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Local Integrability of Characters on GL(2),
Orbital Integrals, Germs
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Abstract. The character trπ of an irreducible admissible representation π
of the group G(F ) of F -points of a reductive connected linear algebraic group
G over a local non-Archimedean field F has been shown by Harish-Chandra to
be locally constant on the regular set and locally integrable, that is, representable
by a function χ with such properties, when the characteristic of F is 0. His
method was extended to G = GL(n) and its inner forms for all characteristics.
Earlier this result had been proven for G = GL(2) and F of any characteristic,
characteristic two being the difficult case, in Jacquet-Langlands, by a direct
and relatively elementary approach. We give here another proof by explicit
computation, in this case of GL(2) and F of any characteristic, especially two,
which we believe extends to other low rank groups. Our computation gives an
explicit evaluation of the orbital integral of the characteristic function χK of
the maximal compact subgroup K . We use this to compute the coefficients in
the germ expansion of the orbital integrals on G , and observe that the germ
expansion of the orbital integral of χK extends to all of K .
Mathematics Subject Classification 2010: 22E50, 22E35, 11F70.
Key Words and Phrases: Local integrability, characters, invariant distributions,
orbital integrals, unit element in Hecke algebra, reductive groups, GL(2), orbits.

1. Introduction

Let F be a non-Archimedean local field. Let G be a reductive connected group
over F . Let G(F ) be the group of F -points of G . It is a locally compact group.
Let π be an admissible irreducible representation of G(F ) in a complex vector
space V . By Schur’s lemma it has a central character ω , thus π(zg) = ω(z)π(g)
for all z in Z(F ) and g in G(F ), where Z is the center of G . Denote by H the
convolution algebra of complex valued locally constant measures on G(F ) which
transform under the center by ω−1 and are compactly supported on G(F )/Z(F ).
Fixing a Haar measure dg on G(F )/Z(F ) we can view H as a space of fdg ,
with functions f having these properties. The convolution operator π(fdg) =∫
f(g)π(g)dg (g in G(F )/Z(F )) is of finite rank, thus tr π(f) is finite. Our aim is

∗Partially supported by grants from the Simons Foundation (#267097 and #317731 to Yuval
Flicker)

ISSN 0949–5932 / $2.50 c© Heldermann Verlag



124 Flicker

to show that there exists a locally integrable function χπ on G(F ), which transform
under Z(F ) by ω , with

trπ(fdg) =

∫
G(F )/Z(F )

f(g)χπ(g)dg.

Consider only the case of G = GL(2). It is well known and easy to prove
that, when π is induced (in a normalized way) from a character η of the diagonal
subgroup A(F ), extended by 1 on the upper unipotent subgroup N(F ), to the
upper triangular subgroup, its character is given by

χπ(g−1 diag(a, b)g) = (η(diag(a, b)) + η(diag(b, a)))/∆1/2,

where ∆1/2 = |a− b| on the regular split set, and χπ is zero on the regular elliptic
set. The character of a one dimensional representation of G(F ) is itself, and the
Steinberg representation is the quotient of an induced representation by a one
dimensional subrepresentation. All other irreducible representations are cuspidal,
and we work only with them.

An element γ in G(F ) is called regular if its eigenvalues are distinct. The
singular elements are the scalars, their products with unipotent elements, and
the inseparable elements – which exist only in characteristic two – namely the γ
which generate an inseparable quadratic extension over F . Their measure is 0.
The centralizer in G(F ) of a regular γ is a torus, isomorphic to the multiplicative
group of an algebra E of degree two over F , isomorphic to F⊕F or to a separable
quadratic field extension of F . In the first case the torus is conjugate in G(F )
to the diagonal subgroup A(F ), otherwise it is a torus T (F ) ' E× , where E
is a separable quadratic field extension of F . Fix a set S of representatives
of the conjugacy classes of tori in G(F ) (resp. S ′ for the elliptic tori, so that
S = S ′ ∪ {A}). If γ ∈ G(F ), its eigenvalues a, b are roots of x2 − tr(γ)x+ det(γ)
and

D(γ) =
(a− b)2

ab
=

(tr γ)2

det γ
− 4

lies in F , so we put ∆(γ) = |D(γ)| , where |.| = |.|F is the normalized absolute
value on F . Thus |πππ| = q−1 where πππ is a generator of the maximal ideal in the
ring O = OF of integers in F , and q is the cardinality of the residue field O/πππ .
We put Int(g)x = Int g(x) = gxg−1 . Note that

D(γ) = det(Ad(γ)− I)|LieG/LieT ,

where LieT is the Lie algebra of the normalizer T of γ in G . The Weyl integration
formula asserts∫

G(F )/Z(F )

f(g)dg =
∑
T∈S

1

2

∫
T (F )/Z(F )

∆(t)
{∫

G(F )/T (F )

f(Int(g)t)
dg

dt

}
dt

for an integrable function f on G(F )/Z(F ). In characteristic two, the set S
is infinite. If Greg(F ) is the set of regular elements in G(F ), and if we set
T reg(F ) = T (F ) ∩Greg(F ), then Greg(F ) =

⋃
T∈S T

reg(F )G(F ) where

T reg(F )G(F ) = (IntG(F ))(T reg(F )).
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The sets T reg(F )G(F ) , Greg(F ), ∪T∈S′T reg(F )G(F ) are open in G(F ). When E/F
is a ramified separable quadratic extension, its discriminant is an ideal of the form
πππ2t
FOF ; t ≥ 1. Put c(E) = q−tF . For g in Greg(F ) we write c(g) for c(E) where E

is the quadratic extension F (g).

Theorem 1.1. The function ∆−1/2c is locally constant on Greg(F ). It is
bounded away from zero on any compact subset of G(F ). It is locally integrable on
G(F )/Z(F ) and G(F ). The character of a cuspidal (irreducible) representation
exists as a locally integrable function whose absolute value is bounded by a multiple
of ∆−1/2c. It is continuous on Greg(F ).

If the character χπ of π exists and χ is a character (multiplicative function)
of F× into C× , then the character χπχ of πχ (g 7→ π(g)χ(g)) also exists and
χχπ(g) = χ(det g)χπ(g). So it suffices to prove the theorem for a unitarizable π .
As in [4], we start with

Proposition 1.2. Let ξ be a vector of length one in the space of the cuspidal
π . Then

trπ(fdg) = d(π)

∫
G(F )/Z(F )

[ ∫
G(F )/Z(F )

f(h)(π(Int(g)h)ξ, ξ)dh
]
dg

for all f in H , where d(π) is the formal degree of π .

The formal degree d(π) > 0 of π is defined by the Schur orthogonality
relations: if {ξi} is an orthonormal basis of π then∫

G(F )/Z(F )

(π(g)ξ, ξj)(ξi, π(g)ξ)dg = d(π)−1(ξi, ξj)

where (·, ·) denotes the inner product on the unitarizable π . See [5] for a proof.

Proof. Since f is locally constant, the convolution operator π(f) is of finite
rank, hence we can choose a basis for the space of π such that all but finitely many
coefficients π(f)ij = (π(f)ξi, ξj) are zero. Since π is unitarizable, π(g)∗ = π(g−1),
hence

(π(g−1)π(f)π(g)ξ, ξ) = (π(f)π(g)ξ, π(g)ξ),

which equals∑
i

(π(f)π(g)ξ, ξi)(ξi, π(g)ξ) =
∑
i

∑
j

(π(g)ξ, ξj)π(f)ji(ξi, π(g)ξ),

where all sums are finite. Hence∫
G(F )/Z(F )

(π(g)−1π(f)π(g)ξ, ξ)dg =
∑
i,j

π(f)ji

∫
G(F )/Z(F )

(π(g)ξ, ξj)(ξi, π(g)ξ)dg.

The integrals on the right exist since the representation is square-integrable. By
the Schur orthogonality relations we get

d(π)−1
∑
ij

π(f)ji(ξi, ξj) = d(π)−1
∑
i

π(f)ii = d(π)−1 trπ(fdg).
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Since

(π(g)−1π(f)π(g)ξ, ξ) =

∫
G(F )/Z(F )

f(h)(π(g)−1π(h)π(g)ξ, ξ)dh,

the proposition follows.

The integral of Proposition 1.2 is an iterated, not a double integral.

Any g in G(F ) can be written as k1 ( πππ
p 0

0 πππs ) k2 with k1 , k2 ∈ K = G(O),
and p ≤ s . The elements πππp and πππs are the elementary divisors of g . Write Cr
for the set of g with s− p ≤ r , and C ′r for its compact image in G(F )/Z(F ); Cr
is the inverse image of C ′r . Any compact set in G(F )/Z(F ) is contained in C ′r for
large enough r . Thus the integral of Proposition 1.2 is the limit as r →∞ of∫

C′r

[

∫
G(F )/Z(F )

f(h)(π(Int(g)h)ξ, ξ)dh]dg.

As C ′r is compact this integral is absolutely convergent and equals∫
G(F )/Z(F )

f(h)[

∫
C′r

(π(Int(g)h)ξ, ξ)dg]dh.

To show that the character of a cuspidal representation exists as a locally integrable
function bounded by ∆−1/2c we show that the sequence of functions

ϕr(h) =

∫
C′r

(π(Int(g)h)ξ, ξ)dg

is dominated locally by a multiple of ∆−1/2c and converges almost everywhere on
G(F ). Then we write χπ(h) = d(π) lim

r→∞
ϕr(h) when the limit exists.

2. Proof of Theorem

To show the continuity of χπ on the regular set one uses

Lemma 2.1. Let CA be a compact subset of Greg
ell (F ) (set of g ∈ G(F ) with

eigenvalues not in F ). Let CB be a compact set in G(F ). Then the image in
G(F )/Z(F ) of

{g ∈ G(F ) : Int(g)CA ∩ Z(F )CB 6= ∅}
is compact.

For a proof see [4, §7, p. 129, l. 1 to l. -3].

Since π is cuspidal, by definition its matrix coefficient (π(g)ξ, ξ) is com-
pactly supported in G(F ) modZ(F ), for any vector ξ in the space of π . This
support is then contained in Z(F )CB for some compact set CB in G(F ). Let
CA be a compact subset of Greg

ell (F ). By Lemma 2.1, the image in G(F )/Z(F ) of
{g ∈ G(F ); (π(Int(g)h)ξ, ξ) 6= 0 for some h ∈ CA} lies in a compact C ′D . Hence
the integral ∫

G(F )/Z(F )

(π(Int(g)h)ξ, ξ)dg =

∫
CD

(π(g−1hg)ξ, ξ)dg
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converges for all h in CA . If r is large enough then C ′r ⊇ C ′D and

ϕr(h) =

∫
G(F )/Z(F )

(π(Int(g)h)ξ, ξ)dg

for h ∈ CA . Hence the sequence {ϕr} converges uniformly on any compact set
CA in Greg

ell (F ) and its limit d(π)−1χπ(h) is continuous on Greg
ell (F ). We obtained

Proposition 2.2. For h ∈ Greg
ell (F ), the integral

∫
G(F )/Z(F )

(π(Int(g)h)ξ, ξ)dg

exists and equals d(π)−1χπ(h).

Denote by χC the characteristic function of C in G(F )/Z(F ). Since ξ is a
vector of length one, and so is π(g)ξ since π unitarizable, we have |(π(g)ξ, ξ)| ≤
χCB

(g).

Lemma 2.3 (Key Lemma). Let C be a compact subset of G(F )/Z(F ). Then
there is c = c(C) > 0 such that∫

G(F )/Z(F )

χC(Int(g)h)dg ≤ c∆−1/2(h)c(E)

for every h ∈ Greg
ell (F ) where E = F (h).

Assuming this, |ϕr(h)| ≤ c∆−1/2(h)c(E) on Greg
ell (F ). On the intersection of

a compact subset in G(F ) with the complement Int(G(F ))(Areg(F )) of Greg
ell (F ) in

Greg(F ), the sequence {ϕr} is dominated by a multiple of ∆−1/2 , and it converges
uniformly in a compact subset of Int(G(F ))(Areg(F )), as shown in [4, §7, 2nd
parag. after Prop. 7.5 to parag. before 7.6 (pp. 130 – 132)].

Lemma 2.4. The function ∆−1/2(h)c(E) is locally constant on the open set
Greg(F ).

Proof. Note that E = F (h) depends on h . We need to show it is bounded
away from zero on any compact subset C of G(F ). We have to show that
there is c > 0 with ∆−1/2(h)c(E) ≥ c on C . There is z ∈ Z(F ) such that
the entries of each matrix in zC are integral. The function ∆−1/2(h)c(E) takes
the same value at zh , so we may assume that each matrix in C has integral
entries, in OF . There is a number c1 > 0 with | det h|1/2F ≥ c1 on C , and

c2 > 0 with | tr(h) − 4 det(h)|1/2F ≤ c2 on C . Hence ∆−1/2(h) ≥ c1/c2 on C .
Define ∆−1/2(h)c(E) to be ∞ on the singular set. Then this function is bounded
away from 0 on the singular elements, and on the regular elements in C whose
eigenvalues lie in F× .

If h is regular and lies in a nonsplit torus which splits over E , denote its
eigenvalues by γ and γ , in E . In fact, γ (and γ ) lie in OE −OF . Consider the
OF -module generated by 1, γ . Let {1, δ} be another basis for this module. Thus
δ ∈ OE −OF . Choose δ with smallest possible absolute value. Then γ = a + bδ
for some a, b ∈ OF , and δ = c+ dγ for some c, d ∈ OF . Then γ = (a+ bc) + bdγ .
Hence a+ bc = 0 and bd = 1. Hence b is a unit, in O×F , and |γ − γ|E = |δ − δ|E .
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If E/F is unramified then c(E) = 1 and δ = επππnF for some unit ε in
OF , n ≥ 0. We claim that ε − ε is a unit. Indeed, by definition of δ , we have
ε /∈ OF +πππFOE . Hence {1, ε} projects to a basis of OE/πππFOE . The Galois group
Gal(E/F ) acts faithfully on OE/πππFOE , hence ε− ε /∈ πππFOE .

If E/F is ramified we may take δ to be of the form πππnFπππE, n ≥ 0. Since

|πππE − πππE|E = |(πππE − πππE)2|F = c(E),

we have
|(δ − δ)2|1/2F = |δ − δ|1/2E = |πππnF | · c(E).

In both cases ∆−1/2(γ)c(E) = | det γ|1/2F |πππF |
−n
F is bounded from below since

n ≥ 0.

Recall that the discriminant can be defined to be det(trE/F (eiej)) where

{ei} is a basis of OE over OF . Say it is {1, x} . Then det
(

1+1 x+x
x+x x2+x2

)
= −(x−x)2 .

In the unramified case take x = ε . In the ramified case x = πππE .

To show that the function ∆−1/2c is locally integrable on G(F )/Z(F ) and
G(F ), we need a lemma.

Suppose the torus T (F ) is the multiplicative group of the two dimensional
F -algebra E . Choosing a measure dx on E we get a measure dt as the quotient
of dx by | detx| , and a measure dg/dt on T (F )\G(F ). Let n(E) > 0 be the
number for which n(E)dx is self dual with respect to the character x 7→ ψ(tr(x))
on E , where ψ is a nontrivial additive character on E .

Lemma 2.5. For all r ≥ 0 there is a number dr > 0 such that for each torus
T (F ) and each t ∈ T (F ) we have

∫
T (F )\G(F )

χr(g
−1tg)dg

dt
≤ drn(E)∆(t)−1/2, χr =

χCr .

Proof. We may assume that t is regular. Suppose T (F ) is anisotropic. The
integral is then

vol(T (F )/Z(F ))−1

∫
Z(F )\G(F )

χr(g
−1tg)

dg

dt
.

Denote the splitting field of T (F ) by E .

If E/F is unramified, E×/F× = O×E/O
×
F . The measure n(E)dx assigns

volume 1 to OE , hence 1−q−1
E to O×E , and volume 1 to OF , hence volume 1−q−1

F

to O×F . But qE = q2
F when E/F is unramified, hence∫

O×E/O
×
F

n(E)dx = (1− q−2)/(1− q−1) = 1 + q−1,

and the volume of T (F )/Z(F ) is n(E)−1(1 + q−1
F ).

If E/F is ramified, n(E)dx assigns OE volume c(E) and O×E the volume
(1−q−1

E ) vol(OE), and O×F the volume (1−q−1
F ) vol(OF ) = (1−q−1

F ). Here qE = qF ,
and E×/F× is the product of πππZ

E/πππ
Z
F (of order 2) and O×E/O

×
F (of volume c(E)).

Hence the volume of T (F )/Z(F ) is 2
n(E)

c(E). The lemma then follows from the
Key Lemma.

The case of a split torus T (F ) = A(F ) is discussed in [4, §7, p. 125].
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We can now prove the local integrability of ∆−1/2c , stated in Theorem 1.1,
assuming the Key Lemma.

Proof. The function ∆(g)−1/2c(F (g)) is measurable. It is locally integrable on
G(F ) if and only if it is locally integrable on G(F )/Z(F ). We have to show that∫

G(F )/Z(F )

χC(g)∆(g)−1/2c(F (g))dg

is finite for any compact subset C of G(F )/Z(F ).

It suffice to show this for C = C ′r for every r ≥ 0. By the Weyl integration
formula this integral is the sum of

1

2

∫
A(F )/Z(F )

∆(a)−1/2 ·∆(a)

[∫
A(F )\G(F )

χr(g
−1ag)

dg

da

]
da

and

1

2

∑
E∈S′

∫
T (F )/Z(F )

∆(t)−1/2c(F (t)) ·∆(t)

[∫
T (F )\G(F )

χr(g
−1tg)

dg

dt

]
dt.

There is a compact set C0 in A(F )/Z(F ) such that χr(g
−1ag) = 0 for all

g unless the projection of a lies in C0 . The first integral needs only be taken over
C0 . The inner integral is ≤ drn(A(F ))∆(a)−1/2 . But ∆(a)−1/2 ·∆(a)·∆(a)−1/2 = 1
on A(F ), so the first integral is bounded.

The sum over S ′ is bounded by

1

2

∑
E∈S′

drn(E)c(E) vol(T (F )/Z(F )),

by Lemma 2.5. If the characteristic is not two the sum is finite, hence bounded.
In general if T corresponds to the field E and πππ

1+t(E)
F OF is the discriminant

of E over F , then c(E) = |πππF |(t(E)+1)/2 and n(E)
∫
T (F )/Z(F )

dt ≤ 2|πππF |(t(E)+1)/2 .

To complete the proof we need to show that
∑

E q
−(t(E)+1) converges if F has

characteristic two. The sum is over all separable quadratic extensions of F .

Let M(t) be the number of extensions E/F for which t(E) = t . Associated
to any such E is a quadratic character of F× with conductor πππt+1

F . Indeed
NE/FE

× = F×2(1 + πππt+1
F OF ) since πππE + πππE = uFπππ

t+1
F , so that the product of

1 + uπππE + u2πππ
2
E + . . . with its conjugate is

1 + u(πππE + πππE) + u2πππEπππE + u2πππ
2
E + u2πππ

2
E + . . . .

Hence
M(t) ≤ [F× : (F×)2(1 + πππt+1

F OF )] = 2[O×F : O×2
F (1 + πππt+1

F )]

if t ≥ 0, and M(−1) = 1. Any element of O×F is represented modulo 1 + πππt+1
F OF

by
a0 + a1πππF + · · ·+ atπππ

t
F .

Such a number is a square if ai = 0 for all odd i . Hence M(t) = O(q(t+1)/2), and
the series

∑
E q
−(t(E)+1) is bounded by a multiple of

∑
t≥0 q

−(t+1)/2 so it converges,
and the character is locally integrable.

It remains to prove the Key Lemma.
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3. Proof of Key Lemma

The Key Lemma 2.3 asserts that for an elliptic regular h ∈ GL(2, F ), thus
h ∈ Greg

ell (F ), the volume of the g in G(F )/Z(F ) with Int(g)h ∈ C is bounded
by a constant multiple of ∆(h)−1/2c(F (h)). We may assume the compact C in
G(F ) is K -biinvariant, thus KCK = C for K = G(O), and then take g of the
form ( x 0

0 1 )
(

1 y
0 1

)
. We shall compute this integral precisely for C = K , then bound

it from above for a general C . First we need to describe h , namely the quadratic
separable extensions E of F , when F is a local field of characteristic two. The
case of other characteristics is well known and much easier, as then there are just
two ramified quadratic extensions and one unramified, all separable. It is the case
of θ = uθt

−1 (k = 1) below.

A local field of characteristic two has the form F = Fq((t)), power series
in the variable t over the field Fq of q = 2z elements, z ≥ 1. Its ring of integers
O = Fq[[t]] has the maximal ideal tO , and group of units O× = O − tO .

The ramified quadratic separable extensions of F are E = F (r) where r
is a root of x2 − x + θ , θ = uθt

1−2k , k ≥ 1, uθ ∈ O× (the other root is r + 1).
The unramified extension is the splitting field of the quadratic with θ ∈ O× ,
provided the polynomial is irreducible. Two extensions E are isomorphic if the
corresponding θ ’s differ by a2 − a for some a in F . This x2 − x + θ is the
characteristic polynomial of r = ( 0 −1

θ 1 ). Its centralizer consists of γ = u+vr, u, v ∈
F . We have det γ = u2 + uv + v2θ . We need to integrate over A(F )/Z(F ) and
N(F ) the expression n−1a−1γan ∈ K . Thus we compute(

1 −y
0 1

) (
x−1 0

0 1

)
( 0 −1
θ 1 ) ( x 0

0 1 )
(

1 y
0 1

)
=
(
−xyθ −x−1−y−y2xθ
xθ 1+xyθ

)
and ask – denoting the identity by I – when does(

1 −y
0 1

) (
x−1 0

0 1

)
(uI + v ( 0 −1

θ 1 )) ( x 0
0 1 )

(
1 y
0 1

)
=
(
u−yxvθ −vy−y2xvθ−v/x
xvθ u+v+vxyθ

)
lie in K . If this happens then (1) u2+uv+v2θ = det γ ∈ O× , and (2) v = tr γ ∈ O .

These imply (3) |u| = 1 and |v2θ| < 1. Indeed, if |u| > 1 then |u2| = |v2θ| ,
contradiction, and if |u| < 1 then |v2θ| = 1, contradiction again. We may then
assume that u = 1.

We may write v = atk , a = uat
α , α ≥ 0 and ua ∈ O× . Then r1 = tkr

solves r2
1 − tkr1 + uθt = 0 (an irreducible Eisenstein polynomial). Thus we need

to compute∫
χK(g−1(u+ vr)g)dg =

∫
y

∫
x

χK

((
1 y
0 1

)−1
( x 0

0 1 )−1 (1 + ar1) ( x 0
0 1 )

(
1 y
0 1

))
d×xdy

(on the left g ranges over Z(F )\G(F )/K , on the right x ∈ F× and y ∈ F ).

The matrix lies in K implies that each of its entries is ≤ 1 in absolute
value.

Thus (4) |xvθ| ≤ 1, and we distinguish between two cases.

If (5) |y| ≤ 1, we get |v/x| ≤ 1, thus |v| ≤ |x| ≤ |vθ|−1 , or: |v| ≤ |x| ≤
|vθ|−1q−2 , |x| = |vθ|−1q−1 or |x| = |vθ|−1 .
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If (6) |y| > 1 then we claim that (7) |v/x| ≤ 1. Indeed, if |v/x| > 1 then
|v/x| = |vy||1 + xyθ| , which implies 1 = |xy||1 + xyθ| . Now if |xyθ| ≥ 1 then
|x2yθ| = 1, but the valuation of θ is odd. If |xyθ| = 1 then |1 + xyθ| ≤ 1, hence
1 ≤ |xy| = |θ|−1 < 1. If |xyθ| < 1 then |xy| = 1, hence |θ| < 1, so (7) follows.

Also we have (8) |vy| ≤ 1. For this we use: |vy||1 + xyθ| ≤ 1. If |vy| > 1
then |1 + xyθ| < 1, hence |xyθ| = 1, so 1 > |θ|−1 = |xy| ≥ |vy| > 1.

Note that (9) |xvθ| ≤ |y|−2 ≤ q−2 (under (6)), and |y| ≤ |xvθ|1/2 (this is
< |v|−1 as |v| < |xθ| implies |v|2 < |xvθ|).

In summary we integrate
∫
d×x

∫
dy over:

(1) |y| ≤ 1 and |x| = |vθ|−1q−1 and = |vθ|−1 ; we get 2.

(2) |v| ≤ |x| ≤ |vθ|−1q−2, |y| ≤ |xvθ|1/2 . Change x 7→ vx to get:

1 ≤ |x| ≤ |v2θ|−1q−2; |y| ≤ |xv2θ|−1/2.

Put |x| = qm ; then

|v2θ|−1 = |t1+2α|−1 = q1+2α, |v2θx|−1/2 = qα+1/2−m/2.

To integrate
∫
d×x

∫
dy we write a sum depending on the parity of 2α + 1 −m ,

i.e. of m ; we get two sums:
(A)

∑
qα−m/2 , sum over 0 ≤ m ≤ 2α− 1 (corresponding to 1 ≤ |x| ≤ |v2θ|−1q−2)

with even m , thus m = 2k with 0 ≤ k ≤ α− 1, and if we put 1 ≤ j = α− k ≤ α
we get ∑

0≤k≤α−1

qα−k = q
∑

0≤j≤α−1

qj = q
qα − 1

q − 1
.

(B)
∑
qα+1/2−m/2 , sum over odd m , 0 ≤ m ≤ 2α− 1, thus m = 2k + 1, 0 ≤ k ≤

α − 1, and 1
2
− m

2
= −k . So we get the same sum and result as in (A). Thus in

case (2) we get 2q(qα − 1)/(q − 1); plus 2 from (1) gives

2

(
qα+1 − q
q − 1

+ 1

)
= 2

qα+1 − 1

q − 1
= 2(qα + qα−1 + · · ·+ q + 1).

This is the orbital integral I(γ, χK) of the characteristic function χK of K
at a regular γ = u+ vr in a ramified torus.

To compare this result with the claimed bound, note that |v2θ|−1/2 =
qα+1/2 . Also, the eigenvalues of γ are u+ vr and u+ v + vr , hence

∆(γ) =

∣∣∣∣∣((u+ vr)− (u+ v + vr))2

u2 + uv + v2θ

∣∣∣∣∣ = |v|2

(or | det γ| = 1 and tr γ = v and ∆(γ) =
∣∣∣ (tr γ)2

det γ
− 4
∣∣∣). The discriminant of E is

t2kO× , hence

c(E) = |t|k = q−k = |θ|−1/2q−1/2, so qα+1/2 = ∆(γ)−1/2c(E)q1/2,

and qα = ∆−1/2(γ)c(E).
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In the general case, instead of C = K we take the compact C to be the
K -double coset K ( πππ

p 0
0 πππs )K . Multiplying by a central element we may assume

that (p, s) = (p,−p) or (1 + p,−p). We aim to bound∫
Z\G

χ(g−1(u+ vr)g)dg = vol(KZ/Z)

∫
x

∫
y

χ(∗)d×xdy

where ∗ is the 2×2 matrix displayed before (3) above, and χ is the characteristic
function of our double coset.

Consider first the case where p+ s is even. Then

det γ = det(u+ vr) = u2 + uv + v2θ

is q
−(p+s)
F . Hence (1) |u2| > |v2θ| (and |v| < |u|), as |u2| ≤ |v2θ| implies

|uv| ≤ |v2||θ|1/2 < |v2θ|,

but then | det γ| = |v2θ| has odd valuation. We assume s = −p , and then u = 1,
hence |v2θ| < 1, |v| < |θ|−1/2 < 1. To repeat, we are trying to find the x , y with(

u−y·xvθ vy−vy·xyθ−v/x
xvθ u+v+y·xvθ

)
∈ K

(
πππp 0
0 πππ−p

)
K,

and we put u = 1. Then (2) |xvθ| ≤ |πππ|−p . If (3) |y| ≤ 1, then |πππ|p|v| ≤ |x| ≤
|vθ|−1|πππ|−p .

If (4) |y| > 1, then (5) |x| ≥ |πππ|p|v| . Indeed,

|vy − vy · xyθ − v/x| ≤ |πππ|−p.

Hence if |v/x| > |πππ|−p then |v/x| = |vy||1−xyθ| , so 1 = |xy||1−xyθ| . If |xyθ| > 1
then |x2y2θ| = 1, but val(θ) = 1− 2k is odd. If |xyθ| = 1 then |1− xyθ| ≤ 1, so
1 ≤ |xy| = |θ|−1 < 1. If |xyθ| < 1 then |xy| = 1 implies |θ| < 1.

Also (6) |vy| ≤ |πππ|−p . Indeed, |vy||1 − xyθ| ≤ |πππ|−p . If |vy| > |πππ|−p then
|1− xyθ| ≤ |vy|−1|πππ|−p < 1, so |xyθ| = 1, hence |θ|−1 = |xy| ≥ |πππ|p|vy| > 1.

Next observe that |xy2vθ| ≤ |πππ|−p implies (7) |y| ≤ |xvθ|−1/2|πππ|−p/2 , and
this bound is < |v|−1|πππ|−p , namely |v|2|πππ|2p < |xvθ||πππ|p , or |v| < |xθ||πππ|−p by (5).
In particular |xvθ| ≤ |y|−2|πππ|−p ≤ |πππ|−p+2 .

In summary, we need to integrate over (1) |y| ≤ 1, |πππ|p|v| ≤ |x| ≤ |vθ|−1|πππ|−p ;
and over (2) |y| > 1, |πππ|p|v| ≤ |x| ≤ |vθ|−1|πππ|−p+2, 1 < |y| ≤ |xvθ|−1/2|πππ|−p/2 . The
integral

∫
y
dy gives |xvθ|−1/2|πππ|−p/2(> 1 as |xvθ| ≤ |πππ|−p+2 ). The leftover from

(1),
∫
x
d×x over |x| = |vθ|−1|πππ|−p+1 and = |vθ|−1|πππ|−p+2 , is just a constant, so

we need to estimate ∫
|πππ|p|v|≤|x|≤|vθ|−1|πππ|−p

|xvθ|−1/2d×x.

But

|vθ|−1/2

∫
c1|v|≤|x|≤|vθ|−1c2

|x|−1/2d×x = |vθ|−1/2 c
−1/2
1 |v|−1/2 − |vθ|−1/2c

−1/2
2

1− q−1/2
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=
c
−1/2
1 |v2θ|−1/2 − c−1/2

2

1− q−1/2

is bounded by a scalar multiple of |v|−1|θ|−1/2 , which is > 1. It is dominated by

∆(γ)−1/2c(E) since discriminant(E/F ) is πππ2kOF so c(E) = |θ|−1/2q
−1/2
F , and

∆ =
∣∣∣ tr2

det
− 4
∣∣∣ =

∣∣∣(v + 2u)2 − 4(u2 + uv + v2θ)

u2 + uv + v2θ

∣∣∣ = |v2 − 4v2θ| = |v|2.

If g−1γg ∈ C = K
(
πππ1+p 0

0 πππ−p

)
K , p ≥ 0, then det γ = u2 + uv + v2θ has

valuation 1. We have |v2θ| > |u|2 (as if |u|2 > |v2θ| > |v|2 then | det γ| = |u|2
has even valuation). Also |u| < |vθ| (if |u| ≥ |vθ| then |u|2 ≥ |v2θ||θ| > |v2θ|)
so |uv| < |v2θ| . As θ = uθr

1−2k (t = πππF ) we must have |v| = |πππF |k so that
| det γ| = |πππF | . Then |u| < 1. But (2) – (7) of the case (p, s) = (p,−p) remain
valid in our case, as is the estimate for the integral, by the same computations.

There is only one unramified separable quadratic extension E of the local
field F . It is the splitting field of an irreducible quadratic x2 − x+ θ , where θ is
a unit, in O× . We compute the orbital integral of χK , the characteristic function
of the maximal compact subgroup K = GL(2,O) – the general case of double
cosets K ( πππ

p 0
0 πππs )K is similar, in the case that the characteristic is two. The other

cases are easier. As in the ramified case, a solution of the equation is given by
r = ( 0 −1

θ 1 ), and E by γ = u+ vr, u, v ∈ F . Put u(y) =
(

1 y
0 1

)
, d(x) = ( x 0

0 1 ) . We
need to integrate d×x over x ∈ F× and dy over y ∈ F limited by(

u−yxvθ −vy−y2xvθ−v/x
xvθ u+v+vxyθ

)
= u(y)−1d(x)−1(u+ vr)d(x)u(y) ∈ K.

Then v = tr γ ∈ O and u2 + uv + v2θ = det γ ∈ O× imply max(|u|, |v|) = 1.
Changing y 7→ y/x the integral

∫
y
dy
∫
x
d×x becomes

∫
y
dy
∫
x
d×x/|x| , taken over(

u−yvθ −(1+y+y2θ)v/x
xvθ u+v+yvθ

)
∈ K.

Thus |xv| ≤ 1 and |yv| ≤ 1. If |y| ≤ 1 then |v/x| ≤ 1 (if |y| = 1 then
z2 + z + θ ∈ O× for z = 1/y ∈ O× by the irreducibility of x2 − x+ θ). If |y| > 1
then |vy2/x| ≤ 1.

Hence we need integrate over (1) |y| ≤ 1 and |v| ≤ |x| ≤ |v|−1 ; (2)
1 < |y| ≤ |v|−1, |y| ≤ |x/v|1/2 (note that |x/v|1/2 ≤ |v|−1 as |xv| ≤ 1). In this
case |v| < 1, hence |u| = 1, |x/v|1/2 ≥ q so |x/v| ≥ q2 , thus q2|v| ≤ |x| ≤ |v|−1 .
The change y 7→ y/x of variables replaces

∫
dy
∫
d×x by

∫
dy
∫
d×x/|x| , which is∫

|v|≤|x|≤|v|−1 d
×x/|x| = 1 when |v| = 1. If |v| < 1, the integral is∫
|v|≤|x|≤|v|−1

d×x/|x|+
∫
q2|v|≤|x|≤|v|−1

d×x

|x|

∫
1<|y|≤|x/v|1/2

dy

=

∫
|x|=|v|

d×x

|x|
+

∫
|x|=q|v|

d×x

|x|
+

∫
q2|v|≤|x|≤|v|−1

d×x

|x|

∫
|y|≤|x/v|1/2

dy

= |v|−1 + q−1|v|−1 + |v|
∫
q2|v|2≤|x|≤1

d×x

|x|

∫
|y|≤|x|1/2|v|−1

dy.
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To compute the last (double) integral as a sum, we write |x| = q−m, 0 ≤ m ≤
2r − 2, |v| = q−r, r ≥ 1.

If 2|m = 2k then
∫
|y|≤|x|1/2|v|−1 dy = |x|1/2|v|−1 = q−k|v|−1, 0 ≤ k ≤ r − 1.

If 2 - m = 2k−1, |x|1/2 = q−k+1/2 implies the integral over y is q−k|v|−1, 1 ≤
k ≤ r − 1.

The double integral is then∑
0≤k≤r−1

qk +
∑

0≤k−1≤r−2

qk−1 =
qr − 1

q − 1
+
qr−1 − 1

q − 1
.

Adding qr + qr−1 to this we get |v|−1 q+1
q−1
− 2

q−1
. Recall that

|D(γ)| = |(tr γ)2

det γ
− 4| = |v|2,

thus |D(γ)|−1/2 = |v|−1 . Since Λ(χK) = µ(K/K∩Z)
µ(N∩K)

· q
q−1

, where µ indicates volume,
χK the characteristic function of K in G , and Λ is the orbital integral at the
nontrivial unipotent conjugacy class, we conclude that the orbital integral of χK
at γ is

I(γ, χK) = − 2

q − 1
µ(K/K ∩ Z)χK(e) + µ(N ∩K)

q + 1

q
Λ(χK) · |D(γ)|−1/2.

4. Determination of coefficients in a germ expansion

Let f be a locally constant function on G(F ) such that fdg lies in H . Let γ be
an elliptic regular element in Greg(F ). Denote by T the centralizer of γ in G . It
is an elliptic torus. The orbital integral

If (γ) = IZf (γ) =

∫
G/Z

f(Int(g)γ)dg = |T/Z|ITf (γ), ITf (γ) =

∫
G/T

f(Int(g)γ)dg

converges, as does the orbital integral

Λ(f) =

∫
G/Z(u)

f(Int(g)u)dg, u = ( 1 1
0 1 )

of f at the unipotent regular (its centralizer Z(u) has maximal dimension) element
u . Near the identity the orbital integral has a germ expansion: for each elliptic
torus T in G there exist functions AT (γ), BT (γ) such that for all f ∈ H and all
γ ∈ T reg(F ) sufficiently close (depending on f and T ) to e , we have

If (γ) = −AT (γ)f(e) +BT (γ)Λ(f).

Proposition 4.1. (1) Let T be a quadratic torus in G. Then AT is the positive
constant 2

q−1
|K|, and BT (γ) = BT |D(γ)|−1/2 , where BT = κT c(T ) is a positive

constant, c(T ) = c(E) is the square root of the absolute value of a generator of the
discriminant of the splitting field E of T over F , and κT is 2 if E/F is ramified,
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and q+1
q

if E/F is unramified.

(2) Let fK = χK/|K| be the quotient of the characteristic function χK of K by
the volume |K| of K . Then

IfK (γ) = |K|−1

∫
G/Z

χK(gγg−1)dg =

∫
K\G/Z

χK(gγg−1)dg

= − 2

q − 1
|K|fK(e) + κT c(T )|D(γ)|−1/2Λ(fK)

uniformly, for all γ in T reg(F ) ∩K .

Proof. Assertion (2) was proven above in the course of the proof of the Key
Lemma. We showed that IfK (γ) = − 2

q−1
+ κT

q
q−1

qα . Recall that

r2 − r + θ = 0, θ = uθt
1−2k, k ≥ 1

(in the ramified case),

v = atk, a = uat
α, γ = u+ vr = u+ uat

α · tkr;

∆−1/2 = |D(γ)|−1/2 = |v|−1; qα+1/2 = |v2θ|−1/2,

c(E) = c(T ) = q−k = |θ|−1/2q−1/2

so
qα = ∆−1/2c(E) = |D(γ)|−1/2c(T ).

For every f in H the integral Λ(f) =
∫
Z(u)\G f(g−1ug)dg is |K| times∫

F×
f
((

a−1 0
0 1

)
( 1 1

0 1 ) ( a 0
0 1 )
)
|a|−1d×a =

∫
F×

f (( 1 a
0 1 )) |a|d×a

as
g = ank = ( a 0

0 1 ) ( 1 x
0 1 ) k = ( 1 ax

0 1 ) ( a 0
0 1 ) k,

so dg = |a|−1dn da dk , and dg/dn = |a|−1d×adk . At f = fK we have that Λ(fK)
is ∫

|a|≤1

|a|d×a =
∞∑
n=0

∫
|a|=q−n

|a|d×a =
∑
n≥0

q−n =
1

1− q−1
=

q

q − 1
.

This shows that AT = 2
q−1
|K| and BT = κT c(T ) when the splitting field E of

T is ramified, where c(T ) = c(E) is the square root of the absolute value of a
generator of the discriminant of E/F . When E/F is unramified, c(E) is 1.

To compute AT alone, we produce a function for which Λ is zero. Recall
([1]) that a pseudo-coefficient of the unramified twists of the Steinberg representa-
tion St is given by z = |I|−1χI−2|K|−1χK , where χK is the characteristic function
of K = G(O), and χI is that of the Iwahori subgroup I . Since K = I ∪ IsI , we
have |K/I| = q + 1, and

z = |K|−1((q + 1)χI − 2χK).
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Denote by πη the representation of G induced (in the normalized way) from the
character η of the upper triangular subgroup AN . The restriction of the functions
in its space to K gives a model Fχ consisting of functions on K transforming on
the left according to the restriction χ of η to AN ∩K . If η is unramified, namely
χ is 1 on A(O)N(O), there are two nonzero I -invariant functions in Fχ (up to
scalar multiples): ϕI , which takes the value 1 on I and 0 on K − I , and ϕIsI
which is 0 on I and 1 on IsI . Hence πIη is two dimensional if η|A(O) = χ , namely
η is unramified. There is one K -invariant nonzero function in Fχ (up to scalar
multiples): ϕK = ϕI + ϕIsI , the characteristic function of K . Hence πKη is one
dimensional, and tr πη(z) = 0 if χ = 1 (thus η is unramified). The same holds
when η is ramified, as then πIη = {0} . If π(g) = ρ(det g), ρ unramified, then
trπ(z) = −1, so tr St⊗ ρ(z) = 1 for the unramified twists St⊗ ρ of the Steinberg
representation St. If π is irreducible and ramified (πK = {0}) then tr π(z) = 0.

Since z is a pseudo-coefficient of St + St ⊗ ρ , where ρ is the nontrivial
character of F×/NE/FE

× , E the unramified quadratic extension of F , we have
that

Iz(γ) = χSt(γ) + χSt⊗ρ(γ) = −2

on the regular elliptic set of γ in G , and Iz(γ) = 0 on the regular split set. Hence
Λ(z) = 0, and also z(e) = (q − 1)/|K| .

Evaluating the germ expansion at f = z and an elliptic regular γ , we obtain
−2 = −AT (q − 1)/|K| , or AT = 2|K|/(q − 1), a constant in γ , as asserted. In
particular AT depends linearly on the measure dg used in the definition of If .

The value of BT is now obtained from the computation of the orbital
integral of fK above.

Finally we express the germ expansion more canonically in terms of mea-
sures µ = fdg , where dg is a Haar measure. Write |K|dg to emphasize that the
volume of K is measured using dg . Write δdg for the distribution δdg(µ) = f(e).
Then δcdg = c−1δdg , and |K|dgδdg is independent of the choice of dg , and we may
drop dg from the notation. Note that [K : I] = q + 1, where I is an Iwahori
subgroup of K .

Corollary 4.2. Let Ω be an elliptic regular conjugacy class in G which is
sufficiently close to e. Write E for the splitting field of the quadratic torus T –
determined uniquely up to conjugation in G – by (any γ in) Ω. Then

IΩ(µ) = − 2

q − 1
|K|dgδdg(µ) + κEc(E)|D(Ω)|−1/2Λ(µ)

= −2(q + 1)

q − 1
|I|δ(µ) + κE · c(E) · |D(Ω)|−1/2Λ(µ).

Here IΩ(µ) = Iµ(γ) and D(Ω) = D(γ) for any γ in Ω. Both κE = κT and
c(E) = c(T ) are defined in 4.1.
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