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Abstract. The Cartan and Iwasawa decompositions of real reductive Lie
groups play a fundamental role in the representation theory of the groups and
their corresponding symmetric spaces. These decompositions are defined by an
involution with a compact fixed-point group, called a Cartan involution. For an
arbitrary involution, one can consider similar decompositions. We offer a gener-
alization of the Cartan and Iwasawa decompositions for algebraic groups defined
over an arbitrary field k and a general involution.
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1. Introduction

The Cartan decomposition of a real reductive Lie group G factors the group into
H(Q) where H is maximal compact and () is the symmetric space with respect to
the Cartan involution. The Cartan decomposition generalizes the polar decompo-
sition or singular value decomposition of matrices. The Iwasawa decomposition
of a real reductive Lie group factors the group into its analytical subgroups H P
where H is maximal compact and P is a minimal parabolic R-subgroup. This
decomposition results from combining the Cartan decomposition of a semisimple
Lie algebra and the root space decomposition of its complexification.

The Cartan and Iwasawa decompositions of real reductive Lie groups play
an important role in representation theory and in the structure of their correspond-
ing real reductive symmetric spaces. The reader is referred to Helgason [7] for a
more complete description of these decompositions. In [9], a generalization of the
notion of a Cartan involution is given and the Cartan and Iwasawa decompositions
are generalized to groups with such an involution.

In this paper, we let G' = SLy(k) be an algebraic group defined over a
field £ of characteristic not 2 and develop a decomposition which resembles a
combination of the Cartan and Iwasawa decompositions. We extend the notion of
the Cartan and Iwasawa decompositions to G defined over other fields. Specifically,
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we consider the real, rational, and p-adic numbers, as well as the finite fields. We
also generalize the factors of the decompositions by defining them with respect to
any involution of the group.

In section 2, we review results and notation needed to prove our main
results. In section 3, we show SLy(k) can be factored to Hf Q?Uy, where H? is the

fixed-point group of some involution 8, QF = {geG|6(g9)=g"} is the extended
symmetric space of the involution #, and U a unipotent subgroup of G. In section
4, we discuss the structure of the symmetric and extended symmetric spaces. In
sections 5-7, we refine our decomposition of SLy(k) and analyze the factors in
more detail for specific fields and involutions.

2. Preliminaries

We borrow most notation from Springer and Borel [11, 4, 3, 2]. Let k be a field
of characteristic not equal to 2 and k the algebraic closure of k. We will use
G = SLy(k) and G} = SLy(k), the k-rational points of G'. In general, for a group
A defined over k, Ay will denote the k-rational points of A. For B € GLy(k), let
Inn(B) denote the automorphism of G defined by Inn(B)(X) = BXB~! for all
X e G. Let Aut(G,Gy) denote the group of automorphisms of G which keep Gy
invariant. We say ¢, 0 € Aut(G,G},) are isomorphic (over k) if there exists a third
automorphism y € Aut(G, Gy) such that x¢x=! = 6. This is denoted ¢ ~ 6 when
the field k is clear from context. Combining results from [2] and [10], we have the

following lemma.

Lemma 2.1.  All automorphisms ¢ € Aut(G,Gy) are isomorphic over k to
Inn(A) for some A e GlLy(k).

For a field k, let k* denote the product group of non-zero elements from &
and (k*)? the normal subgroup of squares in k* defined by (k*)?={a? | a€k*}.
The quotient group k*/(k*)? is the set of square classes in k. From [10, 8] we
borrow the following results about automorphisms of order 2, called involutions,
of Gk .

Theorem 2.2.  All involutions 0 € Aut(G, Gy) are isomorphic over k to Inn(B),
where B =(91) for some bek*.

Theorem 2.3.  Let M =(24) and N =(04) be the matrices corresponding to
Inn(M),Inn(N) € Aut(G, Gy), respectively. Then Inn(M) ~ Inn(N) if and only

if m and n are in the same square class of k.

Corollary 2.4.  The number of isomorphy classes of involutions of G which
keep Gy, invariant is |k*[(k*)?|.

Let m be a representative of the square class of m in k*/(k*)?. We will
use 0, to denote the involution Inn(M) of G with M = (2 }). For all involutions
0 € Aut(G,Gy), we can assume 6 ~ 0, where m € k* is the representative of the
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square class m. For the class of squares, we use m = 1. Let G be a group and ¢
an automorphism of G. Denote H? as the fixed-point group of ¢ in G.

Example 2.5. For G with the involution 6,,, the fixed point group is Hom,

where
Hgm _ a b
k7 \mb a

Definition 2.6. For a group G with the involution 6, the symmetric space is
defined as Q% = {g6(g)™" | g € G}, and the extended symmetric space is defined as

Q" ={g¢€Gr|0(9)=97"}.

a,bek, a2—mb2:1}.

Remark 2.7. For a group G with the involution 6, the symmetric space is
isomorphic to G/HY.

Example 2.8.  For G with the involution 6,,, the extended symmetric space is

Q. where
() — oy
7l )

Definition 2.9.  An element g€ G is 6-split if 0(g) = g~'. A subset is 0-split if
all of its elements are #-split, i.e. Ejé is #-split by definition. An element is k-split
if it can be diagonalized over the field k. A torus is k-split if all of its elements
are k-split. A torus is (0, k)-split if it is both 6-split and k-split.

x,y,z €k, a:z+my2:1}.

Lemma 2.10.  For a group G with an involution 0, the symmetric space is
contained within the extended symmetric space. i.e. Q% c QY.

Proof. Let gf(g)~' € QY for some g € G, then
0(90(9)™") = 0(9)0*(9)" =0(g)9™" = (98(g)™) "
Hence, ¢g0(g)~' € @‘é [

Lemma 2.11.  The symmetric space of a connected group is connected. Further-
more, (Q%)° =Q°, where (Q?)° denotes the connected component of the extended
symmetric space containing the identity.

Proof. Consider a connected group G defined over k, a field with a topology.
Then Q7 is connected because it is the image of the continuous mapping defined
by g~ g0(g)~! for g € G. Since (Id)A(Id)~! = Id, the identity matrix is always
contained in the symmetric space. Therefore, the symmetric space is the connected
component of the extended symmetric space containing the identity, Q% = (Q?)°.

[

Definition 2.12. A subgroup A is k-isotropic if it contains a k-split torus.
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Otherwise, A is k-anisotropic. An involution 6 of a group is a generalized Cartan
involution if the fixed-point group of 6 is k-anisotropic.

If £ =R, this is the regular Cartan involution. R-anisotropic is equivalent to
compact. By abuse of terminology, we will refer to a generalized Cartan involution
as a Cartan involution.

Example 2.13. Consider G defined over k = R. The square classes of R are
represented by {1,-1}. Up to isomorphy over R, there are two involutions of G
which keep Gg invariant, namely 6, and 6_;.

The fixed-point group of 6_; is the special orthogonal group SO (2) which is
compact and hence #_; is a Cartan involution. The symmetric space of 6_; is the
set of positive definite symmetric matrices, while the extended symmetric space is
the set of symmetric matrices.

For the involution 6y, the fixed-point group is the subgroup SO (1,1).

The following results from [7] give us the Cartan and Iwasawa decomposi-
tions, respectively.

Theorem 2.14 (Cartan Decomposition).  Let G be a real semisimple Lie group
and 0 a Cartan involution of G. Define () and H to be the symmetric space and
fized-point group with respect to 0, respectively, and A a maximal (0, k) -split torus
m G. Then 6 induces the following equivalent Cartan decompositions:

G=HQ=H°Q)=HAH =H°A°

where H° denotes the connected component of H containing the identity.

Theorem 2.15 (Iwasawa Decomposition).  Let G be a real semisimple Lie group
and 0 a Cartan involution of G. Let H be the fized-point group and P a minimal
parabolic R-subgroup. Then 0 induces the Iwasawa decomposition:

G=HP.

Remark 2.16. For an R-split group, as is the case with G, we can write
Gr = HrArUgr, where A is the maximal (6,R)-split torus and U a maximal
unipotent subgroup defined over R. In fact, Pr = Zg,(A)Ur = AgUg since A is a
maximal torus.

From [9], we have a condition which equates the Iwasawa and Cartan
decompositions.

Theorem 2.17.  Let G be a real Lie group defined over a field k and 6 a general-
1zed Cartan decomposition of G such that the fixed-point group Hy, is k-anisotropic,
the symmetric space Q) consists of semisimple elements, (Zg(A)(H))x = AxHy,
where A is a 0-stable mazximal (0,k)-split torus of a minimal parabolic subgroup
P. If (k*)? = (k*)*, then the following decompositions are equivalent:

G = HLAHL = HyAH,y, = HIQ = HyQ = Hy AUy = Hy AU
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where H,A,Q, and U are as defined in Theorem 2.14 and Remark 2.16.

The criteria for a generalized Cartan involution in [9], listed in Theorem
2.17, is much stronger than in this paper. These additional requirements guar-
anteed the existence of generalized Cartan and Iwasawa decompositions in their

paper.

3. Generalizing the Decompositions to Algebraic Groups

As previously discussed, the Cartan and Iwasawa decompositions are defined for
real semisimple Lie groups when paired with a Cartan involution. In general, for
any field k& with a general involution 6, the set H/Q? is contained in, but not
equal to, Gj.

Example 3.1. Let G be defined over £ =R and 6 = #; the involution of G.
Consider ¥
_ 1 2(v/5-3)7!
g'(%(ﬁ—?») 2 )EGR'

We will show g ¢ HH%@/G and thus g ¢ H3Q’ c HH%@@. Assume to the contrary that
g € H3QY, then there exists h™' = (4 7*) € HY such that h~'g € Q7. Then the
matrix equation

_ __2b _ _2a
9(h‘1 )_ 2@_\/%_17_3 a(@)_b _ 2a V/5-3 2b V5-3 (1)
=\ 2a -2 2a--2 | b—a(ﬁ) 2a — 2o
V5-3 V/5-3 2 V5-3

has a solution such that h € HZ. However, the only solution to (1) is a = =b.
Therefore, h ¢ Hf and the traditional Cartan decomposition does not hold.

To account for the missing elements, we introduce the unipotent subgroup
U of G consisting of upper triangular matrices with ones on the diagonal, where

Uk:{(é 7“;1) ulek}. 2)

With the addition of the new subgroup, we have the following result.

Theorem 3.2.  For G with the involution 0, Gy = Hg@Uk, where H?, @, and
U are the fixed-point group, extended symmetric space, and unipotent subgroup of
G, respectively.

This decomposition serves as a generalization of both the Cartan and Iwa-
sawa decompositions. It contains the fixed-point group and symmetric space sim-
ilar to the Cartan decomposition. Additionally, because the maximal (6, k)-split
torus A is contained in é)\é and we have a unipotent subgroup, it generalizes the
Iwasawa decomposition. To prove Theorem 3.2, we use the Bruhat Decomposition
as in [3].



160 SUTHERLAND

Theorem 3.3.  For an algebraic group G, let P be a minimal parabolic k-
subgroup of G, A a mazximal k-split torus in P, and W (A) the Weyl group of A.
Then Gy, decomposes as the disjoint union of the double cosets of P, parameterized
by W(A),

gk = U Pkak.
weW (A)

Remark 3.4 (Bruhat Decomposition of G).  For a k-split group, P = B is a
Borel subgroup and A =T is a maximal torus. For (G, the Bruhat decomposition
is

Gk = U Bkak.
weW (T)

Let the maximal torus T be the subgroup of diagonal matrices in G, the
Borel subgroup B o T be the upper triangular matrices in G. Then T} and B
are their respective k-rational points where,

_J(r v _ _Jfa O
Bk—{(o z) x,y,zek,xz—l} and Tk—{(o a‘l)

Let Id be the 2 x 2 identity matrix, then we can define the Weyl group
W(T) and Bruhat decomposition of Gy, as

aek*}. (3)

W(T) = {Id, (_01 (1))} and Gy = By |*) By (_01 (1)) B, (4)
For the Borel subgroup B, we can write B = T'U, where T is the k-split
maximal torus and U is the unipotent radical.

Lemma 3.5.  Let 0 be an involution of G and T the k-split maximal torus of
diagonal matrices. Then T is invariant under 6 and is mazximal (0, k)-split.

Proof. Let 6 =6,, be an involution of G and t = (g a91) €T. Then T is #-split,

because
(0 1\fa O\(O mt\ (a7t O\
e(t)_(m 0)(0 a—l)(l 0 )‘(0 a)_t €T,

Thus, T is invariant under 6. [ |

A subgroup which is invariant under an automorphism ¢ is said to be ¢-
stable.

Lemma 3.6.  Let G be defined over k and 6 an involution of G. If H? = {+1d},
then k~TF3. For G defined over k =Tz, H™ = {+1d} only for m e (k*)2.

Proof.  From [9], the fixed-point group of an involution is always reductive.
Thus, the fixed-point group is a torus. Because H =~ k*, if |H| =2, it must be that
k~ Fg .

For k =3, the set of squares is (F3)%2={1}. For h=(,% %) ¢ ng, it must
be that a? - mb? = 1. If m € (IF%)2, the only solution to the determinant equation
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is a =+1 and b=0. Hence h = +Id. If m ¢ (F})?, i.e. m =2, solutions to the
determinant equation include a = 0 and b = +1. Therefore, h is not necessarily
+Id. [ |

Proof of Theorem 3.2. Let 6 be an involution of G. Because HY, @_‘5, and Uy
are contained in G, H g @‘é Ui c Gy, is clear. We will show the reverse containment,
G.cH g@@ Uy by replacing Gy with its Bruhat decomposition as in (4), giving us
the equivalent statement

0 1 —
BkUBk(_l O)BkCHgQQUk. (5)

First, consider g € By. By Remark 3.4, gu™ =t for some u™' € Uy
and t € T;,. By Lemma 3.5, gu! =t is f-split, hence gu™ € QY. Therefore
g€ QQUk c HzQeUk

Second, consider g € By (% §) Bx. For some a,b € k* and «a,f € k, we

rewrite g as
a « 0 1\(b p
9:(0 a-l)(—1 o) (o b—l)‘ (6)

1 ma’-b%>—maBab
u = maab?
)

If a#0, let

0 1

then gu € @7’ because

a?m-b? b
—| a%tma T ma | = -1

0(gu) ( b —ab) (gu)™. (7)

Therefore, g € @Uk c H,f@Uk. If =0, let

N by 0 (1 maQal_,,:?,gZiﬁ_ale
h = (mb1 Cl1) e H)~{xId} and u= (0 ; eU,. (8)
Then hgu € @\5 because
mb?by —ma’+b> _aib )

O(hgu) = ( malb, _Irﬁ) = (hgu)™. (9)

Therefore g € Hg@éUk.
For k =F3 and m € (F5)?, we have Hf = {zId}. If a =0 we must use an
h different than that in (8). Assume 6 = 6,, then G defined over k = F3 has 24

elements, many of which already belong to Hgg, @7, or +Up,. The only elements

of G, of concern are
a 0 [a a a b
o s) e ) g

where a,b # 0. Choosing u € Up, from Table 1 will yield gu € @5 and hence
g€ Hgg QQU]P‘3 . | |
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gGGF3 ’LLEUF3
a 0 1 —g
b «a 0 1
a a 11
a b (0 1)
a b 1 g
) )

Table 1: u € Up, such that gue @5

For a general field & and involution 6, Gy # H/Q?U), and thus expanding
to the extended symmetric space is necessary. Further on, we give cases in which
the symmetric space will suffice.

Remark 3.7. Let G be defined over a field £ and 6 an involution of G. The
(H{ x Ug)-orbits on Gy are defined by (h,u) e g := hgu for h € H},u € Uy, and
g € Gy. By Theorem 3.2, we can choose orbit representatives in @é . Similarly,
the twisted Uy-orbits on @Y are defined by the twisted action u * ¢ := u='q6(u)
for uw e Uy and ¢ € QY. By Remark 2.7, Q% ~ Gy,/H, thus the Uy-orbits on @’
are in bijective correspondence with the (HY x Uy)-orbits on Gy if and only if

HYQU, = H'QU.

The following example exhibits the necessity of the extended symmetric
space using a specific case where the symmetric space does not suffice.

Example 3.8. Let G be defined over k= Q and 6 = 6_; the involution of G.
For convenience, we will use Q% = {g710(g)lg € Go}. Let the (H{ x Ug)-orbits on
Gg and twisted Ug-orbits on QY be defined as in Remark 3.7. Consider the map
from Ug + Q7 to (H{ x Up) e Gg defined by

Ug *q > (HyxUg)eyg

where ¢ = g7'0(g). For ¢ € @Y, assume there exists ¢1,9o € Gg such that
q=97"0(91) = 950(g2) . Then gy = hgy for some h € HY because

91'0(91) = 9'0(92) = 0(9192") = 195" = qrg5" € HY. (11)

The map is well-defined because it is independent of coset representative and
surjective by definition of QY.
We may also reverse the map,

(HE xUg)egrg'0(g). (12)

By Theorem 3.2, let g = hqu, q € @5. Then (H& x Ug) @ g maps to Ug * qp for
some qo = g2 €@,

(9)7'0(9) = (hqu)™'0(hqu) = u'q~ h~'0(h)0(q)0(u) = u™'q~'0(q)u = u * go.
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Over k = Q, this map is not surjective because not all elements of QY can be
written as ¢~2 for some ¢ € Q°.

From [9, Proposition 6.6], the Ug-orbits on Q¢ can always be represented
by an element from the normalizer in G' of a #-stable maximal k-split torus A,
Ng(A). In this case, Ng(A) nQ? is the set of diagonal elements in Gg.

Furthermore, an element X € Ng(A) n QY can not be mapped to another
element Y € Ng(A)nQ? under the action of (H)xUg), unless Y = -X . Consider
the following elements,

fz1 O [y O 0
3 2 2)evecore

1 1

Additionally, we will let

_|a b 0 _ 1 Uy
h—(b _a)eHQ andu-(o 1)€U@.
For the action of (H{ x Up) on X to map to Y, it must be that
a b\fx1 O \(l w)\ (a1 azxquz+bay'\ (1 O (13)
b a)\0 27')\0 1) \-bzy -brius+axi') \0 yit
where a? + b2 = 1. Solving (13) implies h = +Id and u =1d, hence ¥ = -X.
For
a_ Ty payY:
q = (y Z) €Q

the only Ug-orbits on Q? which correspond to the (Hf x Ug)-orbits on Gg are
the ones whose representative in Ng(A) is of the form

22+ P 0
D= 0 Y2+ 22 )
(A0
g_(o )\Il)EGQ

such that A\; >0 and A; is not the sum of two squares, (H& x Up) ® g can not be
obtained as a Ug-orbit on Q’. Hence G # H{QUy.

For

4. Symmetric and Extended Symmetric Spaces

To understand the structure of the symmetric and extended symmetric spaces of
G for any field and involution, we will analyze the relationship between the spaces.
Recall from Lemma 2.10 that Q¢ c @5 for all groups. Example 2.13
demonstrates that the symmetric space and extended symmetric space are not
equivalent in general. We will determine for which cases we get equality.

Theorem 4.1. Let G be defined over k = k and 0 = 6, the involution of G.
Then the extended symmetric space is equivalent to the symmetric space.
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Proof. Let
[ b)_ 53
4= (—b c) € Q"
For ¢ to be in the symmetric space, we need g € G such that ¢ = g6(g)™" € Q°.

Depending on the value of ¢, choose g € G according to Table 2. Choosing the
appropriate g will yield ¢ = gf(g)™' € Q. The reverse containment follows from

Lemma 4.1. [

c b geGG

1 b

_ Ve e

cz0 (0 \/E)

0 /—

C=O bzl (\/:1 \/_—aa)

c=0|b=-1 (} _11)
PR

Table 2: g e G such that ¢=gf(g) e Q? for k=k

Theorem 4.2. Let G be defined over k =R and 6 = 0, the involution of G.
Then the extended symmetric space is equivalent to the symmetric space.

(o ) .50
7= (—b c) €@
As in the proof of Theorem 4.1, we need g € Ggr such that ¢ = gf(g)~' € Q°.

Depending on the value of a, choose g € Gg according to Table 3. Choosing the
appropriate g will yield gf(g)~! = g € Q%. The reverse containment follows from

Proof. Let

Lemma 2.10. [ |
a b gEGR
0
a>0| - (_\/La L)
0 V-a
a<0] - Ja  b/a

1 )
c+1
2
_1)
c+l
2

Table 3: g € Gr such that ¢=g¢0(g)'eQ? for k=R

— o
N[ =N =
(o) [

In [5], the structure of the symmetric space of G defined over k = F, is
analyzed, including the following result.
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Theorem 4.3.  Let G be defined over k = F, with characteristic of k not 2,
and 6 an involution of G, then the symmetric space is equivalent to the extended
symmetric space.

We now consider G defined over k =(Q, with the involution 6 = ¢,. For

i-( 1)@
we must show there exists
9= ﬁ gj) € G,
such that .
0=(5 2) (L ST o0 (1)

To find such g € Gg,, we solve for x,y, z,w € Q, such that the following equations
from (14) and det(g) =1 hold:

l=2w-yz (15)

a=x%-1y? (16)

c=w?-2° (17)
(

b=yw-xz

Using Hilbert’s symbol, we obtain solutions to (16) and (17) in Q,.

Definition 4.4. The polynomial ax? + bx? — 22 is isotropic over Q, if there
exists non-trivial (z,y,2) in Q3 such that az? +bz* - 22 = 0. For a,b € Q,, the
Hilbert symbol is defined as

1 ax? +by? - 2?2 is isotropic
(a,0), = { -1 otherwise

In [6], several useful properties of the Hilbert symbol are given.

Proposition 4.5 (Properties of the Hilbert Symbol).
For all a,beQ,, we have

1. (CL, b)p = (b7 a)P
2. (a,b), =1 then ae(Q)?

3. (a,-a),=1

We can rewrite (16) equivalently as,

1 1

0=m2—y2—a0r0:(—) 2+(——)y2—1. (19)
a a
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This new equation corresponds to the Hilbert Symbol (%, —%)p. Note that we have

scaled the equation in Definition 4.4 so that 22 =1. By Proposition 4.5, Property

3, (£,-1), = 1. Therefore (19) has a non-trivial solution (z,y,1) in Q3, and by

extension, (16) has a solution (z,y) in Q2 . Similar calculations show (18) has a
solution.

For a simultaneous solution to (15)-(18), let

b+ aw
x: 7y:a7Z:/87

B

where

a2 —
U el S -y
c
We can verify that Vw?-c is defined in Q, for all ¢ € Q,, using the Hilbert
symbol. The equation
BE=w?-c (20)

can be shown to have a solution in Q, with the same method as in (19).

Depending on the value of ¢, choose g € Gg, according to Table 4. Choosing
the appropriate g will yield g8(g)' = ¢ € QY. Because the reverse containment is
clear by Lemma 2.10, we have the following result.

c b g€ Go,
—betw?b+wvw?—c  wb+Vw?—c
cz0 - evw?-c ¢
w2 -c w
_1 1
_ — 2 2
c=01] b=1 ( 1 _1)
C= O b = —1 (_:1l 11)
2 2

Table 4: g € Gg, such that ¢ =gf(g) 1 e Q? for k=Q,

Theorem 4.6. Let G be defined over k = Q, with p #+ 2 and 0 = 0, the
mvolution of G, then the extended symmetric space is equivalent to the symmetric
space.

By Corollary 2.4, there are four classes of involutions of Aut(G,Gg,) be-
cause |@; / (Q]’;)Q‘ = 4. These classes are represented by {6:,6,,0n,,0,n,}, where
N, is a non-square in @@, not in the same square class as p. For 6 = 0, with m # 1,
we can show by example that the extended symmetric space and symmetric space
are not equivalent.

For each involution, we consider the cases when p =1 mod4 and p =3
mod 4 separately. The key difference is that, as in the finite fields, —1 is a square
when p=1 mod 4 and is —1 not a square when p=3 mod 4. When p=1 mod 4,
we use the square class representatives Qy/(Qj)? = {1,p, Np,pN,}. When p = 3
mod 4, we use the square class representatives Qx/(Qy)* = {1,p,~1,-p}.
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Example 4.7. Let p = 3 and consider the involution 6 = 3. The extended
symmetric space is defined as

7-{(5 )

L) —
— (3 0
q_(o B)EQ

Then ¢ = gf(g)~! implies g is equal to

(£ 0 L (M sk
g1 = 0 \/g g2 = +o d 3

where o = /3d? - 9.

Because 3 ¢ (Q3)%, g1 ¢ Gg,- For g3, a=Vv3d*-9= V3Vd? -3 €Q, if and
only if d? - 3 is in the same square class as 3, which implies d = \/3(1 + 22) for
some z € Q,. Note that 3(1+2?) ¢ (Q;3)?, thus d ¢ Q,.

There is no g € Gg, such that ¢ = g0(g)~! € QY and therefore, the symmetric
space and extended symmetric space are not equivalent for the involution 6 = 6,
when p=3 mod 4.

a,b,ceQ, and ac+3b2:1}.

Let

Using similar calculations, one can show there exists ¢ € @3 such that ¢ ¢ Q?
in the following cases: 6 = 6, with p =1 mod 4,0 = 0y, with p =1 mod 4 and
p=3 mod4, and 6 =0,y, with p=1 mod 4 and p=3 mod 4. These examples
serve to show for GG defined over k£ = Q, with the involution ¢, @5 = QY only when
0=0,.

Using the following theorem from [6], we can prove a similar result for k£ = Q.

Theorem 4.8 (Strong Hasse Principle).  Let f be a regular quadratic form over
Q. Then f is isotropic over Q if and only if f is isotropic over Q, for all p,
including p = oco.

Theorem 4.9. Let G be defined over k =Q and 0 = 6, the involution of G,
then the extended symmetric space is equivalent to the symmetric space.

Proof.  The equations (15)-(18) have a simultaneous solution over k =Q, (p #
2) by Theorem 4.6 and over k = R = Q. by Theorem 4.2. Applying the Strong
Hasse Principle, equations (15)-(18) must also have a simultaneous solution over

k=Q. [ ]

Corollary 4.10.  For G defined over k and 6 = 0, the involution of G, we have
Q’=@Q° for k=kRF,Q, and Q.

Corollary 4.11.  For G defined over a field listed in Corollary 4.10 with the
involution 0 = 0, or G defined over k =¥, with any involution 0, the decomposition
in Theorem 3.2 can be simplified to Gy = H!QUj, .
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5. Refining the Decomposition

For some cases, we can refine the decomposition, G, = H 9@5 Uy, by removing
elements from each of the factors which are not necessary. To do so we will examine
1ntersect1ons of the factors, including H9Q9 NU, H'NQ?, U.NH!, UN Q°,

NQ°U,, and HU, NQ°.

For the following propositions, let § = 6, be the involution of G, H*
the fixed-point group, (¢ the extended symmetric space, and U the unipotent
subgroup of GG consisting of upper triangular matrices with 1’s on the diagonal.
Proposition 5.1.

H! Q% = Uy HY = Uy QP = {+1d}
Proof.  This is clear by the definitions of HY, @‘é , and Uyg. |

Proposition 5.2.
G 12
0 — a
Proof. First, construct X e H,f@é using

fa b 0 o y\ =5
h_(mb a)er and q_(—my Z)GQ,

where a2 -mb? =1 and zz +my? =1 as in Examples 2.5 and 2.8, so

. [ ax-mby  ay+bz 00
X =hq= (m(bx —ay) mby +az) € 1 Q.

aek* bek, aQ—mb2:1} (21)

Since X is in the intersection, X may also be written as an element of Uy,
| ar-mby ay+bz \ (1 w
X= (m(bx —ay) mby+ az) - (0 1 ) ’ (22)

2b

for some u; € k. Solving the matrix equation (22), we obtain u; = 22 ]

The cardinality of the set (21) is equivalent to the cardinality of H? minus
the elements of H ,f with zeroes on the diagonal, which is equal to

— . 1
|H,fQ9ﬂUk|:|H,f|—Hbek |b=im}‘.

Proposition 5.3.

(2, )

ack® bek, a2—mb2=1} (23)
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Proof. First, construct X ¢ @Uk using

B T Y =5 B 1 wy
q_(—my Z)e@ and u-(o 1)

where xz +my? =1 and u; € k as in Example 2.8 and Equation (2), so

X mr +y
-my —-myu; + 2

X:quz( )E@Uk-

Since X is in the intersection, X may also be written as an element of HY,

X:( x W+ Yy ):(a b). (24)

-my —-myu; + 2 mb a

Solving the matrix equation (24) and including the fact that a? — mb* = 1, we

obtain z =a, y =-b and u1=%b. [ |
The cardinality of the set (23) is the cardinality of H/ minus the elements

in H? with zeroes on the diagonal. Furthermore, the cardinality of the intersection
(23) is equivalent to the cardinality of the intersection in Proposition 5.2 (21),

(T = 1 (0= 1] e -

This intersection is almost equivalent to H g,

oy 0 b
Hg\(HgﬂQeUk)={(mb O)‘ bek, —mb2:1},
leading to the following result.

Lemma 5.4. Let G be defined over k and 0 = 0,, the involution of G. Then
HY ¢ Q°Uy if and only if —m ¢ (k*)2.

Proof. This proof follows from a chain of equivalent statements.

Hlf C@\éUk

<~
H{N (H{NQU) = {(5 §)| bek, -mb*=1} = o -
b=+ 1 ¢k =

Jm

Example 5.5.  When HY c @Uk, we do not necessarily have G}, = @Uk. Let G
be defined over k =R and 6 = 6, the involution of G. By Lemma 5.4, Hg c Q°Ug.

Let
0
g = (_2 ) € GR,

O =
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then gu ¢ Q° since

(gu) = (2“ ‘02) / (22“ ‘O%) - (gu)™,

2

for any

Therefore Gg # @_é Ug.

Proposition 5.6.

{3,

-my z

rek*, y,zek, xz+my2:1} (25)

Proof.  First, construct X € HYUj, using

(njb Z)eH,f and u:((l) qil)eUk

where a? —mb? =1 and u; € k as in Example 2.5 and Equation (2), so

a uia +b
mb mbuy +a

X:huz( )eH,ka.

Since X is in the intersection, X may also be written as an element in @7’ ,

fa wa+b) [ x y
X= (mb mbuy + a) - (—my z) ' (26)
Solving the matrix equation (26) and including the fact that zz +my? =1,
we obtain a =z, b= -y, and ulz%’. |

Remark 5.7.  Similar to the previous proposition, (25) is almost equivalent to
the extended symmetric space,

#anun@-{( %, )

-my =z

yek, my2=1},

leading to the following result.

Lemma 5.8.  Let G be defined over k and 0 = 0, the involution of G. Then
Q% c H'Uy if and only if m ¢ (k*)?.

Proof.  This proof follows from a chain of equivalent statements.

@CHgUk ~
— — 0
Qe\(HgUkﬂQ9)={(_my Z) y ek, my2:1}:® PEN

y=i%¢k
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The following result is a more precise generalization of the Iwasawa decom-
position.

Theorem 5.9. Let G be defined over k and 0 = 6,, the involution of G. If
m ¢ (k*)?, then Gy = HJUj.

Proof. Let g€ Gy and 6 = 6,, the involution of G with m ¢ (k*)2. By Theorem
3.2 write g = hqu for some h € HY q € @/‘9 and u € Uy. By Lemma 5.8, write g = hyuy
for some hy € HY and uy € Uy. Thus, g = hhyuyu € H'Uy. The reverse containment
in clear. |

Theorem 5.10.  Let G be defined over k and 0 = 6, the involution of G. Then

Ge= U H}wU,,, where W(T) is the Weyl group of the mazimal k-split torus.
weW (T)

Proof. Let W(T) be as in (4) and g € Gy. If g€ H'UyNQP, then g € HUj.
If g¢ HU,NQ?, write g = hqu as in Theorem 3.2 with ¢ € Q\ (H!U;NQ?). By

Remark 5.7, let
(0 1 d (1 -z
=\-1 ) ¢ “ % o 1)

then g € HlwU,,, w e W(T) since
{01 (0 1
g—hqu-h(_1 0)u1uEHk (_1 O) Us. [ |

6. Retaining Semisimplicity

In the traditional Cartan decomposition we get the added property that the
symmetric space consists of semisimple elements. We will determine in which
cases this property still holds. From [9] and [1], respectively, we have the following
results.

Theorem 6.1.  Let k be a field with characteristic zero. If HY is k-anisotropic,
then the symmetric space consists of semisimple elements.

Theorem 6.2. Let G be defined over k and 6 = 0, the involution of G. The
fized-point group of 6, is k-anisotropic if and only if m 1.

Combing the previous two theorems, we have the following corollary.
Corollary 6.3. Let G be defined over a field k with characteristic zero and
0 = 0, the involution of G. If m # 1 then the symmetric space consists of

semisimple elements.

Example 6.4. For G defined over a field £ with the involution 6,,, the corre-
sponding symmetric space consists of semisimple elements in the following cases:
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i. k=R and m=-1
ii. £=Q, and m =p, N, or pN,

To extend Theorem 6.1 and Corollary 6.3 to fields of characteristic not 2,
we need to determine if the symmetric space contains only semisimple elements
for the involution 6,,, m # 1, over fields with prime characteristic p. Once we
have done so, we will be able to add the case when k£ =F, and m = N, to the list
in Example 6.4.

Theorem 6.5. Let G be defined over a field k and 6 = 0,, the involution of G'.
If m ¢ (k*)? then the extended symmetric space consists of semisimple elements.

Proof. Let
[ e 0)_ 55
4= (—mb c) €@’

To determine if ¢ is semisimple we analyze its eigenvalues, given by

{% (a+ci\/02—2ac+a2—4mb2)}. (27)

If ¢ has two distinct eigenvalues, then ¢ is semisimple. The cases of concern are
when ¢ has one eigenvalue with multiplicity 2. By (27) and det(q) =1,

(a-c)*=4mb? (28)

is a necessary and sufficient condition for ¢ to have one eigenvalue. Since m ¢
(k*)?, equation (28) has no solutions. [

By Corollary 2.4, there are two classes of involutions of Aut(G,Gr,). These
classes are represented by {#,6y,} where N, is the smallest non-square in the

field.

Corollary 6.6.  Let G be defined over k and 6 = 0,, the involution of G. If
m ¢ (k*)? then the symmetric space consists of semisimple elements.

Proof. By Lemma 2.10 and Theorem 6.5, the elements of the symmetric space
must be semisimple. [ |

While combining Theorems 6.1 and 6.2 proves this result for fields with
characteristic zero, our result and proof hold for any field with characteristic not
2. However, these do not extend to cases with the involution 6 =6, as illustrated
with the following results.

Lemma 6.7. Let G be defined over k and 6 = 61 the involution of G, then
there exists elements in the symmetric space which are not semisimple.
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Proof. We will construct an element in the symmetric space with a unipotent
factor. Let
[ z+2 x+1 cC
= —(z+1) -z F

for some x € k~{-1}. Then ¢ = gf(g)~" € Q? has a Jordan decomposition with a
unipotent factor and thus ¢ is not semisimple,

L 3+22 242z L1 1
99(9) :(—(2++2x) —(2;+1)):S (0 1)5' -

Corollary 6.8. Let G be defined over k and 0 = 01 the involution of G, then
there exists elements in the extended symmetric space which are not semisimple.

Proof. This follows from Lemmas 2.10 and 6.7. m

Corollary 6.9. Let G be defined over k and 0 = 0,, the involution of G, then
the symmetric space and extended symmetric space consist of semisimple elements
if and only if m ¢ (k*)2.

Proof. If me (k*)? apply Lemma 6.7. If m ¢ (k*)? apply Theorem 6.5. ]

Lemma 6.10. Let G be defined over k, 6 an involution of G, and A a 0-
split torus of G. The image of Ay under conjugation by HY is contained in the
extended symmetric space.

Proof. Let a€ Ay and he HY. Then

O(hah™) = 0(h)0(a)0(h™*) = ha™*h™' = (hah ™).
Hence, hah ' € @5. n
Theorem 6.11.  Let G be defined over k and 0 = 6,, the involution of G. If

m ¢ (k*)? then the extended symmetric space decomposes as the disjoint union of
the HY-orbits of the mazimal (0,k)-split tori {A; |iel},

EZV@ = Ung ) (Az)k:

iel

Proof. Let 6 = 6,, with m ¢ (k*)2. By Lemma 6.10, Hy - (A;), ¢ Q° for all
{Ajli e I}. For qe@Q?, q is #-split and semisimple by Corollary 6.9. Thus ¢ must
be contained in the HY-conjugacy class of some k-split torus (A;),. |

Corollary 6.12.  Let G be defined over k and 6 = 6,, the involution of G. If
m ¢ (k*)? then Gy decomposes as

Gl = H{(A) H{ Uk

iel

where {A; | i€ I} are the HY-conjugacy classes of mazimal (0,k) -split tori.
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Proof. Let g€ G. By Theorem 3.2, g = hqr for some h e HY, q € @6 and u € Uy.
By Theorem 6.11, g = hyah;! for some hy € HY and a € A;, where A; is some HY-
conjugacy class of maximal (6, k)-split tori. Thus, g = hhiahi'u e Hf (A;), H)Uy.
The reverse containment is clear. [ |

7. Commutivity of the Factors

In the following lemmas, let 6 be the involution of G' and HY, @6 , and U be the
fixed-point group, the extended symmetric space, and the unipotent subgroup,
respectively.

Lemma 7.1. Let G be defined over k and 6 an involution of G, then Hg@ =
Qo HY.

Proof. Let g ¢ @H,f. Then g = gh for some h € H! and ¢ € Q% We can
multiply ¢ on the left by (hh=!) to obtain g = (hh=')gh = h(h~1qh) € H,f@é since
h=lqh € @5 by Lemma 6.10. Recall that the extended symmetric space is 6-split
by definition. .

Similarly, let g € H,f@, then g = hg for some h e H} and g ¢ Q°. We can
multiply g on the right by (h~'h) to obtain g = hq(h=*h) = (hgh™')h € @H}g since
hgh=! e @7; by Lemma 6.10. [

Example 7.2.  In general, U H? # HU) and Uk@@ # @Uk. First, we will show
that the fixed-point group and the unipotent subgroup do not commute when k£ =R
and 6 = 6,. Consider

A R

If HYUg = UrHY, then there exists

such that

4 2a+(@2+V3)b 26+ (2+V3)a | (1 =
gh _(a\/§+(2+\/§)b b\/§+(2+\/§)a)_(0 1)6[]]R (29)

for some z € R. Solving the (2,1)-entry in the matrix equation (29), we get
a = -b- QT‘/gb, which contradicts the determinant of h~! being one. Hence,
HH%UR # URHH% when 6 =0,.

Second, we will show the extended symmetric space and the unipotent
subgroup do not commute when £ =R and 6 = 6_;. Recall from Example 2.13
that the extended symmetric space is the set of symmetric matrices in this case.

Consider X )
(D 2L 3 (D 2 o
9‘(2 —1)(0 1)‘(2 O)GQUR‘
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It @UR = UR@E, then there exists

1
U_lz(o T)EUR

-5+2r -1\
-1, _ 2 0
U g—( 9 O)EQ

for some z € R. However, u~'g is not a symmetric matrix for any x value. Hence,

QUg # UpQ? when 6 =0_,.

such that

Lemma 7.3. Let G be defined over k and 0 the involution of G, then Gy, =
UngQG and Gk = QeUkH]z

The proof of Lemma 7.3 follows the same techniques as the proof of Theorem
3.2, using the Bruhat decomposition and a similar construction of uy,u; € Uy and
hi,hy € H? such that hijuig € Q% and ghous € Q9 for all g € Gy,.

Corollary 7.4. Let G be defined over k and 6 the involution of G. The
following decompositions of G} are equivalent:

Proof.  This corollary is a combination of Lemmas 7.1, 7.3, and Theorem 3.2. =
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