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Abstract.  Taking configuration space as a Lie group, the trivialized Euler-
Lagrange and Hamilton’s equations are obtained and presented as Lagrangian
submanifolds of the trivialized Tulczyjew’s symplectic space. Euler-Poincaré and
Lie-Poisson equations are presented as Lagrangian submanifolds of the reduced
Tulczyjew’s symplectic space. Tulczyjew’s generalized Legendre transformations
for trivialized and reduced dynamics are constructed.
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1. Introduction

In 1970’s, W.Tulczyjew introduced a geometric framework, nowadays called Tul-
czyjew’s triplet, where Hamiltonian and Lagrangian dynamics can be presented
as Lagrangian submanifolds of a certain symplectic manifold, [44, 45, 46, 47, 48].
For a mechanical system having the configuration space Q, the two wings of the
Tulczyjew triplet

T*TQ TT*Q T*T*Q (1)
R‘m / \T*Q%

defines two different special symplectic structures for Tulczyjew’s symplectic space
TT*Q symplectomorphic to T*T'Q and T*T*Q. A Lagrangian L on T'Q (or a
Hamiltonian H on T*Q) generates a Lagrangian submanifold Spr«g of TT*Q.
In this geometrization, Tulczyjew introduced a generalization of the Legendre
transformation, applicable also for degenerate cases, as a transformation between
realizations of the same Lagrangian submanifold with two different functions.

In the literature, various analysis and generalizations of Tulczyjew’s triplet
can be found. To cite some examples, we refer to [9, 33, 19, 20, 21] for construction

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



330 ESEN AND GUMRAL

for field theories using jet bundles, to [8, 22, 23] for constructions in the framework
of Lie algebroids, to [42] and [25] for k— cosymplectic and presymplectic structures,
to [24] for double groups, and to a recent preprint [18] for the Marsden-Weinstein
reduction of Tulczyjew triplets. We also refer [51].

The present work is the second of a series of papers. In the first paper [16],
the global trivializations of Tulczyjew’s triplet (1) were adapted for Lie groups

IT*TG 1TT*G 177G (2)

ST

where g is Lie algebra of the group G, g* is the dual of g, the superscript 1
denotes the global trivialization of the first kind that lifts the Lie group action to
iterated bundles. The global trivialization of the first kind is the one that pre-
serves the group structures [16]. The reason to choose the under the global trivi-
alizations is to see the symmetries clearly, and to simplify the possible reduction
procedures. The reason to choose right trivializations is to apply this geometry to
our motivational question, to find a proper generalized (inverse) Legendre trans-
formation of Hamiltonian formulation of Poisson-Vlasov equations governing the
non-relativistic motion of the plasma [17].

In [16], after the trivialization of the triplet, we constructed the reduced
Tulczyjew’s triplet

O\ xgxg O\Xg“xg O\ Xxg“xg (3)
g g’

where the first order bundles were reduced by the action of base group G. For the
tangent bundle, we arrived Lie algebra g of G. For the cotangent bundle T*G, we
preferred to apply Poisson reduction to the symplectic manifold 7*G and arrived
to the dual space g*. The reason of choosing the Poisson reduction is to increase
the application area of the triplet since Hamiltonian formulations of many systems,
such as rigid bodies, fluids and plasmas, are defined on the dual space g*. The
second order bundles are reduced by the application of the Marsden-Weinstein
symplectic reduction theorem. For example, for TT*G, the reduced space is the
symplectic manifold Oy x g* x g* where O, is the coadjoint orbit through the
point A in g*. In the forthcoming sections all the details about the mappings and
projections in the triplets (2) and (3) will be clearly given.

Aim and content of the paper: The outmost goal of this paper is to
recast (trivialized /reduced) Lagrangian and Hamiltonian dynamics on Lie groups
as Lagrangian submanifolds of (trivialized /reduced) Tulczyjew’s symplectic man-
ifolds in order to define generalized Legendre transformation, working also for
degeneracy cases, of the trivialized Euler-Lagrange and Hamilton’s equations as
well as Fuler-Poincaré and Lie-Poisson equations.

To this end, in the next section, we shall derive trivialized Euler-Lagrange,
trivialized Hamilton’s, Euler-Poincaré and Lie-Poisson equations. In section 3,
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geometry of the trivialized Tulczyjew’s triplet in diagram (2) will be summarized.
We shall represent trivialized Euler-Lagrange and trivialized Hamilton’s equations
as Lagrangian submanifolds of trivialized Tulczyjew’s symplectic space TT*G.
We shall then use special symplectic structures associated with the fibrations of
G®g and G®g* in order to define Legendre and inverse Legendre transformations,
and arrive at Morse families on the trivialized Pontryagin bundle G (g x g*) with
fibrations over g* and g, respectively. In section 4, we shall start with the reduced
Tulezyjew’s triplet in diagram (3) and present Euler-Poincaré and Lie-Poisson
dynamics as Lagrangian submanifolds of the reduced Tulczyjew’s symplectic space
O, x g x g. We shall then establish the Legendre transformations of reduced
dynamics. In the last section, we shall present the example where G is the group
of diffeomorphisms on a manifold.

The main role of the present construction will be played by the two (trivial-
ized /reduced) special symplectic structures (including two potential one-forms) un-
derlying the (trivialized /reduced) Tulczyjew’s symplectic manifold. In the present
paper, in order to maintain the characteristic properties (existance of two potential
forms and two special symplectic structures) of the Tulczyjew’s triplet, we write
all the trivializations/reductions of the symplectic manifolds in canonical ways.
The reduced Tulczyjew’s symplectic two-form on O, x g* x g having two different
potential one forms result with two different special symplectic structures. One of
the special symplectic structure of Oy x g* x g is for the Euler-Poincaré dynamics
on the Lie algebra g and the other is for the Lie-Poisson dynamics on the dual
space g*.

The main orientation of this present paper and [18] are almost the same
except that the latter is studying on a general manifold () instead of focusing
on Lie groups. In [18], Marsden-Weinstein reduction are achieved by taking the
isotropy group G, is equal to the whole Lie group . This results with the reduced
Tulczyjew’s space g* x g which is lack of two potential one-forms hence lack of
two special symplectic structures. In the present paper, no such preferences is
done so that the result is the reduced Tulczyjew space O, x g* x g having two
special symplectic structures. We also point out that, in [18], the direct product
trivializations are presented. We remark also that, in [8, 22, 23], the Tulczyjew’s
triplet is written for the case of Lie algebroids. If one starts with this, the reduced
Tulczyjew’s space will be g* x g for the particular choice of the Lie algebras.

2. Dynamics on Lie Groups

2.1. Notations.
G is a Lie group. Its Lie algebra g ~ T.G is assumed to be reflexive. The
dual of g is g* = Lie* (G) ~ T>G. Throughout the work, we shall designate

g.heG, &nceg, pr,Aeg (4)

For a tensor field which is either right or left invariant, we shall use V, € T,G or
ay € T;G ete... For an arbitrary manifold M, we shall use

u,veM, V, U, € T,M, oy, Pu,Yu € ThM (5)
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to denote vectors and one-forms over specific points. We shall denote left and right
multiplications on G by L, and R,, respectively. The right inner automorphism

I,=L,10R, (6)

will be a right action of G' on G satisfying I, o I}, = I;4. The right adjoint action
Ad, =T.I, of G on g is defined as the tangent map of I, at the identity e € G.
The infinitesimal right adjoint representation aden is [&, 7] o, and it is defined as
the derivative of Ad, at the identity. A right invariant vector field Xg on G can
be obtained by right translation

X¢ (9) = TLRy¢ (7)
of £ € g for each g € G. The identity
& n = [XE, X5, (8)

gives the isomorphism between g and the space X®(G) of right invariant vector
fields endowed with the Jacobi-Lie bracket. The coadjoint action Adj of G on the
dual g* of the Lie algebra g is a right representation and is the linear algebraic
dual of Ad,-:, namely,

(Adig€) = (1, Ady 18 9)

holds for all £ € g and p € g*. The infinitesimal coadjoint action adg of g on
g" is the linear algebraic dual of ad;. Note that, the infinitesimal generator of
the coadjoint action Adj is minus the infinitesimal coadjoint action adg, that is,
if g C G is a curve passing through the identity in the direction of ¢ € g, then

d
at|,_ A p= —adp (10)

The right trivialization maps on T'G' and T*G are defined to be

trit. . TG — G®g : U, — (9, T,R,1U,), (11)
trit o 1 T*G — GOg* : ay — (9, T Rya,) - (12)

We refer to [16] for further details about the right actions and representations.

2.2. Lagrangian dynamics.
For a Lagrangian density L : TG — R, define the unique function L on
G®g by ) )
L(g.€) = Lotrig (Vy) = L(Vy), (13)

where { =T, R,1V,.

Proposition 2.1. A Lagrangian density L on G@®g defines the trivialized
Fuler-Lagrange dynamics

d 6L 5L oL
— = TR = 7 14
dtog ~ Leltagy Tadese (14)
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Proof. Using reduced variational principle, one computes

frnon- [ (%) (%) )
() ()
) [ () ()
- (b [+ [ () (L )

b _
6 oL 0L d L
= TR, — + 1T, dy; o dt.
- (TR > +/b (5 r7m (ot dt6§>’g>g
and the conclusion follows if dg vanishes at boundaries. Here, the variation of

the fiber (Lie algebra) variable ¢ is taken by the reduced variational principle
[10, 6, 16, 28, 29, 35, 38]

0 =1+ [€n]. (15)

The trivialized Euler-Lagrange equation (14) is defined over the identity
e € G. Because 6L/dg € T;G and the functor T R, takes this to the dual
space g* = T)G. Eq.(14) appeared in [13] with the missing operator T R,. It
also appeared in some recent works [11, 12] on the higher order Lagrangian and
Hamiltonian dynamics on trivialized iterated bundles of Lie groups. See also [7].

When the Lagrangian L is independent of g, that is, L (g,&) =1(¢) and L
on T'G is right invariant, then Eq.(14) reduces to the Euler-Poincaré equation

ol d ol

wdise = arse = (16)

2.3. Hamiltonian dynamics.

By pushing forward the canonical one-form 67+ and symplectic two-form
Qr«q on T*G with the trivialization map trf.,, G®g* can be endowed with an
exact symplectic two-form Qggg = dOgg-. If

X (g, 1) = (TRyE, v + adfpu)

is a right invariant vector field at the point (g, u) € G®g* generated by the Lie
algebra element (§,v) € Lie (G®g*) ~ g®g* then, the values of canonical forms
Ocee and Qggg+ on X(E@S) (g,p) are [1, 16]

(Bose, XE2) (9.1) = (1 €) (17)
(Qases (XG5 XG0 ) ) (9.m) = (wom) = ) + (wl6mly) (1)
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which are considered for linearizations of Hamiltonian systems in [38] and, for
higher order dynamics in [11]. Let H be a function on T*G and define H :
G®g* — R by Hotrl, = H, that is, for o, = Ty Rg-1p1, we have H (g, pu) =
H (a,) and Hamilton’s equations on (GO®g*, Qcgg+) are

iyaor Qoo = —dH. (19)

Proposition 2.2.  The Hamiltonian vector field Xg(@Rg* , defined in Fq.(19), is

generated by the element - B
0H . oH
G ()

of the Lie algebra g®g* of GOg* and components of XIG{@RQ* are given by the
trivialized Hamilton’s equations

dg OH du 0H
Y_mrr (22), % g, u—TREL 20
dt g(éu) dt (I%,U e g(sg ( )

Note that the second term on the right hand side of the second equation in
Eq.(20) is a consequence of the semidirect product structure on G@®g*. Accord-
ingly, if we let H to be independent of the group element, that is, H (g, u) = h (1)
and H on T*@ is right invariant, then the trivialized Hamilton’s equations (20)

reduce to p 5h p
g 1Y X
% = TeRg (@) y T = adaiu (21)

The canonical Poisson bracket on G(©g* is
{F, K}G(@g* <g7 ,U,) = QG@Q* <X}§©g*7X[g(©g*> (97 N)

_ G®g* GOg*
e QG@H* (X(g,T*Rgg)’X(?:,T*Rg?;)) (g’/‘L>

SK OF SF 6K SF 6K
—{rRr, 2~ "N (R, 02 or o
< : 959’5u> < : 959’5u>+<ﬂ’{5u’5uh>’
for two function(al)s F' and K defined on G®g*. The Poisson bracket { , }oogr

is non-degenerate. When F and K are independent of the group variable g € G,
that is, F' = f(u) and K = k (u), we have the Lie-Poisson bracket

(Fuk) (1) = <u, {gg—,’j > (22)

on the dual space g* [3, 29, 35, 30]. This is a manifestation of the fact that the
projection G®g* — g* is the momentum map for the cotangent lifted left action
of G on G(@©g*. In this case, the dynamics is driven by the Hamiltonian vector
field X¥ satisfying

{£.0hye == {ar X7
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for a given Hamiltonian function(al) A on g*. More explicitly, the value of
Hamiltonian vector field X} at u € g* is defined by the Lie-Poisson equations

d
— = ad’s 1. (23)

We shall refer to both of the equations in (21) and (23) as Lie-Poisson equations
138].

3. The Trivialized Dynamics

3.1. Trivialization of the Tulczyjew’s Triplet.

The tangent and cotangent lifts of the group structure on G define group
structures on TG and T*G, respectively. The trivialization maps ¢rf, and trZ.,
on T'G and T*G are defined in such a way that they are not only diffeomorphisms
but also group isomorphisms [27, 31, 36, 37, 38, 39, 40]. For iterated bundles, with
the same understanding of trivializations we obtained [16]

triv gy | TF (GO — (GOg)® (9" x g*) = 'T*TG (24)
: (ag’ af) — <g> 5? T:RQ (ag) + adzaf’ a§) )
trieceey t T'T°G — (GO ) ® (" x g) = 'T"T"G (25)

(ag, o) — (gaUaTe*Rg (ag) — adL%%) ,
trrcee - TT°G = (GOF") ® (90g%) = 'TT*G (26)
Ve Vi) = (9.1 TRV, Vi = adiy oy 11)

Although, not unique, this way of trivializing iterated bundles enables us to
perform reductions of Tulczyjew’s triplet.

The symplectic two-forms on the trivialized bundles 'T*TG, 'T*T*G and
TT*G have been constructed based on the fact that the trivialization maps
tr%*(G@;), tr%*(G@;*) and tr%p(G®g*) are symplectic diffeomorphisms. The trivialized
Tulczyjew’s triplet

TG ITT*G o TG (27)

&A&A

consists of trivialized symplectic diffeomorphisms !5 and lQbG®g* , and projections
whose local expressions are

'6q: 'TT*G — "T*TG : (9,1, & v) — (9,5,1/~|— adzu,u) , (28)
1Q"G®g* CATT*G — T TG (g, 1, &, v) — (g,u,y + adgp, —f) , (29)
‘Trg: 'TT*G — GOg : (9, 11,&,v) = (9,€) (30)
'aeg 1 TG = GOg” : (g, v, €) = (g9, 11) (31)
'meeg: 'T'TG = G®g : (9.&,1,v) — (9,€) - (32)
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3.2. Trivialized Tulczyjew’s Symplectic Space.

Lie algebra of the group 'TT*G is the semi-direct product (g®g*) ® (g®g*).
A Lie algebra element

(€2, 12,83, 13) € (90g7) ® (9g")

defines a right invariant vector field on TT*G by the tangent lift of right
translation in 'TT*G. At a point (g, u, &, v), a right invariant vector field takes
the value

XeIE vy = (TR v+ adiyp, & + 6,6y va + adiyy — adgws) . (33)

By requiring the trivialization ¢ri ., be a symplectic mapping, we obtain an exact
symplectic structure Qipp-o with two potential one-forms 6; and 6, on TT*G.
At a point (g, u, &, v) € 'TT*G, the values of the potential one-forms 6; and 6,
on the right invariant vector field of the form of Eq.(33) are

(01, X E oy ) = (:62) = (2,6 + (6,7 ) (34)
(02, X Gy ) = (1) + (0 &) + ([, ) (35)

respectively. At the same point, the value of symplectic two-form €2 1p7+«¢ on two
right invariant vector fields is

<Q ITT+G) (X(glgg;tgw)’X(gg:g,ﬁg)>> = <V37€2> + <V2,€3> — (2, &3) — (13,&2)
+ (v [6.6],) + (1 [60.6], + [6:8], + ¢ [6.8],])- (36)

Existence of potential one-forms in Eqs.(34) and (35) leads us to define two special
symplectic structures

('TT*G, 'ragg, 'T* TG, 61, 'Qgy) (37)
('TT*G, 'Trg, 'T*TG, 6, ‘o), (38)

on the trivialized Tulczyjew’s symplectic manifold (*TT*G, 2 1p7-g). The struc-
tures in Eqgs.(37) and (38) are the right and left wings of the trivialized Tulczyjew’s
triplet (27), respectively. We refer to [16] for details.

3.3. Trivialized Lagrangian Dynamics as a Lagrangian Submanifold.

Proposition 3.1.  Let L be a Lagrangian on G®g, then the Lagrangian sub-
manifold S 1pr«q defined by the equation

('Trg)" dL = 65, (39)

gives the trivialized Euler-Lagrange equations (14). Here, the projection *Trg is
given by Eq.(30) and 0y is the one-form in Eq.(35).
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Proof.  Under the global trivialization 'TT*G of T (G®g*), given in Eq.(26),
the Lagrangian submanifold described by Eq.(39) becomes

Sirrig = {( 62,5 T*R 5L) € 'TT*G : (9,€) € G@g}. (40)

To relate this to the trivialized Euler-Lagrange equations (14), we recall the
reconstruction mapping

-1

(tr%(G@g*)) D TT*G — T (G®g*) : (g, 1, &, v) — (g,,u,TRgé, v+ adz,u) , (41)
-1

computed from Eq.(26). <t7’%(c@g*)> maps S 1pp+¢ to the Lagrangian subman-

ifold

5E ‘R 5L 0L
of T (G®g*) and this determines the trivialized Euler-Lagrange equations (14).
An alternative way to obtain S 177+ is to consider a function L on G®g

together with the special symplectic structure (38). This time using the trivi-
alization tr%*(G@)g) in Eq.(24), we obtain the trivialization of exterior derivative

YdL = tr%(G@) o dL which defines, through im (*dL), the Lagrangian submani-
fold

6L SL 6L

e = TR
Srerg {(gf 5 adfég 5¢

) e e g cose) @)

of ( 'T*T@G, 1QT*(G@Q)). The inverse ‘" of the diffeomorphism 166 in Eq.(28)
takes the Lagrangian submanifold z'm( 1dL) in Eq.(43) to the Lagrangian sub-
manifold S 177+¢ in Eq.(40).

n

3.4. Trivialized Hamiltonian Dynamics as a Lagrangian Submanifold.
Proposition 3.2.  The Lagrangian submanifold defined by the equation
- ( 17—G®g*)* dH = 91 (44)

determines the trivialized Hamilton’s equations (20). Here, 'tagq+ is the tangent
bundle projection and 6y is the one-form in Eq.(34).

Proof.  Under the global trivialization 'TT*G of TT*G given in Eq.(26), the
Lagrangian submanifold (44) can be described as

Shirreg = {(g,u, T -T Rg§> € 'TT*G: (g9,n) € GOy } (45)
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—1

The reconstruction mapping (tril,,(G@;*)) in Eq.(41) maps S, to the La-

grangian submanifold

SH . LOH . .
S&“(G@g*) = {(TRg (m) ,ad%gu - TRQE) S T(G@g ) : (g,[ll) S G@g }

(46)

which is the image of Hamiltonian vector field X?{@g defined in Eq.(20).

Alternatively, using the trivialization of the exterior derivative

— 1dﬁ = —tT’Q}i(G@g*) od (H)
we obtain the Lagrangian submanifold

Sipepe = {(g,u,adfflu - T Rgg, —m) e 'T*T*@G - (9,1) € GOg } (47)

of 'T*T*G. The inverse lQﬁG@)g* of the isomorphism 1QbG®g* maps Sip. .o to the
Lagrangian submanifold S’ ;... This description of Si,.. is the usual form of
Hamilton’s equation with respect to the symplectic two-form 'Qggg: -

[

3.5. Legendre Transformation for Trivialized Dynamics.

In the previous section, the trivialized Euler-Lagrange equations (14) have
been reformulated as the Lagrangian submanifold Sipr-¢ described in Eq.(40).
We are now ready to perform the Legendre transformation, that is to describe
S 177+ from Hamiltonian side (bundles over G@®g*) of the trivialized Tulczyjew’s
triplet (27).

Proposition 3.3.  The Lagrangian dynamics determined by the Lagrangian sub-
manifold Siprg in Eq.(40) is generated by the Morse family

EF = (Lo 'Trg) + A = L(g,€) — (u,€) (48)

defined on the (right) trivialized Pontryagin bundle PG = GO (g x g*) over
G@®g*. Here, the function A = (u1,&) is defined as to satisfy
dA =0y — 0y = — (1, &3) — (112, §) -

Remark 3.4. The right trivialization of the Pontryagin bundle
PG =TG xqgT*G is

trbe : TG xq T*G — GO (g x g*) =: 'PG
(Vs ag) — (%TgRg*lvg?T:RgO‘g)‘

Remark 3.5.  The potential function A is the value of canonical one-form ;-

on the right invariant vector field X g%’ as given in Eq.(17).
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Proof.  The Morse family EL~ in Eq.(48), determines a Lagrangian subman-
ifold S7+(Geg+) Which can be described by the equations

SEL=H 5T, SEL—H SEL=H 5,

e = — = — = — 0 e = — —

Y= Ty 5 T T o & 5¢ se F
defined on the coordinates (ay, o) of T(; ) (G®g"). The trivialization tri. (
maps St (aeg+) to the Lagrangian submanifold

SL 5L 5L
S B akY == —_— T*R _— d*_ J—
IT*T*@G (97 (557 g(sg Q § 65’ 5)

G®g*)

of 'T*T*G. The musical isomorphism IQﬁG(@g*, in turn, maps S ip«p+g to the
Lagrangian submanifold S 177+¢ in Eq.(40). [

Remark 3.6. If we have L = [(¢), the trivialized Euler-Lagrange equations
reduce to Euler-Poincaré equations. In this case, the Legendre transformation is
generated by the Morse family

B = 1(8) — (u,€) . (49)

The inverse Legendre transformation defines a Lagrangian formulation for
the trivialized Hamilton’s Eq.(20) which is represented by the Lagrangian subman-
ifold S”ipp. described in Eq.(45). The following proposition shows how to find
an alternative generating family for S’ ;. that will lead to its representation on
the Lagrangian side of the triplet (27).

Proposition 3.7.  The Morse family
Bl = (—H o' Trg) — A= (p,&) — H (g, 11) (50)

defined on the trivialized Pontryagin bundle 'PG = G® (g x g*) over GQg de-
termines the Lagrangian submanifold Si .. in Eq.(45).

Proof. The Lagrangian submanifold Sr+ge of T*(G®g) defined by the
Morse family (50) is given by
SET-L  6H sp-L 0 SET-L  5H e
o, = = —— Ne = g g = ——
A og T Tee T o o
where (g, a¢) are coordinates on 17, . (G®g). The trivialization tr}*(G@)g) in
Eq.(24) maps St+(cey) to the Lagrangian submanifold

S IT*TG — <97€7 =T Rg 5 + adéHM?/”’)
g Sp

of 'T*TG. The inverse of the isomorphism 'G¢ in Eq.(28) takes S 17-7¢ to the
Lagrangian submanifold S1,;.. in Eq.(45). ]
Remark 3.8.  When H = h (i), the resulting Morse family

B2 = (1,€) — h(p) (51)

generates the Lie-Poisson dynamics.
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4. The Reduced Dynamics

4.1. Reduction of Tulczyjew’s symplectic space.
The left action

(95 (h; A, 62, 12)) — (gh7AdZ*1>\7Adg*1£27Ad;*1V2) (52)

of G on 'TT*G is symplecitc which has the momentum mapping J 177+ defined
by

1 *G 1 *
<J 1TT*G (ga My 57 V) 777> = 91 ( ngtg 0)) = 92 ( 77%1%,0?) : (53)
Here, X, F{)g 0? is the infinitesimal generators of the action and derived from

Eq.(33). 0, and 6y are potential one-forms on TT*G given in Egs.(34) and
(35), respectively. Explicitly, we have that

Jippeg s 'TT*G — g* = (g, 1, &, v) = v+ adg

and the inverse image J71.. (A) for a regular value A = v + adip € g* is a
submanifold of TT*G. Note that the restriction to what defines an equivalence
relation, will be denoted by ~ ), only on the fiber components, that is

Jirreg (V) = 'TT*G/ ~= ((GOY") ® (6®g7))/ ~»
=GO (g" xgxg")/ ~x.

We may consider J77.,.., (A) as an embedded submanifold of 'TT*G by the image
of inclusion

virpe : G X (g8 X g) = I (N) = (9, 6.8) = (9, 1,6 X —adgp) . (54)

The isotropy group G, of A € g* acts on J7} (M) and the quotient is

1Y el

("TT*G)' = Jihyy (V) Gr = G x (g° x g)/ Gy
:G/GAx(g*Xg)’zOAXg*XQ, (55)

where O, is the coadjoint orbit throught the point A € g*. The reduction can be
summarized by the following diagram

I (V) = GO (g" x g) — < TG (56)

X1pr*g 1
TT*G

I e (V) /Gy =0, xg"xg
where the projections are given by

Pirr=g 1T*T*G — O)\ X g* xXg: (gnu7£> V) - (Ad;*l)\vl*hg) (57)
X 1TT*G - G@ (g* X g) — O/\ X g* Xg: (g7u7£) — (AdZ*l/\uU’?g) : (58)
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We will use the abbreviation 34 to denote the triple O, x g* x g.

We now compute the vector fields and one-forms on the reduced Tulczyjew’s
symplectic space 34, by pushing the tensor fields on TT*G forward by the
projection p i7p«g. At the point (g, i, &, v), the tangent mapping of p ipp«g is

Tigmew) 0 177:6)  Tapuew) (CTT'C) = Ty, 00 (Ox X 8" X 9)
g

(Ve Vi Ves Vo) = (adim, v, © Ady-i\, Vi Ve)

To obtain vector fields on the reduced space, we push a right invariant vector field

X(HZTCS, in the form given by Eq.(33), forward by p 177+¢. To do this, we derive

the constraint A = v + adip and obtain
v3 + adg,v + adg, o adip + adgp = 0,

and use this in the definition of X IT"G 7y to define elements of the tangent space

(€2,v2,8
of J 11TT* (A\). Hence we arrive at the vector field

XZd

i o (A X 1, €) = (ady o Ady N\, v + adjy, ¢ + [€,7]) (59)

on 34. The Jacobi-Lie bracket of two such vector fields is

dd 3d _ 3d
{Xwo X(mv,f)] = X naadzv—adyo [n.d]-7.])° (60)

Acoording to the Marsden-Weinstein symplectic reduction theorem, the quotient
34 is a symplectic manifold with symplectic two form €2, satisfying

(X 1rree) Uy = (o) Q 1rpec, (61)
where Q 1pp. is the symplectic two-form in Eq.(36).

Proposition 4.1.  The reduced Tulczyjew’s manifold 34 = O\ X g* X g is an exact
symplectic manifold with symplectic two-form §Q,,, potential one-forms x1 and X

whose values on vector fields of the form of Eq.(59) at a point <Ad;_1)\, ,u,f) € 3d
are

<szz,d,(x(;;1,0 X‘E‘i_c)> W0~ .0 - A,  (6)

(1 X)) (A0, 1,€) = () = (0,6 (63)

(xer X)) (Adii A1, €) = () + (1,0) (64)
respectively.

Proof.  Using the defining relation in Eq.(61), a direct calculation shows that
the reduced symplectic two-form is in form (62). We recall definitions of the
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potential one-forms #; and 6, in Eqs.(34) and (35). Define one-forms y; and x»
on 34 by the equations

(00 XG005) gmer) = (aXin,g) (Adid ).,
(02 X heS) @ m&r) = (o Xiug) (Adgd,1,€)

The exterior derivative of x; in Eq.(63) gives the symplectic two-form €;,. Using
the invariant definition of exterior derivative we obtain

. 3 3 _ 3d . 3 3
<Q§d7 (X("C;'UC) X(?],’U,E)>> — X(T] ) <X17X( <)> X(%,’D,E) <X1’X($7U,C)>

< { TIUC)’ 22@,5)}>
— (o,
— (A

+ (&) = (= (v, ¢+ [6])
n, 7)) <ad v — ad,v §>

= (v, > (0,¢) = (A [n, 7)), (65)
where we used the fact that (\,n) is a constant for a fixed A, and the Jacobi Lie

bracket in Eq.(60). Similarly, we can show €, = dy.. It follows from Eqs.(63)
and (64) that the difference

X2 —x1=d(p,§) = dA (66)

is an exact one-form on 34. [ ]

Remark 4.2. The reduced symplectic two-form €2;, is an example of the re-
duced product dynamics defined in the proposition 5.4 of [49].

4.2. Reduction of Tulczyjew’s triplet.

Application of the Marsden-Weinstein reduction for the left action of G
to the iterated bundles in the trivialized Tulczyjew’s triplet results in symplectic
projections

pirre: ("T*TG,Q perg) — (5= Ox x g X g%, ;) (67)
(9,60 v) = (Ad, X &, v),

pirr: (TG, Q i) = (3a= O X g" X 9,9;,) (68)
(9,10, 8) = (Ads A, 1, 6)

pirrc: ( ITT*Gﬂ irrea) = (3n = Ox X g° X 9,9;,) (69)

: (gnu?gJV) — (Ad2*1>\7:u7£> )

into reduced spaces, where O, is the coadjoint orbit through A € g*. In the last
line, we take the fiber coordinate v = A — ad{u [16] in order to have convenience
in projected coordinates as described by Eqs.(71) and (72) below, as well as in
projections in Eqs.(74)-(77).
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Remark 4.3.  In [16], it is shown that, the left action of G on iterated bundles
can be trivialized to act on the fiber variables £, A and . That means, while
performing symplectic quotients, one should consider, literally, the orbits

GA\(G x g x g*). However, to have a more clear notation, we prefer to take
O, x g x g* which is, indeed, diffeomorphic to the correct reduced space [2].

Following [16], we rewrite the reduced Tulczyjew’s triplet (3) with a more
clear notation as follows:

5=0yxgxg 3a=0\xg" xg 3h=0\xg"xg

T3 Tiq Tsq Th
*

(70)

consisting of the symplectic diffeomorphisms
X34 73l (Ad;*l)\a 2 6) — (Ad;—l)\,f, ,U) ) (71)
W t3q = 30 (Adi N 1, €) — (Ad oA, 1, =€) (72)

obtained from the trivialized symplectic diffeomorphisms !&o and 1QI7G@9* in
Eqgs.(28) and (29) by the equations

1= b 10b
xopirr-g =pirrg© 0g, and W opirpg=pirrao Qgge  (73)

The projections 7y, 7;,, m;, and 7, are trivial

d

RS TR (Ad;_l)\,g,,u) — ¢, (74)
Toy i 3d— 0: (Ad;_l)\,u,ﬁ,) — &, (75)
Ty 3d— 0" (Adz_l)\,u,f) — U, (76)
Ty, S 3h — 8 (Ad;_l)\,p, §) = p. (77)

The explicit expressions of the reduced symplectic two-forms €2, and €2;, on
the product bundles 3; and 3, can be obtained by the pull-back of €, in Eq.(62)
with the symplectic diffeomorphisms » and w’ in Eqs.(71) and (72), respectively.

In [2], a detailed study on the Hamiltonian dynamics on 3;, in connection
with those on T*T'G, can be found.

4.3. Euler-Poincaré dynamics as a Lagrangian submanifold.
When L = [(€), the trivialized exterior derivative 'dL obtained in Eq.(43)
becomes

ol dl
Yl g— 'T"TG : ¢ — c—>— | -

The image of trivialized exterior derivative 'dl can be reduced to 3; by composition
with the projection map p i17+7¢ in Eq.(67). That is, we define

ol al
dN =papepgo Ydl g —3:6— (ad§E>£a &) ;
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where we choose g = e without loss of generality. Applying the inverse »~! of
the symplectic diffeomorphism s : 3, — 3 in Eq.(71), we define Lagrange-Dirac
derivative

U=sxtodN=stopippgo Yl :g—j3,:6— (adzg—é, g—é,f) . (79)

Proposition 4.4.  The image of Lagrange-Dirac derivative dl, in Eq.(79), is
a Lagrangian submanifold s, of (34,€%,) defining the Euler-Poincaré equations

(16).

Proof.  Since, the trivialization map ¢rh.p. is symplectic, the image of 'dl is
a Lagrangian submanifold of 'T*T'G. The projection p ip-pq is symplectic, and
hence the image of d°\l is a Lagrangian submanifold s;, of 3;. The inverse sym-
plectic diffeomorphism »~! maps this Lagrangian submanifold s;, to a Lagrangian
submanifold s;, of 34. So, the image s;, of 0/ is a Lagrangian submanifold of
(34, €2;,). Under the global trivialization, s;, is obtained to be

ol 4l
Szd:{(adZ%,E,f) ng:§€g}. (80)

When L =1(§), the Lagrangian submanifold S 177+ in Eq.(40) reduces to

ol
S 1= = {(6,%,6,0) c 1TT*G : 5 € g},

and the first definition in Eq.(73) shows that the projection of s i77r+g by p 171+¢
is s;,. The reconstruction mapping 'TT*G — T (G®g*) in Eq.(41) takes s ipp-q
to the Lagrangian submanifold

ol ol
ST(GOg") = {(e, E;{,adzg) eT(GOg"): €€ g}

of T (G®g*), and this defines Euler-Poincaré equations (16). ]

Alternatively, the formulation that uses the de Rham exterior derivative
and the potential one-form y» in Eq.(64) goes as follows.

Proposition 4.5.  The identity

T dl = X2
defines the Lagrangian submanifold s, in Eq.(80), hence the Euler-Poincaré equa-
tions (16). Here, T,, is the projection 34 — @, dl is the (de Rham) exterior
derivative of | on g, and xo is the potential one-form in Eq.(64).

Proof.  We compute the value of exact one-from 7, dl = d(lo7;,) on a vector



ESEN AND GUMRAL 345

3
field X3,

o in Eq.(59). At a point (Ad}ﬂ,u,f) , we have

(it Xty0) (Adyh €)= (), X

ol
ol 4l
- (i) (i)

where (7;,), X? . is the push forward of the vector field X}y by the projection

7;, from 34 to its third factor g, that is, to the vector (+[£, 7] in T¢g ~ g. Equating
this to <X2, X?Z,u,<)> in Eq.(64) gives the Lagrangian submanifold s,, = im (d/) in

Eq.(80) via
ol 3l
A= ad§§—€ and on = 5—5

in coordinates (A, pu, &) of 34. [

4.4. Lie-Poisson dynamics as a Lagrangian submanifold.
B Consider a Hamiltonian function H on G®g* and define h : g* — R by
H = h(p). With the trivialized exterior derivative

oh
—'dh:g*— 'T"T*G : (g, ) = (g,m ad’fmu,—@) ,
O

and the projection p 1p-pwg : 'T*T*G — 3;, in Eq.(68), we define

oh
—dh =p g o td(=h) g = g — (ad’éhu,u, —@)

by choosing ¢ = e. Applying the inverse w? of the symplectic diffeomorphism w”
in Eq.(72), we obtain the Hamilton-Dirac derivative

oh
—dh =wfod® (=h): g*— 3, 1 — (ad”f;h,u, 1, @) : (81)
op

Proposition 4.6.  The image of the Hamilton-Dirac derivative —0h is a La-
grangian submanifold s;, of (3a,€Y%,) and it defines the Lie-Poisson equations (23).

Proof. The image of — 'dh is a Lagrangian submanifold of 7*T*G and
p irsr-q maps this Lagrangian submanifold to a Lagrangian submanifold s of

3. The musical isomorphism w* takes s;, to the Lagrangian submanifold s —of
(34,%,). Thus,
s,, = im (—0h) = wf o im (dG\ (—h)) = w! o p ipepeg oim (— 'dh). (82)

From Egs. (68) and (69) we have

10t
whop e =P irreG © Qc@gm
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where 1QﬁG®g* is the inverse of the isomorphism 1QE®Q* in Eq.(29). This implies
that s;d is the projection p 1pp-g (s’ 1TT*G) of the Lagrangian submanifold

oh
s = {(gaﬂ; @ﬁ) € 'TT*G:p e 9*}
obtained from S’ ;. in Eq.(45) by substituting H = h (u). The reconstruction

mapping 'TT*G — T (G®g*) in the Eq.(41) takes s, to the Lagrangian
submanifold

Sh . .
ST(Ger) = {(g i Thy s adgﬁﬂ) €T (GOg"):necg }
of T'(G®g*) which is the Lie-Poisson equation (21) equivalent to (23). m

Alternatively, with exterior derivative and the potential one-form y; in
Eq.(63), we have

Proposition 4.7.  The equation
—W;ddh = X1

defines the Lagrangian submanifold s; in Eq.(82) and gives the Lie-Poisson equa-
tions (23). Here, m,, is the projection 34 — g, dh is the (de Rham) exterior
derivative of h on g*, and x1 is the potential one-form in Eq.(63).

Proof.  To prove this identity, we compute the value of exact one-from 7} dh =

d(homy,) on a vector field X?&u() over 34. At a point <Ad;,1/\, ,u,f) , we have
< wtdh, X3 > (AdZ- A, p,€) = — <dh, (7). Xg;;m>
oh .
= — <E, v+ adn,u>
<5h > i
= —\{—v +<adﬂﬂ7n>7
oL ou

where (m;,), X3¢ (1:0:€) is the push forward of the vector field X ?d by the projection
, from 34 to its Second factor g*, that is to the dual vector v+adnu in T,g" ~ g*.

Equatmg this to <X1’X(7IUC)
s, =1im (0h) in Eq.(82) given in coordinates (A, i, &) of 34 by

dd
oh
A—adahu and & = — [ |
op
4.5. Legendre Transformation for Reduced Dynamics.
Being cotangent bundles, T*g = g x g* and T"g* = g* X g are canonically
symplectic. It is possible to embed T*g and T*g* symplectically into the total
space 34

> in Eq.(63) defines the Lagrangian submanifold

50T g — 3a: (&) = (adip, 1, §) (83)
@ T g = 340 (1, &) = (adgp, p,€) - (84)
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The following proposition shows how to define Lagrangian submanifold im (d1) =
s;, in Eq.(80) from the right wing (that is from the Hamiltonian side) of the
reduced Tulczyjew’s triplet (70).

Proposition 4.8.  The Lagrangian dynamics determined by the Lagrangian sub-
manifold s;, in Eq.(80) is generated by the Morse family
E7M = (o) + A=1(8) — (1,€) (85)

on the bundle g x g* — g*. Here, A is a real valued function on g X g* obtained
from the equation

X2 — X1 = dA =d{u,§)
where x1 and xo are given in Eqs.(63) and (64), respectively.

Proof. Inthe trivialized cases, the Legendre transformations have been achieved
by Morse families on the trivialized Pontryagin bundle G®) (g x g*). For the re-
duced dynamics, due to the invariance under the group action G, the Morse fam-
ilies will be defined on G\ (G® (g x g*)) ~ g x g*. Recall the generating object

Ja=—2—g" X g

T34 l

*

where @ is the embedding in Eq.(84). The Morse family E'”" generates a
Lagrangian submanifold sp-g- of T™g* given by

STrgx = {(u,ﬁ) c T*g* . T*ﬂ—gd (,u7€> = dEl_m (:ua f)} . (86)

Explicitly, the Lagrangian submanifold sp«g« consists of two-tuples (d{/0€,€).
Hence, the image of sp«g- under the map @ is s;,. When the Lagrangian [ is
not regular then it is not possible to define a function i on g* generating s;,. In
this case, we only have Morse family E'~". |

Remark 4.9.  Recall that, the Morse family E*7# defined in Eq.(49), is also
a generating family for Euler-Poincaré equations. Here, the function E*~# is
defined on the Pontryagin bundle ' PG with base manifold G®g* whereas E'~",
in Eq.(85), is defined on T*g* with cotangent bundle projection.

Now, we will establish the inverse Legendre transformation. The Hamil-
tonian dynamics is defined by a Hamiltonian function h on g*. A Hamiltonian
functional on g* defines the Lagrangian submanifold s , in Eq.(82), of (34,%,).
The following proposition shows how to generate s; using the left wing (that is

the Lagrangian side) of the reduced Tulezyjew’s triplet (70).

Proposition 4.10.  The Morse family

E" = A —h(p) = (1,€) — h(p) (87)

on the bundle g X g* — g generates the Lagrangian submanifold s, in Eq. (82).
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Proof. In this case, diagram is

e —

| <"

g

where 3 is the embedding, in Eq.(83), of T*g into 34. The Morse family E"~! in
Eq.(87) generates a Lagrangian submanifold

speg = {(&p) €T : Ty, (&) = dE" (&, 1)}, (88)

of T*g. This Lagrangian submanifold consists of two-tuples (dh/du, ). 3¢ maps
S7+q tO sgd. When the Hamiltonian A is not regular then it is not possible to find
a Lagrangian function [ on g. In this case, we only have Morse family E">!. =

Remark 4.11. Recall that, the Morse family EHHZ,fdefﬁned in Eq.(51), is
another generating family for Lie-Poisson dynamics. FEY7! is defined on the
Pontryagin bundle ' PG with base manifold G®g whereas E'™" in Eq.(87), is
defined on T™*g with tangent bundle projection.

To summarize, in order to use the classical formulations of generating
objects, we employ the following reduced form of Tulczyjew’s triplet

Trg—7Z 3 LTy
\ %d ﬂ'k /
g g"

where we replace the total spaces 3 and 3, by T*g and T™g*, respectively.
The payoff is that the mappings 7 and @ are symplectic embeddings but not
isomorphisms.

Note that, after the Legendre transformation, we arrive dynamics on the
Pontryagin bundle PG = TG xg T*G or its reduction g & g*. In the following
section we study the dynamics on the Pontryagin bundle.

5. Example: Diffeomorphism Groups

5.1. Group Structure.

Group D of diffeomorphisms on Q is a Lie group [4, 15, 41]. Lie algebra of
D is the space X of vector fields on Q. The (right) adjoint action Ad of D on X
is given by the pull-back operation ¢* X, for ¢ € G and X € X. The infinitesimal
adjoint action of an element ¥ € X on X € X is the Lie derivative of X in the
direction of Y, that is £y X . The tangent space

T,D={X,: Q—=TQ:X,=X oy for some X € X}

at ¢ € D consists of material velocity fields. The lifted group multiplication on
the tangent bundle TD is

WTD <X<p7 Y¢) = X¢o¢ + TQO e} Y¢. (89)
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The right and the left trivializations of TD are
trits :TD - Dx X: X, — (p,X) (90)
trin :TD =D x X: X, = (p,0"X).

After choosing the right trivialization trft,, we arrive at the semidirect product
group multiplication

wpex (9, X), (1,Y)) = (¢, X + ¢.Y) (91)
on DEX. The Lie algebra of DX is X©X with semi-direct product
[(X17X2) ) (3/17 Yé)]%@% = ([X17}/1] ) [X17 Y'2] - [Y'17X27]) .

The dual space X* of the Lie algebra X is the space A'(Q) ® Den (Q) of
one-form densities on Q. The pairing between y ® d"q € X* and X € X is given
by the integration

(1@ d'g, X) = /M (1. X) o d', (92)

where d"q is the top-form on Q. The pairing inside the integral is the natural
pairing of finite dimensional spaces T,Q and T;Q. The coadjoint action Ad* of
D on X* is the pull-back operation ¢* (u® d"q) for ¢ € D and p ® d"q € X*.
The infinitesimal coadjoint action ad* of an element X € X on u® d"q € X* is
minus the Lie derivative of u ® d"q by X, that is

ady% : X" > X" p@d'q — — (Lxp + (divgmX) p) @ d'q. (93)

Here, divgn,X denotes divergence of the vector field X with respect to the top-
form d"q. The cotangent space at ¢ is

T;D={(pp: Q= T"Q@d"q: py =pop, pe A (Q)}.
The pairing between 77D and 7,,D is taken to be the right invariant L?—integral.
Cotangent lifts of right and left actions of D on T*D can be computed using
TGoy Ry (Hep) = Hpop, TopLip-1p1p = T~ o Hes

respectively. The cotangent bundle T*D is a Lie group with the group multipli-
cation

(Hgs V) = fhgoy + T 9™ 0 1y,
The right and left trivializations of T*D are
tritp : T"D - D x X* 1 p, @d"q — (¢, p @ d"q)
trip : T"D - D x X1 p, @d"q — (0, 0" ® p*d"q) . (94)

We choose the right trivialization to arrive at the semi-direct product group
structure with multiplication

wpex+ (0, @ d"q), (v, v @ d"q)) = (g o1, (1 + ¢.v) ® @.d"q)
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on the trivialization DEX*.

5.2. The Trivialized Dynamics.
Let L = L (p, X) be a Lagrangian density on DX, the trivialized Euler-
Lagrange equations are

il L ., . oL 5L
——=—0¢  —Lx— — (divgn X ) —.
GoX 5, ~hagx ~(dveX) 3o (95)
L generates a Lagrangian submanifold
oL 5L
SlTT*D = ((107 5_Xa Xa @ oy 1) (96>

of the trivialized Tulczyjew’s symplectic space 'TT*D defined by the semi-direct
product (D®X*)(® (X©X*). Here, the trivialization map

T (DO®X*) — 'TT*D: (X,,Y,) = (o,p®@d"q, X, Y, + Lxp + (divg,X) p® d"q)

(97)
realizes the relation between the Lagrangian submanifold Sip7«p and the trivi-
alized Euler-Lagrange equation (95). The Legendre transformation of trivialized
Euler-Lagrange equation can be achieved by the Morse family

on the Pontryagin bundle D® (X* & X) over DOX*.
A right invariant vector field on D@X* is given by

XEES (9, 1) = (X v — Lot — (divg:o X) pp @ d"q).

At (p, u® d™q), the values of canonical one-form Opgz+ and the symplectic two-
form Qpgx- on the right invariant vector fields are

<9’D©I{*7X(DX(%§*>:/;<M7X>anQ7
(Omor-i (XPEN . XESY) ) = /Q (1, Y)g = (A X)g + (1, [X. Y]) o d'g.

For a Hamiltonian function H on DEX*, the trivialized Hamilton’s equations are

dp  (6H dp _ . O0H 6H 1
dt_<5u)</ a ~ R (dwdnqéu)u (W)w 08

where, due to the reflexivity assumption, 8H /6y is assumed to be a vector field
in the Lie algebra, and (5H / (M)w is the material velocity field. The Lagrangian

submanifold generated by the Hamiltonian function H is
GH H .,
Sirrp = <¢,u®d ©s e O '®d q> :
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To establish the link between S1,.., and Eq.(98), we refer to the trivialization
map (97). The Legendre transformation of the Hamiltonian dynamics described
by Eqgs.(98) results from the Morse family

E(p,p®d'q,X) :/Q<M,X>Qd"q—ﬁ(%u)

on the Pontryagin bundle DE®) (X* @ X) over DOX.

5.3. The Reduced Dynamics.

When the Lagrangian L is free of the group variable, we have L = [ (X)
and the trivialized Euler-Lagrange equations (95) reduces to the Euler-Poincaré
equations

d dl dl dl

—— = —Lx— — (divgX) —.

diox - Fxax ) w
Similarly, when the Hamiltonian depends on the fiber variable u only, H (g, ) =
h (u), the trivialized Hamilton’s equation (98) gives the Lie-Poisson equation

du oh
— = —Losnp — | divgng— | p. 100
dt i ( t qéu)“ (100)

In order to perform the Legendre transformations of the reduced dynamics,
we present them as Lagrangian submanifolds of the reduced Tulczyjew’s symplectic
space O, x X* x X. Here, O, x X* x X is obtained by application of the Marsden-
Weinstein reduction to the trivialized Tulczyjew’s symplectic space 'TT*D, that
is

(99)

TT*D - O\ x X* x X : (o, p@d"q, X, v ®@d"q) — (. A®d"q) ,p®d"q, X),

(101)
where A = v — Lxpu — (divgngX) pp. For a Lagrangian | on X, image of the
Lagrange-Dirac derivative

. 5 T /R
Dl%%O,\X% X%X_><_£Xﬁ_(dlvd"qx)ﬁ®d q,ﬁ(@d q,X)

is a Lagrangian submanifold of O, x X* x X. The image im (0!) determines Euler-
Poincaré equations. The Legendre transformation is generated by the Morse family

B (uo dg, X) =1(X) ~ [ (n.X)gd'
Q

on the bundle X* x X — X*. Similarly, for a Hamiltonian A on X*, the image of
Hamilton-Dirac derivative
X" =2 O\ x X" xX:ip— | —Lonpp— | divgng— | p®@d"q, p @ d"q, —
on O o
is a Lagrangian submanifold of O, x X* x X and determines Lie-Poisson equations.

The inverse Legendre transformation of the Euler-Poincaré dynamics is generated
by the Morse family

B (uo g, X) = [ (uX)gd'g ~ h(n) (102)
Q

on the bundle X* x X — X.
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6. Summary, Discussions and Prospectives

We obtain trivialized and reduced dynamics for Hamiltonian and Lagrangian for-
mulations of systems with configuration space GG. Following diagram summarizes
these equations and their representations by Lagrangian submanifolds.

Dynamics Lagrangian Submanifold

Trivialized
Euler—Lagrange d 6L * Y * 1 *
Equations aoe = Le Ry og ;+ adg ¢ {g, ‘55’5 h } crra
on G©®g
Trivialized i S
Hamilton’s a = TR, <W> {

. (3 _prp B } C 'TT*G
Equations Z_f; = adigpu— TR, 551; 9, K 6u
on GOg* om
Euler-Poincaré
Equations adg2 — 43— {adgdt, %€} € 5a
on g
Lie-Poisson
Equations fl‘; = adéhu {adéh,u L4, 6#} C 34
on g*

The Legendre transformation is a change of representation of Lagrangian
submanifolds generated by certain Morse families viewed as functions defined on
fibered manifolds. We identify the following Morse families for trivialized and
reduced dynamics.

Morse family Bundle

Trivialized
Euler-Lagrange
Equations

on GQ®g
Trivialized
Hamilton’s
Equations

on G®g*
Euler-Poincaré
Equations B 1) =1(8) — (1, €) gxg-—g"
on g
Lie-Poisson
Equations EM (& ) = (1, 6) — b () gxg =g
on g*

EF (g6, 1) = L(9,6) = (1,€) | GO (g x g7) = GO’

B~ (g6, p) = (1,€) — H(g,p) | GO (g x g*) » GOy

Obviously, the form of dynamical equations obtained in this work depends
on the trivialization we employed. What we refer to trivialization of the first
kind carries the group operations to iterated bundles and contributes additional
term due to semi-direct product structures. Higher order dynamics on Lie groups
with adapted trivializations of higher order and iterated bundles as well as their
symplectic and Poisson reductions are available in [14].
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The reduction of Tulczyjew’s symplectic space can be generalized to sym-

plectic reduction of tangent bundle of a symplectic manifold with the lifted sym-
plectic structure. This could be the first step toward more general studies on the
reduction of the special symplectic structures and the reduction of Tulczyjew’s
triplet with configuration manifold Q.

Finally, we want to mention that the foremost example of degenerate sys-

tem that falls into application area of present formulation is the Vlasov-Poisson
equation of plasma dynamics which was, indeed, the motivation for this work.
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