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Abstract. Let L be a Lie algebra with center Z(L). The commuting graph
(L) of L is a graph with vertex set L\ Z(L), two distinct vertices « and y
are adjacent if and only if  and y commute, i.e., [x,y] = 0. Let g be a finite-
dimensional simple Lie algebra over an algebraically closed field of characteristic
zero. In this paper, we study the diameter of I'(g).
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1. Introduction

To date much research has concerned the isomorphisms between commuting graphs
(see, e.g., [1, 2, 15]) and the determination of the diameters of commuting graphs
over groups, semigroups, rings or associative algebras (see, e.g., [3-8 10-11, 14, 16-
19]). Here we particularly mention the commuting graphs of rings or associative
algebras. Let R be a non-commutative ring or an associative algebra and Z(R)
be its center. The commuting graph of R was defined in [4] to be the graph I'(R)
whose vertex set is R\ Z(R) and two distinct vertices z,y are joint by an edge
whenever xy = yx, or equivalently [z,y| = zy —yx = 0. It was proved in [5] that
if n > 3 and F is an algebraically closed field, then the diameter of I'(M,(F)),
the commuting graph of the matrix algebra M, (F') of all n xn matrices over F, is
always four and if F' is not algebraically closed, then either the commuting graph
is disconnected or the diameter is between four and six, and it was conjectured
that the diameter of I'(M,(F')) is at most five. When n = 2, Remark 8 in [6]
showed that the commuting graph of M, (F) is always disconnected. Although
the commuting graphs over groups, semigroups, rings or associative algebras have
attracted extensive attention, no paper dealt with the commuting graphs of Lie
algebras until the present paper (as far as we know). In this paper we study the
commuting graph of simple Lie algebras.
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Let L be a Lie algebra over a field F' with bracket product [,*]. The
center of L is
Z(L)y={xe€L:[z,y =0, Vy e L}

The maximal solvable subalgebras of L are called Borel subalgebras of L. If
[z,y] = 0 we say that = commutes with y in L. The commuting graph of L,
written as I'(L), is defined to be the graph with vertex set L\ Z(L) and two
distinct vertices x,y are joint by an edge whenever x,y commute, i.e., [z,y] = 0.
Let R be an associative algebra over a field F'. If we define [z,y] = vy — yx for
x,y € R, then R becomes a Lie algebra, which we denote by L(R). In this case,
the commuting graph I'(R) of R is the same as the commuting graph I'(L(R))
over the Lie algebra L(R). In view of this point, the notion of commuting graphs
of Lie algebras can be viewed as natural imitation of the notion of commuting
graphs of associative algebras.

In a graph I', a path P is a sequence of distinct vertices v; ~ vy ~ -+ ~
Vk+1 in which every two consecutive vertices are adjacent. The number £ is called
the length of P. A graph T' is called connected if there exists a path between
every two distinct vertices. For two vertices u and v in a graph I', the distance
between u and v, denoted by d(u,v), is the length of a shortest path between u
and v. The diameter of a connected graph I' is defined as

diam(T") = {sup d(u,v) : u#v € V(I')}.

In this paper, we study the diameters of the commuting graphs of finite-dimensional
simple Lie algebras g of rank [ over an algebraically closed field of characteristic
zZero.

Remark 1.1. If [ =1, then g is the Lie algebra consisting of all 2 X 2 matrices
of trace zero. In this case I'(g) is not connected since all diagonal matrices in g
forms a connected component.

In the remainder we will always suppose that [ > 2. The following remark
can be easily derived from a result of [5] which says that if n > 3 and F is an
algebraically closed field, then the diameter of I'(M,(F)), the commuting graph
of the matrix algebra M, (F) of all n x n matrices over F', is always 4.

Remark 1.2.  The diameter of I'(g) is 4 if g has type A; with [ > 2.

Proof. If g has type A; then g is the Lie algebra consisting of all trace zero
square matrices over F' of order [ 4+ 1. Let o be the mapping from M (F)
to g which sends any X € M; 1(F) to X — tllrﬁ)[, where tr(X) denotes the
trace of X and [ denotes the identity matrix of order [ + 1. Clearly o is an

epimorphism from M;,((F) to g, with kernel all scalar matrices in M (F)
(exactly is the the center of M; 1(F')). Thus we have ZM“i =~ g Itis

(My41(F))
easy to see that the diameter of % equals the diameter of M (F),
because a sequence X; ~ Xy ~ --- ~ X,, is a longest path in F(%)

if and only if X; ~ X5 ~ .-+ ~ X,, is a longest path in I'(M;,{(F)), where
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Xi = X;+Z(M;1(F)). Consequently, the diameter of T'(g) is 4 since I'(M;1(F))
has diameter 4. [

Our main results are the following:

Theorem 1.3. (i) The diameter of T'(g) is either 3 or 4 if | > 2 and the type
of g is not Fy.

(i1) If g is of type Fy, then the diameter of T'(g) is between 3 and 5.

(113) If g is of type Coy or Gy, then the diameter of T'(g) is between 3 and 6.

Theorem 1.4.  The diameter of T'(g) is exactly 4 if g has type By or C; with
[>2.

In Section 2, we introduce the notations concerning simple Lie algebras; In
Section 3 and Section 4, we prove Theorem 1.3 and Theorem 1.4, respectively.

2. Notation concerning simple Lie algebras

Our notation concerning simple Lie algebras are mainly as in [9, 12]. Let F' be an
algebraically closed field of characteristic zero, g an arbitrary finite-dimensional
simple Lie algebra over F' of rank [, b a fixed Cartan subalgebra of g, & C b*
the corresponding root system of g, A a fixed base of ®, ®* (resp.,®) the set
of positive (resp., negative) roots relative to A. The roots in A are called simple
(see Page 58 of [12]).

A root 8 can be written as 3 = > . k.7 with k. € Z, the integer
Y nen ki is called the height of B and is denoted by ht(3). & has a unique
maximal root (relative to the height of roots), which we denote by 6. For the
explicit expression of fy as a linear combination of the simple roots in A, one
can see Page 66, Table 2 in [12] for details. If two root lengths occur in @, then
0y is a long root ([12], 10.4, Lemma D) and & also has a unique maximal short
root, which we denote by 6, (see [12], Page 66, Table 2). For o € ®, let g, be
the root space of g relative to a, and set n =Y 4+ 8o, N = Y co- Ga- Let
by = b @ n, which is a standard Borel subalgebra of g. We denote by Ker «, for
a € @, the kernel of « in h. For each o € ®T, let e, be a non-zero element of g,
then there is a unique element e_, € g_, such that e,,e_, hoa = [€q, €_o] span a
three-dimensional simple subalgebra of g isomorphic to sl(2, F') via

e+—>(01> e »—>(00> h»—><1 O>

“ oo/ ¢ 10) 0 -1 )"

The set {hr, ez, e_5:me A, € &} forms a basis of g. If a, 5,a+ § € @, then
lea, €g] is a nonzero scalar multiple of e,4s since [ga, 9s] = gats. We define N, g
by [ea,es] = Nageatrs. All N, 5 are called the structure constants of g. We can
choose a basis {h,, ez, e_5:m € A, € Pt} of g such that all structure constants
of g are integers. A basis of g chosen in such way is called a Chevalley basis of g.
Throughout, the set

{hr,es,6_5: €N DT}
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will always denote a Chevalley basis of g. A symmetric bilinear form (x,x*) is
defined on the [—dimensional real vector space spanned by ®, which is dual to
the Killing form on h. For a,f € @, let (8,a) = 2(5,a)/(a,a). If a # £, let
P, q be the greatest non-negative integers for which § — pa, 8 + qa € ®, then

(B,a) =p—¢q; andif a+ 3 € @, then N, ==£(p+1). (1)

The inner derivation ad x of g induced by z € g is defined by y — [z, y]
for any y € g. For an ad-nilpotent element x in g, the map exp(ad z) is an
automorphism of g. The group generated by all such automorphisms is called the
inner automorphism group of g, which we denote by Int(g), and each element
in it is called an inner automorphism of g. In particular, for any a € ® and
any t € F, te, is ad-nilpotent in g, so the map exp(ad te,), denoted by o,(t),
belongs to Int(g). We denote by G the subgroup of Int(g) generated by the
elements o,(t) for all o« € ®, t € F. It is well known that G coincides with
Int(g) (see [14], page 288). For a € &, let X, be the subgroup of G consisting
of the elements o,(t) for all ¢ € F', which we call the root subgroup of G relative
to a. Let (X,,X_,) be the subgroup of G generated by X, and X_,. For
a € ¢t there exists a homomorphism ¢, from the special linear group SL(2, F)

onto (X, X_,), sending ( (1) Cll ) to o,(a) and ( ;) (1) > to o_q(b). Set

c 0 . « _ 0 1

Then
Wo = 0a(1)o_n(—1)o,(1).

We define H to be the subgroup of G generated by the elements x,(c) for all
a € ®, ce F*, N the subgroup of G generated by H together with the elements
wq forall @ € ®. We denote by # the Weyl group of g generated by the reflections
Wy, a € ®. There exists a homomorphism from N onto #  with kernel H (see
[9], Theorem 7.2.2). Thus N/H is isomorphic to # .

The following two well known results about Lie algebras will be applied in
our proof.

Lemma 2.1.  ([12], Page 84, Theorem 16.4) The Borel subalgebras of an arbi-
trary Lie algebra L are conjugate under E(L), a subgroup of Int(L).

Lemma 2.2. ([12], Page 53, Lemma C) Let g be a finite-dimensional simple
Lie algebra over an algebraically closed field F' of characteristic zero, ® be its root
system. Then at most two root lengths occur in ®, and all roots of a given length
are conjugate under W .

3. Bounds for diam(T'(g))

Let g be a finite-dimensional simple Lie algebra over an algebraically closed field
F of characteristic zero, ® be its root system. The Dynkin diagrams of ® are
drawn in Figure 1 (see Page 58 of [12]).
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Figure 1: Dynkin diagrams of ¢

Recall that 6, denotes the unique maximal short root in ® with respect to
the height of roots if two root lengths occur in ®. According to Page 66, Table 2
of [12], we know that 0, = 22:1 m; if g is of type By; 0, = m + 2 Zi;; m; + m if
g is of type C) and 0, = m + 27y + 373 + 2my if g is of type Fjy. Set

Clls)={acP:a+0,¢ PU{0}}.

Lemma 3.1.  If two root lengths occur in ® and | > 2, then |C(65)] > |®T].

Proof. Since |C(0,)|=|®TNC(0,)|+|P~NC(0;)| and |PF|=|PTNC(6;)|+|PT\C(6s)],
it suffices to prove that |®~ NC(6,)] > |[DT \ C(6s)].
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Case 1. g is of type B;.

In this case, §, = S\, m and &\ C(4,) = {dF m 1 <k <1—1}
has [ — 1 roots. Note that for distinct 8, in ®*\ C(,), —(8 + ) is a negative
root satisfying —(5 + ) € C(fs). So = NC(#,) has at least W roots. If
[ > 4, then (l_l)# > 1 —1, and we are done. If [ = 3, then &~ NC(#,) =

{—(my + 2m), —m2}, the assertion also holds.
Case 2. g is of type C;.

In this case, , = m + 23 )™ +m and &+ \ C(6,) = {m} has only one
root. Since —m; € &~ NC(H;), the assertion holds true.
Case 3. g is of type Fj.

In this case, 05 = m; + 2my + 3m3 + 214 and &\ C(6,) = {73, o + 73, ™ +
Ty + w3} has three roots. Since @~ N C(6;) contains the set {—(8+ ) : 8 #7 €
Ot \ C(0s)}, consisting of three roots, the assertion holds true. n

Lemma 2.1 does not hold for the case that | = 2. For example, if g is
of type Cy, then 05 = my, C(65) = {me, ™ + 2w, —m}, which has three roots,
less than the number of roots in ®*. If g is of type Go, then 6, = 7 + 2my,
C(0) = {my, m + 2ma, w1 + 3me, 271 + 379, —m1 }, which has five roots, less than the
number of roots in ®7.

For = € g, we denote by 2’ the set of elements in g that commutes z, i.e.,

o' ={yeg:[ry =0}

Lemma 3.2. (i) Dim (eg,) > |®T| +1—1.
(1) If two root lengths occur in ® and | > 2, then Dim (ep,)’ > |1 +1— 1.

Proof. (i) follows immediately from the observation that Ker 6y +n C (eg,)".
Let 2 = h4+ ) cobata € g With h € h. It is easy to see that z € (eg,)’
if and only if b, = 0 for each @ € ® \ C(f;) and h € Ker 6, from which
it follows that (ep,)’ = Ker 6, + ZQEC(GS) go. By Lemma 3.1, we have Dim
(€g,) =1—14|C(05)] > |PT|+1—1. |

Let A = {m : 1 < i <} be the base of ® corresponding to Figure 1.
Choose d; from b such that m;(d;) = 0 if i« # [ and m(d;) = 1. Let ®; be the
subset of ® consisting of the roots which are the combination of the simple roots
in A\ {m}. Thus, ®; forms a new root system with rank [ — 1. The type of &,
are listed in Figure 2.

Now we consider the dimension of (d;)’.

Lemma 3.3. (i) Dim (d;) =1+ |Pq].
(it) If 1 > 2, then Dim (d;) > L + |®| except for the case when g has type F}.

Proof. Let x = h+ Zﬁ@ bges be an element of g with h € h and bs € F.
Clearly, [x,d;] = 0 if and only if bg = 0 for § ¢ ®;. Hence, (di)) = b+, cp, 8a;
from which it follows that Dim (d;)" = [ + |®1|. By the tables listed in Figure 2,
we find that @] > [®T| — L except for the case when ® is of type Fj. Hence, if
® is not of type Fy, then Dim (d;)' > L + |@*]. ]
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Type A 1 BJ‘Cl Dr Ea E7 Ex F, 4 Gg
Number of roots = ((I+1) 2717 20*-) 72 126 240 48 12
CI) A ! B/ ! D! E(w E7 ‘EH F4
P A =1 Bp.] C.’—] A =1 D 6 7 B A 1

Figure 2: Number of roots and types of ®;

Note that when [ = 2 or ® has type Fj, Lemma 3.3 fails to hold. For
example, if ® has type Fy then ®; has type Bs, in this case Dim (d;)) =4+ 18 <
24 = | DT,

Define G* to be the subgroup of Int(g) generated by all o,(t) for a € &7,
teF.

For a given x € by, we can write © as x = h+n, where h € h and n € n.
Further, we write n as n = Za€¢+ ba€o . Define

O, ={aed® | b, alh)#0};

U, = {a € d* | by - a(h) =0},

Then Q, UV, = & and Q. NY, = 0. If Q, # 0, i.e., [h,n] # 0, we call the
minimal height of the roots in 2, the Jordan degree of x, and we denote it by
D, . Otherwise, if Q, = 0, i.e., [h,n] = 0, we set the Jordan degree of = to be
ht (6y) + 1.

Lemma 3.4. (i) For an element x in by, there exists some o € GT, such that
the Jordan degree of o(x) is ht(6y) + 1, i.e., Qo) = 0.

(i) For any element x in g, there exists o € Int(g) such that o(xz) = h+n,
where h € B, n € n satisfy [h,n] = 0.

Proof. Let G (x) denote the set of o(x) for all 0 € GT. We now use decreasing
induction on the Jordan degree of the elements in G*(z) to prove the lemma. If D,
takes the maximal value ht(6y) 4+ 1, then we choose o to be the identity element
in G, and o(z) is as desired. Suppose that k := D,, is strictly smaller than
ht(6p) + 1, and assume that © = h+n with h € h, n € n. Since D, = k, we can
express n in the form

n=> bees+ Y batat Y. bata

BEV, ht(o)=Fk,a€y ht(a)>k+1,0€Q,

Choose 01 = [lii(a)=kacq, Talba - a(h)™') € G*, where the product is taken
according to any fixed order. Considering the action of o7 on x, we have

o1(x) = o1(h) + oy ( Z bges) + o1 ( Z ba€a) + 01 ( Z bata)- (2)

BeEY, ht(a)=k,aeQ, ht(a)>k+1,a€0Q,
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For a positive integer i, we denote th(a)>i g by nf . It is easy to see that

oi(h)=h— Y baea (modnf,,), (3)

ht(a)zk,aGQz

o1( Y baes) = Y bges (mod ). (4)

BEY S BEY,
o1 ( Z Do) = Z bata (mod nyf,,), (5)
ht(a)=k,c€Q, ht(a)=k,0€Qy

ol > bata) €nfyy. (6)

ht(a)>k+1,0€Q0

Substituting (3)-(6) into (2) we have that

o1(z) =h+ Z bges (mod nf,,). (7)
ﬂE\I/z

From (7) we find that D, ) > D,. Then we conclude, by induction, that there
exists 0o € G such that the Jordan degree of o90q(x) is ht(fy) + 1. In other
words, Qs,0, () = 0. Taking o to be o901 we complete the proof of (i).

If € g, then x is contained in a Borel subalgebra of g. By Lemma 2.1
there exists oy € Int(g) such that oo(z) € b. By (i) of this lemma we can find
o1 € GT < Int(g) such that Qs 50 = 0. In other words, if we assume that
o100(z) = h+n with h € h, n € n, then [h,n] =0. ]

Proof of Theorem 1.3
Let {d.|m € A} be the dual basis of A, i.e., d, € h such that m(d,;) =1 and
n'(d;) =0 if #’,m € A are distinct. Choose a nonzero element h from Ker(6y).
Then there exists m € A such that w(h) # 0 (if 7(h) = 0 for all 7 € A, then
h =0). Since
[Z dr, 690] = ht<00)690 # 0,

TEA

[dezew] :Zeﬂ#07

TEA TeEA TeA

[h, Z er| = Z m(h)ex # 0,

TEA TEA
the length of the path >  _.dr ~ h ~ ey ~ > _rer is 3. So the distance
between Y A dr and Y _.er is at most 3. If x = h+ > _5cieq € g with
h € b satisfies d ~ x ~ x9, where d = ) __,dr and 29 = ) A €x, We need
to prove = 0. Indeed, from [d,z] = 0 it follows that » 4 a(d)caeq = 0 and
thus > .4 Caa = 0 (note that a(d) = ht(a) # 0 for any a € ), v = h € b.
Further, it follows from [z, 0] = 0 that ) __, 7(h)e, = 0 and w(h) = 0 for any
m € A. Hence x = h = 0. So there is no vertex in I'(g) which is adjacent to both
d and zg, and thus the distance between )  _, d, and ) _, e; is not 2. Thus
the distance between ) _\ dr and ) __, e is 3, and the diameter of g is at least
3.
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Let =,y € g be distinct vertices in I'(g). By Lemma 3.4, there exists o €
Int (g) such that o(x) = h + n, where h € h commutes n € n.

(i) Suppose g is not of type Fj; and [ > 2. In this case, it suffices to find a
path of length at most 4 between x and y. Firstly, we claim that there is ug € g
such that [z, uo] = 0 and Dim (ug)" > é—i— |®*|. To complete the proof of the claim,
two different cases are taken into consideration.

Case 1 There is a € @1 such that a(h) = 0. Suppose that v € & is a
maximal root (with a maximal height) such that v(h) = 0. It is not difficult to
prove that [o(z),e,] = 0. Indeed, if n = 0, the assertion is obvious; otherwise,
assume that n = Zae%(w) baea, where b, # 0 for at least one o € W,(,) (here,
U,z is defined as in Lemma 3.4). By the choice of v, we have v+ o ¢ &* for
any o € Uy, with by, # 0 (otherwise, v + a is a root which has larger height
than that of v and (y+ «)(h) = 0). Hence [n,e,] =0, from which it follows that
lo(x),e,] = 0. By Lemma 2.2, there is certain w € #  such that w(y) = 6, where
0 = 6y if v is long, or 8 = 6, if v is short. Let w € N be preimage of w under
the epimorphism from N to #/, then w(e,) = ep. Let ug = o~ 'w™*(ep). Then
r commutes ug. It follows from (ug) = o~ 'w™!(e,) that Dim (ug)'=Dim (eg)’.
Further, we have Dim (ug)’ > 1 — 1+ |®%| > L + [®"| (using Lemma 3.2), which
proves the claim.

Case 2 a(h) # 0 for all « € ®*. In this case, n = 0 and o(x) = h. Clearly,
[o(x),d)] = 0. Choose ug to be o7!(d;), then [z, uo] =0 and Dim (ug)’ > £+ ||
(using Lemma 3.3).

The claim is proved.

Similarly, for the vertex y, there is vy € g such that [y,vs] = 0 and Dim
(vo) > L +|®F|. Since

Dim (ug)’ + Dim (vg)" > { + |®| = Dim g,
we have (ug)' N (vg) # {0}. Let 0# z € (up)' N (vp)'. Then we obtain
[.T,Uo] - [UO7Z] = [2700} = [UOJy] - 07

from which one obtains a path = ~ ug ~ z ~ vy ~ y of length at most 4 between
x and y.

(ii) The type of g is Fy. In this case, it suffices to find a path of length
at most 5 between x and y. Firstly, we claim that there are u,s € g such that
[z,u] = [u,s] =0 and Dim s = 36. If there is an o € ®* such that a(h) = 0,
let v € ®* be a maximal root such that (k) = 0, then [o(z),e,] = 0, in this
case, let u = o7 !(e,) and s = 0 (ey,), then we have [z,u] = [u,s] = 0. Since
{B€d® :f+6y¢ PU{0}} has 9 roots,

Dim s’ = Dim (eq,) = ||+ (I — 1) + 9 = 36.

If a(h) # 0 for all & € &t then o(x) = h and so [o(z),d;] = 0. We also have
[d;, ex,] = 0. Since 7 is a long root, there exists an w € N such that w(e;,) = e,
(by Lemma 2.2). Let u=0"'(d;), s = c"'w™(ep,), then [x,u] = [u,s] = 0 and
Dim s = 36. The claim is proved.



148 WANG AND XIA

For the vertex y, there exists o1 € Int(g) such that o1(y) = hy +ny, where
hy € b commutes n; € n. We claim that there is v € g such that [v,y] = 0
and Dim o > 22. If there is certain a € ®* such that «(h;) = 0, suppose that
1 € ®T is a maximal root such that vy(h;) = 0. Then [0y(y),e,,] = 0. Suppose
w; € N such that wi(e,,) = ep, where § = 0y or § = 0,. Let v = o7 'w; ' (eg).
Then [y,v] = 0 and Dim v = Dim (eg) > 1 — 1+ |®F| =27 > 22. If a(hy) # 0
for any o € ®*, then [0y (y),d;] = 0. In this case, let v = o7 '(d;), then [y,v] =0
and Dim v = Dim (d;) =1+ || =4+ 18 = 22.

Since Dim s’ + Dim ¢ > 36 + 22 > Dim g, we have s’ N v # {0}. Let
0+# 2z € s Nv. Then we obtain [x,u] = [u, s| = [s, 2] = [z,v] = [v,y] = 0, which
implies that there is a path x ~ u ~ s ~ 2z ~ v ~ y of length at most 5 between
z and y. The proof of (ii) is completed.

(iii) The type of g is Cy or Go. It suffices to find a path of length at
most 6 between z and y. If n = 0, set u = o~ (Ker(6y)) and v = o7 1(ey,),
then © ~ u ~ v and Dim v = Dim (ep,) = |[®T| +2. If n # 0, then there
is certain a € ®* such that «(h) = 0, suppose that § € ®T is a maximal
root such that S(h) = 0, then [0(z),es] = 0 and [eg, ep,] = 0. In this case, let
u=oc""ep),v =0""(eq,), also we have r ~ u ~ v, where Dim v/ = |®T| + 2.
A similar discussion shows that there are z,w € g such that w ~ 2z ~ y and
Dim w' = |®T| 4+ 2. Since Dim v’ + Dim w' = 2|®"| + 4 > Dim g, there exists
a nonzero element, say ¢ € g, such that ¢ € " Nw’. Thus we have a path
r~u~v~qg~w~ 2~y of length at most 6 between z,y, which completes
the proof of (iii). O

4. Diameter of the commuting graph of simple Lie algebra of type
Al,Bl or C[

In this section we give a unified method to determine the diameter of the com-
muting graph of simple Lie algebra of type A;, B; or ;. Indeed, the diameter of
I'(g) has been determined in Remark 1.1 and 1.2 if g has type A;.

Let g be a finite-dimensional simple Lie algebra over an algebraically closed
field F' of characteristic zero, ® be the root system of g with A a base of ®. For
a nonzero integer k € [—ht(6y), ht(y)], denote by ®; the set of roots of height k.
Based on @y, we define a graph T’ (possibly with loops) with ®,, as its vertex set,
and there is an edge between distinct «, 5 € @, if and only if there exist 41,05 € A
such that a +6; =+ € ® and (o« + 1) — 7 ¢ ® for any m € A\ {d1,02}.
Note that there is a loop at a vertex a € @, if and only if there is certain m € A
such that « + 7 € ® and (o +7) — 3§ ¢ ® for any § € A different from 7.

Now we provide a lemma showing what happens for the coefficients of an
element x € g at those e, with a € &, if x commutes xg = ZWeA er and I'y is
connected.

Lemma 4.1. Let v =h+ ) obaca € g with h € b, by € F, and let xp =
Yomen br- If [x,20] =0 and Ty, is connected for some integer k € [—ht(6), —2] U
[1,ht(6y)], then either b, = 0 for all « € @ or b, # 0 for all a € Py.
Furthermore, if there is a loop at a vertex of Ty, then b, = 0 for all a € Py,
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Proof. If b, = 0 for all o € P, then the result holds. Otherwise, suppose
bg # 0 for certain 3 € ®;, we need to prove that b, # 0 for any other o € ®y.
Since I'j, is connected, there is a path, say f ~ a1 ~ ag ~ -+ ~ a, ~ a, between «
and 3, where a; € ®,.. Since  and «; are adjacent, we have f+0; = a;+09 € O
for certain 1,9, € A and v+ # f+ 61 for any v € O, \ {5, 1} and for any
d € A. Express [z, xo] as the linear combinations of the Chevalley basis, it is clear
that the coefficient at ey, is N 5,05+ Nay 5,00, - From [z, 2] = 0 it follows that

N57§1b6 + Na1,52ba1 - 0

Since bg # 0, we have by, # 0. Similarly, from b,, # 0 we have b,, # 0. After a
finite number of steps, we have b, # 0.

If a vertex, say [, endows with a loop, then there is certain m € A such
that 5+ 7 € ® and a4+ 0 # [+ 7 for any a € &, different from S and for any
d € A. Express [z, zo] as the linear combinations of the Chevalley basis, it is clear
that the coefficient at eg;, is Ng.bg. From [z, (] = 0 it follows that Ng bz = 0.
Consequently, bg = 0. Since I'y is connected, we have b, =0 for all « € ;. =

We now study when I'y is connected and when I'y has vertices with loops.

Lemma 4.2.  If g is of type Ay, By or C; with | > 2, then 'y is connected for
any k € [—ht(0y), —2]U[1,ht(0y)], and T'y has at least one vertex with a loop when
k € [=ht(6y), —2].

Proof. Case 1. g is of type A; (I > 2).
In this case, ht(6y) = 1. If 1 <k <[, T’y is a path:

k k41 -1 l
Z’TFZ‘NZTFZ'N"'NZFZ‘N Z ;.
i=1 i=2 i=l—k i=l—k+1
If -1 <—-k<-2,1_; is a path:
k+1 -1 l
(—Zﬂi)“’(—z%)””'”(—Zﬂz’)N(— Z ).
i=1 i=2 i=l—k i=l—k+1

Case 2. g is of type B, (I > 2).

We only check the result for the special case when [ = 5 and omit the
analogous (however much more involved) discussion for the general /. One will see
that I'y are always pathes.

Iy i 7t5 ~ My ~ g~ Ty~ T
Ly 75 + 7y ~ T4 + T3 ~ T3 + T ~ Ty + T
[ 75+ 74+ 73~ 7y + 73+ mg ~ w3+ Tog + T ~ Ty + 27

F427T5+7T4+7T3+7T2N7T4+7T3+7T2+7T1N7T3+7T2+27T1;

F527T5+7T4+7T3+7T2+7T1N7T4+7T3+7TQ+27T1N7T3+27T2+27T1;
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I'e : 5 + my + 73 + Ty + 271 ~ Ty + T3 + 29 + 27y
I';:7m5 + 7y + w3 4 219 4 271 ~ Ty + 273 + 2y + 271
I's : w5 + w4 + 23 + 279 + 274
g : w5 + 21y + 273 + 29 + 27y

I g —(m5 +m4) ~ —(mg + m3) ~ —(m5 + m3) ~ —(m2 + 71);

[ g:—(m5+mg+m3) ~ —(my + 73+ M) ~ —(73 + M + 1) ~ — (72 + 2m1);
P_y:—(m5 + Ty + 73 4+ ma) ~ — (g + T3 + 7o + 1) ~ —(m5 + T2 + 27);
U 5:—(m5+my+ 73+ 79+ m) ~ —(m4 + 73 + T2 + 2m1) ~ — (73 + 272 + 271);
[_¢: —(m5+ w4 + 73 + 7o + 2m1) ~ —(m4 + 73 + 272 + 271);
U7 —(m5 + my + 75 + 2m9 + 2m1) ~ — (74 + 273 + 279 + 271 );
[_g: —(m5 + my + 2m3 + 279 + 27my);
g : —(m5 + 2my + 275 + 279 + 271).

Case 3. g is of type C} (I > 2).
We only check the result for the special case when [ = 4 and omit the
involved discussion for the general case. One will see that I'y are always pathes.

'y iy ~ g ~ g ~ T

[y :my+ 73 ~ w3+ 7o ~ Ty + 71
Iy :my+ 73+ 79 ~ w3+ Ty + T ~ 2m9 + mq;
Ly :my+ 73+ mo + 7y ~ T3 + 270 + 7y
I's: w4+ 73+ 2my + w1 ~ 273 + 279 + 7
[g : my + 213 + 27 + 74
I'7: 2wy 4+ 273 + 279 + 4.

[ o —(my+m3) ~ —(m3 + m2) ~ —(m2 + m1);
[ g —(my+m3+m) ~—(m3+m+m) ~ —(2m + 7m1);
I y:—(my+ 73+ me+m) ~ —(m3 + 2me + m1);
U5 —(mg+ w3+ 2mg + 1) ~ — (2713 + 2m9 + m1);
Lo : —(my + 273 + 2wy + m1);
[y —(2my + 273 + 2m9 + 7).

In all cases, if k € [—ht(6y), —2], then the vertex in I'y, which contains —m;
has a loop. [ |
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Note that Lemma 4.2 fails to hold for the cases when g is of type D;(l > 4),
Eg, B, Eg, or Fy. When g is of type D; with [ > 4, I';_; has Zi: m; as an
isolated vertex, because if (Zi: ;) + 7 € ® for certain m € A then m must be
7, however

-1

-2
(Zﬂ-z) +m = (m + Zﬂ-z) +mo1 = (Zﬂ-z) + 7,

l
i=1 =2

where Zi;i T, A+ Zij m; and 2222 m; are three roots in ®;_;, from which it
follows that Zi;i m; is an isolated vertex of I';_;. When g is of type Fg, F7, Eg
or Fy, then by a similar discussion one will see that Iy has Zle m; as an isolated
vertex.

Lemma 4.3.  Let g be a simple Lie algebra of type A;, By or C;. For a positive
integer k < ht(6y), the elements in {hg : B € O} are linearly independent.

Proof. For v € @, let ¢, be the unique element in h corresponding to v such
that a(t,) = (a,7) for a € ® (where (x; %) is the dual of the Killing form, see [12]
page 37). Then h, = (?—;) for v € &. To complete the proof it suffices to prove
that the elements in {t3: 8 € ®;} are linearly independent. To achieve this goal,
we first need to prove that the elements in @, are linearly independent. Suppose
that Zﬁecbk agf = 0. We need to prove ag = 0 for all g € ®;. If g is of type
Ay, By or C) then there is a unique root, say f;, in ®; containing m; (obtained
by checking the root system ®), then from >, 4 agB(di) = as,Bi1(d;) = 0 and
Bi(d;) # 0 we have ag, = 0, where {dy,ds,...,d;} denotes the dual basis of
{m,ma,...,m}. Furthermore, since only one root, say [, in &5 \ {f1} (if it is
not empty) contains m_;, we have ag, = 0. Proceeding in this way we have
ag = 0 for all § € ®,. Label the roots in &, as &, = {51,052, ..., m}, where
m = |®g|. Since the elements in ®; are linearly independent, the m x m Gram
matrix A (with respect to @) with (5;, ;) at the (¢, j)-position is nonsingular.
Now we return to prove that {tz: 8 € ®;} are linearly independent. Suppose that

Zﬁebk bﬁfﬁ =0. Then,

Z bgy(tg) =0 for any v € ®y.
BEDy,

Since v(tg) = (7, 5), we have

Z bs(v,8) =0 for any v € Dy,

Bedy

from which we have bg = 0 for all § € &} (recalling that the Gram matrix with
respect to @, is nonsingular). n

Lemma 4.4. Let g be a simple Lie algebra of type A;, By or C; with | > 2,
and let £ =) cnCr, Yo = D ren €—n- Then d(zo,y0) = 4.
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Proof. We first consider what form does a nonzero element z € xj have.
Suppose that 0 # z = h, + > g ba€o With h, € h commutes z(, and we denote
Y hi(a)=k La€a by 2 for each k € [—ht(f), —1] U [1,ht(6p)]. Then

-1 ht(6o)
z=h,+ Z Zk—i—sz.
k=—ht(6) k=1

From [z, x| = 0 it follows that
[hz, o] = 0, and [z, o] = 0 for any k € [—ht(6y), —1] U [1, ht(6y)],

since [h,,xo] € @1, [2k, 0] € k1 for k # —1 and [z_1,2¢] € b, where gy =
> aca, Foea for k # 0. From [h,,xo] = 0 we have 7(h,) = 0 for any 7 € A,
which further implies that h, = 0. Applying Lemma 4.1 and Lemma 4.2, we
have z, = 0 for k € [~ht(0), —2]. From [2_1,20] = [D_ cab-rbr, D rcnbn] =
—ZWeA b_ h, = 0, we have b_, = 0 for any # € A. Thus z_; = 0. When
k € [1,ht(6y)], by Lemma 4.1 and Lemma 4.2 we know either b, = 0 for all
a € & or b, # 0 for all @ € ;. Let p be the least positive integer such that
2, # 0 (among all z).

Analogously, we suppose that u = hy, + Y .4 Ca€a is a nonzero element
in g commuting with g, and we denote th(a):k Caba by uyp for each k €
[—ht(fy), —1] U [1,ht(0y)]. Then, a similar argument as above we have that h, =
up, = 0 for k € [1,ht(6p)], and when —k € [—ht(f), —1] either ¢, = 0 for all
a € P porc, #0 forall @« € &_;. Let —q be the least negative integer such
that u_, # 0 (among all u_y).

Now we are in a position to show that [z,u] # 0.

We first consider the case when ¢ > p. If ¢ = p, then by Lemma 4.3

(2, U Z boCa, Z C_af—al Z baC_aho # 0,

acd, —acd_, acd,
and so [z,u] # 0 since [z,u| = [zp, u_p| (mod n). If ¢ > p, since [zg, 2] = 0, we
have
ht(0o) -1
(ad z0)"P([z,u]) = [z, (ad o) Z i, Y (ad 20)" 7 (uy)]
i=—q

= [z, (ad 20)" P (u—y)] (mod n.

We claim that (ad )7 "(u—q) is a nonzero element in n_, = 37 5 @o. In-
deed, since u_, # 0 we have (ad zo)(u_,) = [zo,u_g| is a nonzero element
in n__1) (otherwise, by [zo,u_] = 0 and using Lemma 4.1 and Lemma 4.2
we have u_, = 0). Similarly, it follows from (ad z¢)(u_,) # 0, we have
(ad x9)*(u_y) = (ad zo)(ad z)(u_,) # 0. After a finite number of steps, we
arrive at (ad )7 P(u_,) # 0. Since (ad x¢)?P(u—,) € n_,, the claim is proved.
Now suppose that (ad zo)? "(u—q) = 3__,cq_, @—a€—a- By the claim, at least one



WANG AND XIA 153

a_q # 0. Because b, # 0 for all o € ¢, and there is at least one —a € ¢_,, such
that a_, # 0, we have

(2, (ad 20)T P (u_y)] = [Z boCa, Z A_pC_o) = Z boG_oho # 0,

ac®, —acd_, acd,

the last inequality follows from Lemma 4.3. Consequently, we have [z,u] # 0.

If p > q, by considering (ad yo)?~9([z,u]) we can also prove [z,u] # 0. The
parallel discussion is omitted.

The fact (just proved) that [z,u] # 0 for any 0 # z € 2z, and 0 # u € ¥
implies that d(xg,yo) > 4. It is easy to see that xg ~ ey, ~ h ~ e_g, ~ Yo is a
path from xy to yo, where 0 # h € Ker 6y. Hence, d(zo,yo) = 4. [

Proof of Theorem 1.4

Let g be a simple Lie algebra of type A;, B, or C; with [ > 2. By Theorem 1.3,
the diameter of I'(g) is at most 4. On the other hand, there exist two vertices
zo, Yo in ['(g) such that d(xo,yo)=4. Hence, the diameter of I'(g) is exactly 4. m
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