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Abstract. It is shown that for any N 6= 2, the Schrödinger algebra S(N)

and its central extension Ŝ(N) are cohomologically rigid Lie algebras, i.e., have
a vanishing second Chevalley cohomology group with values in the adjoint rep-
resentation. Further, it is shown that the main cohomological difference between
these algebras lies in the structure of the third cohomology space.
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1. Introduction

The deformation theory of algebraic structures, initiated by Gerstenhaber in the
mid 1960s [11], soon appeared to be a powerful tool not only in the algebraic sense,
but also a valuable technique to analyze the geometrical and topological properties
of algebras [19]. In the context of Lie algebras, this approach turned out to be
deeply connected with cohomology and representation theory of (semisimple) Lie
algebras [13, 20], as well as with the notion of contractions of Lie algebras intro-
duced earlier by Inönü and Wigner [14]. For physical applications in particular, the
concept of structural stability served as a measure to test a model with respect to
some small changes of the fundamental parameters. The first symmetry algebras
to be studied from this point of view, the classical kinematical algebras [16], consti-
tuted a strong motivation to study the stability properties of (symmetry) algebras
in various geometric applications (see e.g. [3, 10, 27] and references therein), both
from the perspective of deformations and contractions of Lie algebras [9, 7, 17].

In this work, the Chevalley cohomology of the (centrally extended) Schrödinger

algebras Ŝ(N) = (so (N)⊕ sl (2,R))
−→⊕ (D 1

2
⊗Λ)⊕D0hN in (N + 1) dimensions with

values in the adjoint representation are determined, proving that for N 6= 2,
the Ŝ(N) algebras are rigid, i.e., satisfy the Nijenhuis-Richardson rigidity con-
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dition H2
(
Ŝ (N) , Ŝ (N)

)
= 0. It is further shown that the third cohomol-

ogy group H3
(
Ŝ (N) , Ŝ (N)

)
does not vanish and is completely determined

by the cohomology space H3 (sl(2,R)⊕ so(N),R). The computation of the co-
homology can be adapted easily to the case of the usual Schrödinger algebra

S(N) = Ŝ(N)/Z
(
Ŝ(N)

)
, resulting in the cohomological rigididity of the lat-

ter for N 6= 2. The main cohomological difference between these Lie algebras is
shown to be in the characterization of the third cohomology H3 (S (N) , S (N)).

2. Cohomology and deformation of Lie algebras

Let g be a Lie algebra and V a representation of g . Let Cp (g, V ) = Hom(
∧p g, V )

denote the soace of p-cochains and dp : Cp (g, V ) −→ Cp+1 (g, V ) the coboundary
operator, where

dpΦ (X1, ..., Xp+1) =
∑

1≤s≤p+1

(−1)s+1 (Xs.Φ)
(
X1, ..., X̂s, ..., Xp+1

)
+

+
∑

1≤s≤t≤p+1

(−1)s+t Φ
(

[Xs, Xt] , X1, ..., X̂s, ..., X̂t,..., Xp+1

)
(1)

If Zp (g, V ) = ker dp is the space of p-cocycles and Bp (g, V ) = Imdp that of
coboundaries, the pth -cohomology space with values in V is given by

Hp (g, V ) = Zp (g, V ) /Bp (g, V ) . (2)

For the case of Lie algebras having a non-trivial Levi decomposition, there exists
a useful reduction, called the Hochschild-Serre factorization theorem [13]. If g
has the Levi decomposition g = s

−→⊕Rr , where s denotes the Levi subalgebra and
r the radical of g , then the adjoint cohomology Hp(g, g) admits the following
decomposition:

Hp (g, g) '
∑
i+j=p

H i (g,F)⊗Hj (r, g)g , (3)

where F denotes the base field and Hj (r, g)g is the space of g-invariant cocycles.
A direct proof of the Hochschild-Serre factorization theorem, as well as some
additional properties, can be found [13, 15].

2.1. Deformations of Lie algebras.

If Ln denotes the (algebraic) set consisting of all Lie algebras of dimension n over
the vector space V , the general linear group GL(n, V ) acts naturally on Ln by

f ? µ = f−1 (µ (f, f)) , f ∈ GL(n, V ). (4)

It is clear from this action that the orbit O(µ) corresponding to the structure
tensor µ of a Lie algebra g is nothing but the isomorphism class of g :

O(µ) = {µ′ | g = (V, µ) ' g′ = (V, µ′)} (5)

Definition 2.1. A Lie algebra g = (V, µ) is rigid (or stable) if the orbit O(µ)
is an open set (with respect to the Euclidean topology).



Campoamor-Stursberg 317

The analysis of the topological definition of rigidity or stability led to the famous
algebraic rigidity criterion of Nijenhuis and Richardson [19]:

Theorem 2.2. If a Lie algebra g = (V, µ) satisfies H2 (g, g) = 0, then it is
rigid.

As pointed out in [24], the vanishing of the second cohomology group is a sufficient,
but not necessary condition for the stability of a Lie algebra. Rigid algebras
with vanishing second cohomology are sometimes called cohomologically rigid (or
stable). The usual method to analyze rigidity is based on deformation theory, as
developed by Gerstenhaber [11]. In this context, we only recall that for a formal
one-parameter deformation gt of a Lie algebra g = (V, µ)

[X, Y ]t := [X, Y ] + ψm(X, Y )tm, (6)

the quadratic Rim map Sq : H2(g, g)→ H3(g, g) defined by (see e.g. [8, 23])

Sq(ψ1)(Xi, Xj, Xk):=ψ1(ψ1(Xi, Xj), Xk)+ψ1 (ψ1(Xj, Xk), Xi) +ψ1(ψ1(Xk, Xi), Xj)

provides information on the integrability of the deformation.1 A Lie algebra g is
rigid if any infinitesimal deformation of type (6) is isomorphic to g , encompassing
both the cohomological and topological rigidity.

The cohomology of semidirect sums provides us with some useful criteria to study
their deformations. The central result concerning the structure of such algebras is
the Page-Richardson stability theorem [20]. This result essentially establishes that
if the Lie algebra g possesses a semisimple subalgebra s , then its deformations
will always have some subalgebra isomorphic to s , and the action of s on the
remaining generators is preserved. Combining this with the Hochschild-Serre
factorization theorem, it follows that deformations are determined by alterations
of the commutators in the radical r of g , corresponding to one of the following
possibilities:

1. s is a maximal semisimple subalgebra of s′ , and either gt is isomorphic to
s′ , or there exists a solvable Lie algebra r′ such that gt ' s

−→⊕Rr
′ .

2. s is not maximal semisimple subalgebra of s′ . Then, a non-semisimple
deformation gt is either isomorphic to s

−→⊕Rr
′ with r′ solvable, or there exists

a semisimple subalgebra s1 of s′ and a representation R1 of s1 such that
gt ' s1

−→⊕R1r
′ for some solvable Lie algebra r′ .

We finally observe that, to a certain extent, deformations can be seen as an inverse
procedure to that of contractions [16]. Let g be a Lie algebra and Φt ∈ End(g) a
family of non-singular linear maps of g , where t ∈ [1,∞). For any X, Y ∈ g , the
bracket over the transformed basis has the form

[X, Y ]Φt
:= Φ−1

t [Φt(X),Φt(Y )] , (7)

1It should be mentioned that in the case of solvable Lie algebras, the latter does not necessarily
provide information about obstructions to integrability.
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If the limit
[X, Y ]∞ := lim

t→∞
Φ−1
t [Φt(X),Φt(Y )] (8)

exists for any X, Y ∈ g , then equation (8) defines a Lie algebra g′ called the
contraction of g . If there exists a basis {Y1, .., Yn} such that the contraction
matrix AΦ has the form

(AΦ)ij = δijt
nj , nj ∈ R, t > 0,

then we speak of a generalized Inönü-Wigner contraction [28].

3. The extended Schrödinger algebra

The extended Schrödinger algebra Ŝ(N) was first considered in [6, 12, 18] as the
invariance algebra of the Schrödinger equation in (N+1)-dimensional space time,
and since then it has attracted considerable interest in applications (see e.g. [5]).

Formally, the centrally extended Schrödinger algebra Ŝ (N) in (N + 1)-dimensions
has dimension 1

2
(N2 + 3N + 8) and non-trivial commutators

[Jµν , Jλσ] = δµλJνσ + δνσJµλ − δµσJνλ − δνλJµσ,
[Jµν , Pλ] = δµλPν − δνλPµ, [Jµν , Gλ] = δµλGν − δνλGµ,
[Pt, Gµ] = Pµ; [K,Pµ] = −Gµ,
[D,Gµ] = Gµ, [D,Pµ] = −Pµ,
[D,K] = 2K, [D,Pt] = −2Pt,
[K,Pt] = −D. [Pµ, Gν ] = δµνM

(9)

over the basis {Jij, Pk, Gk, K,D, Pt,M} , where Jµν + Jνµ = 0 are rotations,
Pµ spatial translation generators, Pt the time translation, Gµ special Galilei
transformations, D the generator of scale transformations, K the generator of
Galilean conformal transformations and M is seen as a central “charge” [12, 18].

From (9) it is not difficult to see that the Levi decomposition of Ŝ(N) for N ≥ 3
is given by

Ŝ(N) = (so (N)⊕ sl (2,R))
−→⊕(

D 1
2
⊗Λ

)
⊕D0

hN , (10)

where hN is the (2N + 1)-dimensional Heisenberg algebra, D 1
2

is the standard

representation of sl(2,R) and Λ the standard representation of so(N), respectively
[5]. D0 denotes the trivial representation. For the special value N = 1 the Levi
decomposition reduces to

Ŝ(1) = sl (2,R)
−→⊕D 1

2
⊕D0h1, (11)

while for N = 2 we have2

Ŝ(2) = sl (2,R)
−→⊕D 1

2
⊕2D0g6,82. (12)

3.1. The special case Ŝ (2).

2 Ŝ(2) coincides with the Lie algebra L9,52 as listed in the classification of [25].
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As said before, the case N = 2 in dimension 9 plays a special role among
the centrally extended Schrödinger algebras, as the radical is not isomorphic to
the Heisenberg algebra, but to a solvable Lie algebra containing h2 as maximal
nilpotent ideal.

Lemma 3.1. The Lie algebra Ŝ (2) is not rigid. For k = 1, 2, 3, the following
identity holds

dimHk
(
Ŝ (2) , Ŝ (2)

)
= 2. (13)

Moreover, the quadratic Rim map Sq:H2
(
Ŝ (2) , Ŝ (2)

)
→ H3

(
Ŝ (2) , Ŝ (2)

)
is

zero.

Proof. The result is proved by direct computation. For k = 1, it can be easily
shown that the only outer derivations are given by

f1 (J12) = M,
f2 (Pi) = Pi, f2 (Gi) = Gi, 1 ≤ i ≤ 2; f2 (M) = 2M

(14)

The cohomology space H2
(
Ŝ (2) , Ŝ (2)

)
is generated by the cocycles

ϕ (P1, G2) = −D, ϕ (G1, P2) = D ϕ (P1, P2) = 2Pt, ϕ (G1, G2) = 2K,
ϕ (P1, G1) = −3J12 ϕ (P2, G2) = −3J12.
ψ (J12, P1) = P1, ψ (J12, P2) = P2, ψ (J12, G1) = G1, ψ (J12, G2) = G2,
ψ (J12,M) = 2M.

(15)
In both cases it is immediate to verify that

Sq (ϕ) = Sq (ψ) = 0,

thus there is no obstruction to integrability and Ŝ (2) is not a rigid Lie algebra.

Finally, after some computation, a basis for H3
(
Ŝ (2) , Ŝ (2)

)
can be chosen with

the following generators

ξ (J12, P1, G2) = −D, ξ (J12, G1, P2) = D ξ (J12, P1, P2) = 2Pt,
ξ (J12, G1, G2) = 2K, ξ (J12, P1, G1) = −3J12 ξ (J12, P2, G2) = −3J12.
χ (J12, K, Pt) = M.

Since Ŝ(2) is not rigid, we determine the Lie algebras that arise as its deformation.

Proposition 3.2. For ε1, ε2 ∈ R, the deformation Ŝ (2) + ε1ϕ + ε2ψ satisfies
the Jacobi identity if and only if

ε1ε2 = 0.

Moreover,

1. Ŝ (2) + ε1ϕ ' su (2, 1)⊕ R for any ε1,

2. Ŝ (2) + ε2ψ ' sl (2,R)
−→⊕ 2D 1

2
⊕2D0g6,13 = L1

9,46.
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Proof. It is trivial to verify that one of the deformation parameters must vanish
if Ŝ (2)+ε1ϕ+ε2ψ satisfies the Jacobi identity. Taking ε1 = 0 and ε2 = 1, it follows

at once that the radical of Ŝ (2) + ψ is a solvable Lie algebra isomorphic to g6,13

as classified in [26]. The semidirect product coincides with the nine dimensional
Lie algebra L1

9,46 listed in [25].
On the other hand, for ε1 6= 0 and ε2 = 0, the Killing form κ of the deformation
Ŝ (2) + ε1ϕ has eigenvalues

Spec (κ) = {0,−4, 12,±2,±6ε1,±12ε1}

and thus signature σ = 0. According to the classification of real forms of simple
Lie algebras [21], the Levi subalgebra s of Ŝ (2) + ε1ϕ is isomorphic to the non-

compact algebra su (2, 1), and we obtain the reductive deformation Ŝ (2) + ε1ϕ '
su (2, 1)⊕ R .

Remark 3.3. The reason for the non-rigidity of Ŝ (2) lies ultimately in the fact

that the rotation generator J12 does not belong to the Levi subalgebra of Ŝ (2),
thus preventing invariant sl (2,R)-cocycles from appearing as a coboundary.

4. Cohomology of Ŝ(N) for N ≥ 3

In this section, using the Page-Richardson and the Hochschild-Serre factorization
theorems, we prove that the extended Schrödinger algebras Ŝ(N) are cohomolog-
ically rigid, and that the third cohomology group with coefficients in the adjoint
module is always non-zero. We can restrict ourselves to compute the spaces of
cocycles of hN with values in Ŝ(N) that are invariant by the Levi subalgebra of
the latter. In order to simplify notations, in the following, we denote the Levi
subalgebra sl(2,R)⊕ so(N) of Ŝ(N) by s .

4.1. Invariant 1-cochains.

A generic 1-cochain of hN with values in Ŝ(N) has the shape

ψ (Pµ) = aλσ1µ Jλσ + b1
1µD + b2

1µK + b3
1µPt + cν1µPv + dν1µGν + f1M,

ψ (Gµ) = aλσ2µ Jλσ + b1
2µD + b2

2µK + b3
2µPt + cν2µPv + dν2µGν + f2M, (16)

ψ (M) = aλσ3 Jλσ + b1
3D + b2

3K + b3
3Pt + cν3Pv + dν3Gν + f3M.

For any Z ∈ hN , the invariance of ψ with respect to D leads to the identity

(D.ψ) (Z) = [D, ψ (Z)]− ψ ([D,Z]) = 0. (17)

As D acts diagonally on the radical, [D,Z] = λZ Z , we deduce from (17) that the
only terms of (16) that can have nonzero coefficients are those having the same
eigenvalue λZ as Z with respect to D . Hence a D -invariant cocycle ψ must have
the shape

ψ (Pµ) = cν1µPv, ψ (Gµ) = dν2µGν ,

ψ (M) = aλσ3 Jλσ + b1
3D + f3M. (18)
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Imposing now invariance with respect to K , we get the constraints

(K.ψ) (Pµ) = [K,ψ (Pµ)] + ψ (Gµ) =
(
−cν1µ + dν2µ

)
Gν = 0, (19)

(K.ψ) (M) = [K,ψ (M)] = −2b1
3K = 0, (20)

thus cν1µ = dν2µ for all 1 ≤ µ, ν ≤ N and b1
3 = 0. Checking the invariance with

respect to Pt gives no new relations. It remains to determine the restrictions
imposed by the invariance with respect to the orthogonal subalgebra so (N). To
this extent, let 1 ≤ α < β ≤ N and consider

(Jαβ.ψ) (Pα) = [Jαβ, ψ (Pα)]− ψ (Pβ) = cν1α
(
δναPβ − δνβPα

)
− cν1βPν = 0. (21)

This implies that for any ν 6= α, β we have cν1β = 0, while cα1α = cβ1β and

cβ1α = −cα1β . However, if µ 6= α, β , the identity

(Jαβ.ψ) (Pµ) = [Jαβ, ψ (Pµ)] = 0 (22)

shows that cα1µ = cβ1µ = 0 and cµ1µ = c0 for all µ . As the indices α, β, µ go through
{1, · · · , N} , we conclude that

ψ (Pµ) = c0Pµ, ψ (Gµ) = c0Gµ, 1 ≤ µ ≤ N. (23)

We finally check the condition

(Jαβ.ψ) (M) = [Jαβ, ψ (M)] = aλσ3 [Jαβ, Jλσ] = 0. (24)

Since so (N) is a simple Lie algebra, for any pair (λ, σ) there exists at least
one another pair (α, β) such that [Jαβ, Jλσ] 6= 0 [21]. Going through all indices
1 ≤ α, β, λ, σ ≤ N , it follows at once that aλσ3 = 0 for all pairs (λ, σ). As a
consequence, an invariant 1-cochain has the form

ψ (Pµ) = c0Pµ, ψ (Gµ) = c0Gµ, ψ (M) = f3M, 1 ≤ µ ≤ N, (25)

and we conclude that dimC1
(
hN , Ŝ (N)

)s
= 2. Computing the coboundary

operator dψ , it is straightforward to verify that for such a cochain we get

dψ (Pµ, Pν) = dψ (Gµ, Gν) = dψ (Pµ,M) = dψ (Gµ,M) = 0,

dψ (Pµ, Gν) = δνµ
(
cµ1µ + cν1ν − f3

)
M. (26)

This equation shows that the space Z1
(
hN , Ŝ (N)

)s
has dimension 1, generated

by the cocycle ψ for the values c0 = 1, f3 = 2. In particular, the cochain ψ0

defined by c0 = 1, f3 = 0 and given by

ψ0(Pµ) = Pµ, ψ0(Gµ) = Gµ, 1 ≤ µ ≤ N (27)

gives rise to the 2-coboundary3

dψ0(Pµ, Gν) = δνµM. (28)

3Thus the cochain defined by c0 = 0, f3 = 1 is of the same cohomology class as ψ0 .
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It follows from these computations that for N ≥ 3 dimH1
(
hN , Ŝ (N)

)s
= 1.

4.2. Invariant 2-cochains.

The computation of H2
(
hN , Ŝ (N)

)s
is formally very similar to the previous

case. Let ϕ ∈ C2
(
hN , Ŝ (N)

)s
be an s-invariant cochain. We first consider

the invariance with respect to D ∈ sl (2,R). As the latter acts diagonally on the
elements of the Heisenberg algebra, taking two arbitrary elements X1, X2 ∈ hN
we arrive at the expression

(D.ϕ) (X1, X2) = [D,ϕ (X1, X2)]− ϕ ([D,X1] , X2)− ϕ (X1, [D,X2]) = 0. (29)

As before, the identity implies that only the terms having eigenvalue the sum of the
eigenvalues of X1 and X2 with respect to D can survive. From the commutators
(9) it follows at once that an invariant 2-cochain reduces to

ϕ (Pµ, Pν) = aµνPt, ϕ (Gµ, Gν) = bµνK,

ϕ (Pµ, Gν) = cλσµν Jλσ + dµνD + kµνM, (30)

ϕ (Pµ,M) = f νµPv, ϕ (Gµ,M) = gνµGν .

Further relations among the coefficients are obtained from the invariance with
respect to K . Displaying only those that give nontrivial relations, we have that

(K.ϕ) (Pµ, Pν) = (dµν − dνµ − aµν)D +
(
cλσµν − cλσνµ

)
Jλσ + (kµν − kνµ)M = 0,

(K.ϕ) (Pµ, Pν) = (bµν − 2dµν)K = 0,

(K.ϕ) (Pµ,M) =
(
gνµ − f νµ

)
Gν = 0.

Again, invariance by Pt does not add new relations. A sl (2,R)-invariant 2-cochain
has thus the form

ϕ (Pµ, Pν) = (dµν − dνµ)Pt, ϕ (Gµ, Gν) = 2dµνK,

ϕ (Pµ, Gν) = cλσµν Jλσ + dµνD + kµνM, (31)

ϕ (Pµ,M) = gνµPv, ϕ (Gµ,M) = gνµGν ,

where cλσµν = cλσνµ and kµν = kνµ . It remains to check the invariance by so (N)
generators. To this extent, let 1 ≤ α < β ≤ N be a fixed pair of indices. Take
s 6= α, β . Then

(Jαβ.ϕ) (Pα, Ps) = [Jαβ, ϕ (Pα, Ps)]− ϕ (Pα, Ps) = −ϕ (Pα, Ps) = 0. (32)

From this equation we obtain that for all 1 ≤ α, s ≤ N

dαs = dsα. (33)

However, since ϕ is a skew-symmetric map, we have that ϕ (Gα, Gs) = −ϕ (Gs, Gα),
meaning that dαs = −dsα . The condition (33) therefore implies that

dαs = 0, 1 ≤ α, s ≤ N. (34)
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Since α, s cover all indices, we conclude from (34) that ϕ (Pµ, Pν) = ϕ (Gµ, Gν) =
0. Now let µ, ν be indices such that α 6= µ, ν and β 6= µ, ν . The invariance
condition (Jαβ.ϕ) (Pµ, Gν) then simplifies to

(Jαβ.ϕ) (Pµ, Gν) = [Jαβ, ϕ (Pµ, Gν)] = cλσµν [Jαβ, Jλσ] = 0. (35)

Using once more the simplicity of so (N), for any pair (λ, σ) there exists at least
one pair (α, β) such that the commutator [Jαβ, Jλσ] does not vanish. Letting the
indices run through {1, · · · , N} , a routine computation shows that

cλσµν = 0, 1 ≤ µ < ν ≤ N, 1 ≤ λ < σ ≤ N. (36)

Taking now an index ν 6= α, β further implies that

(Jαβ.ϕ) (Pα, Gν) = [Jαβ, ϕ (Pα, Gν)]− ϕ (Pβ, Gν) = −kβνM = 0, (37)

so that kβν = 0 for β 6= ν . Similarly,

(Jαβ.ϕ) (Pα, Gβ) = [Jαβ, ϕ (Pα, Gν)]− ϕ (Pβ, Gν) + ϕ (Pα, Gα) = 0 (38)

shows that k11 = · · · = kNN = k0 . Finally, evaluating the condition

(Jαβ.ϕ) (Pµ,M) = [Jαβ, ϕ (Pµ,M)]− ϕ ([Jαβ, Pµ] ,M) = 0 (39)

we get the generic expression

(Jαβ.ϕ) (Pµ,M) = δαν g
ν
µPβ − δβν gνµPα − δαµgσβPσ + δβµg

ω
αPω = 0. (40)

Taking for example µ = α (the case µ = β is completely analogous) the identity
reduces to

gααPβ − gβαPα − gσβPσ = 0. (41)

Expanding the latter we deduce that gαα = gββ , gβα + gαβ = 0 and that gσβ = 0 for
all σ 6= α, β . As the indices run through the set {1, · · · , N} , all coefficients gνµ
vanish, up to the diagonal terms gµµ . Writing g0 = gµµ, 1 ≤ µ ≤ N , a 2-cochain
invariant by s = so (N)⊕ sl (2,R) has the form

ϕ (Pµ, Pν) = 0, ϕ (Gµ,M) = g0Gµ

ϕ (Pµ, Gν) = δνµk0M, (42)

ϕ (Gµ, Gν) = 0, ϕ (Pµ,M) = g0Pµ,

and hence dimC2
(
hN , Ŝ (N)

)s
= 2. In order to deduce the invariant cocycles,

we must still compute the coboundary operator dϕ . Taking for example the triple
{Pµ, Gµ,M} we obtain

dϕ (Pµ, Gµ,M) = [Pµ, ϕ (Gµ,M)]− [Gµ, ϕ (Pµ,M)] = 2g0 [Pµ, Gµ] = 2g0M. (43)

If dϕ (Pµ, Gµ,M) = 0 holds, then necessarily g0 = 0 must be satisfied. The
other triples do not provide additional information. It results that the space

Z2
(
hN , Ŝ (N)

)s
is generated by the cocycle

ϕ0 (Pµ, Gν) = δνµM. (44)
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Now, from equation (27) we immediately see that

ϕ0 = d ψ0. (45)

This proves the following

Theorem 4.1. For any N ≥ 3, the extended Schrödinger algebra Ŝ (N) satis-
fies the condition

H2
(
Ŝ (N) , Ŝ (N)

)
= 0. (46)

The consequence is the (cohomological) rigidity of Ŝ (N) for N 6= 2. In particular,

for these values Ŝ (N) cannot be obtained as a contraction of another Lie algebra.

Remark 4.2. Since for N 6= 2 the Lie algebra Ŝ (N) has only one outer

derivation, it results in particular that dimDer
(
Ŝ (N)

)
= 1

2
(N2 + 3N)+5. From

the classical cohomology theory [13] we know that dimB2
(
Ŝ (N) , Ŝ (N)

)
=

(
dim Ŝ (N)

)2

− dimDer
(
Ŝ (N)

)
=

(N2 + 3N + 8) (N2 + 3N + 6)

4
. (47)

As the second cohomology vanishes,

dimZ2
(
Ŝ (N) , Ŝ (N)

)
= dimB2

(
Ŝ (N) , Ŝ (N)

)
.

Albeit the nullity of the second cohomology group prevents us from the neces-
sity of further inspecting the quadratic Rim map, we observe that the preceding

argumentation also serves to obtain information about H3
(
Ŝ (N) , Ŝ (N)

)
.

Proposition 4.3. For any N ≥ 3, the following isomorphism holds:

H3
(
Ŝ (N) , Ŝ (N)

)
' H3 (s,R) .M. (48)

Up to one difference in the factorization, the proof is completely analogous to the
previous ones, for which reason we omit the details. According to the Hochschild-
Serre factorization theorem, and taking into account that for a semisimple Lie
algebra s the spaces H1 (s,R) and H2 (s,R) are zero [13], we have the isomorphism

H3
(
Ŝ (N) , Ŝ (N)

)
'(

H3
(
hN , Ŝ (N)

)s
⊗H0 (s,R)

)
⊕
(
H0
(
hN , Ŝ (N)

)s
⊗H3 (s,R)

)
. (49)

Repeating the arguments used for i = 1, 2, it can be routinely shown that the

space H3
(
hN , Ŝ (N)

)s
of invariant 3-cocycle classes is zero, and the first term of

(49) disappears. On the other hand, H0
(
hN , Ŝ (N)

)s
= M , this implies that

H3
(
Ŝ (N) , Ŝ (N)

)
= H3 (s,R) .M. (50)
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For a semisimple Lie algebra s it constitutes a classical result that H3 (s,R) 6= 0
(see e.g. [13, 21]), from which we conclude that the third cohomology group of the
extended Schrödinger algebra is not zero.

Remark 4.4. For the case N = 1 the assertion still holds. Here

H3
(
Ŝ (1) , Ŝ (1)

)
= H3 (sl (2,R) ,R) .M

and a basis of H3 (sl (2,R) ,R) is given by the 3-cocycle

ϕ (D,K, Pt) = 1.

4.3. The Schrödinger algebra S(N) = Ŝ(N)/Z
(
Ŝ(N)

)
.

The previous proofs for the first and second cohomology spaces with values in the
adjoint representation can be easily adapted to the case of the “usual” Schrödinger
algebra S(N), i.e., the algebra obtained from Ŝ(N) by quotient by its centre, by
simply removing the parts making reference to the central charge M . Essentially
the same conclusions arise, namely, that S(N) possesses exactly one outer deriva-
tion if N 6= 2, given by

f(Pµ) = Pµ, F (Gµ) = Gµ, 1 ≤ µ ≤ N. (51)

For N 6= 2, the radical of S(N) is Abelian, while for N = 2 it is solvable.

Theorem 4.5. For any N 6= 2 the Schrödinger algebra S (N) is cohomologi-
cally rigid:

H2 (S (N) , S (N)) = 0. (52)

Moreover,
H3 (S (N) , S (N)) = H3

(
R2N , S (N)

)s ⊗ R, (53)

and H3 (S (N) , S (N)) 6= 0 for N ≥ 3.

The essential difference between S (N) and its central extension Ŝ (N) lies in the
third cohomology space. As the centre of S (N) is zero, it follows at once that

H0
(
R2N , Ŝ (N)

)s
= 0, where s = sl (2,R) ⊕ so (N), and therefore formula (49)

reduces to
H3 (S (N) , S (N)) ' H3

(
R2N , S (N)

)s ⊗H0 (s,R) , (54)

where H0 (s,R) = R . Clearly, for N = 1 the space (54) reduces to zero. For
N ≥ 3 it is straightforward to verify that the 3-cochain defined by

ϕ (Pµ, Pν , Gλ) = δλµPν − δλνPµ,
ϕ (Pµ, Gν , Gλ) = δλµGν − δλνGµ (55)

is a cocycle dϕ = 0 and cannot appear as a coboundary. This proves that
H3 (S (N) , S (N)) 6= 0.

We finally observe that the centrally extended Schrödinger algebra Ŝ(N) can be
seen as a deformation of the Lie algebra S(N) ⊕ R , or, in alternative form, the

latter Lie algebra as a generalized Inönü-Wigner contraction of Ŝ(N).
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Remark 4.6. For N = 2, S (2) is isomorphic to the Lie algebra L−1
8,17 of [26].

In [2] it was shown that it satisfies

dimH1 (S (2) , S (2)) = 2, dimH2 (S (2) , S (2)) = 2, dimH3 (S (2) , S (2)) = 2,

and the corresponding deformations were computed.

Final remarks

By means of the Page-Richardson stability theorem and the Hochschild-Serre fac-
torization theorem for the Chevalley cohomology of Lie algebras, it has been shown
that for values N 6= 2, the centrally extended Schrödinger algebra Ŝ(N) in (N+1)
dimensions is a cohomologically rigid Lie algebra, while the third cohomology group

H3
(
Ŝ(N), Ŝ(N)

)
is always non-zero and determined by H3 (sl(2,R⊕ so(N),R)).

This confirms the stability of the model as inferred in its applications to covari-
ant Field Theory [12, 18]. The method of cocycles invariant with respect to the

Levi subalgebra of Ŝ(N) can be easily adapted to the case of the non-extended
Schrödinger algebra S(N), which enables us to determine also its cohomological
rigidity for N 6= 2 and that H3 (S(N), S(N)) 6= 0. However, as S(N) has no
centre, the latter space is characterized not by the third cohomology group of the
Levi subalgebra with values in R , but in contrast by the subspace of invariant
3-cocycles.

The computation method of invariant cocycles can be enlarged in straightforward
manner to determine the second cohomology space and deformations of other types
of semidirect sums of semisimple Lie algebras and Heisenberg algebras, as well as
their corresponding central quotient. In this situation, it is also expected that the
third cohomology space differs structurally depending whether we are considering
the Lie algebra with centre or not. We merely mention that this type of semidirect
sums are of interest for various applications, as the Lie algebras wsp(N) with
Levi subalgebra isomorphic to the symplectic Lie algebra sp(N) [1, 22], or the
190-dimensional Lie algebra E7 1

2
that appeared in the context of the Deligne

conjecture.
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