Journal of Lie Theory
Volume 27 (2017) 435-468
(© 2017 Heldermann Verlag

Rigidity of Bott—Samelson—Demazure—Hansen
Variety for PSp(2n,C)

B. Narasimha Chary and S. Senthamarai Kannan*

Communicated by D. A. Timashev

Abstract. Let G = PSp(2n,C) (n > 3) and B be a Borel subgroup of G
containing a maximal torus 7" of G. Let w be an element of the Weyl group
W and X(w) be the Schubert variety in the flag variety G/B corresponding
to w. Let Z(w,i) be the Bott—Samelson-Demazure-Hansen variety (the desin-
gularization of X (w)) corresponding to a reduced expression i of w.

In this article, we study the cohomology groups of the tangent bundle on
Z(wo,1), where wp is the longest element of the Weyl group W. We describe
all the reduced expressions ¢ of wg in terms of a Coxeter element such that
all the higher cohomology groups of the tangent bundle on Z(wq, i) vanish (see
Theorem 8.1).
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1. Introduction

Let G be a simple algebraic group of adjoint type over the field C of complex
numbers. We fix a maximal torus 7" of G and let W = Ng(T)/T denote the
Weyl group of G with respect to T'. We denote by R the set of roots of G with
respect to T and by R a set of positive roots. Let B* be the Borel subgroup of
G containing T with respect to R*. Let wy denotes the longest element of the
Weyl group W. Let B be the Borel subgroup of G opposite to BT determined by
T,ie. B=nu,,Btn,!, where n,, is a representative of wy in Ng(T'). Note that
the roots of B is the set R~ := —R™ of negative roots. We use the notation 3 < 0
for p € R~. Let S ={aq,...,a,} denote the set of all simple roots in R*, where
n is the rank of G. The simple reflection in the Weyl group corresponding to a
simple root « is denoted by s,. For simplicity of notation, the simple reflection
corresponding to a simple root «; is denoted by s;.

For w € W, let X(w)(:= BwB/B) denote the Schubert variety in the flag
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variety G/B corresponding to w. Note that in general Schubert varieties are not
smooth.

Given a reduced expression w = s;,S;, - -+ S;,. of w, with the corresponding
tuple i := (iy,...,4,), we denote by Z(w,i) the desingularization of the Schubert
variety X (w), which is now known as Bott—Samelson-Demazure-Hansen (for short
BSDH) variety.

Demazure in [6] and Hansen in [8] independently constructed these desin-
gularizations of Schubert varieties using the idea from [3]. In this paper we prove
that two BSDH-varieties Z(w, 1) and Z(w, ) are isomorphic if ¢ and j differ only
by commuting relations (see Theorem 3.1). -

In (2], it is proved that all the higher cohomology groups H'(G/B,T¢/p)
for the tangent bundle T¢,p on G/B vanish. In [16], it is proved that the higher
cohomology groups of the restriction of Ti;/p to X (w) vanish (see [16, Theorem
4.1 and Theorem 6.5]). In [5], we proved the following vanishing results of the
tangent bundle T, on Z(w,1) (see [5, Section 3]);

(1) H(Z(w,1), Tz(w) = 0 for all j > 2.
(2) If G is simply laced, then H?(Z(w,1), Tz(w:) =0 for all j > 1.

As a consequence, it follows that the BSDH-varieties are rigid for simply
laced groups and their deformations are unobstructed in general (see [5, Section 3]).
The above vanishing result is independent of the choice of the reduced expression
i of w. While computing the first cohomology group H'(Z(w,1),T7(w,) for non
simply laced group, we observed that this cohomology group very much depend
on the choice of a reduced expression 7 of w.

It is a natural question to ask that for which reduced expressions i of w,
the cohomology group H'(Z(w, 1), Tz(;) does vanish? In this article, we give a
partial answer to this question for w = wy when G = PSp(2n,C).

Recall that a Coxeter element is an element of the Weyl group having a
reduced expression of the form s;,s;, - --s;, such that i; # i, whenever j # [ (see
[10, p. 56, Section 4.4]). Note that for any Coxeter element c, there is a decreasing
sequence of integers n > a; > as > ... > a = 1 such that ¢ = Hle[aj, aj_1—1],
where ag :=n+1, [i,j] == s;8;41---s; for i < j.

Throughout this paper, for simplicity, we denote the product wy ---wy of
elements in W by H?:l wj. Forinstance, we use the product ¢ = Hle[aj, aj_1—1]
as above to denote ¢ = |ay,ap — 1)[ag,a; — 1] - - [ag, ax—1 — 1].

In this paper we prove the following theorem.

Theorem. Let G = PSp(2n,C) (n>3) and let c € W be a Cozeter element.
Let i = (i',i%,...,i") be a sequence corresponding to a reduced expression of wy,
where i" (1 <r < n) is a sequence of reduced expressions of ¢ (see Lemma 4.4).
Then, HI(Z(wo,1), Twy,) =0 for all j > 1 if and only if ¢ = H?Zl[aj, aj_1 — 1],
where ag:=n+1 and a; #n —1 for every j =1,2,... k.

By the above vanishing results, we conclude that if G = PSp(2n,C)
(n>3) and i = (i*,i% ...,i") is a reduced expression of wy as above, then the
BSDH-variety Z(wy,1) is rigid.

The organization of the paper is as follows: In Section 2, we recall some
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preliminaries on BSDH-varieties. In Section 3, we prove that two BSDH-varieties
Z(w,i) and Z(w,j) are isomorphic if 7 and j differ only by commuting relations.
We deal with the special case G = PSp(2n,C) (n > 3) in Sections 4, 5, 6, 7
and 8. In Section 4, we write down explicit reduced expressions of ¢ (1 <i < n)
for each Coxeter element c. In Section 5 (respectively, Section 6) we compute the
weight spaces of HY (respectively, H') of the relative tangent bundle of BSDH-
varieties associated to some elements of the Weyl group. In Section 7, we prove
some results on cohomology modules of tangent bundle of BSDH varieties. In
Section 8, we prove the main result using the results from the previous sections.

2. Preliminaries

We refer to [4], [9], [11], [12], [15] and [18] for preliminaries in Algebraic geometry,
Algebraic groups and Lie algebras. For a simple root a € S, we denote by P,
the minimal parabolic subgroup of GG containing B and s,. We recall that the
BSDH-variety corresponds to a reduced expression i of w = s;,s;, - - - s;, is defined
by

7 _ Po, X Poy) X -+ X Py,

(w,9) = Bx-xB ’

where the action of B X --- x B on F,, X P, X -+ X P, s given by
(pl,...,pr)<b1,...,b7_) = (pl . bl,bl_l - P2 - bQ,...,b;El * Dy - bT), Dj & Paij, bj € B
and ¢ = (iy,19,...,4.) (see [6, p.73, Definition 1], [4, p.64, Definition 2.2.1]).

We note that for each reduced expression i of w, Z(w,i) is a smooth
projective variety. We denote by ¢,,, the natural birational surjective morphism
from Z(w,i) to X(w).

Let f,.: Z(w,i) — Z(ws;,,i') denote the map induced by the projection
Py X Py X oo X Poy — Poy X Poy X oo X Py, where i = (iy,4g,. .. ,ir1).
Then we observe that f, is a P, /B ~ P!-fibration.

For a B-module V| let L£(w,V) denote the restriction of the associated
homogeneous vector bundle on G/B to X(w). By abuse of notation, we denote
the pullback of L(w, V) via ¢, to Z(w, i) also by L(w, V'), when there is no cause
for confusion. Since for any B-module V' the vector bundle L(w,V) on Z(w,1)
is the pullback of the homogeneous vector bundle from X(w), we conclude that
the cohomology modules

HI(Z(w,i), L(w,V)) = H (X (w), L(w,V))

for all j > 0 (see [4, Theorem 3.3.4 (b)]) are independent of the choice of the
reduced expression i. Hence we denote H?(Z(w,i), L(w,V)) by H’(w,V). In
particular, if A is a character of B, then we denote the cohomology modules
HI(Z(w,i), L)) by HI(w,\).

We recall the following short exact sequences of B-modules from [5], we

call it SES.
1. Hw,V) ~ H%s,, H(s,w,V)).

2. 0= H'(s,, H(syw,V)) = H'(w,V) = H°(s,, H'(syw,V)) = 0.
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Let a be a simple root and A € X(T') be such that (A, ) > 0. Let C, denote the
one-dimensional B-module associated to A. Here, we recall the following result
due to Demazure [7, Page 1] on a short exact sequence of B-modules:

Lemma 2.1.  Let o be a simple root and A\ € X(T) be such that (\,a) > 0.
Let ev : H(so, \) — Cy be the evaluation map. Then we have

1. If (\,a) =0, then H%(s,,\) =~ Cy.

2. If (\,a) > 1, then Cy, (ny < H(sqa,\) and there is a short ezact sequence
of B-modules:

0 — H(Sas A — @) —> H%(50,1)/Cs, () — C\ — 0.
Furthermore, H°(sq, A — a) =0 when (\,a) =1
3. Let n = (\,a). As a B-module, H%(s,,\) has a composition series
0CV,CVu1C...C Vo= H"5q,A)

such that V;/Viy1 ~ Cy_jq for i =10,1,...,n—1 and V,, = C .
We define the dot action by w - A\ = w(A + p) — p, where p is the half sum
of positive roots. As a consequence of the exact sequences of Lemma 2.1, we can

prove the following.

Lemma 2.2.  Let w=7s,, l(w) =1(7)+ 1. Then we have

1. If (\, @) >0, then HI(w,\) = HI(1, H*(84,\)) for all j > 0.

If (\,a) >0, then H (w,\) = H'" (w, 84 - ) for all j >0.
3. If (N, a) < =2, then H'" (w,\) = H(w, s - \) for all j > 0.
4. If (\,a) = —1, then H7(w,\) vanishes for every j > 0.

The following consequence of Lemma 2.2 will be used to compute cohomol-
ogy modules in this paper. Now onwards we will denote the Levi subgroup of F,
(a € S) containing T by L, and the subgroup L, N B by B,. Let 7: G — G
be the universal cover. Let L, (respectively, By) be the inverse image of L
(respectively, of B, ).

Lemma 2.3. Let V be an irreducible L, -module. Let X\ be a character of B, .
Then, we have

1. If (\,a) >0, then H*(Ly/B,,V ® C,) is isomorphic as an L, -module to
the tensor product of V- and H°(L,/Ba,Cy), and H*(L,/B,,V @ Cy) =0
for every 5 > 1.

2. If \a) < —2, H'(La/BaV ® Cy) = 0, and H'(La/Ba,V ® Cy) is
isomorphic to the tensor product of V. and H°(L./Ba,Cs,.5).
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3. If (\,a) = =1, then H'(L,/Ba,V @ C\) =0 for every j > 0.

Recall the structure of indecomposable B,-modules (respectively, B,-
modules) (see [1, p.130, Corollary 9.1]).

Lemma 2.4.

1. Any finite-dimensional indecomposable Ea—module~V 15 isomorphic to
V'@ Cy for _some irreducible representation V' of L, and for some char-
acter A of B,.

2. Any finite-dimensional indecomposable B, -module_V is isomorphic to

V'@ Cy for some irreducible representation V' of L, and for some char-
acter \ of B,.

Recall the following result from [16] (see [16, Corollary 5.6]).

Corollary 2.5.  Let a be a short root such that —a ¢ S, let w € W. Then we
have, H'(w,a) =0 for i > 1.

3. Reduced expressions differing only by commuting relations

Let w € W and let i := (i1,...,4.) be the tuple corresponding to a reduced
expression w = s;,8;,---s; of w. Note that if (a;, ;) = 0 for some 1 <
kE<r—1,then (i1,...,%%—1,%k+1, ik tkt2, - - -, %) 18 also a tuple corresponding to
a reduced expression of w.

Two reduced expressions i and j of w are said to differ only by commuting
relations if j is obtained from i by a sequence of process as above.

In this section we prove the following:

Theorem 3.1. Let w = s;,8;, -5, and w = s;8;,---5; be two reduced
expressions i and j for w which differ only by commuting relations. Then, there
is a B-equivariant isomorphism from Z(w,i) onto Z(w, j).

Proof. By the recursion, without loss of generality, we may assume that there
isa 1 <k <r—1such that (a;,,;,,,) =0 and satisfying

=gifor l#k, k+1; ik = jr1, k1 = Ji

Let P be the parabolic subgroup of G corresponding to the subset
{as,, @i, } of S. Since the simple roots a;, and ay,,, are orthogonal, the product
map Py, X Py,  — P issurjective.
Let
X = (Poy, X -+ X Py XPXPy X--xP,)/B!

QXig o

be the quotient variety where the action of B"~! on

Poyy X oo X Py X P XD

Qigyo Koo X P"‘ir
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is given by

(pb coey Pk—1,D, Pk425 - - - 7pr) : (bla b?a v >bk—1> bk+1> CIE abr) =
= (p1by, by 'paba, . bt Dbt by Prsobrsas - by prby),

ijPaij,pEP and b; € B.
Note that X is a smooth projective variety. Now consider the map

Py XX Po, X Py, X P XX Py, — Po, X -XPy, — XPxP

iy, Xipyq Fig 1o

X+ XPOéiT
given by

(D1, - s Dk—1, Phs Dkt 1, Pht2s - - - Pr) 7> (D1, « -+ s Dk—1, PkPht15 Pkt 2y - - - Dr)-

This induces a birational surjective B-equivariant morphism f : Z(w,1) — X.
Claim: f is injective.
We denote by [(p1,p2,- -, PkPki1s Pkte, - --,Pr)] be the point in X corre-
sponding to

(P1, P25 - -+ Phe15 PRPR4+1, Pht 25 - - -3 D) € Py X0 X Foy X PX Py XX Py, .

If [(p17p27'"7pkfl7pkpk+17"'7p7”)] == [(pllapéa"'7p;€_17p2;p2;+1a"'7p7')]7
then there exists (b, by,...,b_2,b,) such that p; = piby, p = b ' pjb for all
I #k k+1 and prpri1 = b,;_llpﬁcpzﬂbkﬂ. Hence we have

(bpL1pk) "' = p;c+1bk+1pl;—&1-l (say = by) € Po,, N Pa”c =B.

Therefore p, = b,;llp;bk and prpi1 = b;lpkﬂbkﬂ. Thus, we have that
(pla -+« 3y Pk—1; Pk Pk+1; Pk+2; - - - 7pr) and (p/h cee 7p;g—17p;c’p;c+17p;c+2v s ap;) repre-
sents the same element in Z(w, 7). Hence f is injective.

Since X is normal and f is bijective birational, by Zariski main theorem
[18, p. 85, Theorem 5.2.8], we conclude that f is an isomorphism. Similarly, we
see that there is a B-equivariant isomorphism from Z(w,j) onto X . Thus, there
is a B-equivariant isomorphism from Z(w,) onto Z(w, (ﬁ n

Corollary 3.2. Let w = s;,5;,---5;, and w = 5,5, --5; be two reduced

expressions i and j for w which differ only by commuting relations. Then, we
have

1. The automorphism groups Aut’(Z(w,1)) and Aut’(Z(w, j)) are isomorphic.

2. The first cohomology groups H'(Z(w, i), Tiwy) and H'(Z(w,j), Tw,y)) are
isomorphic.

Proof. The proof follows from Proposition 3.1. [ |

Recall from [19] and [20] the definition of a fully commutative element of
a Coxeter group. An element w € W is said to be fully commutative if it has
the property that any reduced expression for w can be obtained from any other
by using only the Coxeter relations that involve commuting generators. These
elements are characterized in [19] and [20].

Then we have
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Corollary 3.3.  Let w be a fully commutative element in W . Then, Z(w,1) is
independent of the choice of the reduced expression i of w.

4. Reduced expressions of some elements of W in type C,

Now onwards we will assume that G = PSp(2n,C) (n > 3). First note that if
n > 3, then the highest short root fy is wy and wy = —id. We recall the following
proposition from [21] (see [21, Proposition 1.3]). We use the notation as in [21].

Proposition 4.1.  Let ¢ € W be a Coxeter element, let w; be a fundamental
weight corresponding to the simple root «;. Then, there exists a least positive
integer h(i,c) such that ") (w;) = wo(w;).

Now we can deduce the following:
Lemma 4.2. Let ¢ € W be a Coxeter element. Then, we have
1. Wy = c.

2. For any sequence i" (1 < r < n) of reduced expressions of c; the sequence

i = (11,12, ...,1") is a reduced expression of wy.

Proof. Proofof (1): Let n: S — S be the involution of S defined by i — *,
where * is given by w;« = —wp(w;). Since G is of type C,,, wy = —id and hence
wy = w; for every ¢. Therefore, we have ¢ = ¢* for every i. Let h be the Coxeter
number. By [21, Proposition 1.7], we have h(i,c) + h(i*,c¢) = h. Since h = 2\%*\
(see [13, Proposition 3.18]) and ¢ = i*, we have h(i,c) = n.

By Proposition 4.1, we have ¢"(w;) = —w; for all 1 < ¢ < n. Since
{w; : 1 < i < n} forms a R-basis of X(T) ® R, it follows that ¢* = —id.
Hence, we have wy = c".

The assertion (2) follows from the fact that I(c) = n and I(wg) = |RT| = n?
(see [11, p.66, Table 1 |). [

We note that there are reduced expressions of wgy in C, which are neither
of the form as in Lemma 4.2(2) nor differing from such a form by commuting
relations. For example, we can take n = 3. Then, the reduced expression wy =
§985352535152535251 is one such.

Lemma 4.3. Letn>ay; >as > a3z > ... > a, > 1 be a decreasing sequence of
integers. Then,

() () (@) (1) (i)

18 a reduced expression of w.
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Proof. Ifr=1, then w= Hr};i s; and clearly it is a reduced expression of w.
Let T

n n n n—1 n—1
wy = ||sj Hsj H 55 H 5 and wy = s, Hsj .
j=a1 Jj=az Jj=ar—2 j=ar—1 Jj=ar

Then, we have w = wywy. Now, we will prove that the expression

({1) (1) (11-) - (11 - (1)

of wywy is reduced.
By induction on r,

n n n—1
Jj=a1 Jj=a2 J=ar—1
is a reduced expression. Note that, since G is of type C),,

R+(w21):{an,zn:aj}u{zm:aj:aTgmgn—Z}.

Jj=ar Jj=ar
Since n > ay > ay > as > ... > a, > 1, it follows that
RY(w) N R (wy ') = 0.

Thus we have I(w) = l[(w;) + {(wz). Hence

(i) i) i) (1) )

is a reduced expression of w. This completes the proof of the lemma.

Let ¢ be a Coxeter element in W. We take a reduced expression ¢ =
la1,n][ag, a1 — 1] - - [ak, ax—1 — 1], where [i,j] = s;8;41---s; for i < j and n >
ar>ags > ...>a, = 1.

Then we have the following.

Lemma 4.4.

1. Forall1<i:<k-—1,

¢ = <H[alnn]> ( I law, @i — 1]) <ﬁ[ak,aki+lg - 1])-

=1 lo=i+1 I3=1
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2. Forall k<j<n,

J = (H[all,n]> (Jag, n)*'7") (1_[[czk,al2 - 1]) :

h=1 lo=1
3. The expressions of ¢ for 1 <i <n asin (1) and (2) are reduced.

Proof.  Proof of (1) is by induction on i and by commuting relation in the Weyl
group. Assume that for a fixed 1 <i <k — 2,

i k 1—1
= (H[all, n]) ( H [alQ, Qy—i — 1]) (H[aka Af—i+lz — 1]) :
=1 la=i+1 l3=1

Now we will prove,

¢t = (H[%M) ( Il an—ge) — 1]) (H[ak,ak_(i+1>+z3 - H) :

=1 lo=i+2 I3=1

Let wy := [[,_lay,n], wy := HZZHl[alQ,ab_i — 1] and w3 :=
H;;:ll[abak—iﬂ'l?s —1]. Let wi == [T} [an, 0], wh o= T ola, a1y — 1]
and wj = [T}, [an, ar—1)1, — 1.

Let woy := [ait1,a1 — 1], and let vy := [ay,n]. Therefore, we have wj =
wiwg vy . Further, let wo; = [a45,a; — 1] (2 < j < k—1). Also, let ws,; =
lag,a; —1] (2<j<k—1i), and vj ;= [aj,a;_1 — 1] (2<j <k).

Now look at ¢ - ¢ = wiwowsv; ---v,. It is easy to derive the following
commuting relations:

e v; commutes with each ws; and ws; (2 <j <k —1).

e For each 2 < j <k — 14, v; commutes with wy; for each j+1 <1<k —1
and ws; for each (k+1—-i <1<k —1).

Using these relations, we see that
k—i k-1
cc= (w1w2711)1> (H U)QJ'U]‘) ( H U)3JUj> V.
=2 j=kt1—i
Now, the statement (1) can be obtained from the following facts:
® Wi = wjwy 1,
o wy ;v = [aj1j,a;—1 — 1] for each 2 < j <k —1i and
® W3 ;V; = [ak,aj,l — 1] for each k’+ 1—1 SJ S k—1.

Proof of (2) is similar to the proof of (1). Proof of (3) follows from the fact
that I(c') = in for all 1 <i <n and Lemma 4.3. n
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Example 4.5. Let G is of type C3. In this case we have the following four
Coxeter elements;

® C; = S518983; with k =1;a; = 1.

® Cy = S351S9; with k= 2;a; = 3,a, = 1.

® (3 = S95351; with k= 2;a1 =2,a5 = 1.

® c4 = S35981; with k =3;a1 =3,a =2,a3 =1.

Note that h(i,c;) =3 forall 1 <i<3 and 1 <j <4.
The reduced expressions of ¢ (1 < j < 3) appearing in Lemma 4.4 are:

® C1 — 5159S83.

o ¢ = (515953)(515253).

w

o ¢ = (515253)(515253)(815253).

The reduced expressions of ¢} (1 < j < 3) appearing in Lemma 4.4 are:
® (C9 — 535152
° C% = 83(8182)(838182)

g C% = 53(515253)(515253)(S152)

5. Cohomology module H° of the relative tangent bundle

In this section we describe the weights of HY of the relative tangent bundle.

For a B-module V' and a character p € X(T'), we denote by V,, the space
of all vectors v in V such that ¢-v = p(t)v for all £ € T'. Let R, (respectively,
R_ ) be the set of all short roots (respectively, negative short roots).

Lemma 5.1. Let w e W and let V' be a B-module such that V,, = 0 unless
p€ Ry \ (=S). Then H(w,V), =0 unless p € Ry \ (—5).

Proof. Fix o € S and let \g = —«a. Then by [5, Lemma 4.1 (1)], H%(w, V),
0 unless p € R, and u < —a. Since a € S is arbitrary, we have H(w, V), =
unless u € R; \ (—95).

m o |

Lemma 5.2. Fix1<j<n—2.

1. H(8j8j41° * Sn-1,Qn-1)u # 0 if and only if either p = 0, or p =
$tSt41 - Sn—1(ap_1) for some j <t <n-—1.

2. H%($,8;8j41 " Sn—1,0n-1), # 0 if and only if either p = 0, or p =
VS4St41 "+ Sp_1(Qn_1) for some j <t <n—1 and v € {id, s,}.



B. N. CHARY AND S. S. KANNAN 445

3. Let ay,as be two integers such that n > a1 > ay > 1.

Then, HY(Say*SnSay " Sn—1,0n-1)p # 0 4f and only if p =
St Sp—15nS;+ Sp—1(ay_1) for some a; < j < n—1and oy <t < n
such that t > 7.

Proof.  Proof of (1): If j =n — 2, then by SES we have

HO(SanSnfh O‘nfl) = H0(5n727 HO(Snfly Oénfl))-
Note that
HO(Sn—lv an—l) - Sl2,an,1 - Can,l S¥ (Chan,1 S¥ C—cxn,u
where h,, , is a zero weight vector in sla,, ,. Since (a,_1,a,-2) = —1, by

Lemma 2.2, we see that
HO(Sn—an—b an—1> = Chan—1 D (C_an—l S C*(an—1+an—2)'

We prove the result by recursion. Now assume that the statement holds
for HO(sj11++Sp_1,n_1) and j < 1 < m — 3. Then, for any u € X(T) such
that HO(sj41 - Sp—1,n-1), # 0, we have (u, ;) € {0,1}. Thus, by Lemma 2.1
and by using SES, we see that H°(s;s;41 - Sp—1, 1), # 0 if and only if either
p=0,0r pt = 5841 Sp_1(an_1) for some [ <t < n — 1. Therefore, proof of
(1) follows by recursion.

Proof of (2): By SES, we have

H0(3n8j3j+1 S Spe1, Q1) = HO(Sm H0(8j3j+1 Spe1, Q1))

Note that (s;---$p—1(an-1),a,) =1 for all j <t <n—1. Now the proof of (2)
follows from Lemma 2.1 and (1).
Proof of (3) is similar to the proof of (1) and (2).

Now onwards we fix the following notation:

Let ¢ be a Coxeter element in W. We take a reduced expression ¢ =
la1,n][ag, a1 — 1] - - [ak, ax—1 — 1], where [i,j] = s;8;41---s; for i < j and n >
ar>ag > ...>a = 1.

Fix 1<r<k. Let n >a; >ay >a3 > ... > a, > 1 be a decreasing
sequence of integers.

(i) ) i) ) )

Note that {(w,) = (7.) + 1 and c1, = wglag,n — 1].
The following lemma describes the weights of H® of the relative tangent
bundles.

and let
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Lemma 5.3. Let 3<r <k . Then, we have

1 H(r an)u # 0 if and only if p = ([Tj=, s) (I}, 5)(@n-1) for

some a, < ty < t1 and a,_1 < t1 < a,_o — 1. In such a case,

dim(H(7, 1)) = 1.

2. H(7,,an_1) is a cyclic B-module generated by a weight vector of weight

=T, 1 8)(Ij=0, , 251 (1)

Proof. Note that there exists a w; € W such that w;(a,—1) = fp and
I(r,wih) = I(7,) + I(wy), where f3y is the highest short root. As a consequence,
we have H(7,,a,_1) C H°(r,w;", By). Hence it follows that for every non zero
weight u of H°(7., a,—1), we have dim(H®(7,an—1),) = 1 (see the proof of [5,
Lemma 4.4]).

Proof of (1): Let uy = S4,84,41° " Sn-1, Uz = Sq._, S, and uz =
Sap_p " Sp. Let w = uguywit.

Step 1: We prove H®(usuy, 1), # 0 if and only if p € R; and u =
v1(an_1), where s,8, .1 < v < uguy.

Claim: H°(uguy, v, 1) is the B-submodule of H°(w’, ) generated by
Csnsn—l(an—l) .

Consider the following commutative diagram of B-modules:

. HO(Snulu an—l)

HO(Sn—ISnUh an—l)

evs

HO(Ulaa/n—l)

By Lemma 5.2(1), if H(u1,,-1), # 0, then p =0 or p = $;8j41 " Sp—1(Qp_1)
for some a, < j<n-—1.

First, observe that Ch,, , ® C_,, , is an indecomposable B, ,-module
(see [5, p. 11] and [16, p. 8]). By Lemma 2.4, we have

(Chan,1 EB C_anfl - V ® (C—wn,u

where V' is the 2-dimensional irreducible representation of Za%l .
Note that Ch,, , ® C_,, , is an indecomposable B,, ,-summand of
H%(spuq, ,—1). By Lemma 2.3, we have

H%(8,-1,Chq, , ®C_qo, )= H5,-1,VRC_,, )=V ®&Hs,_1,C_,, ,)=0.

Also, note that for each p such that H%(ui, 1), # 0 with u ¢ {0,—a, 1},
C, is an indecomposable B, ,-summand of H%(s,ui, a,_1). Since
(st...Sp_1(apn_1),ay_1) = —1 for all j <t < n — 2, using Lemma 5.2(1), we
see that the evaluation map evs is zero.

Now consider the following commutative diagram of B-modules.

H(uguy, 1) HO(sy_18nu1, Q1)
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By the above arguments and commutativity of the above diagram, we see
that the evaluation map ev is zero. Note that (s,s,_1(an_1),@,—1) = 0 and
(8nSn—1(an-1),05) > 0for 1 < j <n—2. Hence Cs,5, ,(a,_,) is an indecomposable
B,,_,-summand of H°(s,u1, a,_1). Therefore, Cy s, ,(a, ) is in the image of the
evaluation map

ev' : H(uguy, 1) — H°(5p_18pU1, ap_1).

Hence, s,8,_1(q,_1) is the highest weight of H®(usuy, v, _1). Since 3y is dominant
weight, the restriction map of B-modules

H°(G/B, L(Bo)) = H(wo, By) — H(w', Bo)

is surjecive.

Since H®(usui, a,—1) is B-submodule of HY(w’, 3y), the multiplicity of
SpsSp_1(an_1) in HO(usuy, 1) is one. Also, note that the lowest weight of
H(uguy, ay—1) is ugug(c,—1). Let {eg: 8 € R} U{hy : a € S} be the Chevalley
basis for g, where g is the Lie algebra of G (refer to [11, Chapter VII])). Hence
we conclude that

H(uguy, o) = @ Cxty 1y,

ar<ta<t1<n—1

where 4,4, = € o, € 0, € ay € a, ,(y) for some non zero vector y €
Csnsnfl(anfl) .

Therefore, H°(ugui, a,_1) is the B-submodule of H(w', By) generated by
). This proves the claim.

C

SnSn—1(an—1
Now Step 1 follows from the claim.
Step 2: Fix a,_» < 7 < n. Ho(sj---snugul,an_l)u # 0 if and only if
p € R, and p = vi(ay-1), where s,_15,5,-25,-1 < v1 < uguy and (p, o) = 0 for
all 7 <t <n.

Let pu; = sj - sp1(ap_1),a, < j < n — 1. Since evs is zero,
H°(uguy, 1)y, = 0. Further, we have H(uguy, an_1)s,(u;) = Cs,(n;) (by Step 1).
Since (sn(ft5), ) = —1, by Lemma 2.2, C,, ;) is not in the image of the evalua-
tion map

ev s HO(spupuy, 1) — HO(uguy, ciyy).

By recursion assume that H%(sjiq - spusuy, 1), # 0 if and only if
p = vi(a,—1) for some s, 15,8,-25,-1 < v; < wguy and (u,cq) = 0 for all
j+1<t<n.Let u besuch that H(sj41 - Spusuy, n-1), 7# 0. If {u, ;) =0,
then by Lemma 2.2, C, is in the image of the evaluation map

HO(Sij+1 cc s SpUgU, Oénfl) — H0(8j+1 cc s SpUaUg, Oénfl).

Otherwise, we have (u,a;) = —1 (as p € R; \ {—a;}). Note that by
recursion (u + a;,c;41) = —1. Therefore again using recursion, we see that
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H0<Sj+1 e SpUgly, an_l),”aj = 0. Hence C, is an indecomposable B,,,-summand
of Ho(st -+ SpUoly, 0g,—1). Thus, C, is not in the image of the evaluation map

. 170 0
ev: HY(8jSj11 -+ SpUotiy, 0uy—1) —> H (8541 -+ - SpUaty, 0p_1).
In particular, we have
0 _
H (SijJrl s SplUUy, Oénfl)‘u =0.

Hence, the assertion of Step 2 follows by recursion. In particular, for
j = a,—» we have H°(uz, H’(usui,n—1)), # 0 if and only if p € R, and
p = vi(an_1), where s, 18,8,-25,—1 < v; < uguy; and (u,ay) = 0 for all
ar2 <t <n.

Hence we see that H(ug, H%(ugu1, a—1)), # 0 if and only if 4 € R, and
p=v1(n_1), where Sq,_, 1 Sn-15nSap_o-2" " Sn—25n-1 < V1 < Uy .

Step 3: Let J = S\ {ai,...,a4._,}. Let W; be the subgroup of W gen-
erated by {s., : j € J}. Let v" € W;. We prove HO(v'uguguy, 1), # 0 if and
only if u € R; and pu = vi(,—1), where S, _, 1 Sn_150Sa,_o-2""* Sn—2Sn-1 <
U1 S Ug2U7 .

By Step 2, we see that if H®(ugugui,n-1), # 0, then u € R, and
p = vi(ay_1), where s, 15,5,-25,-1 < v; < uguy and (u,;) = 0 for all
a,—5 < j < n. Hence, by Lemma 2.1(1) and Lemma 2.2(1) we conclude the
proof of Step 3.

From Step 3, we see that H%(7,,a,-1), # 0 if and only if u
t1

IA

(H?:t1 sj)(l—[?:—tl2 s;i)(an—1), where to < t1, a, <ty < a,_o —2 and a,_; <
a,_o — 1. This completes the proof of (1).
Proof of (2) follows from (1). ]

Lemma 5.4.  H°(wilag, n — 1], an—1), # 0 if and only if

i) )

for some ar, <ty <ty <ap_1—1. In such a case,

dim(H° (wi[ag,n — 1], 1)) = 1.

Proof. If H(7, ay—1), # 0, then by Lemma 5.3, we have H%(74, 1), = C,,.
Let = — (an + 22"_1 a; + Ea’“’lfl 04]). Note that (p, g, ,—1) = 1. Then

J=ag—1 J=t2
H(S4p_,-1Tky On—1)py # 0, where pg = pp — @,_,—1. By recursion, we see that
HO(8;+++ Sap 11Tk, Qn—1)y; # 0 for some p; = p — Z;l;;jﬂ a; with 1 <4 <
ar—1 — (t2 + 1). Hence, we conclude that H°([ay, ar—1 — 1|7, ap—1), # 0 if and

only if p = (H?:t1 sj)(l_[;:tl2 s;)(ay—1) for some ap <ty <ty < ap_o— 1.

Claim: H°([ag-1, ax—2 — 1][ak, ax—1 — 1|7k, an—1), # 0 if and only if p =

(IT5=, sj)(l_[;:tl2 s;)(an—1) for some a <ty <ty <ap_; —1.

Fix m such that a0 — 1 < m < a;_1. Let pp, = (a, + 22;:; a; +
Z;n:_t; a;). Note that (um,,a,) = —1. Hence the claim follows from SES and
Lemma 2.2.
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Let p= (IT}-, sj)(H;.;lz s;)(an—1) for some ay <ty <t; < aj_1—1. Since

(p, o) = 0 for all ay_o <1 <n, we conclude that H®(wy[ag,n — 1], a,-1), # 0 if

and only if p = (H?:t1 Sj)<H?:_t12 s;j)(an—1) for some ap <ty <t <ap_;—1. =

Let h(a,) € b be the fundamental dominant coweight corresponding to «, .
That is, a,(h(a,)) =1 and a;(h(a,)) = 0 for ¢ # n. These coweights are used in
studing the indecomposable B,-modules in [16, p. 8, Lemma 3.3]).

Let v]. = 54, -+ Sp—1 and v, = $,84, - - Sp—1. Let

V' = H°(v.,Ch(ay,) ®C_,,) and V = H°(v,,Ch(a,) ®C_,,).
Lemma 5.5.

1. Vi, #0 if and only if p is of the form
(i) 11 € {0, —a} or
(ii) p=— (Z?_t aj) for some a, <t <mn or
(iit) uz—(an—i—QZ ta]> for some a, <t<n-—1 or

(v) p=— <an+22j tlaj+2t-l_71aj> for some a, <ty <t;<n-—1.

J=t2
V., # 0 if and only if p is of the form:
(i) uz—(an—i—QZJ ta]> for some a, <t <n-—1 or

(1) p=— (an—l—QZ] iy o + S0t aj> for some a, <ty <t; <n-—1.

J=t2

Proof. Proof of (1): Note that H%(s,, - - 8,1, Ch(a,) ® C_,,) is a cyclic B-
module generated by h(c,,). Therefore the weights are of the form (each with
multiplicity one):

n n—1
{0,—an}U{—Zaj:aT§t<n}U{— (ozn—i—QZaj) :argtgn—l}u
=t =t
t1—1
{— (an+22a]+z%> :aT§t2<t1§n—1}.

Jj=t1 Jj=t2

Proof of (2): By Lemma 2.4, Ch(a,,) ® C_,, = Vi ® C_,, , where Vj is
the 2-dimensional irreducible L,, -module. Since (— > i @y apn) = —1 for all
a, <t <mn-—1, by SES we see that, the weights of H(s,8q4, 5, Ch(a,,)®C_,,)
are of the form (each with multiplicity one):

n—1
{— (an+22aj) :argtgn—l}u
j_

t1—1
{—<0zn+22a3+20@>:a7§t2<t1§n—l}. ]

Jj=t1 Jj=t2
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Lemma 5.6.  H%s,_, - Sa-1,V), #0 if and only if p is of the form:
(i) p=— (an +227~l:1oz~> for some a, <t <a,_;—1 or

(i1) p=— (ozn —i-QZ] b QG +Z§1:_t21 aj) for some a, <ty <t; <a,_;—1.

Proof. We have H%(s,_1,V) = H%(s,_1, H (5,54, - - - Sn— 1,Ch(a,) & C_y,).
Since (—ay, + 20, 1,0, 1) = =2 and (—ay, + 20,1 + Z] Qs 1) = —1 for
a, < toy < n—2, by Lemma 2.3 and Lemma 5.5, we see that the weights of
HO(s,_1,V) are of the form

u:—<an+22aj>, where a, <t <n-—2, or

t1—1
N:_<O‘"+2ZO‘J+ZO‘J>’ where a, <ty <t; <n—2.

Jj=t1 Jj=t2

Now the proof of the lemma follows by similar arguments as above. ]

Proposition 5.7.  Let 2 <r < k. Then, H(w,,a,), # 0 if and only if u is
of the form:

1 =—|a, +2 ' or some a, <t<a,_1—1 or
()u Z =t j I

(i1)) p = — (ozn—l—2zj ey —1—231:;21%) for some a, <ty <t; <a,_,1—1. In

such a case, dim(H(w,, ay,),) = 1.

Proof.  Let u = ([[}_,, s;)(IIj_, s)(Ij=a, 55) -+ (IT}=a,_, si) (I}, _, s5) and
let v = (]]% si)(IT—,. sj). Observe that w, = uv, l(w,) = l(uv) = l(u) +1(v)

j=ar—1°J J=ar
and by SES, we have H(w,,a,) = H°(u, H(v,a,)).
Since {(ay,,a, 1) = —2 and by SES, H%(v,a,) = H%sq,_, *Sn_1,V),

where V = H%(v,, Ch(a,,) ® C_,,). By Lemma 5.6, H%(v,a,), # 0 if and only if
1 is of the form:

(i) p=— (an%—Qerla-), where a, <t <a,_1—1 or

(i) p= (ozn—l—QZ] tlozj—i-Z;l t21 >,Where a, <ty <ty <a_;—1.

Note that for any such p, we have (u, ;) =0 for all a,_y < j <n. Hence
by Lemma 2.1 and by SES, we conclude that H°(w,,a,), # 0 if and only if p is
as in the statement. [ |

6. Cohomology module H! of the relative tangent bundle

In this section we describe the weights of H! of a relative tangent bundle.
Let g_, be the B-submodule of g generated by h(a,). Note that

0_,, = Ch(a,) ® @ 95

B<—an
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Lemma 6.1. Let w € W. Let V be a B-submodule of g_, such that either
(Ch(an) ® g-a,) NV =0 or V = g_, . Then, H'(w,V), = 0 unless pu €
R\ (=5).

Proof.  The proof is by induction on I(w). Assume that [(w) = 1. Then w = s;
for some 1 <i<mn.If H'(s;,V), # 0, then there exists an indecomposable B,,-
direct summand Vi of V such that H!(s;,;V}) # 0. By Lemma 2.4, we have
Vi = V' ® C,,, for some irreducible Eai -module V' and an integer a. Since
H'(s;,V1) # 0 and G is of type C,, by Lemma 2.3, we have dim(V;) = 1 and
a = —2. Further, we have

H'(s;, V1) = V'@ H'(s;, —2w;) = V' @ H(s;, —2w; + o).

Therefore, H'(s;, V1) = C, 4a,, where p is the lowest weight of V5. By the
hypothesis on V', we have py = —f for some 8 € Rt \ S with (8,«;) = 2.
Therefore [ is a long root and —f5 + «; € R, \ (—5).

Assume that [(w) > 1. Choose 1 <1 < n such that l(ws;) = l(w) — 1. By
[16, Lemma 6.1], we have the following exact sequence of B-modules:

H'(ws;, H(s;, V) — HY(w, V) — H°(ws;, H'(s;,V)) (6.1.1)

Claim: H%(s;, V)N (Ch(a,) ® §-a,) = 0.
Assume that ¢ = n. By Lemma 2.4, we have

Ch(@n) DYg-_a, = Vo ® (wana
V, is the 2-dimensional irreducible L,, -module. Hence we have
H0<Sn7 Ch(&n) D g*an) = ‘/2 ® HO(STU C*"-’n) = 0.

Assume that ¢ #n. If V =g, , then H%(s;,V) = V. Otherwise, since
H%(s;, V) C V, we have

H(5;, V)N (Ch(o,) ® g_a,) = 0.

By induction on l(w), if H'(ws;, H*(s;,V)), # 0, then p € R, \ (—59).
By above (as in the case of I(w) = 1), there is a descending sequence of
B-modules:
H'(s;, V)2 VIDVZD ... DV =0

such that V'/V** ~ Cg for some 3; € R; \ (=S). By Lemma 5.1, if
H%ws;, H (s, V), # 0, then u € R; \ (—S). Hence by the above exact se-
quence (6.1.1), we conclude that if H'(w,V), # 0 then p € R; \ (—S). This
completes the proof. [ |

Proposition 6.2. Let uw € W and an integer 1 < a < n — 2 be such that
l(useSar1 -+ Sn) =l(u)+ (n+1—a). Let w=uSySq41+-Sp. Then we have:

1. If u=1id, then H'(w,a,) = 0.
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2. H'(wsp,a,) =0 forall j > 0.
8. HY(w,a,) = H'(ws,, Ch(a,) ®C_,,).
4. HY(w, o), =0 unless p € Ry \ (—5).

Proof.  Proof of (2): Since l(ws,s,—1) = l(ws,) — 1, by Lemma 2.2, we have
Ho(wsn,an) =0 and
H(wsy, an) = H  (wspsn_1, H(5p_1, 8n_1 - o)) forall j > 1.
Since $,_1 - p = @1+, and H(s, 1, ap 1+ an) = Cq,_1a, , We have
Hi(ws,, an) = H  (wsp8p_1, an_1 + ay,) forall j > 1.

Since (a1 + ap, a2y = —1 and (WS, Sy—154—2) = (wsS,S,—1) — 1, by Lemma
2.2, we see that H' ™Y (ws,sp_1,0n_1 + ) =0 for all j > 1.
Therefore, H’(ws,,a,) = 0 for every j > 0. This completes the proof
of (2).
Proof of (3): Consider the following short exact sequences of B-modules:
0 — Ky — H(s,,a,) — Cq,, — 0 (6.2.1)
where K is the kernel of the evaluation map ev : H(s,, a,,) — C,, . Note that
Ky =Ch(ay,)®C_,,, .

By applying H°(ws,, —) to (6.2.1), we have the following long exact se-
quence of B-modules:

s HYwsy, o) — HY(ws,, K1) — H (w8, H(sn, ) —
— HY(wsy, ap) — - -
By (2), we conclude that
HY(ws,, K1) = H (ws,, H'(5,, ) = H' (w, o).

Proof of (4): Let Ky =) Clearly, K, is a B-submodule of g,

n<—aon g# .
and

9.,
= ~ K.
K, !

Then we have a following short exact sequence of B-modules:
0 — Ky, —g., — K —0 (6.2.2)

By applying H°(ws,,—) to (6.2.2), we have the following long exact sequence of
B-modules:

oo — HY(wsy, Ko) — H'(wsn, g0 ) — H' (wsp, K1) — H*(wsp, K3) — -+
By [16, Lemma 6.2], we have H?(ws,,, K3) = 0. Hence by Lemma 6.1 we see that
if H'(wsn, 9., )y #0, then p€ R\ (=S). Therefore, H'(ws,, K1), = 0 unless
pe RN\ (=5).

By (3), we have H'(w,a,) = H'(ws,, K;). Hence we conclude that
HY(w, ), =0 unless p € R\ (=9).

Proof of (1) is similar to the proof of (2). ]
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Lemma 6.3.  Let V = H(s,8,4, * Sn_1, Ch(a,) ® C_,,).
Then H'(sq, 4+ Sn—1,V ) # 0 if and only if p is of the form:
(i) p=—327_,a; for some a,_y <t<n—1or

(it) p=— (ozn—i-Qz] b j+2§1:_t2106j) for some a,_; <ty <t; <n-—1.

Proof. Case 1: a,_1 =n—1. By Lemma 5.5, it follows that V|, # 0 if and only
if p is of the form:

(i) p= <04n+22] ta]) where a, <t <n-—1 or
(il) p= (an—l—ZZJ tla]+zt11 ),Wherear§t2<t1§n—1.

J=t2
Ift<n—1 (ort; <n—1), then we have (u,a,_1) = 0. Hence by Lemma
2.2, we see that H'(s,_1,pu) =0.
If t =n—1in type (i), then p = — (v, +20a,-1) and (p, a,—1) = —2. Then
by Lemma 2.2,

H' (sn-1, — (o + 200,-1)) = HO(Sp—1, Sp—1 + (— (0 + 200-1))).
Since s,_1 -+ (—(an + 2a4,-1)) = —(ay, + @,—1), We see that

Hl (Snfla —(Oé + 2an*1)) = C—(an‘*‘anfl)'

If ¢, = n—1 in type (ii), then pu = (an+2an 1+Z] t j> and
{(t, tp—1) = —1. Then by Lemma 2.2, we conclude that H'(s,_1, 1) = 0.

Case 2: a,_1 #n —1. Fix a,_1 <i <n — 2. By recursion we assume that
H'(siy1-8n-1,V), # 0 if and only if = —37"  a; for some i +1 <t <n—1
or j = <an+2zj —t, j"’Z;l:;Qlaj) forsome i +1 <ty <ty <n-—1.

By SES, we have the following short exact sequence of B-modules:

0— H1(5i7HO(SZ‘+1 cc e Sp—1, V)) — H1<Si8i+1 C Sn_l,V) —
— HO(Si, H1(8i+1 cee Sn_l,V)) — 0.

By the above discussion, we see that H°(s;, H'(si41+-8p-1,V)), #0

if and only if u = —Z?taj, where ¢ < ¢t < n —1 or p =
(ozn—i-ZZJ tlozj—i-zzl t21 ),Wherei§t2 <t; <n-—1andt; >i+2.

Further, by Lemma 5 6, we see that H'(s;, H(si41 - Sn—1,V)), # 0 if and

only if u = (Ozn +2 Ej i1 Oyt al> By the recursion, we conclude the proof

of the lemma. ]

Let v, = $pSa, = Sn—1, Ur—1 = Sq,_; " Sn—1 and V.9 = Sq_, " Sp—_15n-
Then we have

Lemma 6.4. 1. HY(v,—10,8p, o), # 0 if and only if p is of the form:
(i) u= —27; o for some a,_y <t <n-—1 or

(11) p=— (an—l—sz i 0@4—2’51:1%) for some a,_1 <ty <t; <n-—1.

J=t2
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2. Let w = v,_90,_10,.8,. Then, H'(w,a,), # 0 if and only of u =

1 t—1
— (&n + 22:;}:)&1 a; + Zjlth aj> for some a,_1 <ty <t; <a,_o—1.

Proof. Step 1: We prove
H' (UerUrfla V) = HO(Urf% H ('Urfla V))>

where V' is as in Lemma 6.3.
By SES we have the following short exact sequence of B-modules:

0 — H'(s,, H'(v,_1,V)) — H*(s,v,_1,V) — H°(s,, H (v,_1,V)) — 0.

By Lemma 5.6, if H°(v,_1,V), # 0, then we see that (u,q;) = 0 for all
a,_o <1 <n. By Lemma 2.2, we have

H'(sp, H(v,_1,V)) =0 and

H(s,, H(v,_1,V)) = H(v,_1, V).

Hence by the above short exact sequence, we see that
H'(s,v,_1,V) = H(s,,, H (v,_1,V)).
By recursion, we have
H' (8341 800r-1,V) = H (8501 80, H* (v,_1, V).
By SES, we have the following short exact sequence of B-modules:

0 — H' (s, H'(5i41 -+ 8q0r—1, V) — H(8; -+ 8,0,_1, V) —
— HO<SZ', Hl(SH_l cr e 8pUp_q, V)) — 0.
Since

H(sip1 - 8001, V) = H(v,1, V) and  H'(s;, H(si41 -~ 8001, V) = 0,

we have
H' (8841 8nUr_1, V) = H%(8:8i41++ S, H' (0,21, V).

Therefore, we conclude that
H' (v,_ov,1, V) = H(0p_g, H' (v,_1, V).

This completes the proof of Step 1.
Step 2: We prove

H'(v,_1v,, Ch(ay,) ® C_y,) = H (v,_1,V)

and
Hl (UT—QUT—IUTJ Ch(an) D C—an) = Hl (UT—QUT—17 V)
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First note that H'(s; - su—1,Ch(a,) & C_,,) = 0 for each a, < j < n—1 for
all 7 > 1 and H* (8,54, "+ Sp_1, Ch(a,) @ C_,,) = 0 for all i > 1. By using SES
repeatedly, we see that

H'(v,_1v,,Ch(ay,) @ C_,,) = H (v,_1, H(v,, Ch(a,) ® C_,,))
and
H" (v, 20,10, Ch(a,) ® C_y,) = H (v,_ov,_1, H (v, Ch(a,) ® C_y,)).

Hence we have
H(v,_1v,, Ch(ay,) @ C_y,) = H (v,_1,V)

and
Hl (Uer’UTfl/Ura Ch(an) S (Cfan) = Hl (Uer’UTfla V)
From Step 1, Step 2 and Proposition 6.2(3), we see that
H (010,89, ) = H (0,1, V) (6.4.1)

and

HY(w, a,) = H(v,_a, H (v,_1,V)) (6.4.2)
By Lemma 6.3, H'(v,_1,V), # 0 if and only if 4 is of the form:
(i) p=—>77_, aj, where a,_; <t <n—1or
(i) p=— (ozn—l—QZ] iy ]—i-Z;l t21 >, where a,_; <ty <t; <n-—1.

Proof of (1) is immediate from (6.4.1).

Proof of (2): If p is of type (i), then (i, a,) = —1. By Lemma 2.2, (6.4.2)
and SES, we see that H*(w, a,), = 0.

Fix a,_o <1 <n —1. By recursion, we assume that
HO(sp41 - 8py H (0,21, V), # 0

if and only if = — (Ozn —1—22] Ot ztl tlaj) for some a,_1 <ty <t; <.
On the other hand, we have (—(a, +2>."_ —t1 a; + Zzl t21 i), 0q) = —1.
Therefore, Ho(sl, HO(sp41+ Sp, HY (0,21, V), # 0 if and only if pu =
(ozn + ZZJ iy, Z?:_t; ozj> for some a,_; <ty <t; <l—1. Now the proof
of (2) follows by recursion. ]

Proposition 6.5. Let 3 < r < k. Then, H'(w,,ay), # 0 if and only if

= (H?:tl sj> (H;L;é sj> (an_1) for some a1 <ty <ty < a,o—1. In such a
case, dim(H*(w,, a,),) = 1.

Proof. Letu= (H?:al sj> (H;‘:@ sj> (H?:% sj> - (H?:ar,g sj> and let v =

(H?:ari2 sj) (H?:ar,l sj) (H?:ar sj>. Observe that w, = wv, (w,) = l(uw) =

L(u) +U(v).
Claim: H'(w,,a,) = H(u, H' (v, a,)).
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By SES we have the following short exact sequence of B-modules:
0 — H'(s,, H'(v, ) — H' (5,0, ) — H (5, H' (v, 0,)) — 0.

By Lemma 5.7, if H%(v,a,), # 0, then we see that (u,a;) = 0 for all
a,—3 < j < n—1. Therefore, the vector bundle L(H°(v,,)) on X (u') is trivial
for each u' < u. Thus, H'(v/, H*(v,a,)) = 0 for each v’ < u and for all 7 > 1.

Hence by using SES recursively, we see that
H(uwv, o) = H(u, H (v, a,)).
Therefore, we have H'(w,, a,) = H®(u, H' (v, a,)).
By Lemma 6.4, H(v, o), # 0 if and only if u is of the form:

t1—1

n—1
= — (an—l—ZZozj—l—Zaj), where a,_1 <t9 < t; < a,_o— 1.

Jj=t1 Jj=t2

Note that {(u, ;) =0 for all a,_» < j <n. Therefore, L(H"'(v,a,)) is the
trivial vector bundle on X (u). Hence H°(u, H'(v,a,)) = H'(v,a,). Thus, we
conclude that H'(w,, o), # 0 if and only if p is of the form:

n—1 t1—1
w=— (an+22aj+lz:aj>,

Jj=t1 Jj=t2

where a,_; <ty <t; <a,_o — 1. Note that

o oS ) (1) (i) o

j=t1 j=t2 Jj=t1 Jj=t2

This completes the proof of the proposition. [ |
Corollary 6.6.  Let 2 <r <k. If H(w,,ay), #0, then H*(7,, ctp_1), # 0.

Proof. Casel: 3 < r < k. If H'(w,,a,), # 0 then by Proposition 6.5,
we have p = (H?:tl sj> <H;;12 sj> (a,—1) for some integers to < t; such that
ar—1 <ty <ty <a,_5— 1. Then by Lemma 5.3, we have H%(7,,a,_1), # 0.

Case 2: 7 = 2. The proof follows from Lemma 5.2(3) and Lemma 6.4(1). =

Corollary 6.7.  Let 2<r <k. If H'(w,,ay), # 0, then H(w,_1, ), # 0.

Proof. Casel: 3 < r < k. If HY(w,a,), # 0, by Proposition 6.5,
w=— <an + 2 Z?:tl a; + 2;1::21 Oéj> for some integers ty < t; such that a,_; <
ty < t; < a,—2 — 1. For each such p, by Proposition 5.7(ii), we see that
HO(wah an)ﬂ # O
Case 2: r = 2. First note that
H(wy, a,) = H(84, *++ $p_1, Ch(a,) @ C_,,) and
H(w, a,) = H (84, Sp—1, H* (80845 - -  $n—1, Ch(a,) ® C_,,.).

Now the proof follows from Lemma 5.5(1) and Lemma 6.3. ]
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Recall [ax,n| =S4, -+ Sn and [ag,n — 1] = 54, - - Sp—1. Then, we have
Lemma 6.8.  H'(w[ay,n], a,) = H(wilag,n — 1], 1)

Proof. Note that [(wglak,n|sn—1) = l(wg[ag,n]) — 1. Since {(ay,, 1) = —2,
by Lemma 2.2, we have

H'(wi[ag, n], a) = H(wi]ag, n], Sa,_, - ) (6.8.1)
By SES and s,,,_, - a, = o, + ay—1, we have
H(wi[ag, n], Sa,_, - o) = H(wi]ag,n — 1], H*(5n, 1 + ) (6.8.2)
By applying H°(wg[ag,n — 1], —) to the following short exact sequence,
0 — Ca,_, — H(sp,an + 1) — Cq,_ 40, — 0.

We obtain the following long exact sequence:

0 — H(wilag,n — 1], 1) — H(wilar,n — 1], H (s, a + 1)) —
— H(wifag,n — 1], apn_1 + ay) — H (wilag,n — 1], cp_y) — - --

Note that (c, + a1, ,-1) = 0 and (o, + a1, ,_9) = —1. Hence by Lemma
2.2 and SES, we see that

H(wilag,n — 1], ap_q + ) = 0.
Therefore, we have
H(wilag,n — 1], ) = H(wi[ar, n — 1], H(sp, an + 1)) (6.8.3)
Hence by using (6.8.1), (6.8.2) and (6.8.3), we conclude that
H (w[ag,n], an) = H(wi[ag,n — 1], an_1). n

Let 1 < r < k. Let M, := {p € X(T) : H (w,,a), # 0} and
My :={u € X(T) : H (wi[ax,n], ), # 0}. Then, we have

Corollary 6.9.
1. M,.N M, =0 whenever r #r'.
2. MoNM, =0 for every 1 <r <k.

Proof. Note that by Proposition 6.2(1), H'(w;,a,) = 0. By Lemma 6.8, we
have
H* (wag,n], an) = H(wi[ar, n — 1], an_1).

Now the proof follows from Lemma 5.3, Lemma 5.4 and Corollary 6.6. |
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!
Lemma 6.10. Let u,w € W, let v := (H?Zl sj) for some positive integer

[ <n such that w = uwv and l(w) = l(u) +1(v). If | > 3, then H(w,a,) =0 for
all i > 0.

Proof. First note that by SES,
H(w, o) = H(u, H (v, o).

By similar arguments as in the proof of Lemma 6.4, we see that
HY(w, o) = H(u, H' (v, a)).

We now prove that H%(v,a,) = 0 and H'(v,a,,) = 0. Let ¢ = [[}_, s;. Note

that for each 1 <7 <n, ¢"(a;) <0 for n+1—1r < j <n. In particular, we have
l(vsp—1) =1(v) — 1 and [(vs,_18m_2) = l(v) — 2.
Therefore, by Lemma 2.2 and using SES, we have

H(v,a,) = H(vsp_1, H (5,1, ) = 0.
Further, by Lemma 2.2, we have
Hl (Ua an) = HO(USn—b Hl (Sn—b an)) = HO</U8n—l> Can_1+an)-

Since (a1 + @, ap_9) = —1 and I(vs,_15,_2) = [(vS,_1) — 1; by Lemma 2.2, we
have H(vs,_1, 0,1 + a,) = 0. Hence H'(v, a,) = 0.

Therefore, by [16, Corollary 6.4], we see that H(v,c,) = 0 for all i > 0.
Hence, we conclude that H*(w, a,) = 0 for all i > 0. n

7. Cohomology modules of the tangent bundle of Z(w, 1)

Let w € W and let w = s;,8;,--s;, be a reduced expression for w and let
i = (i1,02,...,0,). Let 7=s8;,8;,-+-8;,_, and &' = (i1,02,...,0,_1).

Recall the following long exact sequence of B-modules from [5] (see [5,
Proposition 3.1]):

0 — H(w, ) — HY(Z(w,i), Tiwy) — H(Z(1,7), Tiri) —
— H'(w, ;) — H(Z(w,3), Towyy) — H' (Z(1,4), Tirin) —
— H*(w, ) — H*(Z(w, 1), Twz) — HX(Z(1,7), Tiri)) —
— H*(w,a5,) — -+~

By [16, Corollary 6.4], we have H’(w, ;. ) = 0 for every j > 2. Thus we
have the following exact sequence of B-modules:

0 — H(w, ) — HY(Z(w, i), Tiws) — H(Z(1,7), T(ri) —
— HY(w, ;) — H(Z(w,4), Tows)) — H' (Z(7,1), T(ri1)) — 0.
Now onwards we call this exact sequence by LES.

Let wo = s, 55, - - - 55, be areduced expression of wy and j = (j1, j2, - - -, jn)
such that (ji,72,...,7,) = 1.
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Lemma 7.1.  The natural homomorphism
[ HY Z(wo,§), Taweg)) — H' (Z(w, i), Twy)
of B-modules is surjecive.

Proof. If w = wy, we are done. Otherwise, let i, = (j1,...,Jr, jr+1). Note that
by [16, Corollary 6.4], we have H?*(ws;,,,,&y+1) = 0. Then by LES, the natural
homomorphism

Hl(Z(wSir+1 ) Zl)? T(wSiTH,il)) — HI(Z(U), Dv T(U),i))

is surjective. By descending induction on [(w), the natural homomorphism
HY(Z(wo, §); Ttw ) — H'(Z(wsi,.y11), Tiws, ., 4y)) of B-modules is surjecive.
Hence the natural homomorphism

[ HYZ(wo,§), Taweg)) — H' (Z(w, i), Twy)
of B-modules is surjective. [ |

Lemma 7.2. Let J = S\ {a,}. Let v € Wy and uw € W be such that
luv) = l(u) +1(v). Let w=5s;---5; and v =s;, --5; be reduced expressions
of u and v respectively. Let i = (i1,49,...,%,) and j = (i1,92, ... GpyGpy1y .-, 01)-
Then, we have -

1. The natural homomorphism
H(Z(uwv, 3), T j)) = H*(Z(u,1), Tus)
of B-modules is surjecive.
2. The natural homomorphism

Hl(Z(U,U, j)a T(uv,j)) — Hl(Z(U, 1)7 T(u,g))

of B-modules is an isomorphism.

Proof. Let r+1<1<t. Let vy =us; ., ---s; and §; = (4, p41,...,%).
Proof of (1): By Corollary 2.5, we have H'(v;,a;,) = 0. Therefore, using
LES, we see that the natural homomorphism

HO(Z(UD Zt)7 T(vt,it)) — H0<Z(vt—1’ Zz%l)? T(vt—1,it_1))
is surjective. By the recursion, the natural homomorphism
HO(Z(Ut—b Zt—l)? T(vt—hit_l)) — HO(Z(U, 1)7 T(U,i))
is surjective. Hence we conclude that the natural homomorphism

H(Z (uv, ) Tow.j)) = H(Z(u,1), Tt )
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is surjective.
Proof of (2): Proof is by induction on [(v). By LES, we have the following
exact sequence of B-modules:

0 — H(w,a;,) — H*(Z(uv,j), Tiwg)) — H(Z(vi-1,iy 1) T 1, ) —
— H'(uv, ay,) — Hl(Z(uv,Z),T(w@) — HY(Z(vi_1,4;_4), Tiw_ri, ;) — 0.

By induction on l(v), the natural homomorphism
HYZ(v—1,34 1), Twe_rsi,_,)) — H'(Z(u,1), T(uz) is an isomorphism.

By Corollary 2.5, H'(uv, a;,) = 0. Therefore, by the above exact sequence,
we see that H'(Z(uwv,j), Tuwy) — H' (Z(ve-1,% 1) Tiw,_14, ,)) is an isomor-
phism. Hence, we conclude that the homomorphism

HY(Z(uv, ), Tawg) — H' (Z(u, 1), Tws)
of B-modules is an isomorphism. [ |
Recall that by Lemma 4.2 and Lemma 4.4 we have
k—1 k—1
wo = (H[all,n]> (Jag, n]"t17") (H[ak,alz — 1])
=1 lo=1

is a reduced expression for wy. Let i be the tuple corresponding to this reduced
expression of wy. Let u; = wylag,n] and i; be the tuple corresponding to the
reduced expression (Hizl[all, n])([ax,n]). Note that ar = 1. With this notation,
we have

Lemma 7.3.

1. The natural homomorphism
H°(Z(wo,0), Two,i)) — H*(Z(ur, 1), Thun )
of B-modules is an isomorphism.
2. The natural homomorphism
H'(Z(wo,0), Two,i)) — H'(Z(ur, 1), Thun )

of B-modules is an isomorphism.

Proof. Let u; = wy|ay, n}? and i be the tuple corresponding to the reduced

expression (Hizl[all,n])([ak,n]j) (see Lemma 4.4). By Lemma 7.2, the natural
homomorphism

HO(Z(w()’ 1)7 T(UJO,@)) — HO(Z(un*kﬂ Zn—kz)a T(un_k,in,k»
is surjective and the natural homomorphism

HI(Z(w()? 1)7 T(wo,i)) — HI(Z(Un_k, ank)v T(un_k@n,k))
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is an isomorphism.
If j > 2, then by Lemma 6.10, we have H'(uj, «,) = 0. Hence by LES and
Lemma 7.2, for each 2 < j <n — k we observe that the natural homomorphism

HO(Z(UJJ‘),T(uj,zj)) — HO(Z(uj—lvZj71)7T(UJ71»1j—1))
is surjective and
HY(Z(uj,15), Ty i) — H(Z(wj-1,85-1), Ty, )
is an isomorphism. Therefore, the homomorphism
H°(Z(wo,8), Two,i)) — H*(Z(ur, 1), Thun )
of B-modules is surjecive and the homomorphism
HY(Z(wo,2), Tiwo.p) — H'(Z(u,i1); Tur )

of B-modules is an isomorphism.
Further since u; ' (ag) < 0, by [5, Lemma 6.2], we have

HO(Z(U1711)7 T(uml))—oéo 7é 0.

By [5, Theorem 7.1], H°(Z(wo,1), T(w,s)) is a parabolic Lie subalgebra of g and
hence there is a unique B-stable line in H°(Z(wq, 1), T(w,)), namely g_o,. There-
fore we conclude that the natural homomorphism

HO(Z(w07 Dv T(wo,i)) — HO(Z<u17 Zl)? T(m,il))
of B-modules is an isomorphism. [ |

The following is a useful corollary.

Corollary 7.4.  If p€ X(T)\ {0}, then dim(H(Z(u1,1y), Turi)))n) < 1.

Proof. By [5, Theorem 7.1], H(Z(wo,%), T(w,)) is a parabolic Lie subalgebra
of g. By Lemma 7.3(1), we have

H°(Z(wo, 1), Tiwo)) = H(Z(u1,1,), T, 4,)) (as B-modules).
Hence for any p € X(7T) \ {0}, we have
dim<HO(Z(ulaz1)7 T(“hh))#) <L u

Let u} = wg[ax,n—1] and let i’; be the tuple corresponding to the reduced
expression (Hizl[all, n])[ak,n — 1]. Then, we have

Lemma 7.5. Let pe X(7T)\ {0}.

1. If H (uy, o), =0, then dim(HO(Z(u’l,L’l),T(u/Pﬁl))#) <1.
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2. If Hl(ul,an)u # 0, then dim(HO(Z(u’l,L’l),T(ufvﬁl))M) =2.
Proof. By LES, we have the following long exact sequence of B-modules:
0— H0<u17 an) — H0<Z(u1721)7 T(Ul,él)) — HO(Z(ullvlll)aT(u'pﬂl)) —
— H'(uy, 0) — -+ (7.5.1)

Proof of (1): If H (w1, ), = 0 and p € X(T) \ {0}, then by the above
exact sequence the natural homomorphism (of T-modules)

HO(Z(ULQ)’ T(Uhh))# — HO(Z<U'/17£/1)a T(u’l,ﬂl))ﬂ

is surjective. By Corollary 7.4, we have dim(H®(Z(u1,4;), T{u,4,))p) < 1. Hence
we conclude that dim(H°(Z(u},7',), Tt v,))u) < 1.

Proof of (2): If H'(uy, o), # 0, then by Proposition 6.2, we have p €
R;\ (—S). Also note that dim(H*(uy, ay),) = 1. Hence by the above arguments,
we see that if H'(u1, ), # 0, then

dim(H(Z(ul, 7'1), Tous ) )) < 2 (7.5.2)
Therefore, we have the following observations;

e Note that H°(uj,a,) = 0. Hence by (7.5.1), we see that
H(Z(u1,%,), Tty 4,)) 18 a B-submodule of H(Z(u},7,), Tt i,))-

o H(uj,an-1) is a B-submodule of H°(Z(u},7,), Tt ,))-
e Since —aqy is a long root, we note that H°(u}, ap_1)_a, = 0.

By Lemma 7.3, we have H(Z(wo, 1), T(wys)) = H*(Z(u1,4,), T, 4,)) - By [5,
Theorem 7.1, H(Z(wo, 1), Tiw.i)) 18 a parabolic Lie subalgebra of g and hence it
has a unique B-stable one-dimensional subspace, namely g_,,. By above discus-
sion, the B-submodule H°(u}, ay—1)NVH(Z(u1, 1), T(u, 4,)) of HY(Z(wo,1), Tiwo,s))
does not contain g_,, and so it is zero.

By Lemma 6.8, we have H'(uj,c,) = H%u},a,1). Therefore, if
H'(uy, ), # 0, then we have

Hence from (7.5.2) and (7.5.3), we conclude that
dim(H(Z (uy, 741), Tougir,) ) = 2-
This completes the proof of (2). ]

Corollary 7.6. The natural homomorphism
HO(Z(UIDL/l)? T(u’hil)) — H' (Ul, an)

18 surjective.
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Proof.  Note that by Proposition 6.2, if H*(uy, ), # 0 then u € R, \ (—=5).
By Corollary 7.4, we have dim(H°(Z(u1,%,), T(u,i,))p) < 1. By Lemma 7.5, if
H'(u, o), # 0, then

dim(H(Z (u}, ), Tyary) ) = 2.
Hence by the exact sequence (7.5.1) we conclude that the natural homomorphism
HO(Z(u/hil)v T(u’l,ﬂl))u — Hl(ulv an)u
is surjective. [ |

. . . . )
Let 1 <r < k. Let j = (Gagy 3Py Bagy ey My eveyiq,, ..., n) and i =
(Tagy oo s My Bagy ooy Moy e ey By gy e ey My lg, s, u— 1),
We now prove

Lemma 7.7.

1 If HY(wm, o), = 0 for all v < m < k and H'(ui, o), = 0, then
dim(HO(Z(Trai;)’T(ng"))u) <1

2. If HY (w, ), # 0, then dim(HO(Z(TT,Z;),T(w/))u) = 2 and hence the
natural homomorphism B

HO(Z(TT,Z;), T(TT71;)>H — H1<wr, Oén)#
18 surjective.

Proof. Proof of (1): If H'(uj, ), = 0. Then by Lemma 7.5, we have
dim(H(Z(uy,7), T, ,))u) < 1. By Lemma 7.2, the natural homomorphism

HO(Z<U,1,L/1),T(U/1’£1))“ — HO(Z(wkuik>’T(kak))M

is surjective. If H'(wy,, ), = 0 for all » < m < k, by using LES, we see that
the natural homomorphism

HO(Z(wMZk)? T(wk,lk))ﬂ — HO(Z(TT7 l;)v T(Tryl':.))/i

is surjective. Therefore, we have dim(H%(Z(, ), Tir, ))u) < 1.

Proof of (2): If H'(w,,a,), # 0, then by Corollary 6.9, we have
HYwp, ), = 0 for all »+1 < m < k and H'(uy,a), = 0. Then by (1)
we have

dim(H(Z (741, 7

:“-i-l)’ T(TT‘+111:,‘+1))M) <1

By Lemma 7.2, the natural homomorphism

HZ (71,5, ) T g ) o — HO(Z (00, 5), T )i

is surjecive. Hence dim(H®(Z(wy,j ), Tiuw, j ))u) < 1.
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By LES we have the following long exact sequence of B-modules:

0 — H°(wy, an) — H*(Z(wy,j ), Tiw,j y) — H(Z(7:,7'), Tir, 1)) —
— HY(wy, ) — - -
Since dim(H"(Z(wy,j ), Tiw,j))u) < 1 and dim(H' (wy, ay),) = 1, we see

that
dim(H*(Z (77, 5.)s Tiry 7)) < 2 (7.7.1)

Let j” be the tuple corresponding to the reduced expression (Hl " [, n))[ar, n—2]
of TTSn 1. By LES we have the following exact sequence of B- modules

0 — HO(7, 1) — HY(Z(7, 5): Tirv 7)) —
s HO(Z(TrSnfl,z;/),T(TTsn_l’l-/T/)) —0 (7.7.2)

By Lemma 7.2, the natural homomorphism
H(Z (77801, l:% T(Trsn—lgl‘;/)) — H°(Z(w, ., lr—l)’ T(wr—lylril))

is surjective.
Observe that, by LES we have H®(w,_1,a,) is a B-submodule of
H(Z(wr-1,§, ) Ttw, g ) I H'(wy, @), # 0 then by Corollary 6.6, we have

H%(7,, ap-1), # 0 and by Corollary 6.7, we have H®(w,_1, ), # 0. Therefore,
we have

dim(H(Z(750-1,57) Tresn1)u) 2 dm(H(Z (w1, ), Tiw, g, ))u) 2 1

Hence by above exact sequence (7.7.1), we observe that

dim(HO(Z(TT,l';), Trg'))u) = 2 (7.7.3)
Therefore, from (7.7.1) and (7.7.3) we conclude  that
dim(H"(Z(7y,7"), T(r, j#))u) = 2. This completes the proof of (2). n

8. Main Theorem

In this section we prove the main theorem.
Recall that G = PSp(2n,C) (n > 3), and let ¢ be a Coxeter element in .

Also, recall that ¢ has a reduced expression ¢ = [ay, n|[ag,a; — 1] - - [ag, ax_1 — 1],
where [i, j] for i < j denotes s;5;41---s; and n > a3 >ay > ... >a; = 1.
Let i = (i*,i%, ...,i") be a sequence corresponding to a reduced expression

of wp, where i" (1 < r < n) is a sequence of reduced expressions of ¢ (see
Lemma 4.4). Then, we have

Theorem 8.1.  H’(Z(wo,1), Tiwes) =0 for all j > 1 if and only if a1 #n—1
and as <n—2.
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Proof. By [5, Proposition 3.1}, we have H?(Z(wy, 1), T(w,,) = 0 for all j > 2.
So, by Corollary 3.2(2), it is enough to prove the following:

HY(Z(wo, 1), Tiwy,iy) = 0 for all j > 1 if and only if ¢ is of the form
[a1,n]lag,a; — 1] -+ - [ag, ag_1 — 1] with a3 #n —1 and as < n — 2.

Proof of (=>): If a; = n — 1, then ¢ = s,,_15,v for some v € W, where
J =S5\ {an, an,_1}. Take w = s, 15, and i’ = (n — 1,n) in LES, then we have

0— H0<w7an) — HO(Z(wuil%T(w,j’)) — HO(Sn—laan—1> —

— H'(w, ) 25 HY (Z(w, 1), Tiws)) —> 0.

By a simple calculation, we see that H'(s,_1sn,a,) = Ca,ta, , and
H($p_1,00 1)antan, = 0. Hence f is a non zero homomorphism. Hence
HY(Z(w,), Twn) # 0. By Lemma 7.1, the natural homomorphism

HI(Z(U}Ov i), T(wo@)) — Hl(Z(w7 il)? T(w,z"))
is surjective. Hence we have
Hl(Z(wOa 1)7 T(wo,i)) # 0.

If ag =n—1, then ¢ = s,s,_1v for some v € W, where J = S\ {ay,a, 1}. Let

7" be a reduced expression of ¢ = s,5,_1v and 7" be a be the reduced expression

of es,, such that ¢ = (¢},...,4,,n) with (¢},...,4,) =4". Since (o, a;) =0 for

’Yn r'n

j€{1,2,...,n—2}, we have
H(csp, 0tn) = H (5,5n_15n, ) for > 0.
By SES, we see that H'(s,8,_15,,a,) = C,,,_,. By [5, Proposition 6.3], we have

HO(Z(C, @'N), T(c,;'”)) = 0.

Qn—1

Hence, by LES, we conclude that H'(Z(csy,7"), Ticsp.i"))an 7# 0. By Lemma

7.1, the natural homomorphism H'(Z(wo, 1), Tiwes) — H' (Z(csn,1"), Tics, i)
is surjective. Hence, we have

Hl(Z(U)Ov 1)7 T(wo,i)) 7é 0.

Proof of (<=): Assume that a; # n—1 and a; < n—2. By Lemma 7.3(2),
the natural homomorphism

HY(Z(wo,1), Tiwo,)) — H'(Z(u1,4y), Tiuyi,))

of B-modules is an isomorphism. By LES, we have the following exact sequence
of B-modules:

o — HY(Z(ur,4y), T i) — HY(Z(uy, 7)), Ty ar,)) —
— Hl(ulvan) — HI(Z(ulail)vT(U1,11)> — Hl(Z(u/hL/l)vT(U'l,ﬁl)) — 0.
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By Corollary 7.6, we see that the natural homomorphism
hy : HO(Z(ull,Lll),T(u/l,ﬁl)) — H'(u1, a,)
is surjecive. Therefore, the natural homomorphism
Hl(Z(Ul’ Z-1)’ T(Ulyh)) — Hl(Z(ullvﬂl)a T(U’l,ﬂl))
is an isomorphism. Hence the natural homomorphism
H'(Z(wo, 1), Ttwen) — H'(Z(uy, 14), Tiug )
is an isomorphism. By Lemma 7.2(2), the natural homomorphism
HI(Z(U/DL/l)ﬂ T(u’l,ﬂl)) — HI(Z(wkv lk>7 T(wk»lk))
is an isomorphism. Therefore, the natural homomorphism
HY(Z(w0,2), Towe.i)) — H'(Z(wi, 7)), Tt g,))
is an isomorphism. By LES, we have the following exact sequence of B-modules:

. . h
o — HY(Z(wy, 7,), Twnd,)) — HO(Z(Tk,Z;),T(Tw;C)) =2

. h .
— H'(wy, o) —> H (Z(wyy §,), Tt ) = H(Z(1, 5 Tiryjr)) — 0.

By Lemma 7.7(2), we see that the map

ha : HO(Z(T]C).l;C))T(Tk,l;C)) — Hl(wkvan)

is surjecive. Therefore, the map
hs : HI(Z(wa ‘lk)’ T(wk@k)) — Hl(Z(Tka l;g)a T(Tk,l;))

is an isomorphism.
Thus, the natural map

HYZ(wo, 1), Tiwe) — H' (Z(70, J

k)7T(

)

is an isomorphism. By using Lemma 7.2(2) and Lemma 7.7(2) repeatedly, we see
that the natural map

Hl(Z(Tk’iD? T(Tkai;)) — HI(Z(TMZ;)a T(n,zi))

is an isomorphism for all 1 <r <k —1.

Note that 7 € Ws\(a,}. By taking u = id and v = 7 in
Lemma 7.2(2), we see that Hl(Z(Tl,l"l)7 T(Thi'l)) = 0. Therefore, we conclude that
HY(Z(wo,1), T(wy,)) = 0. This completes the proof of the theorem. n

Corollary 8.2. Let ¢ be a Coxeter element such that ¢ is of the form
la1,n]lag,ar — 1] -+ |ag, ap—1 — 1] with a1 # n—1, aa < n—2 and a, = 1.
Let (wq,1) be a reduced expression of wy in terms of ¢ as in Theorem 8.1. Then,
Z(wog, 1) has no deformations.
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Proof. By Theorem 8.1 and by [5, Proposition 3.1], we have
H'(Z(wo,1), Twy,y) = 0 for all ¢ > 0. Hence, by [14, p. 272, Proposition
6.2.10], we see that Z(wy, ) has no deformations. ]
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