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1. Introduction

K. Saito generalized the classical concept of root systems in 1985 as follows [S]:

Definition 1.1. Let V be a vector space over R with a symmetric bilinear
form (-,-). A subset A of V is called a generalized root system or simply a root
system if A satisfies:

(A1) (a,a) #0 for all a € A;
(A2) A spans V;
(A3) (a,5) € Z for all a, B € A, where (o, ) = 2(a,B)

(crystallographic condition);

(Ad) 0,(B8) € A for all a, 8 € A, where o,(8) = — (8, 0)a;
(A5) A=A"UA” and (A;A”) =0 imply A’ =0 or A" =0 (irreducibility).

The dimension of V' is called the rank of A, and A is called reduced if
2a0 ¢ A for all o € A.

This concept contains many examples which are crucial in Lie theory.

Example 1.2. (1) A is a finite irreducible root system if dimV < oo and
(+,-) is positive definite. It has type Ay, By, Cy, Dy, BCy, Eg, Er, Eg, Fy
or Go.
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(2) A is a locally finite irreducible root system if (-,-) is positive definite. It has
type Awo, Boos Cooy Doo or BCy (see [LN1], [NS], [St]).

(3) A is an affine root system if dimV < oo and (+,-) is positive semidefinite of
radical dimension 1 (see [M]). Reduced affine root systems are exactly the
set of real roots of affine Kac-Moody Lie algebras.

(4) A is an elliptic root system if dimV < oo and (+,-) is positive semidefinite
of radical dimension 2 (see [S]).

(5) A is an extended affine root system if dimV < oo and (-,-) is positive
semidefinite (see [S]). There is a different definition for an extended affine
root system in [A-P] which contains null roots. But both concepts are
essentially same (see [A]).

(6) A is a locally affine root system if (-,-) is positive semidefinite of radical
dimension 1 (see [N], [Y1], [MY2]).

(7) A is a locally extended affine root system if (-,-) is positive semidefinite (see
[MY1]). There is a more general concept of root systems in [LN2] which
contain null roots.

We note that when the vector space V' has non-trivial radical, it is more
natural to define root systems over Q (see [Y1]).

We define the isomorphisms between root systems.

Definition 1.3. A generalized root system (V,A) and (V' A’) are called iso-
morphic, denoted by A = A’/ if there is a linear isomorphism ¢ : V' — V' such
that p(A) = A" and (p(a), p(5)) = (a, 5) for all o, € A.

Now we define a special type of root systems, which are not yet studied
much.

Definition 1.4. A generalized root system A of V with dimV =n > 2 is
called a hyperbolic root system if (-,-) has the signature (n — 1,1). (One can say
that V' is a Minkowski space.)

We have classified the reduced hyperbolic root systems of rank 2. There
are 10 types, up to isomorphisms. The main purpose of this paper is to explain
the classification. Let us briefly describe it.

We fix a basis {vy,v2} of V such that (vi,v1) = 1 = —(vqg,v2) and
(v1,v2) = 0. Using hyperbolic trigonometric functions, an example of such a
root system is

Af — {xawg | k € Z} whrere a,= (Z?ﬁii)
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for some fixed angle 6 satifying 2coshf € Zs3. Note that (a,a) = 1 for all
a € A?. In general, one can consider the subsets of roots of a fixed hyperbolic
length by putting for r € Ry,

A, ={aeA|(a,a)=7*} and A, ={ae€A|(a,a)=—r"}.

Then any root system A as defined above decomposes

A:[JA&

0#£s€eR

The main results of the paper can be summarized in terms of this partition of A
as follows.

e Each non-empty A, is an infinite set, and in fact, a reduced hyperbolic root
system of rank 2 (Lemma 5.1).

e Up to canonical isomorphisms (scaling and rotating), one can assume that
04N CA and A; =AY
as defined above for an appropriate 6 (Proposition 5.4).

e Exactly one of the following 5 cases occurs where all r, r; are positive real
numbers (Section 6):

(1) A=A

(2) A=ALA,

(3) A=A%UA_, (3 types)

(4) A=AUA,, UA_,, (3 types)

(5) A=AUA, UA_,, UA_,, (2 types)
Thus, there are altogether 10 types.

e Each of the 10 types is described in more detail in the sections 7-15.

The cases (1) and (2) are precisely the real roots of a hyperbolic Kac-Moody
Lie algebra of rank 2 (see [Mo], [LM]). No realization of the other cases as roots
of a Lie algebra or Lie group seems to be known.

A hyperbolic root system usually means the roots of a hyperbolic Kac-
Moody Lie algebra or the roots of a hyperbolic Coxeter group, but our hyperbolic
root systems are more general (cf. [B], [KM], [Mor]). Note that hyperbolic Coxeter
groups can only exist in rank > 3 (see [H, p.140 Exercise|). There is another
definition of a hyperbolic root system in [Ni], but this is also imposing some strong
conditions. Thus, the classification of hyperbolic root systems of rank 3 in our
sense is far beyond the goal.

In the last section we determined the Weyl groups of the root systems in
Theorem 17.1. Finally, we thank Professor Jun Morita and the referee for helpful
suggestions.
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2. Some properties of hyperbolic functions

For the classification of hyperbolic root systems, we show some properties of cosh
and sinh. We often use the addition formulas:

cosh(¢ + 1)) = cosh ¢ cosh 1) + sinh ¢ sinh ¢
sinh(¢ + 1)) = sinh ¢ cosh ¢ + cosh ¢ sinh 1.

First, adding the following two equations

cosh(k + 1)0 = cosh k6 cosh 6 + sinh k6 sinh 6
cosh(k — 1)0 = cosh k6 cosh § — sinh k6 sinh 0

for k € Z, we get
cosh(k 4+ 1)0 = — cosh(k — 1)0 + 2 cosh k6 cosh 6.
If we put T} := cosh k6, then we have
Tyi1 = 2T cosh — T4, (1)

which can be considered as an integral polynomial of cosh . Note that T}, is the
Chebyshev (Tschebyscheff) polynomial of the first kind. So, if coshf € Z, then
Ty € Z since Ty =1 and 17 = cosh .

Multiplying by 2 on both sides of (1), we get
QTk+1 = (2 cosh Q)QTk — 2Tk_1, (2)

which implies that 27} is an integral polynomial of 277 = 2cosh @ since 27Ty = 2
and 277 = 2cosh . Thus we obtain:

Lemma 2.1. (i) If coshf € Z, then Ty, = cosh k6 € Z for all k € Z.
(ii) If 2cosh@ € Z, then 2Ty = 2cosh kO € Z for all k € Z. u

Let
Ci(t) :=t cosh 2

for t € R. Adding two equations

cosh(k + %) = cosh k6 cosh g + sinh k60 sinh g
cosh(k — 1)0 = cosh k6 cosh £ — sinh k6 sinh &

and multiplying with ¢ on both sides, we get
Cgk_H (t) + CQk;_l(t) = QtTk cosh g (3)

Thus:

Lemma 2.2.  If2coshf € Z and tcosh é € Z, then Cyyi1(t) = tcosh(k+1)0 €
Z for all k € 7.
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Proof. We have C;(t) =tcosh? € Z, and 2T}, € Z by Lemma 2.1. Hence, by
the recursive formula (3) and induction on &, we obtain Coy,1(t) € Z. m

Next, adding the following two equations

sinh(k + 1)8 = sinh k6 cosh 6 + cosh k6 sinh 0 (4)
sinh(k — 1)0 = sinh k6 cosh 6 — cosh k6 sinh 0

for k € Z, we get
sinh(k 4+ 1)0 = —sinh(k — 1)0 + 2sinh k6 cosh §. (5)
If we put Uy := Ssiﬁthk(f, then we have

Uk+1 = 2Uk cosh 8 — Uk—h

which can be considered as an integral polynomial of 2cosh since Uy = 0 and
U, = 1. Note that Uy is the Chebyshev polynomial of the second kind. (Note that
Ty is not an integral polynomial of 2 cosh @ since T} = cosh#.) Thus we obtain:

Lemma 2.3. If 2cosh@ € Z, then Uy € Z for all k € Z.

We will use the following relation
Uk+l = Uk cosh 8 + Tk (6)
which follows from (4).

Remark 2.4. If 2coshé = 3, then the sequence {Uy}r>o is a subsequence of
Fibonacci sequence {fi}r>0, i-€., fey1 = fr + fr1 with fo =0 and f; = 1. More
precisely, we have Uy, = for, for k > 0. Also, by (6), we have T}, = Uy — %Uk =

Jory2 — %f?k (see [K, p.77]).

Let
Sk(t) := tsinh k6
for t € R. Multiplying with ¢ on both sides of (5), we get the recursive formula
Spa1(t) = 2Sk(t) cosh @ — Si_1(t). Thus, as in Lemma 2.2, we obtain:

Lemma 2.5.  If 2coshf € Z and S,(t) = tsinh € Z, then Si(t) € Z for all
keZ.

Finally, let
V,(t) := tsinh 2

for t € R. We claim that

1 o
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In fact, we have

sinh(k + $)0 = sinh k6 cosh § + cosh k6 sinh
= U}, sinh 6 cosh g + T}, sinh g
= (2Uy cosh® & + T},) sinh &
= (Uy cosh 0 + Uy, + Ty) sinhg since 2 cosh? g = cosh 8 + 1.
= (Ukt1 + Up)sinh § by (6),

Thus:

Lemma 2.6.  If 2coshf € Z and tsinh g € Z, then Va4 (t) = tsinh(k+1)0 €
Z forall k € 7.

Proof.  This follows from (7) and Lemma 2.3. ]

3. Basic properties

In a generalized root system A, we have o,(a) = —a. Thus, letting
—A:={—-a|aeA},

Lemma 3.1. —A=A.

We call (a,«) the length of « for convenience. So there may be negative
lengths. A linear isomorphism ¢ : V. — V"’ is called orthogonal if (¢(v), p(w)) =
(v,w) for all v,w e V.

Lemma 3.2.  Suppose that ¢ : V — V' is an orthogonal linear map. Then we

have A = p(A). In particular, A = gg(A) for any 5 €V with (5,5) # 0.
Moroever, for any r € R*, we have A = r - @(A). In particular, for the

identity map id:V — V|, we have A = r-id(A) =rA ={ra|ac A}.
Conversely, if ¢ is an isomorphzsm then ¢ preserves the ratio of lengths.

(a,0) _ (p(a)p(e))
More precisely, we have 5B = (o ( o5 forall a, 8 € A.
Proof.  This is easily checked. =

Proposition 3.3.  Suppose that V' is finite-dimensional and (-,-) is nondegen-
erate. Then A is a subset of a lattice in V.

Proof. Let {vq,...,v,} C A be a basis of V. Snce V is finite-dimensional,
the dual space of V' is isomorphic to V. Thus, there exists a basis {w,...,w,}
of V such that (w;,vj) = d;;. Let o = >  aw; for a; € R. Then we have
(o, v;) = (j‘“) € Z for all i, and hence a; € Zb;, where b; = &%) Therefore, A
is a subset of the lattice @@, Zbw;. n

Now we specialize to the case of hyperbolic root systems of rank 2. Without
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loss of generality, we can assume that (-,-) is defined by <(1) _01) with respect

to some fixed basis. Thus the hyperbola { (g) ER? |22 —y? = 1} is the set of

x = £ cosh ¢
y = sinh ¢

_ (cosh¢ _ (sinho
@ = (sinh gb) and iy = (cosh gb) '
Thus any root can be written as ray or sf, for some r,s, ¢, € R (r,s #0).
We see that A is orthogonally transformed by the hyperbolic rotation

R - coshf sinh¢
%~ \sinhf coshd)’
which satifies Rp(og) = agro and Ry(By) = Byro. Thus, by Lemma 3.2, we have
A = Ry(A) for any 0 € R. Note that

length 1, and one can put { for ¢ € R. Let

coshf sinh@ F _ (coshkf sinhkf
sinh® coshf/)  \sinhkf® coshkf

forall k € Z.

Remark 3.4. We often use later the euclidean reflection S : R? — R? defined

) ()~ ()

This is not orthogonal, but one can easily show that A = S(A).

The matrices of 0,, and og, are

—cosh 20 sinh 26 q cosh 20 —sinh 260
—sinh 20  cosh 26 sinh260 —cosh20/’

respectively, and using these matrices, one can easily check the following:

Lemma 3.5.  For any ¢,v € R, we have:
(i) og, = —0a, (i) oa,(0y) = =02y (ill) oo, (By) = Bap—v
Hence, op,(y) = aag—y and op,(By) = —P2g—yp -

4. Notations

Let A be a hyperbolic root system of rank 2 in R? with the bilinear form (-,-)

defined by (é _01 with respect to some fixed basis. We define some notations
for the classification. Let

o) o) e
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be the positive cone. Let AP := AN P and AN := A\ A so that
A=A AN,
For r € R, we define
A, ={acA|(,a)=r*} and A_,:={acA|(a,a)=—1}.
So we have
A, C {<:yc) |22 —y*=7r?} and A_, C {(z) | 9% — 2% = r?).
Let
UATY .= {r e Ryg | (,a) =72, a € AT}
and ((AY):={-r R | (a,0) = —r? ac AV}
Thus we have
AP= || A and AV= || A,
ref(AP) —s€l(AN)
and define
U(A) = L(ATY U LAY,

which is, of course, disjoint.

5. Classification of A,

As already mentioned in Section 3, we have
A C{xrag, £s8y | r,s € Rag, 6,9 € R}
Thus, for » € Ry, we see that

A, C{tray | ¢ e R} ifrel(A)
A, C{Erf, | ¢ e R} if —r € ((A).

Lemma 5.1.  Let s € {(A). Then A, is an infinite set.
Moreover, Ay is a reduced hyperbolic root system of rank 2.

Proof. By Remark 3.4, it is enough to show the case s > 0. We know that
tsay € A for some ¢ € R (see Lemma 3.1). If A C {£sa} U, {xrag, £rbs},
then A cannot span R?, or A is reducible, i.e., A does not satisfy (A5). Thus
there exists ray, € A or rf, € A for some 9 # ¢. Hence, by Lemma 3.5,
0y, (504) = £sa9y_g € Ay, where 7 is either a or 3. Since 2¢) — ¢ # ¢, we have
|Ag| > 4. Suppose that A, is finite. Then we can assume that

Ay ={Esap,,...,tsag |0< ¢ <--- < @}
for some k > 2. So we have o4, (say,) = —aap—¢, € As. But we have
2¢ — ¢1 > ¢y, which is a contradiction. Therefore, Ay is infinite.

For the second statement, clearly (A1), (A2) and (A3) hold. (A4) follows
from Lemma 3.2. For (A5), the subspace orthogonal to £say is the line Rf,
in NV, and the subspace orthogonal to +sf3, is the line Ra, in P. Thus Ay is
irreducible since A; C P or A; C N. (]
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Lemma 5.2. (1) If ray € A, then ra_, € A, and so £rog, € A.
(2) If rBs € A, then rf_y € A, and so £rfrs € A.

Proof. For (1), since ap € A, we have 0,,(rog) = —ra_y, € A by Lemma 3.5.
Hence, ra_4s € A. Similarly, (2) follows from Lemma 3.5. u

By Remark 3.4 and Lemma 3.2, we can assume that
Qo € Al C A. (8)

In fact, if ra, € A, then use the isomorphism f := R_, o7~ ' -id, and we get
f(A,) =A;. If rB, € A, then use the isomorphism g := SoR_gor—'-id, where S
is defined in Remark 3.4, and we get g(A,) = A;. Thus, from now on, we assume
(8).
Let
AAZ:{¢€]R|O./¢€A}.

Then we know that 0 € Aa, and that
20 — 1 € Ax (9)

for all ¢,9 € Ax by Lemma 3.5 and Lemma 5.2. (Hence A is a pointed reflection
space of R in the sense of [Y2].) Moreover, if Ay = {0}, then A = {£ap} cannot
span R?. Hence there is a positive element in Ax by Lemma 5.2.

Note that {ay | ¢ € Aa} is a subset of a lattice by Proposition 3.3. Thus
there exists a closest ap to o in {ay | ¢ € Aa} in the euclidean distance since,
in general, any bounded neighborhood of a point in a lattice contains only finitely
many points of the lattice. Also, one can assume that 6 > 0 by Lemma 5.2. Thus

0 is a minimal positive element in A

since the euclidean distance from «ay to oy for ¢ > 0 is a monotonic increasing
function.

Lemma 5.3. We have Ax = 70.

Proof.  For the inclusion Ax D Z6, since 0,0 € Ax, it is enough to show that
kO € Ap for k € Z~; by Lemma 5.2. Suppose that it is true for £ and k& — 1.
Then (k+1)0 = 2k6 — (k — 1)0 € Ax by (9), and hence the inclusion holds by
induction on k.

For the inclusion Ax C Z#, suppose that ¢ € Ax \ Z60. Then there exists
k € Z such that k6 < ¢ < (k+ 1)0. If k is even, then 250 — ¢ =k — ¢ € An,
and hence ¢ — kf € Aa. This is a contradiction since 0 < ¢ — kf < 0. If k
is odd, then 2% — ¢ = (k + 1)0 — ¢ € Ax. This is also a contradiction since
0<(k+1)0—0p<0. ]

Thus, for the minimal element 6 defined above, i.e., ay € A such that
ap, ¢ Aif 0 < ¢ < 6, we have shown that

A= {Fop | k€ Z}

is always a subset of A and A? = A;, assuming (8). We state this result:



478 TOMIE AND Y OSHII

Proposition 5.4. Let A be a hyperbolic root system of rank 2. Then we can
assume that A’ C A for some 0 € Rog such that 2cosh € Z3.

Proof. The condition for 6 follows from (A3). In fact, we have (ay,ag) =
2cosh 6 € Z, which is bigger than 2 since 6 # 0. |

By Remark 3.4 and Lemma 3.2, we can also assume that
[6(AM)] < [¢(AT)| and 1 is the minimum in £(AT). (10)

In fact, if [¢((AY)] > [¢(AT)|, then use the isomorphism S defined in
Remark 3.4. After this, use the isomorphism s—!-id for the minimal element
s in £(AT). Thus, from now on, we assume (10).

Proposition 5.5.  Let r € ((A).
(i) If r>0 and r# 1 (sor>1 by (10)), then
A, = {traw o | k € Z},
where (n,w) = (£,0), (6,0), (6,%), (26,0) or (26,0).
(ii) If r <0, then we can assume that
A, = [ | k€ 2},

where the possibility of (n,w) is the same as in (i).
Also, we have —r # 1 if (n,w) = (6,0).

(iii) If [((AF)] = [6(AN)| = 1 with ((AN) = {r}, then we can assume that
A, = {£rfiptw | k € Z}, where (n,w) = (g,O), (0,0) or (6, g)
Moreover, if n =0, then we can assume that —r > 1.

In particular, —r > 1 if (n,w) = (0,0).

(iv) Suppose that A contains A, = {:I:rozk9+g | k € Z}, and suppose that
'€ ((AN). Then we can assume that Ay = {1 Bryw | k € Z}, where
(n,w) = (5,0), (6,0) or (6,5).

Proof.  For (i), let ra, € A,.. Then through the isomorphism R_,or!.id of A,
A, is mapped to A; satisfying (8). Thus A, is mapped to A" = {Fay, | k € Z}
for some 1 € R.y by Proposition 5.4. Therefore, through the inverse, we get
A, =r1-ido R,(A") = {£rag v | k € Z}. Moroever, we can clearly assume that
0<w<n.

By Lemma 3.5, we have o, . (09) = —Qopyy2w-9. Thus we get 2w—0 € Z0
for k =0 and 2n+ 2w — 0 € Z6O for k = 1. Therefore, we obtain 2w, 2n € Zf. On
the other hand, we have o,_,(ra,) = —ra_s_,, and hence 20 +w = fn + w for

some { € 7Z and we get 20 = (n. Hence 460 = 2(n = (nf for some n € Z. Thus
¢n =4, and since £ > 0, we get £ = 1,2,4. Therefore, n = 26,  or £, and we

obtain () = (20,0), (26,6). (6,0, (6,) or (£,0). s

)9 29
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For (ii), let 73, € A,. Then through the isomorphism SoR_,or~t-id of A,
where S is defined in Remark 3.4, A, is mapped to A; satisfying (8). Thus A, is
mapped to A" = {+ay, | k € Z} for some 1 € R by Proposition 5.4. Therefore,
through the inverse, we get A, =r-ido R, 0 S(A") = {*rfky+w | k € Z}, and we
can assume that 0 < w < 7. By Lemma 3.5, we have o, . () = aopyr20-¢ and
Oa_,(rBy) = rB-29—. Thus, by the same way as in (i), we get the same (7, w).

For the second assertion, let m := 2cosh§ > 3, and then sinh f = i—””;"l.

We need (g, By) € Z if —r = 1. But then vVm? —4 € Z, which is impossible
(because m* —4 =k* = (m —k)(m+ k) =4 but m > 3).
For (iii), we already know by (ii) that A = A’UA, | where A, = {+7Sk1w | k € Z}
with (n,w) = (4,0), (6,0), (6,%), (26,0) or (26,6). If (n,w) = (26,0), then, using
Sor~t.id (S is defined in Remark 3.4) and replacing 20 by 6, A is isomorphic
to A’UA, with (n,w) = (£,0). If (n,w) = (26,6), then, using So R_gor—"-id
and replacing 20 by 6, A is again isomorphic to A? U A, with (n,w) = (g,O).
Thus we have proved the first assertion.

Suppose that n =60 and —r < 1. If w = 0, then using Sor~!-id, we can
assume that —r > 1. If w = 0/2, then using So R_g/5 0 r~!.id, we can assume
that —r > 1. Thus we can assume that —r > 1. The last statement follows from
(ii).

(iv) Suppose that (n,w) = (26,0). Using Lemma 3.5, we have 0,4, (' 320) =
—r'B_g ¢ A,,. Hence this case cannot happen. Suppose that (n,w) = (26,60). Us-
ing Lemma 3.5, we have UT%/Q(T'BQ) = —1'6y ¢ A,,. Hence this case cannot
happen either. |

When A is reduced, we have the following simplification.

Corollary 5.6.  Assume that A is reduced. Let r € ((A).

(i) If r >0 and r # 1, then we can assume that r > 1 and
A, = {:I:TakeJrg |k eZ}.

In particular, |[((AT)] <2 (so [((AN)] <2 by (10)).

(i) If [6(AN)] = 2 with ((AN) = {s,s'}, then we can assume that (n,w) = (6,0)
or (0, g), and —s,—s' > 1.
In particular, if sfy € A and —s' > —s, then —s, —s' > 1.
Proof. (i) By Proposition 5.5(i), the only possibility for (n,w) is (6,%) since
A is reduced. Thus ¢(A”) = {1,r} in this case.
(i) We know that [((AF)|=2 by (10) and (i) above. Thus A=A’ UA, UA;UA,,
where A, = {:i:rozkeJr% |k eZ}, Ay ={£5Bktw | kK € Z} and Ay = {£5 Bryyur |
k € Z}, and the possibility of (n,w) and (1/,w’) is, by Proposition 5.5(iv), (£,0),
(6,0) or (6,%). But since A is reduced, only the cases (6,0) and (6, %) remain.
Next, let s” := min{—s,—s'}. If s” > 1, there is nothing to prove. Otherwise,
ie, s" <1,using U:=Sos" "' id, we get L(U(A)") = {—s/s",—5'/s"} (one
element is 1 and the other is > 1) and ¢(U(A)Y) = {1/s",7/s"} (both elements
are > 1). Thus we can assume that —s, —s’ > 1. The last statement follows from

Proposition 5.5(ii). ]
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6. Dividing into 10 types

By Corollary 5.6, we can divide the reduced hyperbolic root systems of rank 2 into
10 types. First, we call A Type I when [/(A)| = 1. By Proposition 5.4, we can
assume that A = A? for Type I, i.e.,

A=A ={+au | kecZ} (11)

for some 6 € Ry such that 2coshf € Zs35. Next, we call A Type II when
[((A)| > 1 and ¢(AY) = 0. By Corollary 5.6(i), we find that [¢/(A)] = 2, and
A =A°UA,, where r > 1 and

A, = {j:rozk9+% | ke Z}. (12)

Note that A, is uniquely determined by 6 and r.
When |((AT)| = [((AN)]| = 1, there are three possibilities by Proposition
5.5(iii). Namely, such a system A is either

A’ L {ErBassg | k € Z}, AN U{Erf | k€Z} or AU {£rBiy | k € Z}

for some r € Ryy and r > 1 for the first case and r > 1 for the second case (see
Proposition 5.5(ii)). We call the first case Type III, the second case Type IV and
the third case Type V. Let

A, = {iT5@9 | ke Z} (13)
A’ = {+rB | k € Z} (14)
AV = {£rBu | k € Z} (15)

for convenience.

When [¢((AF)] = 2 and [((AN)] = 1, there are three possibilities by
Corollary 5.6(i) and Proposition 5.5(iv). Using the notation above, such a system
A is either

AUALUA,,, APUA,UA’  or A’UA, UAY?

for some 11,79 € Ryp and r; > 1. We call the first case Type VI, the second case
Type VII and the third case Type VIII.

Finally, we consider the case |[((AT)| = [¢(AN)| = 2. This is the last case
by Corollary 5.6(i), and we only have two subcases, namely, for some ry, 73 € Ry

and r € R>y,
A(O,71,79,73) == A"UA,, UA_,, UA?  with ry <73 or 13 <713 (16)

by Corollary 5.6(ii). We call the former case, i.e., 5 < 13, Type IX, and the latter
case, i.e., 3 < ro, Type X. Note that r3 > 1 for both types, by Corollary 5.6(ii).

Finally, we note that through the isomorphisms
R gport-id, SoR_gppor~'-id,or Sor~'-id
(S is defined in Remark 3.4) used in the proof of Proposition 5.5, we have

A=A 2A =AY (17)
for the root systems defined in (11), (12), (13) and (14).
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7. Typel: A= A°

We have the following for Type I.

Theorem 7.1.  If § € Ry satisfies 2cosh @ € Zss, then AY defined as in (11)
15 always a hyperbolic root system of rank 2.

Moreover, A% 2 A" forn >0 if n#0.

Proof. To show that A’ is a hyperbolic root system of rank 2, we only need
to check (A3), (A4) and (A5) since A’ spans R? and A C P. First, (A3) follows
from Lemma 2.1(ii) and the identity

{(aukg, ayg) = 2(cosh k6 cosh 10 — sinh k6 sinh 10) = 2 cosh(k — 1)6.

Next, (A4) follows from Lemma 3.5. For (A5), the subspace orthogonal to +a, is
the line R34 in N. Thus A? is irreducible since A’ C P.
Finally, suppose that A’ = A" = {+ay, | k € Z}. Then we have

2cosh = min{[(6,7)| | 6 #~v € A?} = min{[(5,7)| | § # v € A"} = 2coshn.

Hence n =14. |

Remark 7.2. Let a:= —a_g. Then we have

(ap, ) (g, )\ 2 —2cosh 6

(a,a0)  {a,a) ) \—2coshd 2 ’
which is the Cartan matrix of a simply-laced hyperbolic Kac-Moody Lie algebra
of rank 2. Since 2cosh @ € Z>3, our simply-laced hyperbolic root systems of rank

2 are exactly the real roots of a simply-laced hyperbolic Kac-Moody Lie algebra
of rank 2 (see [Mo], [LM]).

Remark 7.3. We explain the relation between the root system A? and Pell’s
equation. If (a,b) € Z%, is the fundamental solution (i.e., the minimal positive
integral solution) of Pell’s equation x?—dy* = 1 for some non-square d € Z>o, then
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(a,bV/d) is a solution of 2% —y?> = 1. Let ag := (a,bV/d), and so cosh = a € Z,

and b = 51\1%9 € Z>1. Then, the solution set I' := {(z,y) € Z* | 2* — dy* = 1} is

in one-to-one correspondence with the root system A? = {£ayy | k € Z}. In fact,
I' is usually described as

T = {£(sp, tx) € Z° | sp + tpVd = (a + b\/c_l)’“, kelZ}
We know that (a +bvd)* =
is (sg,tx)? Note that ( ) (a db) <O) , and so I' is also described as

(e (Y (oer)
\/E COS

(cosh 0 + sinh §)F = e* = cosh k6 + sinh k6, but what

Note also that
coshf +/dsinh@\ (1 0 [coshf sinh@) (1 0
% cosh 6 —\0 \/L& sinh® cosh@) \0 Vd/)-

Hence, we get

sgy (1 O cosh k6 sinh k0 1 0 1y Cqsh k0

te) \0 5/ \sinhk# coshkd)\0 vd)\o) — \ = )
Thus, using a linear isomorphism f of R? such that f(z,y) = (x,V/dy), we have
f(sk,tr) = arg and f(I') = AY. If we think that T' sits in the hyperbolic plane

defined by (é , then T is a hyperbolic root system isomorphic to A? through

0
—d
the isometry f. Note that, using the Chebyshev polynomials T}, and Uy (see

Section 2), we have
(«%) B (cqshk&) B ( T )
tk — Sl%ke - bUk .

We say that s is half-integral if 2s € Z. If (a/2,b/2) is the fundamental
half-integral solution (i.e., the minimal positive half-integral solution) of z*—dy? =
1 with an odd a (automatically b is odd, and d = 1 mod 4), then (a/2,bv/d/2) is
a solution of 22 —y? = 1. Let ay := (a/2,bv/d/2). Then, the half-integral solution
set I' of the Pell’s equation is isomorphic to A?. In fact, I' is described as

T = {£(sp,t5) € Z2 | sp + txVd = (a/2 + bVd/2)*, k € 7},

and by the same argument above, we have

sp\ _ (coshkd Ty
te) — \ R ) U2 )

Note that s, and t, are half-integral with s, 4+t € Z.
Conversely, if cosh@ € Z for some 6 € R, then d := sinh®# = cosh?§ — 1
is not a square. So (cosh#, 1) is the fundamental solution of the Pell’s equation
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22 — dy? = 1. Thus, by the argument above for v/d = sinh 6, the solution set is

equal to I' = { + (Cgif,ff) | k € Z}, which is isomorphic to A?. Note that

sinh 6
(Cgfj},ff) - (?) , and so we find that Ty, Uy € Z if Ty € Z, which is already
sinh 6 k
shown in Lemma 2.1(i) and Lemma 2.3.
If m = 2coshé € Z and m is odd, then d := 4sinh?@ = m? — 4 is not a
square (and d =1 mod 4). So (<=2% 1) is the fundamental half-integral solution

2 2

of 22 —dy? = 1. Thus, by the argument above for v/d = 2sinh 6, the half-integral

solution set is equal to [' = { + <C§’iilﬁ,§8> | k € Z}, which is isomorphic to A?.
2sinh 6

Note that csoirsilkkf = T , and so we find that 27T},U, € Z if 2T, € Z,
2sinh 6 Uk/2

which is already shown in Lemma 2.1(ii) and Lemma 2.3.

Consequently, the solution set or the half-integral solution set of an arbitrary
Pell’s equation 22 —dy? = 1 is isomorphic to some A?, and any Type I root system
A? is isomorphic to the solution set or the half-integral solution set of some Pell’s
equation.

For example, if 2coshf = 3, then A is isomorphic to the half-integral
solution set of the Pell’s equation z? — 5y = 1. The fundamental half-integral
solution is (3/2,1/2) and the next solution is (7/2,3/2). The third one is (9,4),
which is the fundamental solution of z? — 5y*> = 1. Note that (3,1) is the
fundamental solution of 2? — 5y = 4.

We have to say that there is no contribution to find a fundamental solution.
For example, the fundamental solution of z? — 13y*> = 1 is (649,180) which
is usually found from the continued fraction of V13. So the solution set is
isomorphic to A?, where cosh® = 649. Also, A? is isomorphic to the solution
set of 2% — (6492 — 1)y* = 1 as above. Note that 649 — 1 = 42120 = 180% - 13.
However, from the information cosh 8 = 649, we do not know whether the solution
sets of 2 —180%-13y? = 1 and 22 —13y? = 1 are isomorphic or not. We find it only
when (649, 180) is already known to be the fundamental solution of #? —13y* = 1.

8. Typell: A=A°UA,
Recall the root system A? U A, of Type II, where A, is defined in (12). We let
m = 2coshf € Z>3
from now on.

m+2
s

Theorem 8.1.  For Type II, we have r = > 1, where s is a positive
integer such that s | m + 2.

Conversely, such a set A U A, determined by 0, v and s is always a
reduced hyperbolic root system of rank 2.

Moreover, (A° LIA,) 2 (A UA) if 0 #0 orr #1'.
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IJ}{:‘ & <

Proof.  Applying the crystallographic condition (A3) for ay and rag/e, we get

2cosh? €Z and 2rcosh? € Z. (18)

Since coshg = ”’;H, we obtain that —er+2 €Z and rv/m+2 € Z. Let s be the
former integer, i.e., s = —erﬂ Then the latter condition implies that s | m + 2.
Thus we have proved the first statement.

Conversely, to show that A’ LI A, is a hyperbolic root system of rank
2, we only need to check (A3), (A4) and (A5) since A? already spans R? and
APUA, C P. We already checked (A3) for pairs from A?. Thus we need to check
(A3) for <ak9,rozw+%>, <7’0419+g,ak0> and <Tak9+g,raw+%) for k,l € Z, which are
equal to %cosh 2’“*2&9, 2r cosh 21’22&0 and 2cosh(k — )0, respectively. Thus
we only need to check the first two. Our assumptions imply that % coshg € Z and
2r cosh & € Z. Then we have 2 cosh(k + $)0 € Z and 2r cosh(k + 1)0 € Z for all
k € Z, by Lemma 2.2. Hence (A3) holds. (A4) follows from Lemma 3.5. Since
A is irreducible, so is A,. Since 0 ¢ (A% A,), (A5) holds. Thus A? U A, is a
reduced hyperbolic root system of rank 2.

Finally, suppose that A’ LA, =2 A? UA,, via ¢. Since an isomorphism of
root systems keeps the ratio of lengths, we have p(A?) = A? and p(A,) = A,..
Then, by Theorem 7.1, we get # = #', and by the map preserving ratio, we obtain
r=r'. m

Note that for a fixed m, there are some possibilities of s. For example, if
m =10, then s =1, 2 or 3 (since s < v/12).

_m+2
Remark 8.2. Let a:= —ra_s = (\/ﬁ) Then

2s

(o0, 00) (ag,0)) _ (2 —mF

(a,ap) () ) \—s 2 ’
which is the Cartan matrix of a hyperbolic Kac-Moody Lie algebra of rank 2. Since
the determinant is equal to 2 — m < —1, our hyperbolic root systems of Type I
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and II are exactly the real roots of a hyperbolic Kac-Moody Lie algebra of rank 2
(see [Mo], [LM]).

9. TypeIIl: A =A% {£rBai1, |k € Z}

Recall the root system A? A _, of Type III, where A _, is defined in (13).
Theorem 9.1.  For Type III, we have r = —”’;_2 > 1, where s is a positive
integer such that s | m — 2.

Conversely, such a set AP U A_, determined by 0, r and s is always a
reduced hyperbolic root system of rank 2.

Moreover, (A UA_,) % (A” U AH_Z,Q) if 0#60 orr#r'.
Proof.  Applying the crystallographic condition (A3) for ay and 73/, we get
2sinhf € Z and 2rsinhf € Z. (19)

Since sinhg =+ ";72 , we obtain that —”’Z*z € Z and rv/m — 2 € Z. Let s be the

former integer, i.e., s = @ Then the latter condition implies that s | m — 2.
Thus we have proved the first statement.

Conversely, to show that A’ LU A_, is a hyperbolic root system of rank
2, we only need to check (A3), (A4) and (A5) since A’ already spans R? and
A_, C N. We already checked (A3) for pairs from A’. Thus we need to check
(A3) for <O[k9,’f’ﬁw+g>, <Tﬂl9+g7()ék9> and (rﬁk9+g,rﬁl9+g> for k,l € 7Z, which are
equal to %sinh %9, 2r sinh m_%ﬁ@ and 2 cosh(k —1)0, respectively. Thus we
only need to check the first two, but by the condition (19) and Lemma 2.6, we
get (A3). (A4) follows from Lemma 3.5. Since A? is irreducible, so is A_,.. Since
0¢ (A% A_,), (A5) holds. Thus A’ UA_, is a reduced hyperbolic root system of
rank 2.

Finally, suppose that A UA_, = A LIA_,, via ¢. Suppose also that
r # 1. Since an isomorphism of root systems keeps the ratio of lengths, we have
©(A?) = AY and ¢(A_,) = A_.,. Then, by Theorem 7.1, we get § = ', and by
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the map preserving ratio, we obtain » = 7/. If r = 1, then " = 1 by the map
preserving ratio. Thus p(A?) = A” or A_;. Since A” = A_; (see (17)), we get
0 = ¢ by Theorem 7.1. n

Note that for a fixed m, there are some possibilities of s. For example, if
m =14, then s=1, 2 or 3.

Remark 9.2. When r =1 (e.g. if m =18 and s =4, then r = /m —2/s =
1), we hava a different description for A’ A, which is isomorphic to the solution
set or the half-integral solution set of some Pell’s equations z? — dy? = +1.
In fact, if (a,b) € Z2, is the fundamental solution of z* — dy* = —1, then
(a,bV/d) is a solution of 22 — y?> = —1. Let g0 := (a,bV/d), and so cosh =
cosh® ¢ +sinh? & = b*d + a® = 2a® + 1 € Zs3. As in Remark 7.3, the solution set
is described as T' = {#(sy, t;) € Z2 | s + tpV/d = (a + bV/d)*, k € Z}, and from

k
sy _ (a db 1
() = (@) () o

sinh g V/d cosh g * 1
I'= + COSh% . 0 0 | kels;.
7 sinh 35

sinhag \/c_lcoshg (1 0 sinhg COShg 1 0
% sinhg ~\0 \/La coshg sinhg 0 Vd

Note that

and
h¢0 sinh¢0
) C?S sin I
<sinh% cosh §) _ sinh 0 cosh ¢4
cosh§ sinhg ) ) (sinh(¢+ 1)8 cosh(¢ + )0 b0
if k= )
cosh(¢ + 3)0 sinh(¢+ )6

So we obtain

h 20

(Cg:hza ) if k= 2¢

(o)
tk sinh(¢ + 1)
e

Thus, using the linear isomorphism f of R? defined by f(z,y) = (z,Vdy), we
have f(sa,t20) = cup, [(Sae41,tae41) = Paepy and f(I) = AU A . If we
think that I' sits in the hyperbolic plane defined by <(1) _0 d)’ then T' is a
hyperbolic root system isomorphic to A’ LI A_; through the isometry f. Note
that (cosh 46, Sif%g) = (1y,2abU;) and

(sinh(f + %)9, W) = (V2£+1(1)7 C2e+1(\/L3))a (20)
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where V,,(t) and C,(t) are defined in Section 2.

Similarly, if (a/2,0/2) is a fundamental half-integral solution for an odd a
of a Pell's equation 22 — dy?* = —1, then By := (a/2,bV/d/2) is a solution of
22 —y* = —1. Note that 2coshf = 2(1 + 2sinh”£) = 4a® + 2 € Zs3, and so
the half-integral solution set of 2> — dy? = +1 is isomorphic to A? LU A_;. This

time, we have (cosh (0, Sh:%e) = (Ty,abU,;/2) for k = 2¢, but the same expression

as (20) for k =20+ 1 with V541(2) € Z and CQZH(\%) €.

Conversely, suppose that n := cosh € Z for some 6 € Ry and 2Sinh§ =
V2n —2 € Z. So, 2n — 2 has to be square, and hence, n should be odd. Let
d := 1. Then (sinh%,1) is the fundamental solution of z* — dy* = +1 (since
v/2n — 2 is even). Thus the solution set of 22—dy? = %1 is isomorphic to AYLIA_;.

Similarly, if m := 2coshf € Z for some 6 € R. is odd and ZSith =
vm —2 € Z, then m — 2 has to be square. Let d := m + 2. Then (sinh %, 1) is
the fundamental half-integral solution of x? — dy? = 41. Thus the half-integral
solution set of 2 — dy? = £1 is isomorphic to A LA _;.

Consequently, the solution set or the half-integral solution set of an arbitrary
Pell’s equation 22 — dy? = %1 is isomorphic to some A? UA_;, and any A°LA_,
is isomorphic to the solution set or the half-integral solution set of some Pell’s
equations 2% — dy? = £1.

Example 9.3. (1) The fundamental solution of the Pell’s equation z? —13y? =
—1 is (18,5). Let sinh% = 18. Then the solution sets of 2? — 13y* = =£1 is
isomorphic to A% LA _;.

(2) If 2cosh @ = 3, then A’ UA_; is isomorphic to the half-integral solution
set of the Pell’s equations z2 —5y* = £1. The fundamental half-integral solution is
(1/2,1/2) and the next solution (3/2,1/2) is the fundamental half-integral solution
of 2 —5y? = 1. The third one (2, 1) is the fundamental solution of z*—5y* = —1,
and the forth one is (7/2,3/2). The fifth one is (11/2,5/2), and the sixth one
(9,4) is the fundamental solution of 2 — 5y? = 1.

-3.2]
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10. TypeIV: A =AU {+rBue | k € Z}

Recall the root system A?LIAY  of Type IV, where A? is defined in (14).

Theorem 10.1.  For Type IV, we have r = # > 1, where s is a positive
integer such that s | m* — 4.

Conversely, such a set A% A% determined by 0, r and s is always a
reduced hyperbolic root system of rank 2.

Moreover, (A LIA? )2 (A" UAY ) if 040 orr#7.

Proof.  Applying the crystallographic condition (A3) for ag and Gy, we get

2sinh§ € Z and 2rsinh6 € Z. (21)

Since sinhf = im, we obtain that ¥™== € Z and rvm? —4 € Z. Let s

be the former integer, ie., s = Vm2’4. Then the latter condition implies that
s | m?> —4. We also have r # 1 by Proposmon 5.5(ii). Thus we have proved the
first statement.

Conversely, to show that A’ LI A? is a hyperbolic root system of rank
2, we only need to check (A3), (A4) and (A5) since A’ already spans R? and
A’ C N. We already checked (A3) for pairs from A’. Thus we need to check
(A3) for (awg,089), (rPig,are) and (rfrg,r5ig) for k,I € Z, which are equal to
2sinh(k —1)0, 2rsinh(l — k)0 and 2cosh(k — )8, respectively. Thus we only need
to check the first two, but by the condition (21) and Lemma 2.5, we get (A3). (A4)
follows from Lemma 3.5. Since A’ is irreducible, so is A? . Hence, if A = A’UA”
is an orthogonal decomposition and ag € A’, then A’ = A? and A” = A . But
the orthogonal elements to ag are only 44y, and so A’  C {£5,}, which is absurd.
Therefore, (A5) holds. Thus A?UA?  is a reduced hyperbolic root system of rank
2.

T

Finally, suppose that AUA? = A” JAY | via . Since r # 1 (and since
an isomorphism of root systems keeps the ratio of lengths), we have p(A?) = A?
and o(A? ) = A? ,. Then, by Theorem 7.1, we get § = ¢, and by the map
preserving ratio, we obtain r = 1’. |
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Note that for a fixed m, there are some possibilities of s. For example, if
m =4, then s =1, 2 or 3.

We also note that A; x Ay := {*ap, 5} satisfies (A1-4), but not (A5).
So A; x A; is not a root system in our sense.

11. Type V: A = ALl {:I:'rﬁ%e | k € Z}

Recall the root system A?L A(i/f of Type V, where Abl/f is defined in (15).

Theorem 11.1.  For Type V, m + 2 is square, and r = ”272 >0 with r # 1,
where s is a positive integer such that s | m — 2.

Conversely, such a set A% L A(i/f determined by 0, r and s is always a
reduced hyperbolic root system of rank 2.

Moreover, (A° U AY?) 2 (AY L ABJ?) if 0#0" orr#r'.

Proof. Since A’ UA_, (which is of Type III) is contained in A% LI A2 we

have r = —”’;_2 with s | m — 2 for some s € Z+, as in Type III. Moreover, since
APLUAY  (which is of Type IV) is contained in A’UAY? we have r = Ym=t with

. 2_ _
s' | m* — 4 for some s’ € Zg, as in Type IV. Hence, we have r = ¥ 4 — ‘/”?7

and get sv/m + 2 = s'. Thus, m + 2 has to be square. If r = 1, then vVm? —4
has to be square, which is impossible.

Conversely, to show that Af L Ae,/f is a hyperbolic root system of rank
2, we only need to check (A3), (A4) and (A5) since A’ already spans R* and
A"? c N. We already checked (A3) for pairs from AY. Thus we need to check
(A3) for <ak9,rﬁg>, <7’5%,ak9> and (rﬁg,rﬁ%> for k,1 € Z, which are equal
to %sinh %0, 2rsinh 22£0 and —2 cosh %6, respectively. Since 2coshg € 7,
2rsinh € Z and 2sinh § € Z, we get (A3) by Lemma 2.1 and Lemma 2.6. (A4)
follows from Lemma 3.5. Since A? is irreducible, so is Ae_/f. Hence, by the same
reason as in the proof of Theorem 10.1, (A5) holds. Thus A LI Ae_/f is a reduced

hyperbolic root system of rank 2.
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Finally, suppose that A°UAY? = AZ A /, via . Since r # 1 (and since
an isomorphism of root systems keeps the ratio of lengths), we have p(A?) = A?
and @(Aﬂ/f) = Ae_:?. Then, by Theorem 7.1, we get # = #', and by the map

preserving ratio, we obtain r = r’. [ |

Note that for a fixed m, there are some possibilities of s. For example, if
m = 14, then s can be any divisor of 12.

12. Type VI: A=A°LUA, UA_,

— ',I,lf?fl; n2

> Y=
Recall the root system A’UA,, UA_,, of Type VI (see (11), (12) and (13)).

Theorem 12.1.  For Type VI, we have r| = VZL1+2 >1 and ry = \/7:272 >0,
where s1 and so are positive integers such that

si1|m+2 and s | m—2.

Conversely, such a set A% A, UA_,, determined by 0, ri, ro, s1 and so
18 always a reduced hyperbolic root system of rank 2.

Moreover, (A’ UA,, UA_,,) % (A” L Ay UA_) if 0 # 0", i #1) or
Ty # 1.

Proof. Type VI contains Type II and Type III, and so the first statement is
clear. Conversely, to show that A’ U A, U A_,, is a hyperbolic root system of
rank 2, we only need to check (A3), (A4) and (A5) since A’ already spans R?,
and since A’ UA,, C P and A_,, C N. We already checked (A3) for pairs from
AY U A,, in Type II and from A? U A_,, in Type III. Thus we need to check
(A3) for <7“1Oék9+g, r2ﬁ19+g> and <7"25k9+ga7”10419+g> for k,1 € Z, which are equal to
% sinh(l — k)# and 27% sinh(k — 1)0, respectively. We note that

2” sinh = 2¥mi2_sa _vmi-d _ 5 (m+2) €Z
s1 V/m—2 2

2rz smh9_2\/f\/;1+2@: s1 (ZL 2y
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Hence we get (A3) by Lemma 2.5. (A4) follows from Lemma 3.5. (A5) is clear since
AU A, and AYUA_,, are irreducible. Thus A? LI A_, is a reduced hyperbolic

root system of rank 2.

Finally, suppose that (A’ UA, UA_,,) = (A” WA, LUA_,) via ¢. Since
an isomorphism of root systems keeps the ratio of lengths, we have p(A?) = A
and r; =7} and o = 7} (even if ro = 1). Also, by Theorem 7.1, we get § =60'. =

We note that there is no extra condition for s; and s, besides the conditions
in Type II and Type III.

13. Type VII: A =A%UA,, U A"_T2

2

PP i
=% * \CL//

7

Recall the root system A? LI A, LAY~ of Type VII (see (11), (12) and

)

(14)).

Theorem 13.1.  For Type VII, we have ry = Y™2 > 1 and ry = ¥™=2 > ()

with ro # 1, where sy and sy are positive integers S’Zbch that ’

s1|m4+2, s1|s2 and so | (m—2)s;.

Conversely, such a set A° UA,, I_IAQ_T2 determined by 0, r1, ro, S and sy
18 always a reduced hyperbolic root system of rank 2.
Moreover, (AP LA, UA? )2 (A" WA, U Aﬂré) if 0 £ 60, ry £ oor

T
Ty F# Th.

Proof. Type VII contains Type II and Type IV, and so we have r; > 1, r5 > 0,

s; | m+2and sy | m*—4, 7“1:—“;?2>1and 7‘2:—”’;2_4>0.Wenotethat

__2r1 0 _ ovm+2 s m—2 __ s
<T16¥%,T2B0> —T;Slnh§—2 st \/m§—4 o) —ﬁ S/ (22)

_2\/m2—4 51 m—2 _ _ s1(m—2) c7.

s2 V/m+2 2 82

<T250,7“10zg> = —27% sinhg =
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If ro = 1, then vm?2 — 4 has to be square, which is impossible. Hence we have
shown the first statement. Note that the condition s, | m? — 4 is obtained by the
other conditions.

Conversely, to show that A’ U A, LAY s a hyperbolic root system of
rank 2, we only need to check (A3), (A4) and (A5) since A’ already spans R?,
and since A’ UA,, € P and A’ C N. We already checked (A3) for pairs from
A LI A,, in Type II and from A? L Aa_m in Type IV. Thus we need to check
(A3) for (rlakaJrg,rgﬁlg) and <7’26k9,r1a19+g> for k,1 € Z, which are equal to
27% sinh(l—k—3)0 and 27% sinh(k —1— )0, respectively. Thus we get (A3) by (22)
above and Lemma 2.5. (A4) follows from Lemma 3.5. (A5) is clear since A’ JA,,
and A’ UA? - are irreducible. Thus A?UA,, UA?, s a reduced hyperbolic root
system of rank 2.

Finally, suppose that (A’ UA, LA? )= (AL AU A(Lé) via ¢. Since
an isomorphism of root systems keeps the ratio of lengths, we have p(A?) = A
and r; =7} and r = r5. Also, by Theorem 7.1, we get 6 = 6. n

0/2
o

14. Type VIII: A =A°LU A, LUA

a
‘L; hl

Recall the root system A? U A, U A(i/ri of Type VIII (see (11), (12) and
(15)).

Theorem 14.1.  For Type VIII, m + 2 is square, ry = Y2 > 1 and ry =

S1

—”:2_2 > 0 with o # 1, where sy and sy are positive integers such that
s1|m+2, so|m—2 and si|sovVm+2| s (m—2).

Conversely, such a set A°UA,, UAY2 determined by 0, r1, ro, $1 and So

o
18 always a reduced hyperbolic root system of rank 2.

Moreover, (A% U A,, U AG/Q) % (A" U AWRN Ae_/g) if 0 £ 60, r £l oor

g
Ty F Th.
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Proof. Type VIII contains Type Il and Type V, and so we have r; > 1, ro > 0,
s1 | m+2, s9| m—2,and m+ 2 is square. We note that

(riovg,raflg) = 22 sinh § = 2VE2 e V=R = savit2 ¢ 7 (23)

. 2rg o 0 _ _ovm=2 s m—2 _ _ s1(m—2)
(7“2,80,7“1@%) = —=Z2sinh § = —2¥7¢ A = v © 7.

If ro = 1, then v/m? — 4 has to be square, which is impossible. Hence we have
shown the first statement.

Conversely, to show that A? U A, U Ae,/f? is a hyperbolic root system of
rank 2, we only need to check (A3), (A4) and (A5) since A’ already spans R?,
and since A’ U A, C P and Ae_/fz C N. We already checked (A3) for pairs

from A’ A, in Type II and from AL A%?Q in Type V. Thus we need to check
(A3) for <r1ak9+%,r2ﬁ%> and <7’2ﬁ%,7’10&w+g> for k,1 € Z, which are equal to
% sinh({ — &k — $)0 and 2% sinh(£ — [ — 1)0, respectively. Thus we get (A3) by
(23) above and Lemma 2.5. (A4) follows from Lemma 3.5. (Ab) is clear since
AY U A, and AY L Ae,/fz are irreducible. Thus A’ U A,, U Ag,/i is a reduced
hyperbolic root system of rank 2.

Finally, suppose that (A’ UA,, U A9/2) =~ (A" UA, U AO_/Z) via . Since

Lo
an isomorphism of root systems keeps the ratio of lengths, we have p(A?) = A
and r; =} and ry = r}. Also, by Theorem 7.1, we get 6 = 6'. m

Example 14.2.  Suppose that m = 142. If (s1,s2) = (3,1) or (6,1), then
s1|m4+2, si<vVm+2 so|m—2 and s | sevVm+2| s (m—2)
hold. However, (s1,s2) = (1,1) does not satisfy sev/m +2 | s1(m — 2). Also,

(s1,52) = (9,1) satisfies sov/m + 2 | s1(m — 2), but not s1 | s9/m + 2.

15. Type IX and X: A = A(6,7y,72,73)

=y=-%_

Recall the root systems A(6,71,72,73) of Type IX and X (see (16)).
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Theorem 15.1.  For Type IX (resp. Type X), we hjave ry = ¥ > 1,

S1
Ym=2 o> 1 and r3 = —”2274 > 1 with ro < r3 (resp. 13 < 19), where

s1, so and s3 are positive integers such that sy | m=+2, sy | m—2 and s3 | m*—4
with extra conditions

o =

s1| s3] (m—2)sy and sg | s3 | (m+2)ss.

(r3 > 1 for both types, by Corollary 5.6(ii).)

Conversely, such a set A(0,11,79,73) determined by 0, r; and s; is always
a reduced hyperbolic root system of rank 2.

Moreover, A(0,ry,re,13) & A, 7, rh,rh) if 6 £ 60", ri #ry, 19 #1714 or
Ty F£ Th.

In particular, Type IX and Type X are not isomorphic.

Proof. TypeIX and X contain Type I, ITI, IV and VII, and so we have s; | m+2,
sy |m—2, s3] m?>—4and s; | s3] (m—2)s;. We note that

<7"25g77’3@0> = —% cosh § = —2 TZ;Q T B = o €L (24)
<r350,7“zﬁg) = —% cosh = —2 ”’;2_4 = S ——52(7:;2) € 7.

Hence we have shown the first statement.

Conversely, to show that A(6,r1,75,73) is a hyperbolic root system of rank
2, we only need to check (A3), (A4) and (A5) since A? already spans R?, and
since A UA,, € P and A_,, UA? ~C N. We already checked (A3) for pairs
from A’UA,, in Type II, from A’UA_,, in Type III and from Ael_IAH_T3 in Type
IV. Also, we checked pairs from A, UA_, and A, UA? (i =2,3) in Type
VI and VII. Thus we need to check (A3) for <7’26k9+g, r3Bip) and (130, r26l9+§>
for k,1 € Z, which are equal to %cosh(k‘ — 1+ 1)6 and %cosh(k: — -1,
respectively. But these follow from (24) above and Lemma 2.2. (A4) follows from
Lemma 3.5. (A5) is clear since A’UA, , A°UA_,, and A’UA? - are irreducible.
Thus A(6,r1,re,r3) is a reduced hyperbolic root system of rank 2.

Finally, suppose that A(8,71,72,73) = A(#',r],1r5,14) via . Since an
isomorphism of root systems keeps the ratio of lengths, we have p(A?) = A?
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and r =71}, 7o =71y and r3 =} (even if 75 = 1). Also, by Theorem 7.1, we get
6 = 0'. The last statement will be proved in Theorem 16.2. ]

Remark 15.2. Note that s1 < vm+2, s9 < vV/m —2 and s3 < vVm? — 4.
There are some (m, sy, So,83) satisfying s; | m + 2, sy | m — 2, s3 | m? — 4,
s1 | 83| (m—2)s; and sy | s3 | (m+2)sy even if m is fixed.

For example, if m = 10, then 1 < s1,80 < 3 and 1 < s3 < 9, and
(s1,82,83) = (1,1,1), (1,1,2), (1,2,2), (2,2,2), (1,2,4), (2,2,4), (3,2,6), (1,1,4),
(2,1,2), (2,1,4), (3,1,3), (3,1,6), (1,2,8) or (2,2,8) satisfies all the conditions
above. Also, we need to have

1<ry<rg < 53<32\/m+2§\/m2—4 for Type IX
or 1<r3<ry <= sovym+2<sz3<vm?—4 for Type X.

Thus, when m = 10, the first six, (1,1,1), (1,1,2), (2,2,2), (1,2,4), (2,2,4)
and (3,2,6) are of Type IX, and the last five, (1,1,4), (1,2,2), (2,1,2), (2,1,4),
(3,1,3), (3,1,6), (1,2,8) and (2,2,8) are of Type X.

16. Classification

We have proved so far:

Theorem 16.1. A reduced hyperbolic root system A of rank 2 is isomorphic
to one of the following:

1. Type I: A = {+aug | k € Z} for 2cosh® € Z>3;
2. Type IL: AU A, , where A, = {:I:rozkbur% |k eZ};
3. Type III: A° UA_,, where A_, = {:i:rﬁkMg | ke Z};

4. Type IV: AP LAY

—r>

where A = {£rfyy | k € Z};

5. Type V: A% L A(i/f, where Ae_/f = {:I:'r’ﬂ% | ke Z};
6. Type VI: A°UA,, UA_,,;

7. Type VII: A UA,, UA?

_7‘2 ’.
0/2
8. Type VIII: A? UA,, LAY
9. Type IX: A°UA, UA_,UA? = (ry <r3);
10. Type X: AP UA, UA_,, UAY  (ry>713).

(We have omitted the precise information for r,ri,r9,135 € Ryg.)

Since an isomorphism preserves the ratio of roots, we have ((A) = ¢(A') if
A =2 A’ Thus, Type I, Type II, Type III-V, Type VI-VIII and Type IX-X are
not isomorphic. In fact, we have:
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Theorem 16.2.  Any two from Type I to Type X are not isomorphic.

Proof. It is enough to show that
(1) Type III, IV and V are not isomorphic;

(2) Type VI, VII and VIII are not isomorphic;

(3) Type IX and X are not isomorphic.

Let us call two roots a and [ an orthogonal pair if (a, ) = 0. Also, we write
(A, A) for the set {(a, ) | a, p € A}. Thus if A = A’ then (A, A) = (A", A).

For (1), there is no orthogonal pair in Type III. Hence it is enough to show
that IV and V are not isomorphic. But each (A, A) is different for IV and V.
Thus (1) is shown.

For (2), considering (A, A) of each type, Type VIII is not isomorphic to
Type VI or VII. So, suppose that VI = VII. Then A’ UA_, = A” UA? . But
the left-hand side is of Type III and the right-hand side is of Type IV, and hence
impossible by (1) above. Hence VI 2 VII.

For (3), suppose that IX = X. Since an isomorphism of root systems keeps
the ratio of lengths, we have A’ UA_, = A” UA? ,. Thus by the same reason as
in (2), we obtain a contradiction. u

17. Weyl groups

We call the group W := (0, | @ € A) generated by the reflections o, for all & € A
the Weyl group of A.
Recall the property 70,77 ! = Or(a) for a reflection o, and an isometry 7
in general (not only in a euclidean space). In particular, we have 030,08 = 04 4(a) -
Since the lengths of roots do not effect the Weyl group, most of the Weyl
groups of the root systems above are isomorphic. For example, the Weyl groups
of Type VIII, IX and X are clearly isomorphic. In fact, we can say more:

Theorem 17.1.  There are only two Weyl groups for hyperbolic root systems of
rank 2. Namely, the Weyl groups of Type I, II and III are isomorphic to 7Z X Zq
(an infinite dihedral group), and the rest of types are isomorphic to (Z X Zsy) X Zs.

Proof. Notethat 0, , = 00000,Ta0: Ta_sp = Ca_yTa0Ca_ps Ta_ss = Ta_pTapCa_,
and Go.,y = OagOarTa, (se€ Lemma 3.5). Thus, W = (04, 04,) for Type 1. Also,

b ~ (—cosh20 sinh20)\ (=1 0\ (cosh20 sinh20
T Ta0%a0 T\ _inh20 cosh20/ \ 0 1) \sinh20 cosh26

is the hyperbolic rotation which has an infinite order, and h satisfies the relation
Oaghoa, = h™'. Hence one can easily see that W = (h,04,) X Z X Zy.

For Type II, note that Oa_gs = Oap0agn0a0s Oa g = Oa_gnTag0a_g) and
Oa_spn = Oa_gs00gs0a_gp,- Lhus, W= (Tags Tagy) - Also,

- ~ [—cosh@ sinh@ —1 0\  (cosh® sinh@
"= Ta92%0 T |\ _ginh coshd 0 1) \sinhé cosh®
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is the hyperbolic rotation with o, hc,, = h™'. Hence W = (h,0.,) = Z X Zs
again.

For Type III, note that og_,, = 0ay08,,,000, Tp_, = OB_4/500008_4)5 and
OB 3072 = OB_5/208/208_g)2- Thus W = (0a0,059/2>. Also,

hoe o o — (cosh@ —sinh@) (—1 0) _ (CoshQ sinh@)
" o270 sinhf —cosh# 0 1 sinhf cosh6 /"

is the hyperbolic rotation with o, hoa, = h™'. Hence W = (h,04,) = Z X Zy
again.

For the rest of types, we note that W contains o,,03, = —I. Thus we get,
by Lemma 3.5, W = (04, 0y, —1I) for Type IV, W = (0g,,05,,,, —1) for Type V
and W = (04, 00y, —1) for Types VI-X. As above, it is easily seen that each of
the Weyl groups is isomorphic to (Z x Zsy) X Zs. u

Example 17.2.  We fix 6 = log(3 + 2\/5) Then coshf = 3 and sinh 6 = 2v/2.
(Note that (3,2) is the fundamental solution of the Pell’s equation z? —2y* = 1.)

Let A :=o0,, = <_01 ?) . Since 260 = log(3 + 2v/2)? = log(17 + 12v/2), we have

B = 04y00, = (121\7/§ 121\7/§> . (Note that (17,12) is the next solution of the

fundamental one.) Thus the Weyl group of Type I is equal to (A, B).

Let C' 1= 04,,,00, = (2\3/§ 2\3/5) Then W = (A, C) for Type II and

W = (A,—-C) for Type IIL
Note that — = —BABA and o, = —0,, = —A. Thus W = (A, £B) for
Type IV and W = (A, +C) for Types V-X.

Remark 17.3.  We note that Z xZy and (Z xZs) X Zs are both Coxeter groups.
(They are not isomorphic since the latter has a nontrivial center.) In fact, Z x Z,
is isomorphic to the Coxeter group determined by the graph:

o0
O——©O

which is the same as the affine reflection group of type A; (see [H, p.96]), and
(Z X Zs) X Zs is isomorphic to the Coxeter group determined by the graph:

o0
O——©O O

Remark 17.4. We can consider the set AY = {+ayy | k € Z} for § € R
without our assumption 2coshf € Zs3 (& 2coshd € Z). This A? still satisfies
the axioms of root systems except the crystallographic condition (A3). The Weyl
group of A is still isomorphic to the infinite dihedral group Z x Zs, by the same
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proof above. Note that the hyperbolic distance between agg and o 41)¢ is defined
to be 6. So we can say that A? is the set of vertices of a hyperbolic regular oco-
polygon in the hyperbolic plane R? (not the upper half plane, the Klein disc nor
the Poincaré disc).

Note that the classical irreducible root system of rank 2 having the same
length is the root system of type A,, which is the set of vertices of a regular
hexagon. What is the speciality of a regular hexagon among the euclidean regular
n-gons? That is 2cosf € Z in the regular n-gon {¢*’ | k € Z} in C, where
0 = 27 /n (and a point symmetry to exclude the regular triangle).
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