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Abstract. We consider the dimensions of irreducible representations whose
highest weights lie on a given lattice cone. We present a simple closed form for the
multivariate formal power series which generates these dimensions. This closed
form is a direct generalization of a formula for the Hilbert series of an equivariant
embedding of a homogeneous variety, obtained by Gross and Wallach. We use
this generalization to study multivariate and single variable Hilbert series for
many varieties of interest in representation theory, including the Kostant cone
and various determinantal varieties. We show how the classical Hilbert series of
determinantal varieties may be obtained from the multivariate series by a sim-
ple recursive relationship. We also prove some combinatorial properties of the
multivariate series.
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1. Introduction

Let G be a semisimple, simply connected linear algebraic group over C . The
dimension of any finite dimensional irreducible representation of G is given by
the Weyl Dimension Formula. We approach the problem of finding a suitable
closed form for the multivariate power series which generates the dimensions of
irreducible representations whose highest weights lie in a finitely generated lattice
cone in P+(G).

When the cone is generated by a single dominant integral weight, the
generating function is the Hilbert series for an equivariant embedding of G/P
into a projective space for some parabolic subgroup P . In fact, this case describes
the Hilbert series for all such equivariant embeddings. A closed form for these
Hilbert series was established by Gross and Wallach in [7]. Note that these
embeddings include the most important projective embeddings of homogeneous
projective varieties, including the Segre embedding of products of projective spaces,
the Veronese embeddings of projective space, and the Plücker embeddings of
Grassmannians. Another important variety whose coordinate ring behaves much
like that of G/P is the closure of the G-orbit of a highest weight vector in a finite
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dimensional irreducible representation of G . The coodinate ring was studied by
Vinberg and Popov in [12], and has a decomposition into irreducible highest weight
representations similar to that of G/P .

We study the case of a general finitely generated lattice cone, and show
that there is a multivariate extension of the results in [7] and [12]. This extension
describes multivariate Hilbert series on many of the most interesting homogeneous
varieties. As a special case, we recover the closed form for the Hilbert series of an
equivariant embedding of G/P given in [7]. We also obtain multivariate Hilbert
series on any variety whose coordinate ring decomposes as a G-representation
over a finitely generated lattice cone, such as the symmetric, antisymmetric, and
standard determinantal varieties.

In addition to these varieties, we obtain a closed form for a multivariate
Hilbert series on the Kostant cones, which generalize the orbit of a single highest
weight vector. These varieties go back to Kostant, who proved that their ideals
are generated by quadratic elements. See [6], [10], [11], and the upcoming book by
Nolan R. Wallach on the subject, [13]. We give a proof that the coordinate ring of
a Kostant cone decomposes as a G-representation over a finitely generated cone
in P+(G).

This paper consists of five sections. In this first section, we set up back-
ground material and notation necessary to prove the main theorem, which is es-
tablished in Section 2, and recall the existing results on the single variable case.
In Section 3, we discuss the generating function as a multivariate Hilbert series on
the Kostant cones. In Section 4, we present further examples, including a recursive
relation on multivariate Hilbert series on the symmetric and antisymmetric deter-
minantal varieties. Finally, we close in Section 5 with a discussion of combinatorial
properties of the generating function.

1.1. Notation and the Weyl Dimension Formula.

Throughout this paper, G will denote a semisimple, simply connected linear
algebraic group over C . We fix a choice T ⊂ B ⊂ G of maximal torus and Borel
subgroup. Let U be a maximal unipotent subgroup of B such that B = T · U .
We denote by g, h , and b the Lie algebras of G, T , and B , respectively. Let Φ
be the root system given by the pair (g, h), and let Φ+ denote the set of positive
roots corresponding to b . We set d := |Φ+| .

Let P+(G) denote the set of dominant integral weights of G . To each
weight λ ∈ P+(G), let L(λ) denote the irreducible representation of G with
highest weight λ , and denote by (·, ·) the non-degenerate bilinear form on h∗

induced by the Killing form.

The following is well known (see p.336 in [5]).

Weyl Dimension Formula 1. Let λ ∈ P+(g). Then

dim(L(λ)) =
∏
α∈Φ+

(λ+ ρ, α)

(ρ, α)
,

where ρ :=
1

2

∑
α∈Φ+

α.



Johnson 299

Following the notation in [7], let cλ(α) :=
(λ, α)

(ρ, α)
. Then the above formula can be

written as

dim(L(λ)) =
∏
α∈Φ+

(1 + cλ(α)).

Let L be a lattice in Rn , i.e. a subset isomorphic to Nk for some k ∈ N . If
C ⊂ Rn is the closure of a non-empty cone, we call the intersection L∩C a lattice
cone. For dominant integral weights λ1, . . . , λk , we use the notation 〈λ1, . . . , λk〉
to denote the lattice cone Nλ1⊕ · · · ⊕Nλk in the dominant weight lattice P+(G).
In particular, 〈λ〉 denotes the ray Nλ generated by the single dominant weight λ .
We define HSq〈λ1, . . . , λk〉 to be the formal power series generating the dimensions
of the irreducible highest weight representations whose weights lie in 〈λ1, . . . , λk〉 ,
i.e.

HSq〈λ1, . . . , λk〉 :=
∑
a∈Nk

dim(L(a1λ1 + · · ·+ akλk))q
a ,

where q := (q1, q2, . . . , qk) is a k -tuple of indeterminates, and qa := qa11 q
a2
2 · · · q

ak
k .

Our goal is to prove the following.

Main Theorem 1. Let λ1, . . . , λk be dominant integral weights, and define

cλ(α) :=
(λ, α)

(ρ, α)
. Then

HSq〈λ1, . . . , λk〉 =
∏
α∈Φ+

(
1 + cλ1(α)q1

∂

∂q1

+ · · ·+ cλk(α)qk
∂

∂qk

) k∏
i=1

1

1− qi
.

Note that the formula above should be read as applying the partial differential
operator ∏

α∈Φ+

(
1 + cλ1(α)q1

∂

∂q1

+ · · ·+ cλk(α)qk
∂

∂qk

)
to the rational function

k∏
i=1

1

1− qi
.

1.2. Hilbert series.

Given a graded C-algebra A with ith homogeneous component Ai , define
its Hilbert function to be the map HFA : N → N , given by HFA(i) = dim(Ai).
Then the Hilbert series of A is the formal power series

HSq(A) :=
∑
n∈N

HFA(n)qn .

We give some basic properties of the Hilbert function and series for a graded
C-algebra A . For further information, see, for example, [1],[8]. If A is generated
by A1 , then the Hilbert series of A must represent a rational function of the form

p(q)

(1− q)l
,

where p(q) ∈ Z[q] is a polynomial in q with integer coefficients. Further, if we
consider the variety given by the spectrum of A , then the dimension of this variety
is l .
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As a generalization of the above, if we have an Nk -graded C-algebra A with
homogeneous component A(a1,...,ak) corresponding to the element (a1, . . . , ak) ∈
Nk , we can define its Nk -graded Hilbert series as the formal powers series∑

(a1,...,ak)∈Nk

dim(A(a1,...,ak))q
a1
1 . . . qakk .

This multivariate series can be restricted via a substitution to a single grading on
A . For example, we could make the substitution qi 7→ q to get a Hilbert series for
A . Note that different restrictions correspond to different gradations of A , and
these may give different Hilbert series.

1.3. Results of Gross and Wallach.

In [7], the authors are interested in computing the Hilbert series of the
homogeneous coordinate ring of an equivariant embedding of G/P into a projective
space. We recall the details. Given any irreducible highest weight representation
L(λ) of G , we can consider the parabolic subgroup given by the stabilizer of
the unique hyperplane H in L(λ) fixed by the Borel subgroup B . If we denote
by P(L(λ)) the projective space of all hyperplanes in L(λ), then we have an
embedding

πλ : G/P → P(L(λ)),

given by the formula πλ(gP ) := g(H).

It is a consequence of the Borel-Weil theorem that the homogeneous coor-
dinate ring Aλ(G/P ) is a sum of highest weight representations. Namely,

Aλ(G/P ) =
⊕
n∈N

L(nλ).

We consider this decomposition as happening over the cone in P+(G) generated
by the single dominant weight λ . Then the Hilbert series of the embedding is
given by ∑

n∈N

dim(L(nλ))qn .

The authors prove that this series has the following closed form.

Theorem (Gross and Wallach) 1. The Hilbert series of the embedding πλ of
G/P is ∏

α∈Φ+

(
cλ(α)q

d

dq
+ 1

)
1

1− q
.

In the next section, we will give a proof of the above theorem, and the rest of the
paper will be devoted to examples of its applicability.

2. Proof of the main theorem

We extend the theorem from the previous subsection to the case of a finitely
generated lattice cone. Consider the multivariate series given by

HSq〈λ1, . . . , λk〉 :=
∑
a∈Nk

dim(L(a1λ1 + · · ·+ akλk))q
a .



Johnson 301

We wish to find a closed form for HSq〈λ1, . . . , λk〉 that directly generalizes the
form given in [7] for a single dominant integral weight.

Main Theorem 2. Let λ1, . . . , λk be dominant integral weights. Then

HSq〈λ1, . . . , λk〉 =
∏
α∈Φ+

(
1 + cλ1(α)q1

∂

∂q1

+ · · ·+ cλk(α)qk
∂

∂qk

) k∏
i=1

1

1− qi
,

where cλ(α) :=
(λ, α)

(ρ, α)
.

Proof. Consider L(a1λ1 + · · · + akλk). By the Weyl Dimension Formula, we
have

dim(L(a1λ1 + · · ·+ akλk)) =
∏
α∈Φ+

(a1λ1 + · · ·+ akλk + ρ, α)

(ρ, α)
.

Since the Killing form (·, ·) is bilinear, the above product can be rewritten as

dim(L(a1λ1 + · · ·+ akλk)) =
∏
α∈Φ+

(1 + a1cλ1(α) + · · ·+ akcλk(α)).

Therefore, we can rewrite the series as

HSq〈λ1, . . . , λk〉 =
∑
a∈Nk

∏
α∈Φ+

(1 + a1cλ1(α) + · · ·+ akcλk(α))qa, (1)

where a = (a1, . . . , ak) ∈ Nk , and qa := qa11 . . . qakk . Consider the product∏
α∈Φ+

(1 + a1cλ1(α) + · · ·+ akcλk(α)).

Note that the above is a polynomial in the ai for 1 ≤ i ≤ k . Let d := |Φ+| and
|i| := i1 + · · · + ik , for any i ∈ Nk . Then, expanding the product of sums into a
sum of products, we have∏

α∈Φ+

(1 + a1cλ1(α) + · · ·+ akcλk(α)) =
∑
|i|≤d

bia
i, (2)

where bi is the coefficient of the monomial ai for each i with |i| ≤ d . Combining
(1) and (2), we have

HSq〈λ1, . . . , λk〉 =
∑
a∈Nk

∑
|i|≤d

bia
iqa .

The coefficients of the polynomial (2) do not depend on a . Therfore, we may
rearrange the order of summation as follows:

HSq〈λ1, . . . , λk〉 =
∑
|i|≤d

bi
∑
a∈Nk

aiqa. (3)

We now find a rational function representing the series
∑
a∈Nk

aiqa . Fix a k -tuple

(i1, . . . , ik) ∈ Nk , and define f(i1,...,ik)(q) to be the formal power series
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f(i1,...,ik)(q) :=
∑
a∈Nk

aiqa .

Then applying the partial differential operator qj
∂

∂qj
to f(i1,...,ik)(q) increases the

integer in the j th coordinate by one. To see this, note that for each summand
aiqa , we have

∂

∂qj
(ai11 . . . a

ij
j . . . a

ik
k q

a1
1 . . . q

aj
j . . . qakk ) = ai11 . . . a

ij+1
j . . . aikk q

a1
1 . . . q

aj−1
j . . . qakk .

Multiplying both sides by qj , we have

qj
∂

∂qj
(f(i1,...,ik)(q)) = f(i1,...,ij+1,...,ik)(q).

Define f(0,...,0)(q) :=
k∏
j=1

1

1− qk
. Because the differential operators qj

∂

∂qj
commute

for all j , we have

f(i1,...,ik)(q) =

(
q1

∂

∂q1

)i1
. . .

(
qk

∂

∂qk

)ik k∏
j=1

1

1− qj

Consider the k -tuple

(
q1

∂

∂q1

, . . . , qk
∂

∂qk

)
, and define

(
q
∂

∂q

)i

:=

(
q1

∂

∂q1

)i1
. . .

(
qk

∂

∂qk

)ik
.

Then, we have

f(i1,...,ik)(q) =

(
q
∂

∂q

)i k∏
j=1

1

1− qj
.

Therefore, (3) becomes ∑
|i|≤d

bi

(
q
∂

∂q

)i
 k∏
j=1

1

1− qj
. (4)

Note that the sum ∑
|i|≤d

bi

(
q
∂

∂q

)i

(5)

is the same polynomial as in (2), after making the substitution ai 7→ qi
∂

∂qi
, for each

i = 1, . . . , k . Therefore, the polynomial in (5) factors in the same way. Namely,∑
|i|≤d

bi

(
q
∂

∂q

)i

=
∏
α∈Φ+

(
1 + cλ1(α)q1

∂

∂q1

+ · · ·+ cλk(α)qk
∂

∂qk

)
.

Combining this fact with (4), we have shown that
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HSq〈λ1, . . . , λk〉 =
∏
α∈Φ+

(
1 + cλ1(α)q1

∂

∂q1

+ · · ·+ cλk(α)qk
∂

∂qk

) k∏
j=1

1

1− qj

3. The Kostant cone

This section is split into three subsections. The first of which presents without
proof the basic definitions and theorems about the Kostant cone, as given in the
upcoming book “Geometric invariant theory over the real and complex numbers”
by Nolan R. Wallach. The term Kostant cone first appeared in a book by Kumar
(see [9]), where he presents the single variate case. The definitions and results in
the first the first subsection below concern the multivariate case. These results,
attributed to Kostant, will be published in detail in [13]. The next subsection
will present a construction of the coordinate ring of a Kostant cone as an infinite
dimensional G-module that decomposes into finite dimensional irreducible repre-
sentations whose highest weights trace out a lattice cone in P+(G). We have not
found this construction anywhere previously in the literature. The final subsec-
tion makes explicit the relationship between the Kostant cone and the multivariate
generating function given in the main theorem.

3.1. Basic definitions and theorems.

We begin by defining the Kostant cones given by a k -tuple of highest weight
representations of G , as given in [13]. Let L(λ1), . . . , L(λk) be highest weight
representations of G of highest weight λi , and choose a highest weight vector
vi ∈ L(λi) for each i . Let V be the direct sum L(λ1) ⊕ · · · ⊕ L(λk). Then G
acts on V diagonally. Let S(V ) be the symmetric algebra on V . Then S(V )
is Nk -graded. Let Sn1,...,nk(V ) ∼= Sn1(V )⊗ · · · ⊗ Snk(V ) be a multi-homogeneous
component of S(V ). The multiplicity of the irreducible representation with highest
weight

∑
i niλi in Sn1,...,nk(V ) is one. Denote this subrepresentation V n1,...,nk .

Then we have the following definition.

Definition 1. The Kostant cone X of V is the set of v ∈ V such that

vn ∈
∑

n1+···+nk=n

V n1,...,nk .

There is a nice, concrete way of describing X in terms of an ‘augmented’
G-action on V . We let the group G× (C×)k act on V via

(g, z1, . . . , zk).(v1, . . . , vk) = (z1g.v1, . . . , zkg.vk).

This is a quasi-affine variety, and the Zariski closure of this variety is equal to
the Kostant cone X on V . Note that, if the highest weights λi are all linearly
independent, then the action of G×(C×)k on V is the same as the diagonal action
of G on V . In general, we are required to augment the action with an additional
torus action in the case where the weights are dependent.

Note that the variety X is a direct generalization of the orbit of a highest
weight vector. In the case of a highest weight λ , with highest weight vector v ,
G×C×.v = G.v , and the closure of the orbit of the highest weight vector v is the
Kostant cone of V = L(λ).
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One of the interesting properties of the Kostant cone, originally due to
Kostant, is the fact that the ideal of polynomials vanishing on X is always gen-
erated by quadratic polynomials. This result is referred to as Kostant’s quadratic
generation theorem, and proofs can be found in [6], [10], and [11] for the case of a
single weight, and [13] for the general case.

3.2. The coordinate ring of X .

Note that, in the case that k = 1, the Kostant cone is the closure G.vλ in
L(λ). These varieties have been intensely studied, and their coordinate rings are
computed in [12]. Here, we generalize the results in [12] to the multivariate case.
Let L(λ1), . . . , L(λk) be finite dimensional irreducible representations of G with
highest weights λ1, . . . , λk , and choose a highest weight vector vi from each L(λi).
Define V := L(λ1) ⊕ · · · ⊕ L(λk) as before. Let X = G× (C×)k.(v1, . . . , vk) be
the Kostant cone corresponding to λ1, . . . , λk .

We consider G and its subgroups as subgroups of G× (C×)k via the map
g 7→ (g, 1, . . . , 1). We will abuse notation and write g.(v1, . . . , vk) when we mean
(g, 1, . . . , 1).(v1, . . . , vk). We then have

b.(v1, . . . , vk) = (λ1(b)v1, . . . , λk(b)vk),∀b ∈ B. (6)

Let O be the orbit of (v1, . . . , vk), π the canonical mapping of V/{0} onto P(V ),
and P the isotropy subgroup of π(v1, . . . , vk).

Proposition 1. P is a parabolic subgroup, containing B .

Proof. Let πi be the canonical mapping of L(λi)/{0} onto P(L(λi)), and let
Pi be the isotropy subgroup of πivi . Then it follows from (6) that Pi is a parabolic
subgroup containing B . We will show that P = P1 ∩ · · · ∩ Pk .

To this end, assume p ∈ P . Then p , acting diagonally, stabilizes the line
through the origin in V containing (v1, . . . , vk). In particular, p stabilizes the line
through the origin in L(λi) containing vi . Thus, P ⊂ P1 ∩ · · · ∩ Pk .

Now assume p ∈ P1∩· · ·∩Pk . Then p stabilizes the line through the origin
in each L(λi) that contains vi . Since P acts diagonally on π(v1, . . . , vk), this gives
p ∈ P .

Note that, as characters of B , the weights λ1, . . . , λk extend uniquely to
characters of P . Let H be the isotropy subgroup of (v1, . . . , vk).

Proposition 2. H = {p ∈ P | λi(p) = 1, i = 1, . . . , k}.

Proof. Note that if λi(p) = 1, for all i = 1, . . . , k , we have

p.(v1, . . . , vk) = (λ(p)v1, . . . , λ(p)vk) = (v1, . . . , vk),

so H contains {p ∈ P | λi(p) = 1, i = 1, . . . , k} .
For the opposite inclusion, let h ∈ H . Then, since h fixes (v1, . . . , vk) and

acts linearly, it must fix the line π(v1, . . . , vk). So H ⊂ P . Thus h.(v1, . . . , vk) =
(λ1(h)v1, . . . , λk(h)vk). This implies that λi(h) = 1, for all i = 1, . . . , k , since H
is the isotropy group of (v1, . . . , vk).
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We have the following further characterization of X .

Theorem 1. X = O ∪ {0}.

Proof. O is invariant under multiplication by any element of C× . To see this,
let z ∈ C× . Then (g, z1, . . . , zk).(zv1, . . . , zvk) = (zz1g.v1, . . . , zzrg.vk). But this
is just (g, zz1, . . . , zzk).(v1, . . . , vk), which is in O . Thus, the claim follows from
the fact that πO is closed in P(V ). This is true, since πO ∼= G/P , and P is a
parabolic subgroup of G .

The maps G
τ−→ O

ι−→ X , where τ(g) = g.(v1, . . . , vk) and ι is the canonical
inclusion generate inclusions

C[X] ↪→ C[O] ↪→ C[G]

on the level of homogeneous coordinate rings. Further, the maps ι and τ commute
with left translations. To see that τ commutes with left translations, consider
τ(gh). Then

τ(gh) = gh.(v1, . . . , vk) = g.(hv1, . . . , hvk) = g.τ(h).

Since τ and ι commute with left translations, C[X] and C[O] are left-
invariant subalgebras of C[G] . Thus, C[O] = C[G/H] = C[G]H , where H is
considered to act on the right. H is normal in P . Thus, C[O] is right-invariant
with respect to P . The action of P by right translation then reduces to the action
of the torus P/H . Therefore, we have a decomposition into weight spaces

C[O] =
⊕

λ∈X(P )

C[O]λ ,

where C[O]λ := {f ∈ C[O] | f(gp) = λ(p)f(g), g ∈ G, p ∈ P} .
We define S(λ) := {f ∈ C[G] | f(gb) = λ(b)f(g), g ∈ G, b ∈ B} . Note that

this is a finite dimensional, left-invariant subspace of C[G] . The set

X(B)+ := {λ ∈ X(B) | S(λ) 6= 0}
is the set of all highest weights of irreducible representations of G . The represen-
tation S(λ), when λ ∈ X(B)+ , is dual to the irreducible representation of G of
highest weight λ . The duality can be expressed explicitly by

〈f, g.vλ〉 = f(g) (7)

for all f ∈ S(λ), g ∈ G , and vλ a highest weight vector of weight λ .

It is clear that C[O]λ ⊂ S(λ). Let 〈λ1, . . . , λk〉 be the set of all non-negative
integer combinations of λ1, . . . , λk .

Proposition 3. C[O]λ 6= 0 implies λ is an integer combination of λ1, . . . , λk .

Proof. Assume that C[O]λ 6= 0. Take a nonzero f ∈ C[O] such that f(gp) =
λ(p)f(g) for all g ∈ G , p ∈ P . In particular, f(gh) = λ(h)f(g) for all g ∈ G ,
h ∈ H . By the way we identify C[O] as a subalgebra of C[G] , we have

f(gh) = f ◦ τ(gh) = f(gh.(v1, . . . , vk)) = f(g.(λ1(h)v1, . . . , λk(h)vk)).

By Proposition 2,

H = {p ∈ P | λi(p) = 1, i = 1, . . . , k} .
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Thus, f(gh) = f(g.(v1, . . . , vk)) = f ◦ τ(g) = f(g). Summarizing, we have

f(g) = f(gh) = λ(h)f(g).

Then f 6= 0, implies λ(h) = 1. Therefore, we have

Ker(λ) ⊃ Ker(λ1) ∩ · · · ∩Ker(λk).

There exists a bijective correspondence between subgroups of T and subgroups of
X(T ), given by (Γ ≤ X(T ))

Γ 7→ T Γ := {t ∈ T | χ(t) = 1 for all χ ∈ Γ} .

This correspondence reverses inclusions: if T Γ1 ⊂ T Γ2 , then Γ1 ⊃ Γ2 . To see this,
note that Γ consists of ALL characters whose value on T Γ is one. If T Γ1 ⊂ T Γ2 ,
then any element of Γ2 has value one on T Γ1 . Thus, Γ2 ⊂ Γ1 . Now, let Γ1 be the
subgroup generated by λ1, . . . , λr , and let Γ2 be the subgroup generated by λ .

We have T Γ1 = Ker(λ1) ∩ · · · ∩ Ker(λk) and T Γ2 = Ker(λ). We have
already shown that T Γ1 ⊂ T Γ2 . Thus, Γ2 ⊂ Γ1 , and we have proven the claim.

Note that Proposition 3 implies that

C[O] ⊂
⊕
λ

S(λ), (8)

where λ runs through all integer combinations of λ1, . . . , λk .

Proposition 4. For each λ ∈ 〈λ1, . . . , λk〉, S(λ) ⊂ C[X].

Proof. We need to show that S(λi) ⊂ C[X] for all i = 1, . . . , k . Then the
claim follows from the fact that S(λ) ·S(µ) = S(λ+µ) for all λ, µ ∈ X+(B). Take
f ∈ S(λi). Then f(gb) = λi(b)f(g), for all g ∈ G, b ∈ B . Let vi be a highest
weight vector for L(λi) as before. Then by (7), f(g) = 〈f, gb.vi〉 = 〈f, g.vi〉 . Let
Oi := G.vi for each i = 1, . . . , k , and define a map Oi → X by

g.vi 7→ g.(v1, . . . , vi, . . . , vk),

for each i . We can think of these maps as inclusions of the Oi into X . In this
way, we consider g.vi to be an element of X . Then, by (7), f is a function on X ,
and S(λi) ⊂ C[X] .

Note that Proposition 4 implies that⊕
λ∈〈λ1,...,λr〉

S(λ) ⊂ C[X]. (9)

Then, by the chain of inclusions C[X] ↪→ C[O] ↪→ C[G] and the fact that λ cannot
be a highest weight if the coefficients on any λi are negative, (8) and (9) imply
the following theorem.

Theorem 2. The homogeneous coordinate ring C[X] of the Kostant cone X
given by the weights λ1, . . . , λk is
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⊕
λ∈〈λ1,...,λk〉

S(λ).

3.3. Multivariate Hilbert series on X .

Note that Kostant’s quadratic generation theorem gives a method of com-
puting multivariate Hilbert series on the Kostant cone X . The multivariate Hilbert
series of a variety whose ideal I has a quadratic generating set can be computed
using methods from commutative algebra by looking at the graph of relations given
by the leading quadratic monomials in I . However, this method rarely leads to
simple direct computations of Hilbert series.

On the otherhand, the main theorem gives a direct way of computing the
multivariate Hilbert series of X . Let C[X] be the homogeneous coordinate ring
of X . By Theorem 3, we have

C[X] =
⊕

λ∈〈λ1,...,λk〉

S(λ).

The representations S(λ) are dual to the irreducible highest weight representations
L(λ). In particular, they have the same dimension. So we can use the formula for
the main theorem to compute the multivariate Hilbert series on X given by the
decomposition into weight spaces in Theorem 3. Let HS(X) be the multivariate
Hilbert series of X . Then, explicitly,

HS(X) =
∏
α∈Φ+

(
1 + cλ1(α)q1

∂

∂q1

+ · · ·+ cλk(α)qk
∂

∂qk

) k∏
i=1

1

1− qi
.

This formula holds for any Kostant cone X , regardless of the number of
dominant weights involved. Also, this formula is explicit, and can be computed
for specific examples with the help of a computer algebra system.

4. Other examples

By setting k = 1, we obtain the Hilbert series of an equivariant embedding of
a projective variety, as in the case of [7]. If G has rank k , and we look at the
formal power series given by the fundamental dominant weights 〈ω1, . . . , ωk〉 , we
obtain a generating function for the dimensions of all finite dimensional irreducible
representations of G , as in [2].

We can interpret the multivariate series HSq〈λ1, . . . , λk〉 geometrically via
Hilbert series. Inside our given Borel subgroup B ⊂ G , we have a maximal
unipotent subgroup U such that B = T · U . The quotient G/U has a natural
structure as an affine variety. This variety has coordinate ring

C[G/U ] ∼=
⊕

λ∈P+(G)

Cλ ⊗ L(λ), (10)

(see §3.3 in [14]). If we set V (λ) := Cλ ⊗ L(λ), we have a gradation on C[G/U ]
given by V (λ)V (µ) = V (λ + µ). Then replacing P+(G) with a lattice cone
〈λ1, . . . , λk〉 gives a subalgebra of C[G/U ] . The spectrum of this subalgebra is a
variety, and this variety has an Nk -graded Hilbert series given by HSq〈λ1, . . . , λk〉 .
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In this section, our main interest in examples is going to be using the
formula from the main theorem to find a series in k variables and then specializing
that series to a single variable Hilbert series on the underlying variety given by
subalgebras of (10) corresponding to a given lattice cone 〈λ1, . . . , λk〉 .

Some of the most interesting examples are those given by looking at the
homogeneous coordinate ring of the three determinantal varieties D≤km,n,SD≤kn ,

and AD≤2k
n . We begin with the symmetric determinantal varieties SD≤kn . Note

that finding the Hilbert series for these varieties is in general a very difficult thing
to do (see, for example, [3], [4]).

The Second Fundamental Theorem of Invariant Theory for O(n) (see [5],
p.561), states that the homogeneous coordinate ring SD≤kn decomposes as an
SL(n,C)-module in the following way:

C[SD≤kn ] ∼=
⊕
λ

L(λ),

where λ runs over all even dominant integral weights of depth at most k . Here, an
even weight of depth at most k is one that lies in the lattice cone 〈2ω1, . . . , 2ωk〉 ,
where ω1, . . . , ωn−1 are the fundamental dominant weights of SL(n,C), and we
are using the standard Borel subgroup of upper triangular matrices in SL(n,C).

So we can compute the series HSq〈2ω1, . . . , 2ωk〉 and specialize the variables
in an appropriate way to recover the Hilbert series of the standard embedding of
the symmetric determinantal variety. The standard Hilbert series on SD≤kn is
given by ∑

λ

dim(L(λ))q|λ| ,

where again, λ runs over all even dominant integral weights of depth at most
k . After computing the series HSq〈2ω1, . . . , 2ωk〉 , we specialize to the standard
Hilbert series by making the substitution qi 7→ qi for i = 1, . . . , k .

We now compute some examples. We consider the variety SD≤2
4 . We will

compute the series HSq〈2ω1, 2ω2〉 , where ω1 and ω2 are the first two fundamental
dominant weights of SL(4,C). The main theorem gives us the following closed
form for HSq〈2ω1, 2ω2〉 :∏

1≤i<k≤4

(
1 + 2cω1(εi − εj)q1

∂

∂q2

+ 2cω2(εi − εj)q2
∂

∂q2

)
1

(1− q1)(1− q2)
,

where Φ+ = {εi − εj | 1 ≤ i < j ≤ 4} , and εi is the functional that gives the ith
diagonal element of a matrix in g = sl(4,C). Then computing cω1(εi − εj) and
cω2(εi − εj) for 1 ≤ i < j ≤ 4 gives us

(1+2q1
∂
∂q1

)(1+2q2
∂
∂q2

)(1+q1
∂
∂q1

+q2
∂
∂q2

)(1+q2
∂
∂q2

)(1+ 2
3
q1

∂
∂q1

+ 2
3
q2

∂
∂q2

) 1
(1−q1)(1−q2)

.

Applying the differential operators then yields
1+6q1+15q2+q21+16q1q2+15q22+q32−50q1q22−29q21q2−4q1q32−25q21q

2
2+6q31q2+21q21q

3
2+20q31q

2
2+6q31q

3
2

(1−q1)4(1−q2)5
.

This formula seems unmanagable, but is easy to compute with Mathematica or
Maple, and after we make the substitution qi 7→ qi , we get

1 + 3q + 6q2

(1− q)7
,

which is the Hilbert series for the standard embedding of SD≤2
4 .

We can then increase the size of the matrices to recursively find the Hilbert
series of SD≤2

n . Let {α1, . . . , αn−1} be the simple roots of SL(n,C). The only
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positive roots of SL(n,C) that contribute to the product in HSq〈ω1, ω2〉 , are those
which can be written as a sum of consecutive simple roots

∑
αi beginning at either

α1 or α2 . So, as we go from n−1 to n , we add two differential operators, namely,
those which correspond to the positive roots α2 + · · ·+αn−1 and α1 + · · ·+αn−1 . If
we define HSnq〈ω1, ω2〉 to be the series given by the first two fundamental dominant
weights of SL(n,C), we have the following recursive formula. Note that

HS3
q〈2ω1, 2ω2〉 =

1 + 3q1 + 3q2 − 3q2
1q2 − 3q1q

2
2 − q2

1q
2
2

(1− q1)3(1− q2)3
.

Lemma 1. For n > 3,

HSnq 〈2ω1, 2ω2〉 = (1 + 2
n−2

q2
∂
∂q2

)(1 + 2
n−1

q1
∂
∂q1

+ 2
n−1

q2
∂
∂q2

)HSn−1
q 〈2ω1, 2ω2〉.

We obtain the recursion by simply computing the coefficients for the two
new weights. Note that this recursion is on the multivariate series, but it does
not pass to a recursion on the single variable Hilbert series for the varieties SD≤2

n .
The recursion is linear in the number of differential operators that contribute to
the series when we go from SL(n − 1,C) to SL(n,C). In this way, the multi-
variate series behaves more nicely than the single variable Hilbert series. This
multi-variate series then allows us to more easily compute the Hilbert series of
SD≤kn .

This method generalizes to the rank k symmetric determinantal variety.
Again, we write HSnq〈2ω1, . . . , 2ωk〉 when considering the weights as weights of
SL(n,C). We have the following.

Proposition 5. Let n > k + 1. Then

HSnq 〈2ω1, . . . , 2ωk〉 =
k∏
i=1

(
1 +

2

n− i

k∑
j=i

qj
∂

∂qj

)
HSn−1

q 〈2ω1, . . . , 2ωk〉.

Proof. We have a labelling of the fundamental dominant weights and the simple
roots for SL(n,C) as ω1, . . . , ωn−1 and α1, . . . , αn−1 , resp., such that

Φ+ = {αi + αi+1 + · · ·+ αj | 1 ≤ i ≤ j ≤ n− 1} ,

and

cωk
(αi + · · ·+ αj) =


1

j − i+ 1
: i ≤ k ≤ j

0 : otherwise

independent of n . Under this labelling, the positive roots of SL(n,C) which
contribute to the product but did not contribute at the (n−1)-st step are precisely
those roots whose sum begins with αi for some i ≤ k and ends with αn−1 . There
are k of these roots, namely α1 + · · ·+ αn−1, α2 + · · ·+ αn−1, . . . , αk + · · ·+ αn−1 .
Then we have

2cωi
(α1 + · · ·+ αn−1) =

2

n− 1
, for 1 ≤ i ≤ k ,

2cωi
(α2 + · · ·+ αn−1) =

2

n− 2
, for 2 ≤ i ≤ k ,

. . .
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2cωk
(αk + · · ·+ αn−1) =

2

n− k
.

This proves the Proposition.

There is a similar story for the Hilbert series of the standard embedding of
AD≤2k

n . The Second Fundamental Theorem of Invariant Theory for Sp(2n,C) (see
p. 562 in [5]) states that the homogeneous coordinate ring of AD≤2k

n decomposes
as an SL(2n,C)-module as

C[AD≤2k
n ] ∼=

∑
λ

L(λ),

where λ runs over the lattice cone 〈ω2, ω4, . . . , ω2k〉 . Then HSq〈ω2, ω4, . . . , ω2k〉
can again be specialized to the standard Hilbert series given by∑

λ

dim(L(λ))q|λ| ,

where λ runs over 〈ω2, ω4, . . . , ω2k〉 , by making the substitution qi 7→ qi . We
compute the series HSq〈ω2, . . . , ω2k〉 and specialize the variables in the appropriate
way to recover the Hilbert series of the standard embedding of the antisymmetric
determinantal variety.

As with the symmetric determinantal variety, we start with the simplest
case with a multi-gradation. Consider AD4

n , where n ≥ 6. In this case, we wish
to compute HSnq〈ω2, ω4〉 , where again, the superscript refers to the fact that we
are considering ω2 and ω4 as fundamental dominant weights of the group SLn .
Let n = 6. There are twelve differential operators in the formula in Theorem 4.2.1
which are nonzero in this case. These differential operators correspond to positive
root strings αi + · · ·+ αj , where α2 and/or α4 show up somewhere in the string.

As we increase n , we add four new differential operators at each step. To
see this, note that as n increases to n+1, the new root strings which contribute at
least one nonzero differential operator are those which contain a copy of α2 or α4

and end in n . These new root strings are of the form αi+ · · ·+αn for i = 1, 2, 3, 4.
There are obviously four such root strings. We then have the following recursive
relation.

Lemma 2. Let n > 6. Then

HSnq 〈ω2, ω4〉 = D.HSn−1
q 〈ω2, ω4〉,

where D is the partial differential operator

(1 + 1
n−1

q1
∂
∂q1

+ 1
n−1

q2
∂
∂q2

)(1 + 1
n−2

q1
∂
∂q1

+ 1
n−2

q2
∂
∂q2

)(1 + 1
n−3

q2
∂
∂q2

)(1 + 1
n−4

q2
∂
∂q2

).

This recursion is obtained by computing the coefficients of the four new differential
operators obtained by increasing the size of the matrices from n−1×n−1 to n×n .
Note that even though the recursion is significantly more complicated than in the
symmetric case, we still add a fixed amount of differential operators at each step,
and the actual computational complexity does not really increase. In a similar
fashion, we can obtain a recursive relationship for the multivariate Hilbert series
of AD≤2k

n .
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5. Some combinatorial results on HSq〈λ1, . . . , λk〉.

We conclude this paper with a brief study on the behavior of the closed form
presented in the main theorem. Our goal is to prove the following. To simplify
terminology, we equate the multivariate series HSq〈λ1, . . . , λk〉 with the closed
form presented in the main theorem.

Theorem 3. Let λ1, . . . , λk be dominant integral weights for a semisimple,
simply connected linear algebraic group G. Then, for k > 1, the numerator of
the multivariate series

HSq〈λ1, . . . , λk〉
has coefficient sum zero.

Since the numerator of HSq〈λ1, . . . , λk〉 is never zero, this theorem implies
that the multivariate Hilbert series converges to a rational function whose nu-
merator contains both positive and negative values. As long as k > 1, then the
numerator will never be a positive integer polynomial.

Note that this is not true when k = 1. For example, let G = SL(3,C), and
consider HSq〈ω1〉 . Using the formula in the main theorem (or even the formula
in [7]), we find that

HSq〈ω1〉 =
1

(1− q)2
,

whose numerator does not have coefficient sum zero.

We prove the theorem in steps. We begin by proving something general.

Lemma 3. Let n1, n2, . . . , nk > 0 be integers. Assume

H(q) =
N(q)

(1− q1)n1(1− q2)n2 . . . (1− qk)nk
,

where N(q) is a polynomial with coefficient sum equal to zero and H(q) is as

reduced as possible. Then the numerator of qi
∂

∂qi
H(q) also has coefficient sum

zero.

Proof. By the quotient rule,

qi
∂

∂qi
H(q) =

qi[
∏

(1− qj)nj ∂N
∂qi

+Nni(1− q1)n1 . . . (1− qi)ni−1 . . . (1− qk)nk ]∏
(1− qj)2nj

=
qi(1− q1)n1 . . . (1− qi)ni−1 . . . (1− qk)nk [∂N

∂qi
(1− qi) + niN ]∏

(1− qj)nj

=
qi[(1− qi)∂N∂qi + niN ]

(1− q1)n1 . . . (1− q)ni+1
i . . . (1− qk)nk

.

Note that, since (1 − qi) does not divide N , the final copy of (1 − qi) in the
numerator cannot be cancelled. Then, since both N and (1− qi) have coefficient
sum zero, the sum of the coefficients in the numerator is zero.

What we have shown here is that the partial differential operators qi
∂

∂qi
preserve the property that a rational function will have a numerator with coefficient
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sum equal to zero. If the numerator of a rational function has coefficient sum zero,
we will simply say that the rational function itself has coefficient sum zero. Note
that this implies immediately that the operators(

1 + c1q1
∂

∂q1

+ · · ·+ ckqk
∂

∂qk

)
,

where the ci are constants, also preserve the property that the coefficient sum of
the numerator is zero.

Lemma 4. Assume H(q, r) =
1

(1− q)(1− r)
, and let a, b be nonzero constants.

Then (
1 + aq

∂

∂q
+ br

∂

∂r

)
H(q, r)

has coefficient sum zero.

Proof. A simple computation yields(
1 + aq

∂

∂q
+ br

∂

∂r

)
H(q, r) =

(1− q)(1− r) + aq(1− r) + br(1− q)
(1− q)2(1− r)2

,

which has coefficient sum zero.

Note that the above Lemma 4 can be used as the base case for an induction
argument to prove the following.

Lemma 5. Assume H(q) =
1

(1− q1) . . . (1− qk)
, for k > 1. Let c1, . . . , ck be

nonzero constants. Then the rational function(
1 + c1q1

∂

∂q1

+ · · ·+ ckqk
∂

∂qk

)
H(q)

has coefficient sum zero.

We can apply Lemma 5 to HSq〈λ1, . . . , λk〉 in the following way.

Proposition 6. Let G be a semisimple, simply connected linear algebraic group
over C of rank l . Let α = α1 + · · ·+αl , where the αi are a choice of simple roots
for g. Assume λ1, . . . , λk be dominant integral weights of g. Then, for k > 1,(

1 + cλ1(α)q1
∂

∂q1

+ · · ·+ cλk(α)qk
∂

∂qk

)
1

(1− q1) . . . (1− qk)
is a rational function with coefficient sum zero.

Proof. Since λ1, . . . , λk are dominant integral and α = α1 + · · · + αl , the
coefficients cλi(α) are all nonzero constants. Then the claim follows immediately
from Lemma 5.

We can now prove the Theorem in this section.

Proof. The main theorem states that HSq〈λ1, . . . , λk〉 has the following ratio-
nal form:
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∏
α∈Φ+

(
1 + cλ1(α)q1

∂

∂q1

+ · · ·+ cλk(α)qk
∂

∂qk

)
1

(1− q1) . . . (1− qk)
.

Proposition 6 provides us with a positive root α such that each of the cλi(α)
is nonzero. Therefore, after applying the operator corresponding to this root, we
have a rational function with coefficient sum zero. Note that the operators in the
product commute. Therefore, we may as well apply this differential operator first.

By the discussion after Lemma 3, all of the other operators preserve the
property that the coefficient sum of the numerator is zero. Therefore, the coefficient
sum of HSq〈λ1, . . . , λk〉 is zero.
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