dirac

cohomology Hp(V'). Then xa(z) = x5(¢(2)).

3. Cohomology of nilpotent Lie superalgebras

Let g be a basic classical Lie superalgebra. We say that g is of type I if g; is
a direct sum of two irreducible representations of go. Otherwise g; is irreducible
and said to be of type II. By Proposition 2.3.9, 2.4.4 and 2.5.5 in [12], a basic
classical Lie superalgebra of type I is either A(m,n) or C(n). For convenience,
we assume that g = gl(m|n) or osp(2,2n) from now on.

Let by be a Cartan subalgebra of go. Let A C bhj be the root system of
(g,ho), with root space g, corresponding to each « € A. Fix a positive root
system AT. The set A" decomposes as AJ UA], where A and A7 are the sets
of the even and odd positive roots respectively. Denote the corresponding Borel
subalgebra by b, with corresponding nilradical n. Set

= Z go and g = Z J-a-

anAIr anAIr

Both of them are gg-invariant super commutative subalgebras of g: that is,
[9+,9+] =[g-,9-] = 0. The odd space g1 = g, ©g-. Put

I8 A=l Y8 wd pmmn

pgeat pgeaf
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Let B(,) be a nondegenerate invariant supersymmetric bilinear form on g (see
e.g., [12], Proposition 1.1.2 and Proposition 2.5.5) such that

B(ga,05) =0 for a+/#0. (3)
Let ap,qs,...,a; be all the odd positive roots in Af. Then we can choose
0 € §a;, Tj € §_a, such that B(9;, x;) = %61']'. Let Clxy, - -+, zg) be the polynomial
algebra generated by x1,--- , 2. Then it is a graded go-module under the natural

adjoint action.
Recall the formula (2) of Lie algebra morphism « : go — W (g;). Put

Z 2B(X, [z;,0}])z;0;

and

ZB 05, i)

for X € go. Since [0;,0;] = [x;, ;] = 0 in this case, we have
a(X) = o (X) + a(X).
Lemma 3.1.  Let f be a polynomial in Clxy,--- ,x]. Then for any X € go,

a(X)f =X, f],

where the left side is given by the action of differential operators in W (gy) and the
right side is given by the usual adjoint action.

Proof. By linearity, it suffices to consider the case when f is a monomial, that
is,

f:HfE?l, qlEZZOforlzl,---,k:,

Since g_ is go-invariant, we can obtain

(X, 2] = ZQB (X, 2,0 ZQB 24,0
Therefore, a;(X) = 3,[X, 2]8;. It follows that
X)f= Z X, z;]0 Ha:
= Z X, 2] & Hm
= Zx X, x% gl
= [X>l:[1‘2“] = [X, f]. -
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Lemma 3.2. Let C_, be the one-dimensional go-module with weight —p; .
Given v € C_, , then
ay(X)v=X-v.

Proof. It suffices to show this for X € hy. Indeed, if X € by, then

ZB [0, i) = — ZB (X, 0], zi)v
:_Zaz aza'rz :__Zaz

:—pl(X)v—X-v. n

It follows immediately from Lemma 3.1 and Lemma 3.2 that the action of
a(go) on M(gy) and the adjoint action ad gy on Clxy,--- , ] differ by a twist of
the one-dimensional character C_, . We have

Proposition 3.3.  There exists a go-module isomorphism

M(g1) ~ Clay, -+ 2] @ Cpy.

We see that the symmetric algebras S(g+) of g+ are graded with S(gy) =
Yoo S (g+), where S?(g.) are homogeneous of degree i in g.. We can identify g7
with g_ by the pairing 2B(-,-) : g+ X g_ — C. The identification is go-invariant
since B is invariant. Upon identifying S(g* ) with S(g_), and then the polynomial
algebra Clxy,--- ,x;], the cohomology group H'(g,,V) is given by the complex
= ({V®Sg-)},d), where d =>",0; ® x; is go-invariant. On the other hand,
the homology group H;(g_,V) is given by the complex ({V ® S%(g_)},d), with
go-invariant differential operator § = ), z; ® 0;. Then the following lemma is an
immediate consequence of Proposition 3.3.

Proposition 3.4.  If we consider d and § as operators on V @ M(g1), then as
go-modules, the cohomology of d is identified with H*(g4,V) ® C_,, , while the
homology of ¢ is identified with H,(g—,V)® C_,, .

4. Hodge decomposition for g,-cohomology

Now we consider Hermitian forms on V ® M (g,) for a unitarizable module V. Let
w be an adjoint operation of g. Recall that we say a Zs-graded g-module V is
unitary if it admits a positive definite contravariant Hermitian form (-, )y, where
contravariance means that (av,v)y = (v,w(a)v)y for all a € g and v,v" € V.
Here we refer to [4] for the two possible choices of w which correspond to star and
grade star representations of g respectively.

In each case, once w is fixed, it is not difficult to change B, 0; and z; up
to scalars such that

w(0;) = zj,w(x;) = 0; (4)

while maintaining B(0;, ;) = %5@‘- On the other hand, there is a unique positive
definite contravariant Hermitian form (-,-),; on M(g;), with (1,1),; = 1, where
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contravariance means that (af, f')ar = (f,w(a)f )y for all a € g and f, f' € M.
Here, we should emphasize that the form is given explicitly by

<Hxik’Hka>M:Hpk' if pr = q for all k
k k k

=0 otherwise,

where py, g, € Z2°.

Let V' be a (g, go)-module, that is, viewed as a go-module, V' is a direct
sum of finite-dimensional simple modules with finite multiplicities. We consider
the tensor product Hermitian form on V' ® M(g;); this form will be denoted by

<’>

Lemma 4.1.  Let V be a unitary (g, go) -module. With respect to the form (-,-)
on V@ M(g,), the operators d and & are adjoints of each other. Hence the Dirac
operator D = 2(d — 0) s anti self-adjoint.

Proof. In view of (4), we have w(0;) = z; and w(z;) = 0;. Then the lemma
follows from the fact that (-,-)y and (-,-)5; are contravariant. ]

Recall that D* = —Q, ® 1 + Q4. — C. Suppose that Q, acts on V by
a constant. Since Qg acts by a scalar on each irreducible gy-submodule in
V ® M(g,), the same is true for D?.

Lemma 4.2.  If the (g, go)-module V' has infinitesimal character, then we have
V ® M(g1) = Ker D* & Im D?.

Proof. Both V and M(g;) are direct sums of finite-dimensional irreducible gg-
modules, so is the tensor product V ® M(gy). Then V ® M(g;) is a direct sum
of eigenspaces for D? = —Q, @ 1 + Q. — C. The zero eigenspace is Ker D? and
the sum of all the nonzero eigenspaces is Im D?. |

Lemma 4.3.  For Dirac operator D, we have
(i) KerD* =KerD = KerdNKerd;

(ii) With respect to the form (-,-), Imd is orthogonal to Kerd and Imd, Imd
15 orthogonal to Kerd.

Proof. (i) For any a € V ® M(g,), it follows from (Da, Da) = (—D?a,a) that
Da = 0 if and only if D?a = 0. On the other hand, Kerd N Kerd C Ker D since
D = 2(d — 6). Conversely, if Da = 0, then da = da and dda = 6%a = 0. So
(da,da) = (a,0da) = 0. Hence da = 0. Similarly we get da = 0. (ii) It is an easy
consequence of the fact that d and ¢ are adjoints of each other. ]

Theorem 4.4.  Let V be an irreducible unitary (g, go)-module. Then

(i) VeoM(gi) =KerD@®Imd®Imd;
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(ii)) Kerd = Ker D & Imd;
(iii) Kerd =KerD @ Im§.
In particular, there exists go-module isomorphisms:

HD(V) = H*<g+7 V) ® C*Pl = H*(Q*a V) ® C*m

Proof. (i) In view of Lemma 4.3, we see that Ker D, Imd and Im ¢ are disjoint
subspaces of V@M (g;). Since D = 2(d—¢), one has Im D* C Im D C Im dHIm 4.
It follows from Lemma 4.2 and Lemma 4.3 that

V®M(g) =KerD*®ImD? C Ker D@ Imd @ Imé.

Then (i) follows and Im D? = Im D = Imd ¢ Im . The formula (ii) is an obvious
consequence of (i) and Lemma 4.3, so is (iii). Thus

Hp(V)=KerD ~Kerd/Imd ~ Kerd/Imé.

The theorem is now evident from Proposition 3.4. [ |
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