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Abstract.  We compute the cohomology with trivial coefficients of Lie alge-
bras mg and mo of maximal class over the field Z,. In the infinite-dimensional
case, we show that the cohomology rings H*(mg) and H*(mg) are isomorphic,
in contrast with the case of the ground field of characteristic zero, and we obtain
a complete description of them. In the finite-dimensional case, we find the first
three Betti numbers of mg(n) and ma(n) over Zs.

Mathematics Subject Classification 2010: 17B56, 17B50, 17B70, 17B65, 17B30.
Key Words and Phrases: Lie algebra of maximal class, characteristic 2, coho-
mology, Betti number.

1. Introduction

A Lie algebra g is said to be N-graded, if it is the direct sum of subspaces
gi, ¢ € N (the homogeneous components), such that [g;,g;] C gi+;. Obviously,
finite-dimensional N-graded Lie algebras are necessarily nilpotent. A great deal of
attention in the literature has been focused on N-graded Lie algebras for which the
homogeneous components g; are “the smallest possible”, that is, all of dimension
one or, in the finite-dimensional case, dimg, = 1, for i <n :=dimg, and g; =0,
for ¢ > n. With the additional condition that g is generated as an algebra
by elements e; and e,, spanning g; and go respectively, one obtains that the
subspaces Cy = g, C, = ®2;,,8i, k> 0, are the terms of the central descending
series. This defines the N-graded filiform Lie algebras in the finite-dimensional
case [15] and the N-graded Lie algebras of maximal class [12] (also called narrow
algebras). In characteristic zero, these algebras have been completely classified.
In the infinite-dimensional case, one gets just three algebras [6]. We list them here
with their presentations:

mo = Span(eq, €2, ... ), e, €] = €itr, i > 1, (1)
my = Span(ey, e, ... ), ler,ei] = eiv1, i > 1, ea,e5] =e€j0, 1>2,  (2)
V = Span(ey, ea, ... ), lei,ej] = (j —i)eirj, 1,7 > 1. (3)
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In the finite-dimensional case in characteristic zero, the classification of finite-
dimensional N-graded filiform Lie algebras was established in [10]: one obtains
the “truncations” of the above three algebras, in particular,

Span(es, ..., en), le1, 6] =e€ip1, 1 <i<mn, (4)

3
=
3
I

Span(ey, ..., en), [e1,6i] =e€it1, 1 <i<mn, (5)

3
(]
3

I

[eg,ej] = €542, 2<j<n—1,

and V(n), plus another three infinite series, and five one-parameter families of low-
dimensional algebras. The picture is more complicated in positive characteristic:
by [4], there are uncountably many isomorphism classes of Lie algebras of maximal
class; the construction of all such algebras in odd characteristic is given in [5], and
in characteristic two, in [9], with my and my being the simplest possible cases.

The cohomology of N-graded Lie algebras of maximal class has been studied
extensively over a field of characteristic zero [6, 7, 15], and at present is well-
understood. In [7], Fialowski and Millionschikov gave a full description of the
cohomology with trivial coefficients of the algebras my and msy; the Betti numbers
of V are found in [8]. In the finite-dimensional case, the cohomology of my(n)
were found in [2] (see also [1] and [7]). However, already for my(n) over a field of
characteristic zero, our present knowledge is limited to the first two Betti numbers
[10, 15].

The study of the cohomology of Lie algebras of maximal class over fields of
positive characteristic is much less developed. The cohomology of the Heisenberg
algebra is found in [3, 13]. A recent result by Tsartsarflis [14] states that over
a field of characteristic two, the algebras my(n) and my(n) have the same Betti
numbers (in contrast with the case of characteristic zero), and furthermore, every
algebra of the so called Vergne class admits a dual, non-isomorphic algebra, with
the same Betti numbers.

In this paper we study the cohomology with trivial coefficients of the Lie
algebras my and my, and their finite dimensional truncations, my(n) and mq(n),
over the field Z,. Let V = Span(ey,es,...) and let {e'} be the dual basis for
V*. Define the operator D; on V* by Die! = Die? = 0, Die! = 71, for
i > 2, and extend it to A(V) as a derivation. For w € A(V) and ¢ € V*, define
F(w,e") =32, (Diw) Aet™ ! (note that the sum on the right-hand side is finite).

Our main result in the infinite-dimensional case is as follows.

Theorem 1.1.  The cohomology rings H*(mg) and H*(mg) over the field Zs
are isomorphic. The respective cohomology classes of the cocycles
el e*, F(e" Ne A--- Nel el), (6)

where ¢ > 1, 2 < §1<iy<...<iy, form a basis for H*(my) and for H*(my),
respectively.

Note that H*(mg) over Zs is “the same” as over a field of characteristic zero
(compare with [7, Theorem 3.4]). In contrast, the fact that H*(mg) and H*(ms)
over Zs are isomorphic (note that my and my are not isomorphic over any ground
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field) is specific to the Z, case: over a field of characteristic zero, H*(my) is very
different [7, Theorem 5.5].

In the finite-dimensional case, which appears to be substantially harder that
the infinite-dimensional one, we compute the first three Betti numbers of my(n)
and the corresponding bases for H'(mg(n)), i = 1,2, 3.

Theorem 1.2.  The first three Betti numbers of the Lie algebra mo(n) over Zs
are given by

(a) bi(mo(n)) =2,
(b) ba(mg(n)) = [5(n+1)], where |.] denotes the integer part,

(c) bs(mo(n)) =322 —1)(2 ' =1)+3m(m—1)+ [5(n—1)], where n = 2" +m
and 0 <m < 2P,

An explicit form of the basis for H?(mg(n)) is given in Theorem 3.8 of
Section 3. Theorem 1.2 also gives us the first three Betti numbers of my(n)
(Corollary 4.1 of Section 4), which in characteristic two are simply the same as
those for my(n), by [14, Theorem 1].

The paper is organised as follows. We begin with some short preliminaries
in Section 2. We treat the algebras my and my(n) in Section 3. Parts (a) and
(b) of Theorem 1.2 follow from Proposition 3.3. After some technical preparation
similar to the arguments of [7], we prove Theorem 3.2, which is “the my-part”
of Theorem 1.1. We then proceed to the proof of Theorem 1.2(c). This is the
longest and most technically involved part of the paper. Finally, in Section 4 we
use a construction similar to [14] to establish the isomorphism between H*(my)
and H*(my), hence completing the proof of Theorem 1.1.

2. Preliminaries

Given a Lie algebra g over Z, with a basis elements e;, we denote the dual basis
elements e’. For convenience, we set ¢’ = 0. For simplicity we write a monomial
q-form et Ae2 A .-+ Aelt € A(g) as €2+ For a monomial %2 its degree
is defined to be Y 7_,4;. The homogeneous component Aj(g) of degree k and
of rank ¢ is the span of all the monomials of degree k£ and of rank ¢g. We set
Ai(g) = BeAj(g)-

As usual, the differential d is defined by d¢(X,Y) = £[X,Y] for one-
forms &, where X,Y € g, and then is extended to the exterior algebra A(g)
as a derivation (so that d(w; A wy) = d(w1) A wy + wy A d(ws)). Then d? = 0
and one define the g-th cohomology group H%(g) (with trivial coefficients) by
Hi(g) = ker(d : A9 — A1) /Im(d : A7' — A%). Then HY(g) is a linear space
over Zs; if its dimension is finite, it is called the g-th Betti number b,(g). It is
immediate from the definition that if dimg = n, then

b,(g) = dimker(d : AY — A?™) + dimker(d : AT! — A?) — (q ﬁ 1), (7)
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so to compute the Betti numbers it suffices to know the dimensions of the kernels of
d on the A?’s. Also note that in the graded case (in particular, for the bases {e;}
from (1 — 5)), the operator d maps A(g) to A% (g), and so H9(g) is spanned
by the classes of homogeneous elements; we get a decomposition (a bi-gradation)
H(g) = ®,H}(g). The multiplicative structure in H(g) := ®&,H(g) is inherited
from the wedge product.

3. Cohomology of my

In this section, we compute the cohomology of the infinite-dimensional Lie algebra
my and also the first three Betti numbers of the finite-dimensional Lie algebras
my(n) defined as follows (1, 4):

my = Span(ey, g, €3,...), |e1,e] = €1, fori>2,

mo(n) = Span(ey, ez, €3,...,¢€,), [e1,e] = €1, for2<i<n-—1

In the first few paragraphs, we closely follow the approach and the results
of [7, Section 3], adapting them to the case of the ground field Z,. In effect, the
outcome is that in the infinite-dimensional case, for g = mg, the cohomology is
“the same” as that for a field of characteristic zero, while in the finite-dimensional
case, for g = my(n), the situation is more delicate — not only the Betti numbers
are different, but also the methods of [7, 1] and the very elegant approach of [2,
Appendix B| do not work directly.

For a monomial ez~ € Ai(g), ¢ > 1, iy,ia,...,i, > 1, (for both g = mg
and g = mgy(n)) we have

d(eilig...iq) — 61(i1—1)i2...iq + elil(ig—l)...iq + . _|_ elilig...(iq—l)

(8)

— 61 A (e(i1—1)i2...iq + eil(iz—l)...iq et eilig...(iq—l))‘

It follows from (8) that the subspaces Ag(g) are d-invariant.
Moreover, for any w € A(g) we have d(e' Aw) =0 and d(w) € e' A A(g).
Set b := Span(es, es,...) for mg, and bh := Span(ey, eg,...,e,) for mg(n). Then

b is abelian and from (8) it follows that there is a well-defined linear operator D
on A(h) such that for w € A(h), we have

dw = e' A (Dw). 9)
It is easy to see that
De? =0,De’ = ¢! fori > 2, D(EAn) = D(E)An+EAD(n) for £,m € A(h), (10)

so D is a derivation of A(h). Recall that the Lie derivative with respect to e;
is defined by taking the operator (ad,)* on g* to be the dual to ad., on g, and
then extending it as a derivation to A(g). Note that D is just the restriction of
(ade,)* to A(h). Furthermore, D(AL(h)) C A} _,(h), so that D is “nilpotent”: for
any w € A(h) there exists N = N(w) > 0 such that D¥w = 0. For convenience,
we define D° to be the identity map.

Since from (8), kerd = e* A A(h) @ ker D, to find the kernel of d we need
to find the kernel of D. This is given by the following lemma.
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Lemma 3.1. (a) Let g=my. For any w € A(h) and ¢’ € b define

. 00 . N(w)-1 .
F(w,e') = leo Dlw A e = leo Dlw A e (11)

Then F(w,e') € ker D for w Ae' =0 and moreover, the elements

F(eh’iz‘..iq’eiq) — e’i1i2.‘.’iq’iq+1 + De’i1i2...’iq A eiq+2 + ... e AZ+1(U),
12
wherqul,2§z’1<i2<~~<iq,k:iq+1—l—z::1ij, (12)

form a basis for the kernel of the restriction of D to A,‘iﬂ(f)); the kernel of
the restriction of D to §* is spanned by e*.

(b) Let g = mg(n), viewed as the subspace of my spanned by the first n vectors.
Then ker D is the intersection of ker D constructed in (a) for the case g = my
with my(n).

Note that in the Introduction we used D; = (ad,, )* rather than D to define
F'. This yields the same object, since in (6), D only acts on elements of A(h) and
D is the restriction on D; to A(h). Notice however that Lemma 3.1 concerns
ker D, which is different to ker D .

Proof. (a) The fact that F(w,e’) € ker D follows immediately, as from (10),
for any w € A(h) and e’ € h we have

i RN i1+l
DF(w,e)-D(ZlZODwAe )
_ ZOO DLy A gt +Z°° Dlw A eitt
1=0 1=0
_ N i+l RSN i+l
—Zlew/\e —I—Zl:ODoJ/\e
=wAe,

as we are working over Z,. Notice in passing that this also shows that D is
surjective.

The fact that the elements given by (12) are linearly independent is also
easy, as from among the monomials e/t72-Jajatl 2 < ji < jo < +++ < jo < Jgi1
which appear on the right-hand side of the expansion of F(e%-% ¢'1)  there is
exactly one with the property that j,.1 = j,+1, namely the monomial ezt t1,
The fact that they indeed span the kernel of the restriction of D to Azﬂ(b)
follows from the same observation and from the dimension count. The elements
F(ehizia ela) ¢ AT (h) with ¢ > 1, 2 <y < iy < -+ <ig, g+ 1+ >ty =k,
are in one-to-one correspondence with the elements e/172-Jajat € AT (p) with 2 <
J1 < J2 < --+ < jg. On the other hand, consider the linear operator A : AZH([]) —
A9t (h) defined on the monomials as follows: Aeit2-ajatt = eiriz-jajer1=1  Then
A is surjective and its kernel is spanned by the monomials e/t/2+Jalatl g0 every
surjective linear operator from A" (h) to A%T1(h) (in particular, D) has a kernel
of the same dimension.

(b) easily follows from the fact that for the operator D defined for g = my,
the subspace A(h) defined for my(n) is D-invariant, and the restriction of D to
it is the operator D defined for my(n). ]
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With Lemma 3.1 we can easily finish the computation of the cohomology
for g = my; we obtain the same answer as in [7, Theorem 3.4]:

Theorem 3.2.  The cohomology classes of the cocycles
617 62, F(eilig...iq’eiq)7 (13)
where ¢ > 1, 2 < 1<iy<...<i,, form a basis for H*(mgy) over the field Zs.

Furthermore, the dimensions of the homogeneous components of H*(my)
over Zo are the same as those over a field of characteristic zero, so in particular,

dim H7, g0y (o) = Fy(k) — Fy(k — 1),
where P,(k) is the number of partitions of a positive integer k into ¢ parts.
The products of the basis elements also have “the same” decomposition as in [7,
Equation (8)], after reducing the coefficients modulo 2.

Proof of Theorem 3.2.  From Lemma 3.1(a) we know ker D, and so we know
kerd = e' A A(h) @ ker D. The image of d is just e! A A(h), by (9) and from the
surjectivity of D (which has been established in the proof of Lemma 3.1(a)).
Putting these two facts together we get the claim. [ |

We now turn our attention to the case g = mg(n). We view my(n) as a
subspace of my spanned by the first n basis elements and for convenience, denote
the operator D defined for mg by D. The following Proposition easily follows
from Lemma 3.1.

Proposition 3.3.  The space H'(my(n)) is spanned by the classes of the ele-
ments €', e* and so by(mg(n)) = 2. The space H*(my(n)) is spanned by the classes
of the elements e, F(e',e') = e"t! 4 7Lt oo 22712 < < I(n+ 1),
and so by(mp(n)) = [3(n+1)].

Proof. The claim for H'(mg(n)) is clear. For the second cohomology, by
Lemma 3.1(a), the kernel of D is spanned by the elements F(e,e) = b+ +
e bt 4 €221 Since a sum of some number of the F(e’,e’) belongs to
mp(n) if and only if each of them does (no two monomials of the different F(e, e')
may possibly cancel), we get by Lemma 3.1(b):

ker D = Span(F(e',€') : 2<i < 1(n+1)). (14)

Then kerd = e AA'(h) @ker D and so the second coboundary space is spanned by
el F(e',e'), i=2,...,n— 1. Then, as the image of d on the space of one-forms
is spanned by e! Aef, for 1 <i <n — 1, the claim follows. n

Proposition 3.3 establishes parts (a) and (b) of Theorem 1.2. The first two
Betti numbers of mg(n) over Z, are the same as those over a field of characteristic
zero [1], but bs is different, as Theorem 1.2(c) shows.
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Remark 3.4.  Explicitly, for small values of n, Theorem 1.2(c) gives the values
of b3(mg(n)) as in the second row of the following table.

n{3|4(5(6|7| 8|9 10111213 |14 |15 |16 |17 | 18| 19|20
bs| 1234|710 1112|1518 |23 |28 |35 |42 |43 |44 |47 |50

The sequence bz(mg(n)) is the sequence A266540 in [11]. To see that, we
note that by the formula given in Theorem 1.2(c), bs(mg(n)) = 5 (bs(mo(n — 1)) +
bs(mo(n + 1))), for odd n > 3, and so it suffices to show that the even terms
of the two sequences coincide, which is equivalent to the fact that the sequence
Ap = 1b3(mp(20)) = 2(2%72 — 1) + s, where [ = 27" +5, 0 < s < 2P~! coincides
with A256249. This is equivalent to the fact that A; is the (I — 1)-st partial sum
of the sequence A006257 given by a; = 2(j — 2U°#24]) 4+ 1. But the latter partial
sum equals [ — 1 —2(2P~1s + 3P~ 22%)  and the claim follows.

The proof of Theorem 1.2(c) is based on the following Proposition. Denote
W = A3(es,...,e,_1) and b = Span(ey,...,e,).

Proposition 3.5.  For m as defined in Theorem 1.2, there exists w, € W for
2 <k <m such that

ker Djps(y) = ker Dy @ Span(e™ A F(e¥,e") 4wy, : 2 <k < m).

We first prove the theorem assuming the Proposition.

Proof of Theorem 1.2(c). For n = 3 the statement is easily verified, since
H3(my(3)) is spanned by the class of the single element €'?3, so by(mg(3)) = 1.
Assume n > 4. Denote d, the dimension of the kernel of the operator D
constructed for the algebra mg(n). Then from Proposition 3.5 we have d,, = d,,_1+
m—1. It follows that for n =27 +m, 0 <m < 27, we have d,, = do» + 3m(m — 1)
and in particular,
dop+1 = dgp + 2071 (2P — 1). (15)

We also have dy = 1, as for mgy(4) the space ker D is spanned by e**. It follows
from (15) that da» = £(2P—1)(2°"'—1), and so d,, = £(2°—1)(2P ' =1)+3m(m—1).
We have

dim ker(d: A*(mg(n)) = A*(mg(n))) = d,+dim(e' AA*(mg(n)) = dp+3(n—1)(n—2).
On the other hand, from Proposition 3.3,

dimker(d : A*(mg(n) — A*(mg(n)) = (n —2) + [2(n+1)],
and so the claim follows from (7). [

Proof of Proposition 3.5. Any w € A3(h) can be uniquely represented as
w=e"NE+ W, with € € A%(eg, ... 60 1), W' € A3(eg,...,en_1) = W. For w to
belong to ker D it is necessary that D¢ = 0 (so that Dw does not contain e™).
From the proof of Proposition 3.3 it follows that ¢ must be a linear combination of

!The authors are thankful to Omar E. Pol for pointing this out.
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F(ek ek), k= 2,...,|n/2]. Extracting the homogeneous components we obtain

that the proposition is equivalent to the following statement: for 2 < k < |n/2],

there exists wy, € W such that e” A F(e, ef) + wy, € ker D, if and only if k < m.
The next step in the proof is the following lemma.

Lemma 3.6. Forn>4 and 2 <k < |n/2|, define a=[(n+2k+1)/3], b=
|n/2] +k — 1. There exists wy € W such that e" A F(e*, e*) + wy € ker D if and
only if the linear system Az = (1,0,...,0)" € Zs~' has a solution x € Z5 ™,
where A is the (k—1) x (b — a + 1)-matriz given by

n—(a+j—1)+2i—-1) 1<i<k-1
A = 2 . ’ 1
J ((a—i—j—l)—l—(i—l)—k mod 2, 1<j<b—a+1, (16)

and as usual we set (JZ):Oz'ft<0 ort>N.

Proof.  Suppose for some wj, € W, the three-form w = e* A F(e*, e*) + wy,
belongs to ker D (where 2 < k < |n/2]). Without loss of generality we can
assume that wy is homogeneous, of the same degree as €™ A F(e*, e¥), so that w
is homogeneous of degree n + 2k + 1.

By Lemma 3.1, the form w viewed as a three-form on mg, lies in the kernel
of D and so is a linear combination of the forms F(e*" e"), 2 < s < r, where by
homogeneity we can assume that s + 2r +1 =n + 2k + 1, from which it follows
that s =n+2k —2r. Then 2 < s <r —1 gives a < r < b. Therefore for some
Wy € Lo, T =a,...,b we have

b
W= F(@k,€k> A€+ wy = Z B MTF(€n+2k72r,r’er)

_ Zbi " Z;’io Dl(en+2k—27",7‘) A el—i-r—l—l
o0 b
_ leo ZT:a uTDl(€n+2k_2T’r) A el-&—r-i—l. (17)

Asn+2k—2r=s<r<band b= |n/2]+k—-1<2|n/2] —1<n, no
terms D!(e"t?*72"") in the latter expression may possibly contain e, N > n.
It follows that the only terms containing eV with N > n in (17) are &y A el
where €y = SN DNor—l(ent2h-2rry -y fact, since w € A¥(mo(n)),
we have &y = 0 for all N > n and equating the terms containing e" we get
& = F(e¥ eF). Conversely, if &, = F(eF, ek), then &y = 0 for all N > n,
as &np1 = DE, = DF(e?,ef) = 0, &0 = D%, = D?*F(e*,e*) = 0, and so
on. Thus a necessary and sufficient condition for the existence of wy € W such
that the three-form w = e™ A F(e*, e*) + w;, belongs to ker D is the existence of
Wy € Lo, T = a,...,b such that

b
F(ek, ek) _ £n _ Z B /LTanrfl(en+2k72r,r>' (18)

(the summation on the right-hand side is up to b as b < n — 1). Note that
both sides are homogeneous two-forms of degree 2k + 1. Recall that F(e*, e*) =
efktl g eh=Lh+2 14 e22k=1 and observe that

Dn—r—1(€n+2k—2r,r) _ Znir*l (nﬂgl) er—r—i—i—&-l,r—z’.
=0

(2
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So expanding and equating coefficients of the corresponding monomials we see that
(18) is equivalent to the following system:

b —r— n—r—
Zr:a 'U’T((nrfk 1) + (r,(kJri))) =1 mod 2,

’ -r= n—r—
ZT:a “T((rri(k—i)) + (r_(k+;))) =1 mod 2,

b —r— n—r—
Zr:a 'L‘T((nr—2l) + (r—(2k_11))) =1 mod 2.

Now the linear combination of the first s < k — 1 of the above equations with the

coefficients (2::11), (235:21), - (251_ 1), (250_ 1) respectively gives

b 2s—1 (25 — 1 n—r—1 b n—r+2s—2
Doy Gy | SAsnt)) B DSV Chay
on the left-hand side (as Zizo (i) (ti) = Zizo (ZL) (tﬁ) = (];C:“ll) by Vander-
monde’s identity). On the right-hand side we obtain (288:1) + (2571) +ooF (2871) +

1 5—2 1

(28(;1) = % x 225=1 = 225=2 which is odd when s = 1 and even otherwise. Thus

the above system of equations is equivalent to the following one:

b b
> () =1 mod2, > (") =0 mod?2, for2<s < k-1
This is equivalent to the claim of the lemma if we define z = (p1q, fay1, -, pp)". ™

In order to use Lemma 3.6 to conclude the proof of the proposition, we need
to show that the system Az = (1,0,...,0)" has a solution if and only if k£ < m.
Even though we are working over Z,, let us say that vectors z,y are orthogonal
if 2ty = 0.
To prove the necessity we show that, assuming k& > m, the first row of A
belongs to the span of the next m — 1 rows, namely that
(=, Y, (527 2),0,...,00A =0 mod 2. (19)

0 1 k—m—1

Then any z orthogonal to all the rows of A starting from the second one, must
also be orthogonal to the first row, and so the system Az = (1,0,...,0)" has no
solutions. To establish (19) we need to show that for every 7 =1,....b—a+1,
we have

D G (Al e ) RLIEEE

which is equivalent (by substitution r =a+j—1,l=i—1, N=k—m—1, n=
2P + m) to showing that for all r = a,...,b,

L)) s

We require the following Lemma.
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Lemma 3.7.  Suppose p > 2 and let x,y € 7.
(a) If 0 <z <y<2P, then (QP;””) =0 mod 2.

P _1—

(b) If x,y <2»—2 and y,x +y > 0, then ( ; ‘T) = (nyrz) mod 2.
Proof. By Kummer’s Theorem, a binomial coefficient (;’) with 0 < ¢ is odd if
and only if there is a place in the binary representation where ¢ has 0 and ¢ has
1 and, when 0 <t < ¢, if and only if there is a place in the binary representation
where both ¢ — ¢ and ¢ have 1.

(a) For (2p+m) =1 mod 2, the binary representation of 2P + x must have
a 1 at all the places where the binary representation of y does. But as y < 2P,
this implies that the binary representation of x has a 1 at all the places where the
binary representation of y does, which contradicts the fact that y > x.

(b) First suppose x > 0. Then (QLylfw) is even if and only if there is a
place in the binary representation where 2P — 1 —x has 0 and y has 1 if and only
if there is a place in the binary representation where x has 1 and y has 1 if and

only if (y”) is even.

Now let z < 0. So (y”;””) = (0. Denote 2z = —z —1 > 0. Then
(QLylix) = (QPJZ) and 0 < z < y < 2P — 2 by our assumption. By part (a),
(2p+z) = (Z) mod 2, and (Z) =0as 2<y. So (y”) = (2p+"‘) mod 2. -

Yy Yy ) )

To apply Lemma 3.7(b) to the binomial coefficients (ZP_I_T(,’“_;T;N _2”) from

(2 )We need to check few inequalities. We have r—k >a—k = [s(n —k+1)] >
( n—|in|+1)] =[i([in]+1)] >1andsor—k+1>1and (r—k+1)+

—k+ N —2l) > 1. Furthermore, r —k+Il,r—k+ N -2l <r—k+ N <
b—k:—l—N sn]+N—1,and [in]+ N —-1=[in] +k—m—2<2[in] -
m—2=22"""+Im| —m—2 < 2" —2. So the hypotheses of Lemma 3.7(b)
are satisfied with * = r—k+ N —2[,y = r — k + 1. So Lemma 3.7(b) gives

(217_1_7(”:]3]\[_2’)) = (Q(T;EZ:IV _l) mod 2, for every [ = 0,..., N. Vandermonde’s

identity gives (Q(TZE:ZV _l) = Z?:Ol (NZ._Z) (r (]: Hk Z) and hence the left-hand side of
(20) is congruent modulo 2 to

(ST 2 Gt ) ()

i=0 i, 1>05i+I<N

- i>l>0_zi+l<N <¢,1,NN— z —i) ((r E(/:J_j)— z) " (r E(/:J_rzk)— 1))
2 L) (V5)

i>0;2i<N

=0 mod 2,

as (TZ_(]:J:IICL) = (7»2—(1:;?21) and (ZT k)) = 2(2(7";_’“]2_1). This completes the proof of

necessity.
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To prove the sufficiency we explicitly produce, for any 2 < £ < m, a
vector x € Z4 ™! such that Az = (1,0,...,0)' € Zb~1:

p—1 m—k
;= ) =1,...,b— 1. 21
Ly Zs:(} <n_(a+]_1)_25>7 J ) ) a + ( )

By Lemma 3.6 we need to show that for all i =1,...,k—1,

bl (mhafnst iy SR EEEE

]:1 s=0

We first show that the expression on the left-hand side of (22) can be rewritten as

n—(a+j7—1)+2>—-1) m—k

ZZ( (a+j—1) +(z—1)—k>(n—(a+j—1)—25> mod 2,

s=0 jeZ
so that there is no contribution from the values 7 < 0 and j > b—a+1. The latter
is easy: for the first binomial coefficient to be nonzero we need to have n—(a+j —
1)4+2(i—1) > (a+j—1)+(i—1)—k which gives 2j < n+k+i+1—2a < n+2k—2a,
asi<k—1,s0j <|n/2]+k—a=0b—a+1. To prove the former, we first look at
the second binomial coefficient, from which we get m—k >n—(a+j—1)—2% so
j > n—at+l+k—m—2° > n—i(n+2k+1)—24+1+k—m—2° = (2P +k—m—3-2°).
Now if s < p—1 the expression on the right-hand side is positive, as m < 2P, and
we are done. Suppose s = p — 1. Then we have j > = (2p '+ &k —m), which still
implies 7 > 0 unless m = 2P"' +k+1, [ > 0, in Wthh case we have j > —%l.
Then

2" +m+2k+1 20+ 27143k +1+1 ) [+1
a= 3 = 3 =24+ k4 =

2p
”) , where

and the first binomial coefficient has the form ( )
v=n—(a+j—1)+26—-1)—2P=m—(a+j—1)+2(G—1)
=kl —(a+j—1)+26—-1)=1+1-[(1+1)/3]+2(—1)—3j,
y=(a+j—-D+(i—-1)—k=2""1+[1+1)/3]+j+i—2

Note that as 7 > 1, we have x > 0 if j < 0. Alsoif j <0, thenas i <k—1, we
have y <271+ [(14+1)/3]+ k-3 <2+ [+ k—2=m—2 < 2. Moreover,
if 7 <0,thenasi<k—1,wehave y—x= (2" +[(l+1)/3]+j+i—2)—
I+1-Jl+1)/3]4+206—-1)—j) =21 +2[(1+1)/3] - (1+1)+2j —i >
27714+ 2—-(1+1)—k=2"—m+1>0. So the hypotheses of Lemma 3.7(a)
are satisfied, and hence the binomial coefficient (22”) is even. So it remains to

establish that

Z > (na_;; +_j1 _f)(f_ZS _ 1,2) (n (a Tj__kl) - 28) mod 2 = &y;, (23)

s=0 jeZ

foralle=1,...,k—1.
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A clear advantage of (23) is that it “takes care of itself” — we do not
have to worry about the limits. Changing the summation variable in (23) to
h=n—(a+j—1)—2° we obtain that (23) is equivalent to

Z Z (n _2 + 2;_—11)) +kh_ h) (m}: k) mod 2 — b o

s=0 heZ

Now for a polynomial P € Z,[t] and | € Z we denote {P}; the coefficient of ¢ in
P. Consider the polynomial P, ,(t) = (2 + ¢)*(t* + t + 1)V. We have

LT ol ) e A

heZ h,s€Z l€Z heZ

so the left-hand side of (24) equals

p—1 p—1
Z{P25+2(i—1),m—k}n+3(i—1)—k = { Z(tQ —+ t>25+2(171) (tQ 4t 1)mk}
5—=0 n+3(i—1)—k

s=0

p—1
5= 0 n+3(i—1)—k
={(* + O+ I+t )" s

modulo 2 (since as (2 +1)2" = 12" +1¥ in Zy[t] and so P (12 +1)* =" +t
mod 2). Now, if in the expansion of the latter polynomial we take ¢ from the
first parentheses, then the maximal degree of t in the resulting terms will be
I1+4G@—1)+2m—k)<2m—-1+4+3(i—1)—k<n+3G—-1)—k,as 1 <k—1
and n =27 +m, m < 2P. It follows that

p—1
Z{P25+2(i—1),m—k}n+3(i—1)—k = {7+ )2V 4t + D)™ Y a1k
s=0

_ {(t—l— 1)2(i—1)(t2 +t+ 1)m_k}m+(i71)—k

=3 {(E+ D2} (P D) e

= {(t+ 12D (Pt + )™ ), mod 2,

where the last equality follows from the symmetry: for the polynomial f(t) =
(t+1)207Y we have f(t) = 0D f(t7"), s0 {(t4+1)*07 D} = {(t4+1)70 D}y,
and similarly {(t? +¢t+ 1) "}, o ={(E+t+ )™ *}, 4.

Now if @ > 1 we obtain {(t + 1)20"V},.; = (*")) = 0 mod 2, as
required. If i = 1 we get {(2 +t+ )" * ), = {3, (")E + )} =
{Zm (") G Y =320 (") (i) = 220 (M) (M707) , where s = m —

— 1. The terms with s < 0 vanish, and the term with s =0 is 1. For s > 0,
COHSlder the first place, counting from the right, where the binary expansion of
s has a 1. Then by Kummer’s Theorem, for (ms_k) to be nonzero, the binary
expansion of m — k& must have a 1 at the same place, so the binary expansion
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of m — k — s will have zero at that place, thus (mfff‘s) = 0. It follows that
{(t* +t+1)""*},,» = 1 mod 2, as required. This concludes the proof of
Proposition 3.5 and hence of Theorem 1.2(c). [

Note that one can extract from the above proof an explicit basis for the
space of three-cocycles of my(n) (and hence for H3(mg(n))). We have the following
theorem.

Theorem 3.8. Forn >4, n=2P+m, 0 <m <2 and for 2 < k < m,
define the numbers a = [(n+2k+1)/3], b= |n/2] +k—1. Let B, be the set of
elements of mg(n) of the form

p—1

<n L )F(€n+2k2r,r, er) _
0

b p—1
Zz;(n_r_2s>ZDl n+2k 27’/\6 )/\BT—H—H’

>0

>

r=a s$=

for 2 < k < m, where D is the linear operator defined by (9) and the binomial
coefficients are taken modulo 2. Then classes of the elements of the set

{e" M, 24 nf2)<i<n}u ] B.

4<t<n
is a basis for the cohomology space H3(mg(n)), n > 4, over the field Z,.

Proof. We start with the elements e*~% 2 + |n/2|] < i < n. They are
linearly independent cocycles and the space spanned by them has the correct
dimension, which is the codimension of the space of coboundaries in the space
spanned by e, 1 < i < j < n, by Proposition 3.3. It suffices to show that
neither of them is a coboundary. But if it were so, then by homogeneity we would
have had that e~ is the coboundary of a linear combination of the elements
efl, 2 <k <l<mn, k+1=2i, that is, of the elements e "** k=1 ... n—1
(note that as @ > 2+ |n/2], we have 20 —n — 1 > 2). But the coboundary of
any such element is the sum of exactly two monomials, el#=F=1ith 4 plizhith=1
so the coboundary of any linear combination of them is a sum of an even number
of monomials, hence cannot be equal to el =7,

As to the element from the sets B;, no linear combination of them is a
coboundary (as any coboundary is a multiple of e'). Moreover, from Proposi-
tion 3.5 (both the statement and the proof) it follows that they form a basis for
the kernel of D, where the form of the elements given in the statement follows
from Lemma 3.6 and Equation (21). [

Example 3.9. For n =4,...,12, the space of 3-cocycles of my(n) is spanned
by the three-forms €', 1 < i < j < n, and the three-forms from the following
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table in the rows labelled by the numbers less than or equal to n.

6234

6245 + 6236

6345 +€246+€2377 6356+€257+€347

6256 + 6247 + 6238, 6456 + e357 + 6258 + 6348,6467 + 6278 + 6368 + 6458

O [0 || O | O W~

10 | €267 4 258 | (249 4 (23(10)

1 6367+6268+63§8+€349+€24(10) 423011
378 4 o279 4 369 4 (35(10) 4 (25(11) 4 34(11)
167 4 (368 | o458 | 0269 | 025(10) 4 o24(11) 4 (23(12)

12 | 478 4 (289 | o379 | (469 4 o45(10) 4 (35(11) 4 25(12) 4 34(12)
o489 | o38(10) | 47(10) 4 (28(11) 4 o46(11) 4 o27(12) 4 (36(12) 4 (45(12)

4. Cohomology of m,

In this section, we compute the cohomology of the infinite-dimensional Lie algebra
my given by (2):

my = Span(ey, e, ... ), le1, €] = €iy1, © > 1, [62763‘] = €ji2, J > 2,

hence completing the proof of Theorem 1.1. First we state the following result for
the truncation my(n).

Corollary 4.1.  The first three Betti numbers of the Lie algebra my(n), n >5,
over Zs are given by by(my(n)) = 2, by(ma(n)) = [5(n +1)], and

bs(ma(n)) = (2" — 1)(2P~" = 1) + gm(m — 1) + [5(n — 1)},

where n =2 +m, 0 <m < 2P,

Proof. By [14, Theorem 1], the Betti numbers of my(n) and of my(n) over Z,
are the same. The claim then follows from Theorem 1.2. [

Remark 4.2. Tt is easy to see that H'(my(n)) is spanned by the cohomology
classes of ¢! and e* and that H?(my(n)) is spanned by the cohomology classes of
the elements e'™ + 21, bt et bitd 4. 42271 "where 2 < i < $(n+1). A
basis for H3(mg(n)) can be found by applying the map f from [14, Definition 3]
(see below) to the elements of the basis for H?(mg(n)) constructed in Theorem 3.8;
the resulting basis is the same.

In the infinite-dimensional case, we follow the construction of [14]. As in
the Introduction, let V' = Span(ey,es,...), and define the operator D; on V*
by Die! = Die? =0, Die' = ¢!, for i > 2, and then extend it to A(V) as a
derivation. Note that any w € A4(V), ¢ > 2, has a unique presentation in the
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form w=e' ANE+e* An+(, where £ € A7 ey, e3,...), n € A7 (es,e4,...) and
¢ € A(es,eq,...). Note that £, and (¢ linearly depend on w.

Define the linear map f on A(V) by setting f(e! AE+e2An+ () =
e! AN+ e2 A (n+ Di€) + ¢ on the forms of rank at least two, and taking it to be
the identity on V*. The following properties of f are easy to check:

e f is an involution, hence a bijection, and f~! = f,
e the restriction of f to A(es, e3,...) is the identity,
e f preserves the homogeneous components: f(A{(V)) = AL(V).

The main feature of f is the fact that it interweaves the differentials of m
and my. More precisely, consider my and my to have the same underlying linear
space V', but to be defined by the brackets (1) and (2) respectively relative to the
same basis {ej,ez,...} for V. Then for all w € A(V), we have

fd()w = dgfw, fdQCU = d()fw, (25)

where dy and dy are the differentials on my and my respectively. The first equation
is easily verified for w = €', and the proof for w € A4(V), ¢ > 2, is identical to
the proof of [14, Proposition 1]. The second one follows, as f is an involution.

Proof of Theorem 1.1. By (25), f bijectively maps cocycles and cobound-
aries of my to cocycles and coboundaries of my respectively. It follows that H*(my)
is spanned by the classes of the images under f of the elements (13). As f acts
on all those elements as the identity, we obtain that the basis for H*(my) is the
set of the classes of the same cocycles.

The fact that the multiplicative structure is preserved follows from the fact
that the restriction of f to A(es,es,...) is the identity and that multiplication by
el is trivial in both H*(mg) and H*(my). Multiplication by e' is trivial in H*(my)
because e! A w is a dy-coboundary, for any w (see the proof of Theorem 3.2). To
see that multiplication by e! is trivial in H*(m,), notice that for any w in the list
(13), one has Dw = 0 (which is essentially assertion (a) of Lemma 3.1), and so
f(e! Aw) = e! Aw, which is then a ds-coboundary, as f maps coboundaries to
coboundaries. ]
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