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Local Integrability of Characters on GL(2),
Orbital Integrals, Germs
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Abstract. The character tr7 of an irreducible admissible representation 7
of the group G(F') of F-points of a reductive connected linear algebraic group
G over a local non-Archimedean field F' has been shown by Harish-Chandra to
be locally constant on the regular set and locally integrable, that is, representable
by a function x with such properties, when the characteristic of F' is 0. His
method was extended to G = GL(n) and its inner forms for all characteristics.
Earlier this result had been proven for G = GL(2) and F of any characteristic,
characteristic two being the difficult case, in Jacquet-Langlands, by a direct
and relatively elementary approach. We give here another proof by explicit
computation, in this case of GL(2) and F' of any characteristic, especially two,
which we believe extends to other low rank groups. Our computation gives an
explicit evaluation of the orbital integral of the characteristic function g of
the maximal compact subgroup K. We use this to compute the coefficients in
the germ expansion of the orbital integrals on G, and observe that the germ
expansion of the orbital integral of yx extends to all of K.
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1. Introduction

Let F' be a non-Archimedean local field. Let G be a reductive connected group
over F'. Let G(F) be the group of F-points of G. It is a locally compact group.
Let m be an admissible irreducible representation of G(F') in a complex vector
space V. By Schur’s lemma it has a central character w, thus 7(zg) = w(z)m(g)
for all z in Z(F') and g in G(F), where Z is the center of G. Denote by H the
convolution algebra of complex valued locally constant measures on G(F') which
transform under the center by w™! and are compactly supported on G(F)/Z(F).
Fixing a Haar measure dg on G(F)/Z(F) we can view H as a space of fdg,
with functions f having these properties. The convolution operator m(fdg) =
[ f(9)m(g)dg (g in G(F)/Z(F)) is of finite rank, thus tr«(f) is finite. Our aim is
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to show that there exists a locally integrable function x, on G(F'), which transform
under Z(F') by w, with

tr( fdg) = / £(9)x(9)dg.

G(F)/Z(F)

Consider only the case of G = GL(2). It is well known and easy to prove
that, when 7 is induced (in a normalized way) from a character n of the diagonal
subgroup A(F'), extended by 1 on the upper unipotent subgroup N(F), to the
upper triangular subgroup, its character is given by

Xx(g~" diag(a, b)g) = (n(diag(a, b)) + n(diag(b,a)))/A'?,

where A2 = |a — b| on the regular split set, and Y, is zero on the regular elliptic
set. The character of a one dimensional representation of G(F) is itself, and the
Steinberg representation is the quotient of an induced representation by a one
dimensional subrepresentation. All other irreducible representations are cuspidal,
and we work only with them.

An element v in G(F) is called regular if its eigenvalues are distinct. The
singular elements are the scalars, their products with unipotent elements, and
the inseparable elements — which exist only in characteristic two — namely the ~
which generate an inseparable quadratic extension over F'. Their measure is 0.
The centralizer in G(F') of a regular ~ is a torus, isomorphic to the multiplicative
group of an algebra F of degree two over F', isomorphic to F'é& F or to a separable
quadratic field extension of F'. In the first case the torus is conjugate in G(F)
to the diagonal subgroup A(F'), otherwise it is a torus T(F) ~ E*, where FE
is a separable quadratic field extension of F. Fix a set S of representatives
of the conjugacy classes of tori in G(F') (resp. S’ for the elliptic tori, so that
S =S"U{A}). If v € G(F), its eigenvalues a, b are roots of z* — tr(y)x + det(y)

and
(a=bp (),

D = =
) ab det

lies in F', so we put A(vy) = |D(v)|, where |.| = |.|F is the normalized absolute
value on F. Thus |r| = ¢~ where 7 is a generator of the maximal ideal in the
ring O = O of integers in F', and ¢ is the cardinality of the residue field O/x.
We put Int(g)z = Int g(x) = gzg~'. Note that

D(7) = det(Ad(y) — I)|iec/Lie T,

where LieT" is the Lie algebra of the normalizer T" of v in G. The Weyl integration
formula asserts

1 dg
dg= ) = A I — 4d
/G(F)/Z(F) Flo)as Z 2 /T(F)/Z(F) (t){ /G(F)/T(F) f(Int(g)t) dt } t

TesS

for an integrable function f on G(F)/Z(F). In characteristic two, the set S
is infinite. If G™8(F') is the set of regular elements in G(F), and if we set
T™8(F) = T(F) N G™8(F), then G™8(F) = Jpeg T™8(F)“*) where

TE(F)E) = (Int G(F))(T™(F)).
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The sets T™8(F)9H) | G™8(F), UpesT™8(F)¢¥) are open in G(F). When E/F
is a ramified separable quadratic extension, its discriminant is an ideal of the form
T20p;t > 1. Put ¢(E) = ¢'. For g in G™8(F) we write ¢(g) for ¢(E) where F
is the quadratic extension F'(g).

Theorem 1.1.  The function A™'%c is locally constant on G™8(F). It is
bounded away from zero on any compact subset of G(F'). It is locally integrable on
G(F)/Z(F) and G(F). The character of a cuspidal (irreducible) representation
exists as a locally integrable function whose absolute value is bounded by a multiple
of A™Y2c. It is continuous on G™8(F).

If the character x, of 7 exists and y is a character (multiplicative function)
of F* into C*, then the character x., of mx (¢ — 7(g)x(g)) also exists and
Xxr(9) = x(det g)x~(g). So it suffices to prove the theorem for a unitarizable 7.
As in [4], we start with

Proposition 1.2.  Let £ be a vector of length one in the space of the cuspidal
. Then

wa(pag) =dem) [ [ inttgne andg

for all f in H, where d(m) is the formal degree of .

The formal degree d(m) > 0 of 7 is defined by the Schur orthogonality
relations: if {&;} is an orthonormal basis of 7 then

/ (r(9)6. &) (€ m(9)€)dg = d(m) " (0. 6;)
G(F)/Z(F)

where (-,-) denotes the inner product on the unitarizable m. See [5] for a proof.

Proof. Since f is locally constant, the convolution operator 7(f) is of finite
rank, hence we can choose a basis for the space of 7 such that all but finitely many
coefficients 7(f)i; = (7(f)&:, ;) are zero. Since 7 is unitarizable, 7(g)* = 7(g7"),

hence
(m(g ) (N)m(9)€, &) = (x(f)m(9)E, m(9)€),

which equals

> (@ ()m(9)6, &) (& m ZZ 9)& &) (f)i(& 7(9)€),

%

where all sums are finite. Hence

m(9) " w(f)m(9)E O)dg = p_ 7(f); m(9)€, &) (&, m(9)€)d
/G(F)/Z(F)< (@) ' (Nrle)Odg = S nlhs [ (m(9)6 &) Tlo)e)dg

ij G(F)/Z(F)

The integrals on the right exist since the representation is square-integrable. By
the Schur orthogonality relations we get

Zw )ji(&i, &) = d(m Zw ™)t w(fdg).
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Since

(r(g) ' n(f)m(9)E, €) = / F(h)(x(g) " m(h)m(9)€. €)dh.

G(F)/Z(F)

the proposition follows. [ |

The integral of Proposition 1.2 is an iterated, not a double integral.

Any ¢ in G(F) can be written as ki (7 %) ke with ki, ky € K = G(O),
and p < s. The elements 7 and 7° are the elementary divisors of g. Write C.
for the set of g with s —p <r, and C/. for its compact image in G(F)/Z(F); C,
is the inverse image of C/. Any compact set in G(F')/Z(F) is contained in C! for
large enough 7. Thus the integral of Proposition 1.2 is the limit as r — co of

/ [ / F(h) (e (Tnt(g)h)e, €)dh]dg.
. JG(F)/Z(F)

As C! is compact this integral is absolutely convergent and equals

/ 1(n) [/ (m(Int(g)h)E, §)dgldh.
G(F)/Z(F) c

To show that the character of a cuspidal representation exists as a locally integrable
function bounded by A~'/2¢ we show that the sequence of functions

erh) = | (rnt(a)he. )

is dominated locally by a multiple of A~'/2¢ and converges almost everywhere on
G(F). Then we write x.(h) = d(7) lim ¢,(h) when the limit exists.
r—00

2. Proof of Theorem

To show the continuity of y, on the regular set one uses

Lemma 2.1.  Let Cy be a compact subset of Gyf(F') (set of g € G(F) with
eigenvalues not in F'). Let Cp be a compact set in G(F). Then the image in
G(F)/Z(F) of

{g € G(F) :Int(9)CaNZ(F)Cp # 0}

18 compact.

For a proof see [4, §7, p. 129,1. 1 to 1. -3].

Since 7 is cuspidal, by definition its matrix coefficient (7w(g)¢,€) is com-
pactly supported in G(F)mod Z(F'), for any vector ¢ in the space of m. This
support is then contained in Z(F)Cp for some compact set Cp in G(F'). Let
Ca be a compact subset of G5;F(F). By Lemma 2.1, the image in G(F)/Z(F) of
{g € G(F); (n(Int(g)h)&, &) # 0 for some h € Cu} lies in a compact C},. Hence
the integral

/ (r(It(g) W)€, €)dg = / (n(g™ hg)é,€)dg
G(F)/Z(F)

Cp
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converges for all h in Cy. If r is large enough then C] O C, and
o= [ (n(lutlg)b)é. dg
G(F)/Z(F)

for h € C4. Hence the sequence {p,} converges uniformly on any compact set
Cy in G (F) and its limit d(7) ' x.(h) is continuous on Gif(F). We obtained

Proposition 2.2.  For h € G (F), the integral fG(F)/Z(F)(W(Int(g)h)f,S)dg
exists and equals d(m) 1y, (h).

Denote by yc the characteristic function of C' in G(F')/Z(F'). Since £ is a
vector of length one, and so is 7(g){ since 7 unitarizable, we have |(7(g)&, )| <

XCg (g) :

Lemma 2.3 (Key Lemma).  Let C be a compact subset of G(F)/Z(F). Then
there is ¢ = ¢(C) > 0 such that

| Xellutlg)hydg < A (W)(E)
G(F)/Z(F)
for every h € G (F) where E = F(h).

Assuming this, |¢,(h)| < cA7Y2(h)e(E) on GLE(F). On the intersection of
a compact subset in G(F') with the complement Int(G(F))(A™8(F)) of G (F) in
G™8(F), the sequence {¢,} is dominated by a multiple of A~!/2 and it converges
uniformly in a compact subset of Int(G(F))(A™8(F)), as shown in [4, §7, 2nd
parag. after Prop. 7.5 to parag. before 7.6 (pp. 130 — 132)].

Lemma 2.4.  The function A™Y2(h)c(E) is locally constant on the open set
G"8(F).

Proof. Note that £ = F(h) depends on h. We need to show it is bounded
away from zero on any compact subset C' of G(F). We have to show that
there is ¢ > 0 with A7Y2(h)e(E) > ¢ on C. There is z € Z(F) such that
the entries of each matrix in 2C are integral. The function A~Y2(h)c(E) takes
the same value at zh, so we may assume that each matrix in C' has integral

entries, in Op. There is a number ¢; > 0 with |det h\}/Q > ¢ on C, and

¢y > 0 with |tr(R) — 4det(R)|}> < ¢ on C. Hence A~Y2(h) > ¢1/c; on C.
Define A~Y/2(h)c(E) to be oo on the singular set. Then this function is bounded
away from 0 on the singular elements, and on the regular elements in C' whose
eigenvalues lie in F'*.

If A is regular and lies in a nonsplit torus which splits over E, denote its
eigenvalues by v and 7, in E. In fact, v (and 7) lie in Op — Op. Consider the
Op-module generated by 1,v. Let {1,0} be another basis for this module. Thus
0 € O — Op. Choose ¢ with smallest possible absolute value. Then v = a + bd
for some a,b € Op, and 6 = c+ dy for some ¢,d € Op. Then v = (a + bc) + bd~y.
Hence a +bc = 0 and bd = 1. Hence b is a unit, in O, and |y — 7|z = |d — 6| x.
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If E/F is unramified then ¢(F) = 1 and 6 = e for some unit ¢ in
Op,n > 0. We claim that ¢ — Z is a unit. Indeed, by definition of §, we have
e ¢ Op+7mpOp. Hence {1,e} projects to a basis of Og/mTrOpg. The Galois group
Gal(E/F) acts faithfully on Og/mrOg, hence ¢ — ¢ ¢ 1O .

If E/F is ramified we may take ¢ to be of the form wmg,n > 0. Since

mg —Tplp = (g —Tp)*|F = c(E),

we have B B
(6 =) 2 =16 —0}% = [w%| - e(B).

In both cases A~Y2(y)¢(E) = | detv|}/*|mp|z" is bounded from below since
n>0.

Recall that the discriminant can be defined to be det(trg/p(ese;)) where
{e;} is a basis of O over Op. Say it is {1,2}. Then det (ii% Iﬁigg) = —(x—1)%.
In the unramified case take x = . In the ramified case x = mg. |

To show that the function A~'/2¢ is locally integrable on G(F)/Z(F) and
G(F), we need a lemma.

Suppose the torus 7T'(F') is the multiplicative group of the two dimensional
F-algebra E. Choosing a measure dr on E we get a measure dt as the quotient
of dz by |detz|, and a measure dg/dt on T(F)\G(F). Let n(E) > 0 be the
number for which n(FE)dx is self dual with respect to the character z — ¥ (tr(z))
on E, where v is a nontrivial additive character on E.

Lemma 2.5.  For all r > 0 there is a number d, > 0 such that for each torus
T(F) and each t € T(F) we have [1 m: g Xr(g7tg) % < d.n(B)AR)Y2, =
XCT ‘

Proof. We may assume that ¢ is regular. Suppose T'(F') is anisotropic. The
integral is then

Wl T(EZENT [ g
Z(F\G(F)
Denote the splitting field of T'(F) by E.
If E/F is unramified, E*/F* = O;/Oj. The measure n(E)dx assigns
volume 1 to O, hence 1 —qgl to O, and volume 1 to Op, hence volume 1 —q}l
to OF. But gg = ¢% when E/F is unramified, hence

L B =g =1

and the volume of T'(F)/Z(F) is n(E)~™Y(1 + ¢z').

If E/F is ramified, n(E)dz assigns Op volume ¢(F) and Oy the volume
(1—q") vol(Og), and OF the volume (1—qz") vol(Or) = (1—qz"). Here qx = qr,
and E*/F* is the product of 7% /r% (of order 2) and O3/O} (of volume c(E)).
Hence the volume of T'(F)/Z(F) is ﬁc(E} The lemma then follows from the
Key Lemma.

The case of a split torus T'(F) = A(F) is discussed in [4, §7, p. 125]. =
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We can now prove the local integrability of A=1/2¢, stated in Theorem 1.1,
assuming the Key Lemma.

Proof. The function A(g)~"/2¢(F(g)) is measurable. It is locally integrable on
G(F) if and only if it is locally integrable on G(F')/Z(F'). We have to show that

/ xe(9)A(g) " 2e(F(g))dg
(F)/Z(F)

is finite for any compact subset C' of G(F)/Z(F).
It suffice to show this for C' = C! for every r > 0. By the Weyl integration
formula this integral is the sum of

1 _ o, d
5/ A(a)™1? - Aa) [/ X (g lag)d—g] da
A(F)/Z(F) A(F)\G(F) a
and
1 AV 2e(F A ~1, \dg d
5> (1) 2e(F (1)) - A1) xelot9) 2 | dt.
Ees YT/ Z(F) T(F)\G(F)

There is a compact set Cy in A(F)/Z(F) such that x,.(¢ 'ag) = 0 for all
g unless the projection of a lies in Cj. The first integral needs only be taken over
Cp. The inner integral is < d,n(A(F))A(a)""2. But A(a)™"2-A(a)-A(a)™/2 =1
on A(F), so the first integral is bounded.

The sum over S’ is bounded by

=" d;n(E)e(B) vol(T(F)/Z(F)),

by Lemma 2.5. If the characteristic is not two the sum is finite, hence bounded.
In general if T' corresponds to the field F and 7r1+t E)OF is the discriminant
of E over F, then c¢(E) = |rp|®F)+D/2 and n(E fT /Z y dt < 2m | HE)F1)/2.
To complete the proof we need to show that ) . ¢ B+ converges if F has
characteristic two. The sum is over all separable quadratlc extensions of F'.

Let M (t) be the number of extensions E/F for which ¢(E) = t. Associated
to any such FE is a quadratic character of F* with conductor 7rt+1. Indeed
Ng/pE* = F*3(1 —|—7r'}+1(9p) since Tp + Tp = upmid ', so that the product of
1+ ump + usm% + ... with its conjugate is

1 +u(7rE +7_TE) —|—U27TE7_TE +U27_T% —{—ﬂgf% + ...,
Hence
M(t) < [ (F*)*(1+ i Op)] = 2(0F : OF (1 + )]
if t >0, and M(—1) = 1. Any element of O} is represented modulo 1 +74*Op
by
ap+ a1 mp + -+ amh.
Such a number is a square if a; = 0 for all odd i. Hence M (t) = O(q**Y/2), and

the series >~ ¢~ “E*D is bounded by a multiple of > 0@~ Y/2 50 it converges,
and the Character is locally integrable. [ |

It remains to prove the Key Lemma.
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3. Proof of Key Lemma

The Key Lemma 2.3 asserts that for an elliptic regular h € GL(2, F), thus
h € Gf(F), the volume of the g in G(F)/Z(F) with Int(g)h € C is bounded
by a constant multiple of A(h)~'2¢(F(h)). We may assume the compact C in
G(F) is K-biinvariant, thus KCK = C for K = G(O), and then take g of the
form (F9)(5Y). We shall compute this integral precisely for C' = K, then bound
it from above for a general C'. First we need to describe h, namely the quadratic
separable extensions E of F', when F' is a local field of characteristic two. The
case of other characteristics is well known and much easier, as then there are just
two ramified quadratic extensions and one unramified, all separable. It is the case
of 0 = ugt™ (k =1) below.

A local field of characteristic two has the form F = F,((¢)), power series
in the variable ¢ over the field F, of ¢ = 2* elements, z > 1. Its ring of integers
O =TF,[[t]] has the maximal ideal tO, and group of units O* = O —tO.

The ramified quadratic separable extensions of F are E = F(r) where r
is a root of 22 —x + 0, 0 = upt' 2% k > 1, up € O (the other root is r + 1).
The unramified extension is the splitting field of the quadratic with 8 € O*,
provided the polynomial is irreducible. Two extensions F are isomorphic if the
corresponding 6’s differ by a?> — a for some a in F. This 2?2 — 2 + 0 is the
characteristic polynomial of » = (§ 7'). Its centralizer consists of v = u+vr, u,v €
F. We have dety = u? + uv + v*0. We need to integrate over A(F)/Z(F) and
N(F) the expression n~ta"lyan € K. Thus we compute

_ o — z _ | —xyd —z—y—y220
(07 (5 D) MG () = (2 m™)
and ask — denoting the identity by I — when does
_ z— — P _ | u—yazv0 —vy—ylrvl—v/z
(57) (3 ) @l +v (870 () (4) = (g vzt

liein K. If this happens then (1) u*4+uv+v%0 = dety € O*, and (2) v =try € O.
These imply (3) |u| =1 and [v?0] < 1. Indeed, if |u| > 1 then |u?| = |[v?0],
contradiction, and if |u| < 1 then |v?] = 1, contradiction again. We may then
assume that v = 1.
We may write v = at*, a = u,t*, @ > 0 and u, € O*. Then r, = tFr
solves 72 — t*r; 4+ upt = 0 (an irreducible Eisenstein polynomial). Thus we need
to compute

[t oo = [ [ (G077 0 an) () (31)) a7y

(on the left g ranges over Z(F)\G(F)/K, on the right € F* and y € F).

The matrix lies in K implies that each of its entries is < 1 in absolute
value.

Thus (4) |zvf| < 1, and we distinguish between two cases.

If (5) |y] <1, we get |v/z| <1, thus |v| < |z| < |vd|™, or: |v] < || <
00| ~'q72, || = [v0]T'q™" or || = [vf] ™"
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If (6) |y| > 1 then we claim that (7) |v/z| < 1. Indeed, if |v/z| > 1 then
lv/xz| = |vy||l + xyd|, which implies 1 = |zy||1 + zyf|. Now if |zyf| > 1 then
|z2yf] = 1, but the valuation of 6 is odd. If |zyf| = 1 then |1 + zyf| < 1, hence
1 <|owy|=10]"" <1.1If |[zyd| < 1 then |ry| =1, hence |0] < 1, so (7) follows.

Also we have (8) |vy| < 1. For this we use: |vy||1 +zyf| < 1. If |vy| > 1
then |1+ xyf| < 1, hence |zyf| =1,s0 1 > |0]7! = |zy| > |vy| > 1.

Note that (9) |zvf| < |y|™2 < ¢~% (under (6)), and |y| < |zvf|/? (this is
< |v|7! as |v| < |x60| implies |v|* < |zvl)]).

In summary we integrate [ d*z [ dy over:

(1) |y| <1 and |z| = |v8] ¢! and = |vf]|~!; we get 2.

(2) |v| < |z| < |v0)7tq72, |y| < |zvf|/2. Change x — vz to get:

1<zl <7y fy| < |eo?0] Y2

Put |z| = ¢™; then

’U29’71 _ ‘t1+2a‘71 _ ql+2a, ‘1}201,’71/2 _ qa+l/27m/2_
To integrate [ d*x [ dy we write a sum depending on the parity of 2« + 1 — m,
i.e. of m; we get two sums:

(A) > q* ™2 sum over 0 < m < 2a — 1 (corresponding to 1 < |z| < [v20|1¢™2)
with even m, thus m =2k with 0 < k<a—1,andifweput 1 <j=a—-k <«
we get

a— j qa —1
>, " r=a ) =0 —
0<k<a—1 0<j<a—1 q
(B) Y qotY/2=m/2 sum over odd m, 0 <m < 2a — 1, thus m =2k +1,0 < k <
a—1,and § — 2 = —k. So we get the same sum and result as in (A). Thus in

case (2) we get 2q(¢* —1)/(qg — 1); plus 2 from (1) gives

a+1l a+1l 1
2 u+1 ZQq—ZQ(qa+q‘X—1+...+q+1)_
q—1 q—1
This is the orbital integral I(7, xx) of the characteristic function xx of K
at a reqular v = u + vr in a ramified torus.

To compare this result with the claimed bound, note that |1129|_1/ 2 =
¢®+Y/2 . Also, the eigenvalues of v are u + vr and u+ v + vr, hence

(u+ovr)— (u+v+ W))2
u? + uv + v20

Ay) = ‘

‘ = |v/”

(or |dety| =1 and try = v and A(y) =

t2*O* | hence

de

(trzzf - 4)) The discriminant of F is

o(B)=[t]F =q¢ =107, so ¢*T* = A(y) (B¢,

and ¢® = A7V2(y)e(E).
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In the general case, instead of C' = K we take the compact C to be the
K -double coset K (7 %) K. Multiplying by a central element we may assume

that (p,s) = (p, —p) or (1 +p,—p). We aim to bound
| o ek enig)dg = vol(2/2) [ [ xioiady
Z\G zJy

where * is the 2 x 2 matrix displayed before (3) above, and x is the characteristic
function of our double coset.
Consider first the case where p 4+ s is even. Then

dety = det(u + vr) = u? + uv + v*0

is ¢z Hence (1) u2| > |v26] (and |v| < |u]), as [u?| < |v?6] implies

Juv| < [0*[]0]% < [v?],
but then |det~| = |v?0| has odd valuation. We assume s = —p, and then u =1,
hence |v20] < 1, |v| < 0|72 < 1. To repeat, we are trying to find the z, y with

zvl u4v+y-xvd 0 P

(u—y-xva 'nyvy-xyefvﬁv) e K(‘/rp 0 )K’

and we put u = 1. Then (2) |zvd| < |w|7P. If (3) |y| < 1, then |7|P|v| < |z| <
06|~ || 7.
If (4) |y| > 1, then (5) |z| > |7|P|v|. Indeed,

lvy — vy -2yl —v/x| < || 7P.

Hence if |v/z| > |w|7P then |v/z| = |vy||1—zyd]|, so 1 = |zy||1—xyb]|. If |zyb| > 1
then |22y%0| = 1, but val(d) = 1 — 2k is odd. If |zyf| =1 then |1 — zyf| <1, so
1 <lzy| =|0]7' < 1. If |xyf| < 1 then |zy| =1 implies |f] < 1.

Also (6) |vy| < |m|7P. Indeed, |vy||1 — zyf| < |w|7P. If |vy| > |w|7P then
11— zyb| < Juy| x| P < 1, so |zyb| =1, hence |0]7! = |zy| > |z |P|vy| > 1.

Next observe that |zy?vf| < |x|™P implies (7) |y| < |zvf|~Y2|x|7P/2, and
this bound is < |v|7!|7r| 7P, namely |v[*|w|? < |zvf||x|?, or |v] < |z6]|x|~P by (5).
In particular |zvf| < |y|72|x| 7P < |z|7P+2.

In summary, we need to integrate over (1) |y| < 1, |w[P|v| < |z] < ||~ 7|77
and over (2) |y| > 1, |x[P|v| < |o| < |87 w| P21 < |y| < |vvf| 7Y/ |m|7P/2. The
integral fy dy gives |zvf|~V/2|m|7P/2(> 1 as |zvl| < |w|7P*?). The leftover from
(1), [ d*z over |z| = |[vf|~'x|P*! and = |vf]|" x| 7P** | is just a constant, so
we need to estimate

|lzv8| Y 2d" z.

[ [P [v] <[] <[v6] = || P

But

—1/2) 1-1/2 —1/2,-1/2
|1)9’1/2/ ’x‘fl/dex _ ’U9|71/201 ’U| / —|_1i?2| / Co
c1 v <|z|<|vh] " Leg - q
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0;1/2]029]_1/2 _ 651/2

1 — q—l/z

is bounded by a scalar multiple of |v|~!|f|~'/?, which is > 1. It is dominated by
A(y)"Y2¢(E) since discriminant (E/F) is 72*Op so ¢(E) = |0|7/2¢;""?, and

A= ﬁ _4’ _ (v + 2u)? — 4(u® + uv + v?0) 0? — 4020 = o]
det u? + uv + v20
If g7lvg € C = K(“loﬂ’ 0,)K, p >0, then dety = u? 4+ uv + v*¢ has
valuation 1. We have [v%0] > |u|2 (as if |u* > |v?0] > |v|* then |det~y| = |u|?
has even valuation). Also |u| < |[vf| (if |u| > |v6] then |[u* > [v26]]0] > |v?0])
so |uv| < |[v*0]. As 0 = upr'™?* (t = wp) we must have |v| = |rz|* so that

|dety| = |mg|. Then |u| < 1. But (2) — (7) of the case (p,s) = (p, —p) remain
valid in our case, as is the estimate for the integral, by the same computations.

There is only one unramified separable quadratic extension E of the local
field F. It is the splitting field of an irreducible quadratic 2% — z + 6, where @ is
a unit, in O*. We compute the orbital integral of y, the characteristic function
of the maximal compact subgroup K = GL(2,0) — the general case of double
cosets K (™ %) K is similar, in the case that the characteristic is two. The other
cases are easier. As in the ramified case, a solution of the equation is given by
r=(57"),and E by y=u+vr,u,v € F. Put u(y) = (;¥), d(z) = (§9). We
need to integrate d*x over x € F* and dy over y € F' limited by

(“;?fg”‘) *vg;ﬁgg;;/x) = u(y)"td(z) " (u + vr)d(2)u(y) € K.

Then v = try € O and u? + uv + v?0 = dety € O* imply max(|ul,|v]) = 1.
Changing y — y/x the integral fy dy [, d*x becomes fy dy [ d*x/|x|, taken over

2
(it ~Omronle) € k.
Thus |zv] < 1 and |yv] < 1. If |y| < 1 then |v/z] < 1 (if |y| = 1 then
224 240€ O for z=1/y € O* by the irreducibility of 22 —z +0). If |y| > 1
then |vy?/z| < 1.

Hence we need integrate over (1) |y| < 1 and |[v|] < |z] < |[o|7; (2)
1<yl < ISyl < |z/v|'? (note that |z/v]'/? < |v|™ as |zv| < 1). In this
case |v| < 1, hence |u| =1, |z/v|'/? > ¢ so |z/v| > ¢%, thus ¢*[v| < |z| < |v]7*.
The change y — y/x of variables replaces [dy [d*x by [dy [ d*xz/|x|, which is
f|v|§|z|§|v|_1 d*x/|x] =1 when |v| = 1. If |v| < 1, the integral is

d*x
/ dxa:/|x|+/ dy
ol <le|<]v] -1 ehl<lzi<pl-t 1T Jicpyl<le/opse

d*zx d*x d*z
= — + -— + —_— dy
|lz|=]v] |37| |z|=q|v] |$| 2 v|<|z|<|v|~1 |37| ly|<|z/v|1/2

d><
= o]+ g Yo+ [ =t dy.

a2 Jv|2<|z|<1 || |yl <|z|'/2]v|~1
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To compute the last (double) integral as a sum, we write |z| = ¢7™, 0 < m <
2r—2, |v|=q¢",r > 1.

If 2|m = 2k then [\ 1 dy = 2|2 vt = ¢ Flo]™, 0<k<r—1.

If 24 m = 2k—1, |2|'/? = ¢ *+/2 implies the integral over y is ¢ *|v| ™, 1 <
E<r-—1.

The double integral is then

Y o Y ol ot

—1 —1
0<k<r—1 0<k—1<r—2 q q

Adding ¢" + ¢"~! to this we get ]v|_lg’:—i - qul‘ Recall that

(trvy)?
det

D) = | — 4| = o],

thus |D(v)|7"/2? = |v|~!. Since A(xx) = %'ﬁ? where £ indicates volume,
Xk the characteristic function of K in G, and A is the orbital integral at the
nontrivial unipotent conjugacy class, we conclude that the orbital integral of xx
at vy is

Ix1) = ==K/ K 0 2)e(e) + 0N 1 )M () - D)

4. Determination of coefficients in a germ expansion

Let f be a locally constant function on G(F') such that fdg lies in H. Let v be
an elliptic regular element in G™(F'). Denote by T the centralizer of v in G. It
is an elliptic torus. The orbital integral

Ii(y) =17 (7) = G/Zf(lnt(g)v)ngIT/ZIIf(v), I7 () = G/Tf(lnt(g)v)dg

converges, as does the orbital integral
AN = [ ftgads, u=(5)
G/Z(u)

of f at the unipotent regular (its centralizer Z(u) has maximal dimension) element
u. Near the identity the orbital integral has a germ expansion: for each elliptic
torus T in G there exist functions Ar(7y), Br(y) such that for all f € H and all
v € T"8(F) sufficiently close (depending on f and T') to e, we have

I(7y) = —Ar(y) f(e) + Br(v)A(f).

Proposition 4.1. (1) Let T be a quadratic torus in G. Then Ar is the positive
constant _%|K|, and Br(y) = Br|D(y)|7Y2, where Br = kpe(T) is a positive
constant, ¢(T) = ¢(E) is the square root of the absolute value of a generator of the
discriminant of the splitting field E of T over F, and kr is 2 if E/F is ramified,
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and q‘;—l if E/F is unramified.
(2) Let fx = xk/|K| be the quotient of the characteristic function xx of K by
the volume |K| of K. Then

L) = |1

xr (979 )dg = / xr(gvg~")dg
Gz

K\G/Z

B _q—LﬂKVK(e) + k()| DO T2A (f)

uniformly, for all ~v in T™(F)N K.

Proof.  Assertion (2) was proven above in the course of the proof of the Key
Lemma. We showed that Iy, () = _qT21 + kr47q%. Recall that

2 —r+60=0, 0 = ugt! 2", kE>1
(in the ramified case),
v = at®, a = u,t”, v=uA4or =u+ ugt® - thr;

ATV = D)=l g = (o],
o(B) = o(T) = q* = |92/

SO
¢* = A2e(B) = [D(7)|?(T).
For every f in H the integral A(f) = fZ(u)\Gf(gflug)dg is | K| times
[ D@D @) ate= [ £ el
as

g=ank=(37) () k= (%) (§7)k,
so dg = |a|'dndadk, and dg/dn = |a|7'd*adk. At f = fx we have that A(fr)

is
la|d™*a = g / la|d™a = g qg "= = :
/|a|<1 =0 Jlal=q—" l—qgt g¢-—1

n>0

This shows that Ay = q_il|K | and By = kpc(T) when the splitting field E of
T is ramified, where ¢(T) = ¢(FE) is the square root of the absolute value of a
generator of the discriminant of E/F. When E/F is unramified, ¢(E) is 1.

To compute Ar alone, we produce a function for which A is zero. Recall
([1]) that a pseudo-coefficient of the unramified twists of the Steinberg representa-
tion St is given by z = |I|7'x;—2| K| 'xx, where Y is the characteristic function
of K =G(0), and y; is that of the ITwahori subgroup I. Since K = I U Isl, we
have |K/I| =¢q+ 1, and

2= K[ (g + Dxr — 2xx)-
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Denote by m, the representation of G induced (in the normalized way) from the
character 7 of the upper triangular subgroup AN. The restriction of the functions
in its space to K gives a model F, consisting of functions on K transforming on
the left according to the restriction x of n to AN N K. If n is unramified, namely
x is 1 on A(O)N(O), there are two nonzero [-invariant functions in F) (up to
scalar multiples): ¢y, which takes the value 1 on [ and 0 on K — I, and ¢
which is 0 on I and 1 on IsI. Hence 7} is two dimensional if 5|A(O) = x, namely
n is unramified. There is one K -invariant nonzero function in F, (up to scalar
multiples): ¢x = ¢r + @11, the characteristic function of K. Hence Wf is one
dimensional, and trm,(z) = 0 if x = 1 (thus 7 is unramified). The same holds
when 7 is ramified, as then 7] = {0}. If 7(g) = p(detg), p unramified, then
trm(z) = —1, so tr St ® p(z) = 1 for the unramified twists St ® p of the Steinberg
representation St. If 7 is irreducible and ramified (7% = {0}) then trn(z) = 0.

Since z is a pseudo-coefficient of St + St ® p, where p is the nontrivial
character of F*/Ng/pE*, E the unramified quadratic extension of F', we have
that

IZ(’Y) = XSt(’Y) + XSt@p(’Y) = -2

on the regular elliptic set of v in G, and I.() = 0 on the regular split set. Hence
A(z) =0, and also z(e) = (¢ — 1)/|K].
Evaluating the germ expansion at f = z and an elliptic regular ~, we obtain
—2 = —Ap(q—1)/|K|, or Ar = 2|K|/(q — 1), a constant in ~, as asserted. In
particular A7 depends linearly on the measure dg used in the definition of I;.
The value of Br is now obtained from the computation of the orbital
integral of fx above. [ |

Finally we express the germ expansion more canonically in terms of mea-
sures pt = fdg, where dg is a Haar measure. Write |K|4, to emphasize that the
volume of K is measured using dg. Write 0,4, for the distribution d44(p) = f(e).
Then 6cqy = cilddg, and |K|4404, is independent of the choice of dg, and we may
drop dg from the notation. Note that [K : I] = ¢+ 1, where [ is an Iwahori
subgroup of K.

Corollary 4.2.  Let € be an elliptic reqular conjugacy class in G which is
sufficiently close to e. Write E for the splitting field of the quadratic torus T —
determined uniquely up to conjugation in G — by (any v in) Q. Then

T4 = = | by ) + (B D) A(w)

2(¢+1)

= ==L 113(0) + - () - DDA ).

Here Io(p) = 1,(7y) and D(2) = D(vy) for any v in Q. Both kg = kp and
c¢(E) = ¢(T) are defined in 4.1.
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