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Abstract. Let wgy be a Lie algebra valued differential 1-form on a manifold
M satisfying the structure equations dwg + %wg Awg = 0, where g is a solvable
real Lie algebra. We show that the problem of finding a smooth map p: M — G,
where G is an n-dimensional solvable real Lie group with Lie algebra g and left
invariant Maurer-Cartan form 7, such that p*7 = wy can be solved by quadra-
tures and the matrix exponential. In the process, we give a closed form formula
for the vector fields in Lie’s third theorem for solvable Lie algebras. A further ap-
plication produces the multiplication map for a simply connected n-dimensional
solvable Lie group using only the matrix exponential and n quadratures. Appli-
cations to finding first integrals for completely integrable Pfaffian systems with
solvable symmetry algebras are also given.
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1. Introduction

Let M be an m-dimensional manifold and let w®, i = 1,...,n be a collection of
n differential 1-forms on M satisfying

) 1 .. .
dw" + §C}kw1 Awh =0, (1)

where C’;k are the structure constants of an n-dimensional real Lie algebra g.
Given x € M there exists an open set U about x and a smooth map p: U — G,
where G is a Lie group with a basis of left invariant forms 7¢ satisfying (1) on G,
such that

w' = p*r'. (2)

If M is simply connected, then U can be taken to be all of M. These facts and
many others related to equations (1) and (2) are proven in Chapter 3 of [15].
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Equation (1) occurs in a number of applications such as the integration of
Pfaffian systems of finite type with symmetry (see [3], [5] and [4]), the reconstruc-
tion problem for quotients of Pfaffian systems (see [1] and [5]), and the method of
moving frames [10]. Equation (1) also occurs in Lie’s third theorem. One version
of this theorem (see Section 4) states that, given a Lie algebra g with structure
constants C]i-k, there exist n pointwise linearly independent 1-forms w® on R™
satisfying equation (1).

This article addresses how quadrature and matrix algebra can be used to
find the map p : M — G in equation (2) when g is a solvable Lie algebra.
The solution to this problem leads to an algorithm that can be used to explicitly
construct simply connected solvable Lie groups from their Lie algebra using matrix
exponentiation and quadrature. By quadrature we mean the following (see [4]).
Given a closed differential 1-form w on a simply connected manifold M, then
w = df for a smooth function f: M — R, where f can be determined from w by
integration (quadrature) along a path from a fixed point (the Poincare Lemma for
1-forms).

Our starting point is Theorem 2.2 in Section 2 which shows that if a Lie
algebra g admits a codimension one ideal £ C g, then the structure equations in
(1) can be reduced to € x R using one quadrature and the matrix exponential. If g
is a solvable Lie algebra, a simple induction argument can then be applied which
reduces the structure equations in (1) to dw' = 0 (Corollary 2.4).

In Section 3 we show how the results in Section 2 can be used to construct
first integrals for a completely integrable Pfaffian system with a solvable symmetry
algebra using quadrature and matrix exponentiation.

In Section 4 we reverse the argument from Corollary 2.4 in Section 2 to
produce a proof of Lie’s Third theorem for vector fields. This proof gives an
explicit closed form for the vector fields (see Theorem 4.2 and Corollary 4.3). In
comparison, the proof of the vector field version of Lie’s third theorem given by
Cartan, which is valid for any Lie algebra, uses ODE existence theorems (see [8])
and does not give closed form formulas.

In Section 5 our main goal is to show that the multiplication map u :
G x G — G for any simply connected solvable Lie group GG can be constructed by
n quadratures and the matrix exponential (Theorem 5.7). This is done in 3 steps.

The first step is given in Section 5.1, where we show that R™ with the
solution to Lie’s third theorem for vector fields from Section 4 can be given a
global Lie group structure such that the 1-forms {7°},<;<, in Theorem 4.2 are a
basis for the left invariant 1-forms. This provides an alternate proof to the group
version of Lie’s third theorem for solvable algebras along with an alternate proof
that a simply connected solvable Lie group is topologically R™.

The second step is given in Section 5.2, where we return to the problem
of finding a map p: M — G satisfying (2) when G is solvable and M is simply
connected. Again, the function p can be found using only quadrature and the
matrix exponential as shown in Theorem 5.4.

The last step is given in Section 5.3, where we solve the problem of finding
the multiplication map g for the simply connected solvable Lie group G, whose
existence in guaranteed from step one. We construct (algebraically) a set of n
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1-forms w® on G x G which satisfy equation (1) with the property that the
map p: G X G — G from Theorem 5.4 in Section 5.2 is the multiplication map
(Theorem 5.7). This gives an algorithm that produces the global multiplication
map u: G X G — G for any n-dimensional simply connected solvable Lie group
G using n quadratures and the product of matrix exponentials.

The calculations for this paper were performed using the Maple Differen-
tialGeometry package. Interested readers can access
http: //digitalcommons.usu.edu/dg/ to download the current release of the Differ-
ential Geometry package, the worksheets which implement Theorems 4.2, 5.4, 5.7,
and the examples.

2. The Reduction Theorem

Let g be an n-dimensional real Lie algebra and suppose that £ C g is a codimension
one ideal. With this hypothesis on g, Theorem 2.2 below uses one quadrature and
the matrix exponential to modify a set of differential 1-forms satisfying equation
(1) so that the resulting forms satisfy equation (1) with the structure constants
for the Lie algebra £ x R.
Let € C g denote a codimension one ideal in the n-dimensional Lie algebra
g. A basis = {ey,...,e,_1,€e,} for g such that B = {e,}1<a<n—1 is a basis for
t is adapted to the codimension one ideal ¢ C g. In this case the structure
constants are
[eq, €] = C%e., [en, el =Cliey ,1<abc<n. (3)

a

Note that Cy. in equation (3) are the structure constants of the (n—1)-dimensional
Lie algebra € in the basis (.
This leads to a well-known lemma (see [4]).

Lemma 2.1. Let £ C g be a codimension one ideal and let 5 = {eq, €n}1<a<n
be an adapted basis. Let @° be n differential forms on a manifold M satisfying
equation (1) for the Lie algebra g, where the structure constants C;-k are given in

a basis B = {f;}1<i<n, and let [P!] be the change of basis matriz
fj = P;ez
Then w® = Pj’dﬂ satisfy the structure equations

1
dw® + =Cfw’ Nw' 4+ Chw" Aw’ =0 and

5 be (4)
dw" =0,

where Cy.. and C}, are the structure constants of the Lie algebra g in the basis [
(equation (3)).

Let w' be n differential 1-forms on a manifold M satisfying the structure
equation (1), where g admits a codimension one ideal. Lemma 2.1 shows how to
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find a constant linear change in the forms w’ so that the resulting forms satisfy
equations (4). Equation (4) is then the starting point for the following reduction
theorem which is fundamental in this article.

Theorem 2.2.  Suppose g is an n-dimensional Lie algebra with codimension
one ideal € C g, and let B = {e,, €, 1<a<n—1 be a basis adapted to the codimension
one ideal. Let w = [wl, ... w"]|T be an n-vector of differential 1-forms on a simply

connected manifold M satisfying (4), where C’;k are the structure constants of g
in the basis 3.
Let f: M — R so that w™ in (4) satisfies

w" = df ()
and let @ be the n-vector of 1-forms on M defined by
@ = eldlelf oy, (6)

where [ad(e,)] is the n by n matriz representation of ad(e,) in the basis 5. Then
the structure equations for & are

AN 1 A A AN
dw” + §C§Cwb Aw®=0 and dw" =0, (7)

where Cy,. are the structure constants of the Lie algebra € in the basis B =
{ea}lgagn—1 .

Proof. The matrix representation of the derivation ad(e,) : g — g is computed
in the adapted basis from equation (3) to be
ad(e,)(ey) = [en, ) = Cleq, ad(e,)(e,) = [en, e,] =0. (8)

Let ;&(en) : £ — ¢ be the restriction of ad(e,) to the invariant subspace €. The

n—1xn—1 matrix representation [ad(e,)] of ;dJ(en) in the basis § is computed
from (8) to be

[ad(en)]5 = Crp- (9)
The n x n matrix valued function eld(®)l/ in M in equation (6) can then be
written as .
[ad(en)lf
ad(en _ €
elad(en)lf — { of . ] , (10)

where 0 is the n — 1 zero vector and 07 is its transpose. The forms @ in equation
(6) can then be written using equation (10) (and matrix vector multiplication) as

0] = eldEenlf[b) Gn = wn, (11)

The verification of equation (7) in Theorem 2.2 can now be checked directly
by taking the exterior derivative of the forms w® in equation (11). In order to do

this, we first compute the exterior derivative of eld€)f | where [z;a(en)] is defined
in equation (9), to be

d ( ePdenlf ) = gf oldenlf [ (e, )]. (12)
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We now compute dw® using equations (11), (12), (4), (9) and (5) to be

[do?] = ePdenlf [ad(e,)][—w? A df] + el [g,?]

— elad(en)ls [—CCwb Aw"] — [ade"]f[ CPw® A w4+ C we A w™]
_ (13)
— elad(en)lf [——C W A w]
1
= [_5 gdwc /\w ]7

where the last line follows because ed©)lf is the matrix representation of an
automorphism of £ for each x € M. [ |

The computation leading to Theorem 2.2 uses one quadrature in equation
(5) and the matrix exponential (6). We also note that the change of forms in
equation (6) results in the elimination of the third term C¢ in the first structure
equation in (4). Since the constants Cf. in equation (7) are the structure constants
for £ in the basis {e,}1<s<n—1, equation (6) can then be thought of as reducing
the Lie algebra g to € x R. (See also Remark 2.6 below.)

We now apply Theorem 2.2 to the case where g admits a sequence of
subalgebras ¢, C g, s =0,...,r that satisfy

ETCEr,lC...Elc?io:g, (14)

where each ¢, C £,_1, 1 < s <r is a codimension one ideal. We call the sequence
in equation (14) a sequence of relative ideals of codimension one. Note that
dimé; =dimg—s=n—s. A basis 5 = {e;}1<i<, for g is said to be adapted to

a sequence of relative ideals of codimension one ¢, C ¢, {,s=1,...,r,if
t, = span{ey,...,e, s}, for s=0,...,r (15)

Given the basis f = {e;}1<i<, adapted to the sequence of relative ideals of

codimension one £, C €, 1,5 = 1,...,n, we let ads(e,_s) € Der(ts) be the

restriction of ad(e,_s) to the invariant subspace &,
ads(e,—s) = ad(ep—s)le,, 0<s<r—1 (16)

In particular, ady(e,) = ad(e,,).
Theorem 2.2 easily extends to the case of a sequence of relative ideals of
codimension one giving the following corollary.

Corollary 2.3.  Suppose the n-dimensional Lie algebra g in Theorem 2.2 ad-
mits a sequence of relative ideals of codimension one €, C €1, s = 1,...,7,
and let B = {e;}1<i<n be a basis adapted to the sequence. Let w' be n dif-
ferential 1-forms on a simply connected manifold M satisfying (1), where the
structure constants are computed in the basis B. Then there exist r functions
ffiM—->R t=n—r+1,...,n and n —r differential 1-forms {0} <a<n_r
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obtained inductively from w® by r quadratures and the exponential of matrices such
that

— C\L/)l —
1 1 wl ~
T Orl]-.[e[adl(enl)]fn O ghateasm| o [ | @77
ol , I, 0” 1 o dfrr+ |
L df"

(17)
where [ads(e,_s)] is the n—s by n—s matriz representation of ads(e,_s) € Der ()
defined in (16) in the basis (15) for &, 1; is the s by s identity matriz, and O
1s the n — s by s zero matrix.

Furthermore the n — r differential 1-forms w® satisfy

. 1 . .
@ a ¥ 3 _
dw® + 50,6’7“ Aw? =0, (18)

where Cg. are the structure constants for the (n — r)-dimensional Lie algebra &,
in the basis = {€q}1<a<n_r-

Proof.  Using Theorem 2.2 we inductively compute the functions f*, n—r+1 <
t < n. First we let f*: M — R be the function obtained in Theorem 2.2 using
t = ¢, so that w™ = df"™. The first term in equation (17) is

~1
wl w
[ad(en)]f™ : — :
e ;n = | g | (19)
w df

Because ¢, C ¢ is an ideal in #; of codimension one, and the basis {e; }1<i<n
is adapted to the sequence (14), we now have

do™ ' = 0.

Again letting f*!: M — R so that 0" ! = df"!, and applying Theorem 2.2 to
the case of €, C £, we get

o @
e[adl((in—l)]fn71 — &7;_2 (20)
wn—l dfn—l

The n — 2 differential forms ©* then satisfy
1
dw" + éCﬁwdjv Aw” =0,

where C = are the structure constants for €, in the basis B = {e.}1<u<n—2. The
use of equations (20) and (19) produces the rightmost two matrices on the left-hand
side of equation (17).
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Continuing by induction, this produces the n—r functions f*: M — R and
the matrices in equation (17) using n —r quadratures and matrix exponentiation.
Furthermore, the forms & in equation (17) satisfy the structure equation (18). =

If g is an n-dimensional solvable Lie algebra, it is well known that g admits
a sequence of relative ideals of codimension one, ¢, C ¢, 1, s =1,...,n, (Corollary
3.7.51n [17]). For example, if 8 = {e;}1<i<n is a basis adapted to the derived series
of g, then ¢, = span{ey,...,e, },s=0,...,n is a sequence of relative ideals of
codimension 1 and [ is a basis adapted to the sequence ;. Note that dim¢, =0
and that the subalgebras 5 C g need not be ideals when s > 1.

Corollary 2.4.  Let g be an n-dimensional solvable Lie algebra, and let § =
{€ei}1<i<n be a basis adapted to a sequence of relative ideals of codimension one
t, Ct_ 1, s=1,....,n. Let w' be n differential 1-forms on a simply connected
manifold M satisfying equation (1), where the structure constants are computed
i the basis 3.

There exist n functions f*: M — R, i = 1,...,n, obtained inductively
from the forms w' using n quadratures and the exponential of matrices so that

. w! df*
e[adn—z(ez)}f2 0, - e[adl(en—1)]f" 1 0, lad(en)] /" B .
T T e : = : ., (21)
01’L—2 I'rz—? 01 1
w" arr
where for s =0,...,n—2, [ads(e,—s)] is the n—s by n— s matriz representation

of ads(e,—s) € Der(ty) defined in (16) in the basis (15) for €5, 1 is the s by s
identity matrixz, and Oy is the n — s by s zero matriz.

Remark 2.5. The function f: M — R in Theorem 2.2 is uniquely determined
if the value of f is prescribed at a point. This is also true for the functions in
Corollaries 2.3 and 2.4.

Remark 2.6. Theorem 2.2 can also be described as follows. Given differential
1-forms {w'}1<i<, on a manifold M satisfying (1) and a basis 3 = {e;}1<i<n for
the Lie algebra g, define the g valued differential 1-form w, as

wy = W X e;.
Equation (1) is then written
dwg + %wg Nwyg =0, (22)
where the wedge product wgy A wy is defined as
wy A wy(X,Y) = [we(X), wy(Y)]g for all X, Y € T'M. (23)

Suppose now that £ C g is a codimension one ideal and that w, is a Lie
algebra valued form on a simply connected manifold M satisfying the structure
equations dwg+ swgAwy = 0. Let A: M — Aut(g) be A(z) = exp (ad(e,) f(z)),
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where f: M — R is defined in (5). Theorem 2.2 shows that Wiz = A o w takes
values in the Lie algebra £ x R and satisfies

A 1 A A
dwexr + SWexR N wexr = 0.

3. First integrals for completely integrable Pfaffian systems with a
solvable symmetry algebra

Let I € T*M be a rank n Pfaffian system. A function f : M — R such that
df () € I, for all x € M is called a first integral of I (see [4] and [3]). If
fi: M — R are n first integrals satisfying I = span{df’}, then the functions f°
are a complete set of first integrals.

Suppose I = span{w'}<;<,, where w’ are differential 1-forms which satisfy
the structure equations (1). If g satisfies the conditions in Theorem 2.2 or its
corollaries, we show how first integrals of I can be computed using only quadrature
and matrix exponentiation. In particular Theorem 2.2 states that if € C g is a
codimension ideal, then one quadrature produces the first integral f in equation
(5). Corollary 2.4 implies the following corollary.

Corollary 3.1.  Let I C T*M be a completely integrable rank n Pfaffian system
on a simply connected manifold M. Suppose I = span{w'}i<i<n, where the
differential 1-forms w® satisfy

) 1 .
dw' + §C;kuﬂ Awh =0

and C’;k are the structure constants of a solvable Lie algebra g. The n functions
fi o M — R constructed sequentially by quadratures and matriz exponentials
through formula (21) are a complete set of first integrals for I.

We now show how Corollary 3.1 is used in practice (see also [4]). Let
I' = span{Z; }1<i<n be an n-dimensional Lie algebra of vector fields on M which
are infinitesmimal symmetries of a completely integrable rank n Pfaffian system
I = span{6’},<j<,. Assume I', = span{Z;(p)} is an n-dimensional subspace of
T,M for each p € M which satisfies the transversality condition

I',Nann(l,) =0, for all p € M. (24)

The transversality condition (24) implies that the n x n matrix (P}) = (8'(Z;))
is invertible, and a simple computation (see [4] or [5]) shows that the differential
forms ' . ' ‘

w' = (P1)L67, with  Pj = 0'(Z;), (25)
satisfy I = span{w'}<;<, and

) |
dw" + éC;kw] Awh =0,

where [X;, X;] = C},X;. If the Lie algebra I' is solvable, then Corollary 2.4
may be used to produce n first integrals for I using quadratures and matrix
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exponentiation. This is similar to Theorem 3 on page 39 in [4], but with the
important distinction that Theorem 3 of [4] requires solving functional equations
while Corollary 2.4 does not.

Example 3.2.  Consider the third order ODE from pg. 152 in [12] given by

Bul, | Up,

On the manifold M = {(z,u, Uy, uzz) € R* | u, # 0 }, equation (26) defines the
Pfaffian system I = span{6*,6? 63}, where

0! = du —uydr, 0% = duy, — ugpdr, 6% = duge, — (3u2 w4l u’5) dx. (27)

Tr T rxr T

The Pfaffian system (27) admits the infinitesimal symmetries
7y = 0y, Zy =0y, Z3 =10y — 20y, — JgllyyOy,, , (28)
and the only non-vanishing bracket is
(Za, Z3) = Z. (29)

Let { ey, es, e3 } be a basis for the 3-dimensional Lie algebra isomorphic to the Lie
algebra of vector fields {71, Zs, Z3} so that [eq, e3] = e;. We have the sequence
of relative ideals of codimension one span{e;} C span{e;,e>} C g.

On the set M® = (z,u,u, # 0,u,, # 0) the forms {w'}i<;<3 are computed
from equation (25) using equations (27) and (28) to be

1 3
wl=dx + W(?)ug + Bugeurs + u? u)du, — u—;(ui + Ugp ) AUy,
Uz Ugy T
3ud ul (3ul + uyy) u? (30)
w? = du + deux — Tzdum, Wi = —I—Q‘mdux + Tzdum .
T xT uﬁmux xT
Now dw?® = 0 and we may write w?® = df? where
1 ud
3 T
= _ = 31
F= (31)
Then by exponentiating the matrix
0 —f* 0
[ad(e3)f]=0 0 0 (32)
0 0 O
we can implement the first step in the algorithm of Corollary 2.4 as
I —f2 0 w! !
0o 1 0 w2l =1 @ |, (33)

0 0 1 w3 df3
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where
ot [ w1 wt
[@2}: o 1 {uﬂ]
B i dr + u;;—uu“ du, + 3u91:0+31;1;iz7§+uuiz dux o ui(ugg:uiz)duxx
B I du + %dum — %dum
Now

do' =0, do*=0.

The corresponding first integrals f!, f2 : M° — R satisfying the equations @w! =
dft,&? = df? are given by

10 2 4 3 6
1 Uy + duui,u; — Juu;,, 9 u,
_ = 34
fr=at Sugud, A 2u2,, (34)
4. Lie’s Third Theorem: The Vector Field Case
The following theorem is the vector field version of Lie’s third theorem.
Theorem 4.1.  (Lie’s third theorem for vector fields) Let g be an n-dimensional

real Lie algebra. There exist n pointwise linearly independent vector fields on R"
whose span form a Lie algebra of vector fields that is isomorphic to g.

Starting with a solvable Lie algebra g, we give an algebraic proof of this
version of Lie’s third theorem by constructing the vector fields using only the
matrix exponential. The proof follows almost directly from Corollary 2.4. First
we give the dual version.

Theorem 4.2. Let g be an n-dimensional solvable Lie algebra and let =
{ei}1<i<n be a basis for g adapted to a sequence of relative ideals of codimension
one &, Ct;_1, s=1,...,n in g. Let ads(e,_s) € Der(¥s),s =0,...,n— 2 be the
derivation of € defined in (16) by

ads(en—s) = ad(€p—s)le,, s=0,...,n—2. (35)
Let 7 be the n pointwise linear independent 1-forms on R™ defined by
7 _ da!
— o lad(en)le” g~ ldr(en-1)le" 01:| . |:e_[adn2(e2)]$2 - (36)
i of 1 ol , L, o 7
T dx

where [ads(e,_s)| is the n — s by n — s matriz representation of ads(e,—s) in the
basis (15) for &5, s =0,...,n—2, I, is the s by s identity matriz, and Oy is the
n—s by s zero matriz. Then T° satisfy

dr' + §C;k73 ATF =0, (37)

where C';-k are the structure constants for g in the basis 3.
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Before presenting the proof of Theorem 4.2, let X;,1 < i < n be the dual
frame to 7° in equation (36). This produces the n linearly independent vector
fields on R"™, given by

X 0
IR D e ) B G WY
) T o S : L @9
1 n—2 n—2
Xn Opn

where T is the transpose. We then have the following corollary (Lie’s third theorem
for vector fields).

Corollary 4.3.  The n wvector fields X; on R™ defined in (38) are pointwise
linearly independent and satisfy

where C’;k are the structure constants for g in the basis B of Theorem 4.2. There-
fore, the vector fields in (38) produce a solution to Lie’s third Theorem (for vector
fields) wusing only the matriz exponential. The linear map ¢ : g — span{X;}
mduced by

oe;) = X; (40)

15 a Lie algebra isomorphism.

Proof.  (Theorem 4.2) The idea of the proof of Theorem 4.2 is to solve equation
(21) of Corollary 2.4 for w'. This gives equation (36) if we substitute f*= z' and
wt =7,

The proof goes by induction. Consider the differential forms on R™ given

by
| e, L WP (41)
A:n - 0{ 1 .. 05_2 I, : §

T dx

By the induction hypothesis, the forms {7%},<4<,_1 from equation (41) satisfy,
A 1 A A
dr® + §C§ch AT =0,

where C}. are the structure constants of the subalgebra € C g in the basis
p= {ea}lgagnfl-

The fact that the differential forms in equation (36) satisfy equation (37)
follows simply by reversing the computation in the proof of Theorem 2.2 with
T = exp(—[ad(e,)]z™)7 (in particular using equations (10) through (13)). This
shows that the forms 7° in (36) satisfy equation (37). u

Example 4.4.  Consider the 5-dimensional solvable Lie algebra Aj o, from [14],
with multiplication table

[61784] =bey, [61,65] =aey, [62784] = €9, [62765] = —e€sg,

42
[63764] = €3, [63765] = €9, ( )
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where the two real parameters a and b satisfy a® + b* # 0. The basis {e;}1<i<s
is adapted to the sequence of relative ideals of codimension one,
t; = span{ey,...,e; 4} for s=0,...,5.
We find the non-zero ad,(e,_s) matrices defined in equation (35), using
equations (42), to be

a0 0 00 00 0 o
0 0 —100 0o o
lad(es)] =1 0 1 0 0 0|, [adi(es)]= (43)
0 0 —-10
0O 0 0 00 0O 0 0 0
0 0 0 00

The coframe 7 on R’ is computed from (36) using equation (43) and that
ad3(62> = O, adg(eg) = 0, to be

7! [ e® 0 00 e 0 0 00 dz!
72 0 cosz® sinz® 0 0 0 e 0 00 dx?
| = 0 —sinz® cosz® 0 O 0 0 e 00 da?
T4 0 0 0 10 0O 0 0 10 da?
70 0 0 0 01 0 0 0 01 dx®
B eax5+bx4bdx1
e cos 2P da? + e sin 2® da
= | —e*"sina® dz? + e*" cos 2® da®
dax?
i dx®
(44)
The structure equations are then confirmed to be
drt = —bm* ATt —arm AT, drt = —TPAT = PAS, At =P AT — PP AT

dr* =0, dr’ = 0.

5. Lie’s Third Theorem and the Construction of Simply Connected
Solvable Lie Groups

The following theorem is the group version of Lie’s third theorem.

Theorem 5.1.  (Lie’s third theorem) Let g be an n-dimensional real Lie alge-
bra. There exists an n-dimensional Lie group G whose Lie algebra of left invariant
vector fields is isomorphic to g.

One of our goals in this section is to give a simple proof of Lie’s third theorem
for solvable Lie algebras which will enable us to explicitly construct the group
multiplication for a simply connected solvable Lie group using n quadratures and
matrix exponentiation (Theorem 5.7). As an intermediate step in the construction
of the multiplication map for these groups, we show how to construct the map
p: M — G in equation (2) for solvable Lie algebras using quadrature and matrix
exponentiation.
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5.1. Lie’s third theorem for solvable groups. We begin by showing that
given the vector fields {X;}i<i<, on R™ in equation (38), we can give a global
Lie group structure on R™ such that {X;}1<;<, are a basis for the left invariant
vector fields. This proves Lie’s third theorem (Theorem 5.1) for solvable Lie groups
while also showing that a simply connected solvable Lie group is (topologically)
R™. The key aspect of the proof, which is used in Sections 5.2 and 5.3, is that we
have a closed form formula for the left invariant vector fields. See [16] for a recent
discussion of Lie’s third theorem.

Theorem 5.2. Let g be an n-dimensional solvable Lie algebra and let =
{ei}1<i<n be a basis for g adapted to a sequence of relative ideals of codimension
one, &, C €1, s=1,...,n. Let {X;}1<i<n be the vector fields on R"™ given in
equation (38). Given a point xo € R"™, there exists a smooth multiplication map
@ R* X R" — R™ so that R™ is a solvable Lie group with identity xo and with
Lie algebra of left invariant vector fields given by g = span{X; t1<i<n -

The proof of Theorem 5.2 follows directly from Theorem 8.7 in [15] (see
also [16]) and the next lemma.

Lemma 5.3.  Every vector field in the span of the vector fields {X;}1<i<n on
R™ in equation (38) is complete.

Proof. ~ We prove this by induction. Assume that the span of n—1 vector fields
{X,}1<r<n_1 on R"! with coordinates z',..., 2"~ given by

X arl

oladi (en_1)an 0, :| [ eladn—2(e2)]"z? 05,2 . (45)

f o7 1 of I
Xn_ 1 ! -2 2 axnf 1

consists of complete vector fields. The vector fields {Xr}lgrgn_l are globally
defined on R™™! and satisfy equation (39), with the structure constants for the
codimension one sub-algebra ¢; C g defined in Theorem 4.2. By [15] (or [16]), given
To € R™! there exists a Lie group structure on R"! with Z, as the identity such
that {X}}lgrgn,l are a basis for the left invariant vector fields on R®~!. Denote
this Lie group by H and let h = span{Xr}lgrgn_l be the corresponding Lie
algebra.

Now the n vector fields X; in (38) can be written in terms of the vector
fields in (45) (considered as vector fields on R™) as

X,
L | = eladtea)Ten | ‘ (46)
X anl
" aﬂ?"

X4

Let é,f, s,7 = 1,...,n — 1 be the coefficients of the vector fields X, and let
n!, 1,7 =1,...,n be the coefficients of the vector fields X;. From equations (46)
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and (10) we have

ni = [e[;&(en)}mn]u

T

&, ni=0, =0 n=1L (47)

The flow equations for the vector field on R” given by ¢’X;, ¢* € R, are determined
from (47) to be

da® _ - [e[éﬁ(en)]xn} ‘s
dt r
o (48)
— ="
dt
Integrating the last equation in (48) gives 2" = "t + ¢°, where ?,c" € R.
Therefore the first equation in (48) can be written as
dz?® ~
CZ —AUH)E, s=1,....n—1, (49)
where B .
Au(t) _ e[ad(en)](c"t—&—co)] o
Equation (49) is the equation of Lie-type for the function o : R — b, given
by

o(t) = A“(t)X,.
Equations of Lie type admit global solutions in ¢ ([13] page 37), and hence ¢" X,
is complete. [ |

In Section 5.3 we construct the multiplication map pu : G x G — G,
for the group G whose existence is guaranteed by Theorem 5.2, using matrix
exponentiation and quadrature. The multiplication function g will be obtained
as a consequence of solving the problem, as stated in the introduction, of finding
p: M — G in equation (2) for solvable Lie groups.

5.2. Constructing the map p: M — G for solvable G. Let {w'} <<, be
n differential forms on a simply connected manifold M satisfying equations (1)
(written as dwg + 3wy Awy = 0 in Remark 2.6). As remarked in the introduction,
it is well known that there exists a function p : M — G such that w* = p*7*,
where 7¢ are the left invariant Maurer Cartan forms on a Lie group G with Lie
algebra g (see [15]). Furthermore, p is unique up to left translation by an element
of G. We now show how Corollary 2.4, combined with Theorem 5.2, determines
p when g is solvable.

Theorem 5.4.  Let g be an n-dimensional solvable real Lie algebra and let B =
{ei}1<i<n be a basis for g adapted to a sequence of relative ideals of codimension
one &, C g, s =0,...,n. Let (xz',....2") be coordinates on the corresponding
simply connected solvable Lie group G, with basis of left invariant forms {T'}1<i<n
given in (36).

Let {w'}i<i<n be n differential forms on a simply connected manifold M
satisfying the structure equations (1), where C’;k are computed in the basis 5 for
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g. Also let f': M — R be the functions from Corollary 2.4. Then the function
p: M — G given by

pp) = (z' = fH(p),...,a" = f"(p)) forallpe M (50)

satisfies ' '
Pt =W (51)

Proof. Let f*: M — R be the functions in Corollary 2.4 so that equation (21)

holds. Solving for w’ in equation (21) gives

wl dfl
. T T 01} [e_[ad“(e”]f © 0,

=c
of 1 ol , Lo

: (52)
df"

wn

The map p: M — G in equation (50) defined in coordinates by z' = f%(p) for
all p € M, satisfies equation (51). This follows at once by substituting ' = f°
in the expression for 7% in equation (36), which produces the expression for w’ in
equation (52). [

Remark 5.5. Theorem 5.4 shows that determining the map p : M — G in
equation (2) for a solvable Lie group G can be found by quadrature and the matrix
exponential and is, in fact, found trivially from the n functions f* in Corollary
2.4.

Example 5.6. In Example 3.2 we have the three 1-forms w!,w? w® on M°
given in equation (30), which satisfy

dw' = =’ AW, dw? =0, dw’®=0.

The 3-dimensional simply connected Lie group G with Lie algebra [es, e3] = ey,
constructed as in Theorem 5.2 with coordinates (z!,z?, ), has as a basis of left
invariant forms (see (36))

' =dat + 2Pda?, P =d2?, 7P =da (53)

These 1-forms satisfy dr! = —72 A 73.

The functions f!, f2, and f? are given in equations (31) and (34) in Ex-
ample 3.2. They give the map p : M° — G in equation (50) in Theorem 5.4
by

ul + 3uu? ut — uud,

1 1 xrx T
:L‘ = f g x + s
uzul, (54)
ub 1 ud
¥ = f=u+ P=f=—-=
2uxx Uy Uz

It is easy to check p*7" = w', i =1,2,3, with w’ in (30) and with 7% in equation
(53).

We now demonstrate the equivariant nature of p. First let G' be the simply
connected 3 dimensional Lie group where 7¢ in (53) are a basis of right invariant
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forms. Let X, X5, X3 be the right invariant vector fields on G dual to 7@ G.
Then p.(Z;) = X; and p, : I' = g is an isomorphism, where g is the Lie algebra
of right invariant vector fields and I' = span{Z;} are the infinitesimal generators
of the action of G on M. By an application of Theorem 13.1 in [2], the function
p is G-equivariant. Note that the infinitesimal generators of the action of G' on
itself on the left are the right invariant vector fields.

To explicitly show the equivariance of p, we make the change of coordinates
(a = x' +2223,b = 2%, ¢ = 23) on G so that the map p: M? — G from (54) is
given in these new coordinates as

5 9 6 3
u U U 1 u
A=+ 50— —¢, b=ut+ 0, c=———F. (55)
2us,.  buy, 2ug, Uy Ugy

With the multiplication map on G given by (a,b,¢) - (a'b'd) = (a+a' + b, b+
V,c+ ), the (local) action of G on MY is

Uy Uz
M(CL,b,C;I,U,U:C,sz) - (J?+CL+CU, u+b7 cux—kl? (CUZ»_"].)S ) : (56)

From equations (55) and (56), the equivariance condition p(u(a, b, ¢; x, u, Uy, Uyzy)) =
(a,b,¢) - p(x,u, ug, uygy) is easily checked.

Finally, we point out that p is the moving frame (see [7]) for the action of
G on M given in (56) that is determined from the cross-section K = p~1(0,0,0)
to the orbits of G. Since K corresponds to the level set of a complete set of
first integrals, the cross-section K is a solution to the ODE in (26). The solution
is determine2d from p~1(0,0,0), using equation (55), and is (the prolongation of)
u=—3(3z)s.

5.3. Constructing the multiplication function for simply connected
solvable . The results from Section 2, along with Theorem 5.4 in Section 5.2,
will now be used to construct the multiplication map u for a simply connected
solvable Lie group G from its Lie algebra using only n quadratures and matrix
exponentials. This is given by the following theorem.

Theorem 5.7.  Let g be a real n-dimensional solvable Lie algebra and let =
{ei}1<i<n be a basis for g adapted to a sequence of relative ideals of codimension
one , Ctq,s=1,....,n. Let 7 =[r',..., 7T be the n-vector of left invariant
1-forms defined in equation (36) on the corresponding simply connected Lie group
G, with identity chosen to be 0 € R™ (Theorem 5.2).

On G x G with coordinates (z*,... 2" y', ..., y"), define the n-vector of

differential 1-forms w = [w!,...,w"]7 as

w = e dlely™ . g—ladlen)ly’ x4 g (57)

where m(x,y) = = and mo(x,y) =y are the two projection maps on G x G.
[i] The forms W' satisfy

dw" + §C}kw3 A w”, (58)
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where C’]i-k are the structure constants of g in the basis (.

[ii] Let p: G x G — G with u(0,0) = 0 be the map constructed in Theorem 5.4,
so that w' = p*t*. Then p: G x G — G is the multiplication map for the Lie
group G, with basis of left invariant forms {T'}1<i<n and identity 0 € R™.

Part [ii] in Theorem 5.7 states that if (2*) denote coordinates on the target
G (with 7% in equation (36) given in the 2' coordinates) and f‘(z,y) are the
functions determined by applying Corollary 2.4 to w in equation (57), then the
multiplication map is given explicitly by z' = fi(z,y). This is demonstrated in
Example 5.13 below. The choice of identity element 0 in Theorem 5.7 was made
for simplicity.

In order to prove Theorem 5.7 we first recall how to construct the multipli-
cation map u : G x G — G using integral manifolds. The proof of the following
theorem is given in Section 7 of [9].

Theorem 5.8.  Let G be a simply connected Lie group and let {T'}1<i<, be a
basis of left invariant 1-forms on G. On G x G define the rank n Pfaffian system
I =span{6',...,0"}, where

0" = myr' — miTh, (59)

The Pfaffian system I is completely integrable. If (xo,y0) € G x G and Lz, y,) 5
the maximal integral manifold through (xo,yo), then

‘C(wo,yo) = { (.T, Lyoxalx)7 S G }7 (60)

where Lyox51 is left multiplication by u(yo,zy").

We now determine a set of generators for I = span{6',... 0"}, with G
given in Theorem 5.7 and 6 given in equation (59), that will allow us to determine
the maximal integral manifolds of I by quadratures and matrix exponentiation.
This will determine the multiplication map using equation (60) (see Lemma 5.10).
The details are contained in the next two lemmas.

Lemma 5.9. Let g be an n-dimensional solvable Lie algebra and let [ =
{ei}1<i<n be a basis for g adapted to a sequence of relative ideals of codimension
one , C ¥y, s=1,...,n. Let 7 = [r',...,7"" be the vector of left invariant
1-forms on G defined in equation (36). Let 6° be the n 1-forms on G x G given
by

0 — old(en)z! | lad(en)]z” (miT — 7iT). (61)
These form a basis for the Pfaffian system I in Theorem 5.8, I = Span{él, e ,én} ,
where the structure equations for 0° are

~. 1 . - ~
do’ + 5C587 A 0k = 0. (62)

The generators @ for I in (61) and Theorem 5.4 can now be used to
construct the multiplication map.
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Lemma 5.10.  Suppose the hypothesis of Lemma 5.9 on g, 3 and T are satisfied
and let 0 be the 1-forms on G x G from equation (61) which satisfy (62).
Let p : G x G — G be the unique map constructed using Theorem 5.4 so that
p(0,0) =0 and
p*Tz' — 6”.
Then
p(e,y) = ply, 2™, (63)

where p: G x G — G is the multiplication map with 0 € G as the identity.

We will now prove Lemmas 5.9 and 5.10.

Proof. (Lemma 5.9) On G x G, consider the vector of 2n differential forms
given by
Q=[0"...0" mrt . o)t = [ 0 ], (64)
T
where (from equation (59)) 6 = 737" — 7i7" and 71 = wj7. The structure
equations for € follow from equation (37), and are

46+ SCH07 N 0" + Ol At =0,

The 2n forms in (64) are a basis of left invariant forms on G x G which are dual
to the basis for g x g of left invariant vector fields given by

PY:{}/vla'--)YnaXl+Y'17X2+}/27"'5Xn+yn}7 (66)

where the set of vector fields {Xi,...,X,,Y1...,Y,} is the dual frame to the
coframe {77!, ... 7wt w7l .. w37} on G x G.
Define subalgebras [ C g, s =0,...,2n by

o= span{ Yi,..., Y, X0+ Y1, Xo + Voro o X o+ Yeu }, 0<a<n—1 (67)

and
Lo =span{ Y1, Yo,.... Y, o}, 0<a<n. (68)

It is then simple to show that [ C [,_1, s =1,...,2n forms a sequence of relative
ideals of codimension one for the solvable Lie algebra g x g. Furthermore, by
definition, the basis (66) is adapted to the sequence of relative ideals of codimension
one [, Cly_q1,s=1...2n.

We will now apply Corollary 2.3 using the first n terms in the sequence,
li;a = 0,...,n. This will result in a change in the coframe [0,71]T on G x G,
where the terms %67 A7{ on the first line of equation (65) don’t appear (see the
paragraph following the proof of Theorem 2.2).

In order to apply Corollary 2.3 we need to compute

ady(Xpa+Yna): o=, 0<a<n
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in terms of the basis (66). This is easily done here:

lad(e,—_q)] 0

[ada(Xn—a + Yo—a)] = 0 [ada(en—a)] |’

where [ad,(e,_4)] is the n — a by n — a matrix representation of the derivation
defined in equation (16) in the basis § = {e;}1<;<, for g. We have also used the
isomorphism (40).

We determine the rightmost matrix in equation (17) by using Q%" = dz"
from equation (64) and letting f” = z™. In this case, the first reduction (which is
equivalent to one application of Theorem 2.2) is given by

. pdels” 0
€ n
Q= { ol clad(en)le” ] [ } : (69)

T1

Now, using equation (36) and the fact that elad(en)z"g=lad(en)le™ — T = equation
(69) simplifies to

Q e[ad(en)]a:" 0 -
T A (2™ Ay(a?)dx. | (70)
where
_ e—[ada(en—a)lz"™*
An_a<xn a) — OT Ia ’ a:07”'7n_2 (71)

are the matrices in equation (36) and (70).
Continuing by induction, we have that f° = 2’ and that after n steps
Corollary 2.3 produces

eld(en)le’ g7 [elad(ez))a® 0  [efedtene” 0 o] [6
or I 0" Ay(—a?) 0" Ap(=2™) | | 7] |dx]|’

where again A,(z*) are given in (71) and 0 are the sought-after forms in equation
(61). By construction, the structure equations (62) hold. This proves the lemma.
]

We now turn to the proof of Lemma 5.10.

Proof. (Lemma 5.10) Theorem 5.4 applies to 0 in equation (61), and so let
p: G x G — G be the unique function satisfying

Pt =0 (72)

and p(0,0) = 0, where 0 is the identity in G. Let (xg,y0) € G X G, zo = p(x0, yo)
and let
N ={(z,y) €Gx G| plz,y) =2} = p'(20). (73)

The functions p', ..., p" are n functionally independent first integrals of I, so the
embedded manifold A is an integral manifold of I of dimension n which contains
(z0,%0)-

Let £ be the maximal integral manifold of I through (xo,yo) (Theorem
5.8). Theorem 5.8 shows that the projection map m : G x G restricted to L



212 FELS

is a diffeomorphism, while the connectivity of £ implies £ C N. Therefore,
71 : N — G is a covering map and hence a diffeomorphism. Consequently N' = L,
while a similar argument also shows that w5 : NV — G is a diffeomorphism.

Let ¢ : G — G x G be the function t(a) = (0,a) (where O is the identity
in G). Then p o satisfies p o ¢(0) = 0 and, from equations (72) and (61),

(po)*r® = 7'. Therefore, by the uniqueness of such functions, p o is the
identity function. Now t(yozy') = (0,m075"') € L = N = p~(2). Therefore
20 = pou(yory') = yoxg ', which holds for any (z¢, 1) in G x G. n

Corollary 5.11.  Let g be a solvable Lie algebra with basis f = {e;}i<i<n
adapted to a sequence of relative ideals of codimension one &, C €,_1, s=1,...,n.
Let G be the corresponding Lie group in Theorem 5.7 with basis of left-invariant
forms {7} 1<i<n given in equation (36) in the coordinates (x')1<i<, for G. Then

[Ad(x)] = efdela’ . ld(en)le” (74)

where [Ad(z)] is the matriz representation of Ad(x), x € G in the basis (.

Proof. Let p:G x G — G be p(x,y) = pu(y,z~'). In components, using the
basis 3, we have
p'T = [Ad(x)|miT — T TR, (75)

where T are the right invariant 1-forms on G which are equal to the left invariant
I-forms 7 at the identity 0. From Lemma 5.10 we also have p*7 = . Using the
expression in equation (61) for € and equation (75) gives

elad(en)le® . gladlenla™ (ip _ mir) = [Ad(2)|miT — 7T R,
leading to the expression for [Ad(x)] in equation (74). ]
We will now prove Theorem 5.7.

Proof. (Theorem 5.7) The proof relies on equation (74) in Corollary 5.11,

written as
[Ad(y_l)] = e—[ad(en)]y” e e—[ad(el)}yl )

Therefore, equation (57) can be written
w = [Ad(y )]mT + 77 (76)
Proposition 4.10 in [15] and equation (76) show that
w' = (77)

where p: G x G — G is the multiplication map. By taking the exterior derivative
of equation (77), we find w in (57) satisfy the structure equations (58). This
proves part [i].

To prove part [ii], let p : G x G — G be constructed by Theorem 5.4,
where f? are chosen to satisfy f7(0,0) = 0. Theorem 8.7 of [15] shows that the
multiplication function, u : G x G — G, is the unique map satisfying p*r* = w'
and 1(0,0) = 0. Therefore, the function p is the multiplication map . [
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Remark 5.12. If, instead of the forms w in equation (57) of Theorem 5.7, we
take
~lad(en)la” ., o—lad(en)]a

‘T (78)

w=TmT+e

in the construction of p: G x G — G with p*r* = W', then p is the multiplication
map where the forms 7° are right invariant.

Example 5.13.  We continue with Example 4.4 and produce the multiplication
map using Theorem 5.7 for the corresponding Lie groups where, according to
Theorem 5.2, 7/, = 1,...,5 in equation (44) form a basis for the left invariant
forms. First we need the forms w?, i =1,...,5 in equation (57) in Theorem 5.7.
We compute the matrix [Ad(y~!)] in equation (57), using the structure constants
in equation (42) (or see equation (76)), to be

[Ad(yil)] — e*[ad(es)]ys .. e*[ad(el)]yl —

eay’+by? 0 0 _byleay5+by4 _ayleay5a+by4
0 ev'cosy® ¥ sinyd —ev' (y? cos y®+y> sin y°) v (y?siny® —y?> cos y°)
0 —e¥siny® e cosy® e (y2siny®—yP cosy®) e (y2 cosyP+13siny?) |-
0 0 0 1 0
0 0 0 0 1

(79)
We multiply the vector of forms in equation (44) by the matrix in (79) to produce
the forms w in equation (57),

Wl = ey’ Hbyt (dyl 1 aattbat g1 ay'de® — byldx4) 7
w? =¥’ <e$4(cos(x5 + 9°)dz? + sin(z® + 3°)dz?) + cos y’dy* + sinydy®

— (y*cosy® + y* siny®)dx* + (y*siny® — y° cos y5)d:v5> ,
2 (80)

WP =¥’ (ex4 (cos(x® + y°)dz® — sin(a® + 3°)dz?) + cos y°dy® — sin y°dy

(y*siny® — y® cosy®)dz* + (3 cosy® + y° sin y5)dx5> ,
wt = da* + dy,
W = da® + dy° .

We now find, by quadratures, the functions in Corollary 2.4 which satisfy f*(0,0) =
0.

We find f4, f5 from dw* = 0 and dw® = 0 in the last two lines of equation
(80) to be

fP=a>+¢y° and fr=a2+yh (81)
By applying Theorem 2.2 twice to equation (80), we reduce w as follows

. oladi (en)] (@t +y)

w = OT 01 e[ad(e5)](x5+y5)w
1
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where the matrices [ad;(e4)] and [ad(es)] are given in equation (43). This gives
o' = dx! + emax b (dy1 —by'dst — aylda:S) ,
o =dz®+e ( cos 2°dy? — sin2°dy® — (y? cos 2° — y? sin 2°)da*
— (y® cos 2° + y*sin 2°)da® ),
O =da® +e ( sin 2°dy? + cos z°dy® — (y3 cos z° + y* sin 2°)dx* (82)
+ (y* cosz” — y’sinz”)dz” ),
wt = dzt + dyt,
W = dx® + dy°.
Since [ads(e2)] and [ads(es)] are zero matrices, there is no more reduction to be
done in equation (21) so dw® = 0,dw? = 0 and dw' = 0 in equation (82). This
produces the final three functions (&' = df?, f(0,0) = 0) by quadratures,
=%+ e (1P sina® + y° cos 1),
2=+ e (4P cosaz® — P sinz), (83)
fl — ZL‘l + e—ax5—b:c4y1'
In accordance with Theorem 5.7, the multiplication map z* = fi(z,y) is given
using equations (81) and (83) as
Zl — fL’l + e—aws—bx‘lyl’
2 =1+ (Y cosz® — P sina?),
2 =1+ e (y?sina® + ¢° cos %), (84)
=t 4yl
2> =1+’
Equation (84) is the multiplication map z = p(z,y) for the simply connected 5-
dimensional Lie group G, with basis of left invariant forms in (80) and 0 as the
identity.

6. Conclusion

It seems possible that an explicit formula for the multiplication map for a simply
connected solvable Lie group could be given in terms of the structure constants of
the Lie algebra by using the techniques developed in this paper, but the author
has not been able to do this.
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