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Abstract. We give explicit formulas for the first few coefficients of the
Alekseev-Torossian associator and a second Drinfeld associator defined by C.
Rossi and T. Willwacher. This is done by analyzing the free and transitive
action of the Grothendieck-Teichmiiller group and its Lie algebra grt; on the
set of Drinfeld associators. As a result we obtain that, up to a conjecture on
multiple zeta values, both associators are not rational.
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1. Introduction

A Drinfeld associator is a formal power series ®(z,y) in two non-commuting
variables x and y satisfying certain equations. For instance, the easiest equation
is

Dy, z)"" = D(z,y).

The set of Drinfeld associators is known to be an infinite dimensional pro-algebraic
variety. This means in particular, that there is a wealth of solutions to the afore-
mentioned equations. However, despite this abundance and being studied inten-
sively, Drinfeld associators remain somewhat mysterious objects. In fact, explicit
constructions exist only for three associators, the Knizhnik-Zamolodchikov asso-
ciator ®ky, the anti-Knizhnik-Zamolodchikov associator & and the Alekseev-
Torossian associator ®ar.
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A crucial tool to generate new solutions and to relate existing ones to
one another is the Grothendieck-Teichmiiller group GRT;. It acts freely and
transitively on the set of Drinfeld associators. This means that there exists a
unique element ¢ € GRT; sending the Knizhnik-Zamolodchikov associator ®kz
to the anti-Knizhnik-Zamolodchikov associator Py via its action, and a unique
element @/; mapping Pky to the Alekseev-Torossian associator ®ar. The group
GRT] is pro-unipotent, which means that it has a (pro-nilpotent) Lie algebra grt,
and that there exists a bijective exponential map exp : gtt; — GRT; between
them. There is thus a unique element g € grt; satisfying ¢ = exp(g). It had been
conjectured by P. Etingof that

V=1

In [11], C. Rossi and T. Willwacher settled this conjecture in the negative. In
particular, this implies that by acting with the "square root" of 1, w% = exp (g) ,
on $ky, one obtains a further associator CIJ%, which we shall study extensively.

An interesting part of the theory on Drinfeld associator is the study of
the coefficients of these power series, as for instance, they are closely related to
multiple zeta values, i.e. the numbers

1
C(ny,...,ng) = Z ———— withny >2n;, > 1Vi € {2,...,k}.

ni Mg ?
Ju ok

J1>>g>1
In fact, all multiple zeta values appear within the coefficients of the Knizhnik-
Zamolodchikov associator ®ky. Multiple zeta values were already studied by L.
Euler and occur in several branches of mathematics, but are still far from being
fully understood. For example, there is an important conjecture on the algebraic
relations over Q satisfied by (regularized) multiple zeta values. These are called
shuffle and stuffle relations. The conjecture states that these generate all algebraic
relations over Q among (regularized) multiple zeta values. Our main result (to be
stated below) is true up to this conjecture.
One major problem on Drinfeld associators which remained unanswered for
a long time is whether there are associators whose coefficients all rational. It was
V. Drinfeld who proved that such rational associators must exist |5]. However,
no such element has been found so far. To the author’s knowledge, the question
whether the Alekseev-Torossian associator @t or the associator ® 1 are rational
is still unanswered. They are therefore considered potential candidates for being
rational associators. It is the aim of this work to tackle this problem. Our main
result is the following theorem.

Theorem 1.1.  If the conjecture on multiple zeta values stated above s true,
47 and <P% are not rational associators.
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To prove the theorem, we compute the coefficients of ®,r and ®:1 for

terms containing up to two y’s and arbitrary many x’s. We find that (12f the
conjecture is true) the coefficient of the term z?yx?y is irrational for both associa-
tors. The computations are based on the comparison of the coefficients appearing
in the relations between ®ky, Prz, 1 and Pur induced by the action of the
Grothendieck-Teichmiiller group GRT; and its Lie algebra grt,. This endeavour
is in fact merely an entertaining combinatorial exercise.

Throughout this text, we work over a field K of characteristic 0. The
completed free Lie algebra in two generators will be denoted by

Frie(x,y) = [ [ Frie(z,y)n

n>1

where Fpi(x,y) is the free algebra in two generators and Fr(z,y), is spanned
by Lie words with n — 1 brackets. Its topological universal enveloping algebra is
K ({(z,y)), i.e. formal power series in the non-commuting variables = and y. On

K ((z,y)), the coproduct A : K ({z, >) — K(( y)) QK ((z,y)) is such that x
and y are primitive, that is A(z) =r®1+1®x and Aly) =y®1+1®y. Here,
® denotes the completed tensor product.

2. Drinfeld associators and the Grothendieck-Teichmiiller group

The following notions are developed in V. Drinfeld’s paper [5].

Definition 2.1. The Drinfeld-Kohno Lie algebra t, is the Lie algebra with
generators t;;, 1 < 1,5 <n, i # j, satisfying the relations

[tij, tr] = O for 1,j,k,] pairwise distinct,
[tij, tir + t;] = 0 for 1,j,k pairwise distinct.

Definition 2.2. A Drinfeld associator is a pair (u, ®) € K* x K {((z,y)) such
that ® is group-like (i.e. A(®) = ®®®) and satisfies the following equations

D(y,z)""! (1)
27 0(z,y)e2 " D(y, 2)e2Vd(z, ) (2)
D(t1g, tog + toa) P(t13 + tog, t3a) = P(tos, t34)P(t12 + t1s, toa + t34) (12, t23).  (3)

P(z,y) =
1

We ask that v +y+ 2 =0 in and that the last equation takes values in the
universal enveloping algebra of the Drinfeld-Khono Lie algebra t;. We denote the
set of Drinfeld associators by DAss.
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Definition 2.3. The Grothendieck-Teichmiiller group GRT; is the prounipo-
tent group whose elements are solutions ® of the equations from Definition for
i = 0. The group operation is given by

(@ - &) (x,y) = B(x,y) P (z, D(z,y) 'yP(z,y)),

for ®(x,y), ®'(x,y) in GRT; and where the product on the right is the usual
product in K {{x,y)).

Remark 2.4. The Grothendieck-Teichmiiller group GRT; acts freely and tran-
sitively on the set of Drinfeld associators DAss. For U € GRT,, and (p,®) €
DAss, the action is via W.(u, ®) = (u, ¥ - @), where the multiplication in the sec-
ond component is defined in the same manner as the group operation on GRT}.

Definition 2.5.  We define the Grothendieck-Teichmiiller Lie algebra grt; to be
given by series ¢ € Fri(x,y) satisfying

Uz, y) + oy, z) =0
(@, y) + ¥y, 2) + ¥(z,2) =0

Y(tia, tas) + V(tig + tis, tos + taa) + V(tasz, t3a)
— Y (tia, taz + tas) — V¥(t1s + taz, tsa) = 0,

where = + y + 2 = 0 and the last equation takes place in t,. The Lie bracket on
get, is given by

{0} (,y) = [W(2,y), ' (2, )] + Dy’ (2, y) — Dypip(,y) (4)

where D, is the derivation of the free Lie algebra sending = to = and y to [y,].
The bracket {-,-} is sometimes referred to as IThara bracket.

The Grothendieck-Teichmiiller Lie algebra grt; is pro-nilpotent. The group
GRT; can be viewed as the exponential group of grt;, i.e. GRT; = exp(grt,).
There is also an action of grt; on DAss. For v(z,y) € get; and (u, ) € DAss,
the action is given by

Y@, y) (1, @) = (u, (2, y)P(x,y) + [y, 7]0,P(x,y))

where the first product is the usual product in K ((z,y)) and [y,7]d, acts as a
derivation on K ({z,y)) sending x to 0 and y to [y,~].

Example 2.6.  Consider the term z?yzyz®. We have that, [y,7]0,2%yzyas® =
22 [y, 7] zyx® + 2?yx [y,y] 23. In the above, this procedure is done for every term
of ® in a linear way.
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3. Multiple zeta values

As we will see in the next section, Drinfeld associators are closely related to
multiple zeta values which we introduce here. These were already studied by
L. Euler. For instance, they appear in [7], a text from 1775. In [6], he computes
the values ((2n) for n € {1,2,3,4,5,6} using a method which works for general
n.

Definition 3.1.  Multiple zeta values are given by expressions of the form

C(nla'--ank) = Z ;nk

ni ;N2 .« e
o>zt 1 2Tk
which are defined as long as ny > 2, n; > 1 fort=2,... k.

Definition 3.2. Let B be the vector space of formal linear combinations of
words w in z and y. We say that a word w is admissible in B if it is empty or
starts with an = and ends in a y.

Every admissible word may thus be written as ™ ~lyz™ "ty ... 2™ 1y, with
ny > 2 and ng,...,ng > 1. Let B,gn, denote the vector space of formal linear
combinations of admissible words. We define a linear map ¢ : Baqm — R by
setting ((w) := ((nq,...,nx) on words and extending linearly. Moreover, we set

() = 1.
Definition 3.3.  We define the shuffle product * on B recursively by,
aw x d'w' = a(w * od'w') + o (aw * w'),

where w,w’ are elements of B and «, o’ denote the first letter of the words aw,
o/w’, respectively. Furthermore, we set w* () = () x w = w for all w € B.

The shuffle product of two words corresponds to the sum of all ways of
interlacing them. It is associative and commutative. The map ¢ : (Baqm, *) = R
is a homomorphism of commutative algebras . In fact, this map extends uniquely
to a morphism of algebras ¢ : (B,*) — R such that ((x) = ((y) = 0. This
regularizing process is maybe best explained by looking at a simple example. The
multiple zeta values which may be assigned also to non-admissible words in this
way are called shuffle reqularized multiple zeta values.

Example 3.4. The word w = 22y2? ends with an z and is thus not admissible.
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We may rewrite it as,
vyx® = ’yx x v — riyr® — yr — Pyr — Pyx
& oy’ = %(:Eny xx — 3r°yr) = %(xzyx xx — 3(zPy * x — 4x'y))
= %(ﬁyw xx — 30y x x + 122%y)

Therefore,

C(atya?) = S0Py s 2) = 30(aPy = 2) +12((5))

= SCPy)(e) — Py +12¢(x*))
=0+ 0+6¢(z"y) = 6¢(2°1y) = 6((5).

(a+b)!

Lemma 3.5.  Let w = 2%az®. Then ((w) = (—1)° i
a!b!

Cla+b+1).

Proof. The statement is readily obtained by performing similar manipulations
as in Example ]

The relations between multiple zeta values which are obtained using the
shuffle product are called shuffle relations. To illustrate this notion, we look at the
following example.

Example 3.6. We may write ((2) as ((zy). This way,

zy)C(zy) = ((zy * vy)
yry) + C(zzyy) + ((vayy) + ((zryy) + C(zryy) + ((2yry)
= 4§( ) + 2((zyzy) = 4¢(3, 1) + 2¢(2,2).

We have marked the letters of the word xy, so that we may keep track of them as
we shuffle.

Next we consider the vector space A of formal linear combinations of words
u = ny---ng with letters n; from the alphabet N. Again there is a notion
of admissible words. We say that u = nq---ng is admissible in A if ny > 2
(or k = 0). Denote by A,qm the vector space of formal linear combinations of
admissible words. In analogy to the previous construction, we define a linear
map ¢ : Aaam — R by setting ((u) = ((nq,...,n,) on words u = ny---ny and
extending linearly. Moreover, ((() :=1.
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Definition 3.7. On A we may define recursively the stuffle product 111, by
nwlln'w' ;= n(wlln'w’) + (n + n')(wlw") + n'(nwllw"),
where n,n’ € N and w,w’ are words. Furthermore, set uIll() = QIllu = u.

The stuffle product is associative and commutative. Moreover, the map
¢ : (Apam, II) — R defines an algebra homomorphism, i.e. for admissible words
w,u', ((ulllu') = ((u)((v'). It may be extended uniquely to a map of algebras
¢ : (A /III) — R such that ((1) = 0. As before, the regularizing process is
probably best explained via a simple example. The multiple zeta values which may
be assigned also to non-admissible words in this way are called stuffle reqularized
multiple zeta values.

Example 3.8. The word w = 123 begins with a one and is therefore not
admissible. We note that

111123 = 1(PII123) + (1 + 2)(PIII3) + 2(11113)
=123 + 33 + 2 (1(PLI3) + (1 + 3)(PII) + 3(11LI0))
= 123 + 33 + 213 + 24 + 231.

Therefore, by applying the map (

((1,2,3) = ¢(123) = ((111123) — ¢(33) — ¢(213) — ¢(24) — ¢(231)
= ((1)¢(23) = €(33) — ((213) — ((24) — ¢(231)
=—((3,3) —((2,1,3) — €(2,4) — ((2,3,1).

The relations between multiple zeta values which are obtained using the
stuffle product are called stuffle relations.

Example 3.9. We will make use of the following stuffle relation. Let r, s € N.

C(r)¢(s) = ¢(rIs) = ¢(r(PILLs) + (r + s) (ML) + s(rIII())
= ((rs) +C(r+s) +¢(sr) = ((r,s) +¢(r+s) +((s,7)

It is conjectured (though apparently with no solution in sight) that the
shuffle and stuffie relations, together with a relation which relates the shuffie and
stuffle relations to each other [8|, generate all algebraic relations satisfied by the
regularized shuffle and the regularized stuffle multiple zeta values over Q. If this
were the case, then the conjecture below would be true.
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Definition 3.10.  Consider ((nq,...,n;) with ny >2,n; > 1 for i =2,... k.
We call N =mnj + -+ ng the weight of the multiple zeta value ((nq,...,ny).

A reference for the following conjecture is F. Brown’s paper on the decom-
position of multiple zeta values [4].

Conjecture 3.11. Let Zx denote the Q-vector space spanned by the set of
multiple zeta values ((ny,...,ng) with ny > 2,n;, > 1 for : = 2,... k of weight
N. Up to weight 8, the spaces Zy are conjectured to have the following bases
over QQ:
Weight N 1] 2 3 4 5 6
Q-Basisof Zy | 0| ¢(2) | ¢(3) | ¢(2) ¢(5) ¢(3)?
¢(3)¢(2) | ¢2)° | <

Example 3.12.  For instance, there must be a relation between the multiple zeta
values ((3) and ((2,1) which are both of weight 3. Indeed, the stuffle relation
gives, 0 = ((2)¢(1) = ¢(2,1)+((3)+¢(1,2) as ((1) = {(y) = 0. On the other hand,
shuffle relations yield, ((1,2) = —2¢(2,1). Together they imply ((3) = ((2,1).

4. Explicit Drinfeld associators

The Knizhnik-Zamolodchikov associators. The Drinfeld associators de-
scribed below where first defined by V. Drinfeld [5]. Further explanations can
be found in [9).

Definition 4.1. [5],( 19], equation A.17) The Knizhnik-Zamolodchikov (KZ)

associator is given by the following formula.

(—1)m
(2ri)

wEB,|w|>2

((w)w

Here, |w| denotes the length of the word w, n, the number of y’s in w and
((w) the regularized multiple zeta value associated to w. The anti-Knizhnik-
Zamolodchikov associator is defined as

q)ﬁ(x7y) = (I)KZ(_:E7 _y)

Remark 4.2. [5] Both the KZ associator and the anti-KZ associator are
Drinfeld associators. They satisfy equations (1)) to . ) for the parameter u = 1.
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Remark 4.3.  Note that indeed ®; # Pkyz as the coefficients of words of odd
length will have opposite signs. For instance,

¢3)
(2mi)3

¢(3) K7

@mipp

O#uigzyz—

#+

Remark 4.4.  Since ((z) = ((y) =0, also {(z™) =0 for all n, via

¢(a") = (" )¢(@) — (n = 1)¢(a") & n¢(a") =0

and similarly for y. This implies that in ®xyz and ®i; terms containing only x’s
or only y’s do not appear.

The first main Theorem. Since we have a free and transitive action of GRT}
on DAss, there exists a unique element 1) € GRT; such that ¢ - ®xy = Py;. The
group GRT; is pro-unipotent, and thus there is a unique element g € grt, with
1 = exp(g). Therefore, it makes sense to consider the "square root" of 9,

P = exp(g) € GRT; .

It is the element that satisfies the equation

(W2 - 92) (2, y) = Pz, y),

where the product on the left is again the product in GRT;. By acting with this
new element lﬂ% € GRT; on ®kyz, we find a Drinfeld associator |11], which we’ll
denote <I>%, ie.

q)%(x,y) = (1/)% Oz (2, y).

In [5], it was shown that there must exist an associator ®(x,y) € K ((z,y))
having only rational coefficients. The natural (and, to the author’s knowledge,
also unanswered) question that arises here is thus, whether the associator @1 is
in fact such an associator. Unfortunately, this does not seem to be the case. Our
first main result is the following theorem.

Theorem 4.5.  The coefficient in <I>% of the word w = x*yaxty is

2¢(3,5) — 7¢(3)¢(5)
51278 '
If the conjectured basis {C(3,5),¢(3)¢(5),C(3)%¢(2),¢(2)*} from conjecture [3.1]]

is in fact a Q-basis for multiple zeta values of weight 8, then this coefficient is
wrrational.
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Towards a proof of Theorem We start by considering two general group-
like formal power series @, ®" € K ((z,y)) satisfying the equations from definition
for some p € K. We want to understand the first terms of their product (as if
they were either two elements of GRT; or ® € GRT; and ¢’ € DAss)

(© - &) (x,y) = Bz, y) P (z, D(z,y) 'y®(z,y)). (5)

Lemma 4.6. A group-like element ®(x,y) satisfying the equations to ,
will not contain any linear terms in x and y.

Proof.  Assume on the contrary that ®(z,y) = 1+ax+by+(...) where a,b # 0
and (...) denotes higher order terms. The antisymmetry relation implies a = —b.
Inserting this into the third equation , we get to first order,

L+ a(tiy — tas — tos) + a(tiz + tog — ts4)

= 1+ a(tas — tsa) + a(tiy +tis — tog — t34) + a(tiz — ta3)
< t1g —tag — log + 13 + taz — tay

=to3 — t34 + t12 + 113 — tog — t34 + t12 — T3

< 0=t — 13-

This is a contradiction, and hence ® cannot contain any terms of first order. =

We may therefore represent the formal power series by

O(x,y) =1+ Z a,w and @' (z,y) =1+ Z by W.

weB,|w|>2 weB,|w|>2

For our purposes, we may furthermore assume that coefficients of words containing
only z’s or only y’s will equal zero in both ® and &'.

Definition 4.7.  The degree in y (in z) of a word w in B is the number of y’s
(of z’s) in w. We will mostly look at the degree in y, and in this case simply refer
to it as the degree.

Remark 4.8. The anti-symmetry equation ®(z,y)~! = ®(y, ), implies that
Qu(zy) = —Cu(y,z) AN Dy(zy) = —bu(ye) for all w of degree one in either x or y.

We now want to find the coefficients p,, up to degree 2 of the product

@ ) ey) =14 Y pu

wEB,|w|>2
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This is done by comparing the coefficients of the words x%yz® (for degree 1),
x%yzPyx¢ (for degree 2) for a,b,c € Ny in the equation

O(z,y)® (z, ®(x,y) yP(x,y)) =1+ Z PuW.

wEB,|w|>2

Degree 1. Let thus w = 2%2® where a,b € Ny. We find

Pw = Gy + bun Pw(z,y) = —Pw(y,x)- (6)

Degree 2. Let w = 2%y2y2® with a,b,c € Ny. Then

b a c
P = Ay + bw + Z Qgaygi bzbij$c + Z bxjyxc(—axu—jyxb) =+ Z bxayxj Qgbyge—i - (7)

j=0 Jj=0 Jj=0
Using the formulas above we may solve the equation

(¢ - Pxz) (2, y) = Prz(2, y)
for the coefficients of ¢ € GRT; up to degree 2. For this, let

U(ay) =1+ ) cw

wEB,|w|>2

and write w, for the coefficients in ®kz, i.e. Pxz(zr,y) =14+ >,  wuyw.
wEB,|w|>2

Degree 1. Let w = 2%y’ with a,b € Ny. Then from equation @, we find,
—u,, if |w| odd —2u,, if |w| odd
Cop + Uy = . w — .
u, if Jw| even 0 if |w| even.

Moreover, as for all elements of GRT; and DASS, cy(z,) = —Cu(y), Whenever w
is of degree 1.
Degree 2. Consider w = z%yz’yz® with a,b, c € Ny. Equation gives,

b
Cw = — U/'u) + (_1)‘w‘u’w - E Cxa‘yﬁtjufbijyxc
3=0 (8)

a C
- E ijyxc(—cxa—jyxb) - E Ugayyi Copbygpe—i-
J=0 J=0

We may simplify the expression for ¢, by introducing the following notation. For
a word v = xPyx? of degree 1, define

5o 1 if [u=p+q¢g+1odd
P10 if [ul=p+q+ 1 even
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Then ¢, = 6, - (—2u,). This way we may rewrite equation (§) as,

b
Cowy = — Uy + (_1>|w|uw + 2 E 5aju$ay$jumbijyzc
j=0 9)

+ 2 Z (s(a_j)buxjyxc (_Uxaijxb) + 2 Z (Sb(c_j)uxayrj Ugbyze—i -
=0 =0

This expression will turn out to be useful later on. Note that in the case where
there should be no confusion, we might write ¢, instead of d,,.

Our next objective will be to find the coefficients up to degree 2 of ’QZ)% . We
1
write d,, for the coefficients of 9z, i.e.

1/1%(x,y) =1+ Z dyw.

wEB, |w|>2
The defining equation for w% is
(2 - 92)(2,y) = $(,y).
Degree 1. Let w = z*ya® with a,b € Ny. From the above (equation (6])) we get,

—2uw _ _ .
Cw { —Hu U, if Jw| odd (10)

0 if |w| even.

Additionally, diy(z,) = —duw(ye), for a word w of degree 1.
Degree 2. Let w = x%yz’yz¢ with a,b,c € Ny. Then, by equation ([7)),

b a c
1
dy 25 (Cw — ; dz“yxjdxbijzc - ];0 daﬂymC(_dma*jymb) - j;o dﬂﬂ“ywj drbymaj) :

Again, we may rewrite this solely in terms of ¢, and wu,’s for v’s of degree 1.
Namely, if v = 2Pyz?, then d, = —J,, - v, (equation (10))). Therefore

b
1
dy =3 (Cw B JZZ(; OajO(b—j)cUaayas Ugh=iyze

— Z 5j06(a_j)bumijc(—Uxa—jyxb) — Z 5aj(5b(c_j)umayxj Uzbyxc—j> .

Jj=0 J=0

Now, to make matters worse, we have to consider the cases where |w| is odd and

where it is even separately. If |w| is odd, then every u,u! in the sums above, with
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v,v" of degree 1, will be such that one of |v| and |v/| is even and the other is odd.
Therefore, products of ¢’s appearing in the sums above will give 0, and hence,

c

dy = —. 11

: (1)

If, on the other hand |w| is even, all w,u) in the sum will correspond to

words v, v’ with lengths of equal parity. In this case, the products 6,0, = §, = 0.,
and we may rewrite d,, as,

b
1
dy =3 Coy — E OjUggaryy s Uggb—i gy e

j=0
— Z 5(a,j)buxjyxc(—uxa—jyxb) — Z (Sb(cj)umayxjuxbyxc—j> .
j=0 =0
Next, we replace ¢, with the expression found in equation @D to find that the

expression simplifies to

1

b
du 25 ( — Uy + (_1)|w|uw + z; 5ajua:ayzfugcb—jyxc
]:

. . (12)
+ Z 5(a_j)buxjyxc(—uxa—jyxb) + Z 5b(c_j)uxayxjuxby$cj> .

J=0 J=0

The coefficients of the associator ® 1, denoted f,,, are found by looking at
the equation

(6% - Biz)(2,y) = Dy ().
Degree 1. For w = 2%x’, a,b € Ny, we have by equation @,
fw = dw + Uy
Together with (coming from equation (|10]))
_ Cw _{ —u,, if |w| odd :>fw:{ —Uy + Uy =0 if |w| odd

0 if |w| even, Uy if |w| even.

Hence, @ is in fact a new Drinfeld associator, i.e. it is not equal to ®ky or Oi.
2

Remark 4.9. For w = 2Pyx? with |w| = p+ ¢+ 1 = 2n even, the coefficient
U, has a particularly nice form.

-1 -1 (p+9)

_ Y (=D (p+q)!
7

(2mi)?nplq!

Uy = (p+q+1)= ¢(2n).
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Note that we used Lemma [3.5] to regularize ((w). It is known, that ((2n) =

(—1)" 1(2(”)) B, where By, € Q is the 2n-th Bernoulli-number [3]. More im-

portant than the explicit form of ((2n) is the fact that ((2n) = ¢ - 7", for some
q € Q. This implies that u,, is a rational number for all words w of degree 1.

Degree 2. Let w = 2%yayx® with a,b, ¢ € Ny. Then following equation ,
b a c
fw = dw + Uy + Z d:cayxj Ugb—jyge + Z ua:jyxc(_dxa*jyarb) + Z Ugaygi dzbya:“j .
j=0 Jj=0 Jj=0
We have to distinguish between two cases. First, assume that |w| is odd. Then

C
dy = ?w (equation (11))) and
fw :_ + Uy — Z 5a]uxayxﬂ Ugb—jyge Z 5((1 —7) buxﬂymc Ugpa— jya:b>

- E 5b(c—j) Ugayzi Ugbyge—i -
j=0

Replacing ¢,, with the expression from equation @D gives f, = 0. In the second
case, consider now w of even length. In this case,

b a
fw =dy + Uy — E 5ajuxayxjuxb—jyxc - § 5(afj)bua:jyxc<_ux“—jyxb)

j=0 7=0

c
— E 5b(cfj) Ugayegi Ugbygpe—i -

Jj=0

Replacing d,, with the expression from equation yields,

f Uy — _< : 5ajuz“yx1uxb —Jyxe + § 5 (a—3) bux]ymc( Ul,a—jyxb)

7=0

—+ Z (Sb(c_j)uxayxj Uxbyxcj) . (13)

J=0

Proof of Theorem [4.5.  The word w = 2?yx*y is of even length. Thus the
coefficient f,, can be computed using equation . It gives,

fw = Uy — §uxzy (2ux4y + Ug2yg2 — uyx4).
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Since,
1 -1 -1
Ug2ypdy = (271-—2)8<(3’ 5)7 Ug2y = WC(E})’ Ugay = (271_—2)5C(5)
e IS 6
tetia® = () = () (2 6= Gript®
1 o =1 (4 _
ot = s Cle') = s (1P ()66) = ).

a simple computation leads to

2¢(3,5) — 7¢(3)C(5)
51278 '

fw:

As for the irrationality of f,,, first note that assuming the conjectured basis
to be in fact a basis over Q implies: If

01€(3,5) + q20(3)C(5) + ¢3¢ (3)%¢(2) + qu¢(2)* = 0,

for ¢1,q2,q3,q4 € Q, then g1 = ¢ = g3 = g4 = 0. Now, assume on the contrary
that f, =q¢ € Q. We find,

2¢(3,5) = 7¢(3)¢(5)

5127 = q & 2((3,5) — 7¢(3)¢(5) — 5127°¢ = 0.

Since ¢(2) = = [6], we have m® = 6¢(2)* = 1296¢(2)*. Hence,
2((3,5) — 7¢(3)¢(5) — 512 - ¢ - 1296¢(2)* = 0.

But this contradicts the statement above . Therefore, if the conjecture is true, the
coefficient has to be irrational. [ |

5. The Alekseev-Torossian associator

There is an alternative and very useful description of ¢ € GRT; which can be
found in [11], namely,

1

Y(z,y) =T exp /x(s)ds

0

Here -
#(s) = D mapials(s — 1) € gty

J=1
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for elements z9;41 € grt; indexed by the corresponding degree in the grading
of ]P‘Lie(ac,y) O grt;. This means that z,;,; will be a linear combination of Lie
words in x and y having 2j brackets. They are determined by the equation
Y - iy = Pz. The path-ordered exponential is defined as

1

T exp /a:(s)ds ::1—|—/1:c(s)ds—|—/x(sl)/x(SQ)d52d51+...

0 0 0

1 S1

Lemma 5.1. [11] Let o) € get, be given by,
1
2
U(x,y) = Texp /:c(s)ds
0

By acting with ¥ on ®yy, we obtain a Drinfeld associator called the Alekseev-
Torossian associator ® z7, i.e.

Dar(z,y) = (Y- Prz)(z,y). (14)

This associator was first defined in the work of A. Alekseev and C. Torossian
[1]. As for & 1, we ask whether ®,1 will be an associator with only rational
coefficients. Unfortunately, again, this does not seem to be the case. Our second
major result is the following theorem.

Theorem 5.2.  The coefficient in ® 47 of the word w = x*yxty is

2048¢(3,5) — 6293¢(3)¢(5)
52428878 '
If the congectured basis {((3,5),C(3)C(5),(3)%¢(2),¢(2)*} from conjecture

15 in fact a Q-basis for multiple zeta values of weight 8, then this coefficient is
irrational.

Remark 5.3. In ( [11], Remark 1.5.) C. Rossi and T. Willwacher state that
the coefficients occuring in ® a1 may be computed combinatorially from equation
. This is exactly what we intend to do explicitly. In particular, it implies
that all coefficients of the Alekseev-Torossian associator are rational polynomials
in multiple zeta values and i

Towards a proof of Theorem Our first aim is to describe the elements
Taj11 € gty C Frie(x,y). For this we have to understand what the space of linear
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combinations of Lie words having 25 brackets looks like. This is where the notion
of so-called Lyndon bases becomes useful. The main reference here is a book on
free Lie algebras by C. Reutenauer [10].

Definition 5.4. A word in z,y which is the unique minimal element with
respect to the lexicographical ordering within the set of its rotations is called
Lyndon word.

Remark 5.5.  [10] There is a bijection v between Lyndon words and a basis of
the free Lie algebra. Let w be a Lyndon word. If w has length 1, set v(w) = w.
If |w| > 2, we may decompose w as w = uv, where u,v are again Lyndon words
and v is of maximal length. Thus define vy(w) = [y(u),y(v)], recursively.

We will use this to find linear generators for the spaces of Lie words of
degree 1 and 2 (in y). In degree 1, the Lyndon words are of the form yx® for
a € Ng. The map 7 sends such a word to +ad}(y), depending on the parity of
a. Here ad,(y) = [x,y]. Therefore, the set {ad}(y)} describes a basis for the
vector space of Lie words of degree 1.

a€Np

In degree 2, the Lyndon words are given by yz®yz® with o < 3,a, 8 € Ny.
Decomposing w = yz®yz® as w = uv, u = yx®, v = yx®, we have that

y(w) = [y(ya®), v(yz?)] .
Using the definition of v on degree 1 words, we find
y(w) = =£ [adg (y), adg (y)] -

This way, {[adg‘(y),adf(y)] }a< s generates the space of Lie words of degree 2
linearly.

Let us fix some n > 1 and consider s, € I@"Lie(x, Y)2n+1 (the linear span
of Lie words in 2n brackets). Using the above bases, we may describe xg,,1 up
to degree 2. It will be of the form,

Toni1 = Con ad™(y) + Z Cap [ad;‘(y), adg(y)} +...
a,B

Here, copn, cap € K, a € Ny, f €N, o < 8 such that a + 5+ 2 =2n+ 1. Using
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this notation the first few terms of 1 are thus given by

1

0

+ Z (czj ad? (y) + Z Cap [2d2 (y), ad’ (y / s—1))¥ds +.
j:l 0

0<a<p
at+B¥2=2j+1

Remark 5.6. To pass from Fr.(z,y) to K ((z,y)), one sets [z,y] = zy — yx.
Below, we give some useful identities.

2n m
ad}(y) = ( . )(—l)ixiym%_i
0
ad, ad>"(y) = Z ( . )(_1>z(yxzyx2n—z — glygiy)

[ad$ (y), ad(y)]

a fB
(0‘) (5> (—1)7F (a9 a9 iyt~ — gy =itiyped)
¥ 1
0

i=0 i=

<

Moreover, we shall abbreviate the following integral by I".

(Cen+1))° (@)Y’

= = :
! F(dn+2)  (4n+1)!

(s(s —1))*"ds = (15)

S — _

—Uu

Here T'(z) = [ e “u®'du is the gamma function (see for instance [2]).

Lemma 5.7. The coefficient cg, 1S

- 2(4n + DIC(2n + 1)
T (2mi) 2+ (2n))?

Proof. To find cy,, we have to consider terms of degree 1 (in y). These are all
of the form x'yz?~* for some i € {0,...,2n} (as the total number of z’s and y’s
has to be 2n 4+ 1). In the defining equation 1 - Py = Pg, these terms appear as
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follows,

((2n)!)° =

(14~ ey, ad(y) + ... ) (1 + Zuzl pon i Ty T )
! z Y
(4n + 1)! p
2n)!)’” >~ (20 i, 2n—i - i) 2n—i
=(1+ %C%Z ( . )(—1) oy ) (1 + Zuxinyn—ifE yr®" L)
’ i=0 i=0

2n
= — Z UminZn—ixiy.fE2n_i +...

i=0

This is equivalent to saying that for all j € {0,...,2n},

1) — _ ) .
(dn + 1)1 j>( V= Rty (16)

Recall that ugjgon-— = (27”5—2171-4-1C (xiyx® 7)) where ((w) is the regularized multiple
zeta value of the word w. By regularizing, we find (see Lemma ,
. ) (2
ey ) = (-1 (7
J

The above equation ([16)) becomes,
((2n)1)? 2n ; -1 on_i (21
— = Cop, -1y = —-2——(—1)"" 2 1
CEEAC AR Griri Y j)een+l)

((2n))* o =9
(dn+ )12 7 (2mi)2nH

)g<2n+ 1).

¢(2n+1)
from which the statement follows. n

Lemma 5.8. Fizn >1 and let a,b,c € Ny such that a +b+c+2=2n+1.
The coefficients cq 5 satisfy the following set of equations.

by =17 zﬁ o ((a) (ﬂ) (1) (a) <5> (_1)a+a_c)

a+B8F2=2n+1

b 3 e ()= (7)) v (7)

pENp,seN
2s=b+a—p

2
+ Z 1128628<b8>(_1)buxayw‘1~

q€Np,seN
2s=b+c—q
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Proof. Let n,a,b,c be as in the lemma and set w = z%yz’yx°. This word of
degree 2 (in y) will appear within the following terms of the defining equation

w . (I)KZ = (I)ﬁa
< + I Z Cap [2d2(y), ad? (y)] + Z IFcaead?(y) + ... )
25+p+qj2:2n+1
: (1 + uxayxbyxcx“yzbyxc + Z Ugpyzra P yz? + ... >
25+p+qp—|’—qQ:2n+1
=— uxayxbyxcx“yxbyxc +...

Let us try to pick out the terms giving z%ya’yx¢ in the product on the left.

(i) The simplest one is 1 - uxayxbyxcx“yxbyxc.

(ii) Consider

nr Z Cap [ad3 (y), ad; (y)] - 1

—12n20a5 ZZ ( ) ( ) )j+z (xjyxafj+iyx57i _ xiyxﬁfi%»jyxafj) .1

7=0 =0
For fixed o and $3, this sum contributes with the first term a/yx® 7 +iyzf~
when j = a and i = 8 — ¢, and with the second term —xiyz’~Hiyge=J
whenever j = a—c and ¢ = a. Thus the coefficients we have to consider are

given by
n /8 a —C B aToa—cC
i 2 ()= ()
a+[3-|_-(2xz2n+1

(iii) The last terms we need to deal with are given by the action of I2*cy, ad>(y)
on elements of degree 1 (in y) via,

[P essady’(y) - (aPya?) + [y, [Pcas ad3’ (y)] 9, (27ya?)

for s € N,p,q € Ny such that 2s +p+ ¢+ 2 = 2n + 1. Expanding the left
product in this expression gives,

2s
s a2 () - () = a3 (%) (-Dfalya - a0y

1=0

2s
=I%cy, Z ( Z,S) (—1) 'z yx® TPy,

1=0
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This contributes when ¢ = a and ¢ = c¢. Therefore, the coefficients we are
interested in are of the form,

2s
]28 s _1a S
R G [V

pENp,seN
2s=b+a—p

The right part of the action of I?*cy,ad?*(y) on zPyx? expands to,

[y, [cos ad ()]0, (xPya?) = [P caga? [y, ad? (y)] 27 = [Pcpea? ad, ad® (y)a?
2s
=I%cy 2P Z ( S) (=1 (yz'yz® ™" — alyz?y)
i—o \ !
25 2s
:]28 s _11 D, nl 25—i+q __ ,.p+i,,.25—1 ay.
102;_;(2.)( ) (zPyx'yx P yx= T yat)

This contributes with the first term zPyz‘yxz?~t? when p = a and i = b,
and with the second term —aP*iyx?*~‘yx? when ¢ = ¢ and i = a — p. The
corresponding coefficients are thus,

2s 2s
S e} ) - 3 e 2

q€Np,seN pENp,seN
2s=b+c—q 2s=b+a—p

p

Note that in the last sum, a — p = 2s — b for all s and thus we may replace
(a2_sp) by (Qbs) and (—1)P by (—1)°.

Hence, in summary, comparing the coefficients of w = x%xbyx¢ with
a+b+c+2 = 2n+1 in the equation ¢ - Pxy = Pg; yields the following
relation for the ¢, 4.

O Zﬁ o ((a) (ﬂ) (1) _ (a) <5> (_1)a+a_c)

a+B8F2=2n+1

S () ()t

2s=b+a—p

2
-+ Z [128C25 ( bs) (—1)b'l,l,zaqu. ||

q€Ng,seN
2s=b+c—q
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The condition a+b+c+2 = 2n+1 gives us )2 Jinear equations in the
n unknowns c, g. By implementing the above equations for n <5, and thereafter
solving them numerically, we obtain numerical approximations of the ¢, . More
important than the actual value of these numbers is the fact, that a computer is
able to solve the overdetermined system of equations above. This tells us that the
cumbersome algebraic manipulations performed so far have a good chance of being
correct.

(2n+1
2

In order to give a formula for the coefficients of ® 51, we need the following
notion.

Definition 5.9.  The incomplete beta function B,(a,b) is defined as

T

B,(a,b) = /t“_l(l — )b 1at.

0

When = =1, By(a,b) =: B(a,b) describes the usual beta function [2].

Lemma 5.10.  The quotient I,(a,b) := %(f;)b)) satisfies the relation

I.(a,b) =1—1_,(b,a)

Proof. The relation is obtained by the change of variables given by substituting
t with 1 — u in the definition of 1,(a,b). |

%
Lemma 5.11.  The integral [ (s(s —1))*"ds which we shall abbreviate by Ji"
0

has the value

o __((20))*
= 2(4n +1)!

Proof.  We use the identity above to get,
Jn Bi(2n+1,2n+1) Bi_1(2n+12n+1) J2n

2" B@2n+12n+1) B2n+1,2n+1) = I}

1 ((2n)1)?
2n _ " 72n _
&= = s

We now have all the tools to describe the coefficients of the Alekseev-
Torossian associator ® 1. For this, write

Oar(z,y) =1+ Z fow

w;|w|>2
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and set
> 51
JHm = / (s1(sp —1))% / (52(s9 — 1))*™dsqds;. (18)
0 0
Lemma 5.12.  The coefficients of words in degree 1 and 2 of ® 41 are given by
~ 0 a+b+1=2n+1
f:v‘lya:b = (19)
Ugaygr a+0+1=2n
~ 0 a+b+c+2=2n+1
fmayxbywc - (20)
Ugayghyze + K(a,b,¢) a+b+c+2=2n
where
2L\ [(2m
K(a,b,c) = JE™ CorCom —1)e¢
(aa 70) ; 2 C21C2 ((a)(c)( )
20+2m+2=2n

(e =(2)6)r)

+ Z 27:125 t,c) ¢(2s +1)¢(p+c+1) ((2;> (—1)" — (2b8> (_1)b)

pENp,seN
2s=b+a—p
1) (a + q)! 25 b
+ Z 2m Fralg] C(2s+1)¢(a+q+1) ( ) ) (—1)".
q€Np,seN
2s=b+c—q
Proof. Extending 15 yields,

Y(z,y) =T exp

3
x(s)ds | =1 +/ (s)ds —|—/ /:v So)dsadsy + .
0 0

=1+ /Zx2j+1(s(s —1))¥ds
j=1

2

0o
+/Z$2[+1 81 S1 — 1 2l/ZSE2m+1 82(52 — 1)) d82d51 +.
=1

0

=1+ Z 33‘2]+1J1 + Z Z $21+1$2m+1J2

=1 m=1

R
o
=

= o
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1 . . . . .
where Jy™ is as in equation (18]). Replacing xq;41 gives,

ba,y) =1+ > T (ead@y)+ Y s [adi(y) adl(y)] + )

j=1 0<a<p
a+p+2=2j+1
0o o
l,m
+ E E $21+1$2m+1j2 + ...,
=1 m=1

We prove formula (19). Let w = z%yz® with a,b € Ny such that |w| =
a+b+1=2n+1. To find its coefficient, we have to consider the product,

(1; . (I)Kz)(l‘, y) = (1 + J12n$2n+1 + ... )(1 + umayxb:cayxb + ... )

= (1+ J7"(canad2(y) + ... ) + .. ) (1 + Ugaymayz’ +...)
2n

=1+ Jcon Z ( zn) (—1)alyz®™ " 1+ 1- uxayxbx“yxb +...

=0
2

=1+ Jf"c%(—l)“< n> Y2’ 4 gy ryz® + ...
a

= 1+ fouyara®ya® + -+ = Bar(,y)

The coefficient f,, is therefore given by,

z 2 1
fow = Uy + Jf”cgn(—l)“( n) = Uy — 2§Uw =0,
a

where we used égﬂ); cgn(—l)“(?) = —2Uyay,s , Which is exactly equation ([16)).

Let us consider now a word of even length, i.e. w = 2%z’ with a,b € Ny
such that a+b+1 = 2n. Then ¢ does not contribute anything to the coefficients
and we have,

T

To show , note that a word w = z%xzbyx°® of odd length, i.e. a,b,c € N
with a + b+ c+ 2 = 2n + 1, appears in the following sum. We have labeled the
terms with their origin within the product 1/; - Py

L Y wet DT reas [adi(y),adl)] - L
) Wideg(w)=2 0<a<p dyy,
|@]|=2n+1 a+B+2=2n+1 )
Pyy :/;r
+ J%cos ad® () uyv +[y, J¥ o5 ad?*10, (uyv
Z pz 1 2 , x (y) [y 1 2~ T ] y( )

S 7q
2s+p+q+2=2n+1 y=gPyxd P Pxz P Pkz
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With a similar reasoning as in the case where we determined the x9;1;’s, we obtain,

Fomut a3 o () () () (2) )

a+6+2=2n+1

3 e (D) ()

2s=b+a—p

2s
+ Z JIQSCQSUmaqu < b > (—1)b

q€Np,seN
2s=b+c—q

But then, since 2J" = I?" (see the proof of lemma [5.11]),

o 5 el (e ()CJer)

a+B+2=2n+1

D S T ( CA TR Cy TR

peNp,seN
2s=b+a—p

2s
+ Z [%SCQSUxaqu ( b ) (-1)b = O
q€Np,seN
2s=b+c—q
as this is exactly the equation satisfied by the ¢, (equation (17))).
A word w = z%zbyx® of even length, i.e. a+b+c+2 = 2n, will be

contained in the sum (coming from the product (¢ - Pkyz)(z,v))

~ l,m .
1 - Z UgW + Z JQ Lol+1L2m+1 1

P w;deg(w)=2 l,m Pky

|0|=2n 2l4+-2m+-2=2n

N Y 7
DKz P
2s 2s 2s 2s
+ E 5 Jileos ady’ (y) upv +y, Ji cos ady’| 0y (u,)

S p,q - Yz

25+p+q+2=2n y=gPyz P Pkz, b Pkz

The product xg; 179,11 is given by

To+1T2m+1 =C2iCam (adil(y) adim(y) + [% adil(y)] Gy(adim(y)))
=cucom (ad3 (y) ad;™ (y) + ady™([y, ad} (y)]))
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Using that

20 2
" 20\ (2m i i 9l—iti 9m—i
adZ (y)adZ(y) =) > (Z) (j )(—1) gty y 2=

i=0 j=0
22! 2m\ [ 2l

adzm [y,adff(y)} = Z ( . )(]>( 1)Z+J(q; yx]yx2m+2l—i—j _ xz‘-ﬁ-yyx% gy 2m—i)
i,j=0

we find, by picking out the word w = x%abyz¢ in the above sum, that the

contributing coefficients are given by,

fw Uy + Z JéymCQZCQm ( <2al) (2£n> (_1)a—C

lym
2l+2m~+2=2n

e () E)r)

< 2s 2s
+ Y TPty ((a)(_l (b)(—nb)
peNp,seN

2s=b+a—p

2s
+ Z JfSCQSUxaqu ( b ) (—1)b

q€Np,seN
2s=b+c—q

We simplify the expression above. For this, let us consider the product,

Lo 204s £ DIC2s +1) 1
270 (2mi)B((28))2 (2mi)prett

C(zPyac)

2s
Jl CosUgpyse =

1((29))* 2Ms+DI@2s+1)  —1 (1) (p+0)
2(4s + 1)1 (2mi)2H((25))2 (2mi)pret ple!
(=Dt (p+o)!
(2W2)25+p+c+2 el

_( (12)7T )2(%?;@ C2s+1)C(p+c+1).

C(p+c+1)

C2s+1)(p+c+1)

Similarly,

(=D (a+q)!
(2mi)?"alq!

C(2s+1)C(a+q+1).

2s
<]1 CosUgayra =
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Therefore,
- 20\ (2m
l,m a—c
Jw =ty + lgm Jo C2l¢2m<(a) ( c )(_1)
20+2m-+2=2n

() () )

o> EE e ((2) e (2) o)

pENp,seN
2s=b+a—p
)4 (a +q)! 25 b
+ Z 2m Fralg] ((2s 4+ 1)¢(a+q+1) < ) ) (=1)". n
q€Np,seN
2s=b+c—q

Proof of Theorem 5.2l We use formula for w = x?yz*y to get,

fu =t + c20a( Sy + 6371) — (2;)8<(3)C<5)'

Moreover as,

238 o1 1199 1

2" = Sico0600" 2 = Toasasaon’ " = et 9)
L2044 1K(3) _60¢(3) 28+ DIC(5) _ 1260(5)
N o7 () R P e 7y (C Y ER P

we ultimately obtain,

= 2048((3,5) — 6293((3)¢(5)
fu = 52428878 ‘

The proof of the irrationality of f,, is analogous to the case of the coefficient
fu n @1 (see Theorem . u
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