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Abstract. In this work we consider the Gutt star product viewed as an
associative deformation of the symmetric algebra S®(g) over a Lie algebra g and
discuss its continuity properties: we establish a locally convex topology on S®(g)
such that the Gutt star product becomes continuous. Here we have to assume a
mild technical condition on g: it has to be an Asymptotic Estimate Lie algebra.
This condition is e.g. fulfilled automatically for all finite-dimensional Lie algebras.
The resulting completion of the symmetric algebra can be described explicitly
and yields not only a locally convex algebra but also the Hopf algebra structure
maps inherited from the universal enveloping algebra are continuous. We show
that all Hopf algebra structure maps depend analytically on the deformation
parameter. The construction enjoys good functorial properties.

Mathematics Subject Classification 2010: 53D55, 46H05, 46A03, 16S30.

Key Words and Phrases: Gutt star product, convergence, locally convex algebras,
universal enveloping algebra.

1. Introduction

Formal deformation quantization as introduced in [1| has reached a remarkable
state where the existence and the classification of formal star products is by
now understood very well: Kontsevich’s formality theorem gives both, the general
existence of formal star products on Poisson manifolds as well as their classification
up to equivalence. In the symplectic case, earlier results gave the existence [14,17]
as well as the classification [4,13,26].

Beside the symplectic situation, the linear Poisson structures, i.e. the
Kirillov-Kostant-Souriau bracket on the dual of a Lie algebra g, remained the
only example which allowed a formal deformation quantization for a long time:
the existence of a star product on g* is contained in the construction of Gutt [21].
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The basic idea of the construction is rather simple. The algebra of polynomial
functions on g* is isomorphic to the symmetric algebra S°®(g) which is, as fil-
tered vector space, isomorphic to the universal enveloping algebra %/ (g) via the
Poincaré-Birkhoff-Witt theorem. Taking the canonical PBW isomorphism, i.e.
the total symmetrization map, one can pull-back the product of % (g) to obtain
a product on S*(g) and hence on Pol®(g*). Taking into account the degrees of
the polynomials in the right way allows to plug in a deformation parameter z
such that one ends up with a star product x, on g*. This star product has many
remarkable features, one of them is that it converges for trivial reasons on the
polynomial functions Pol®(g*) for all z. This is clear by the very construction.
From the quantization point of view, z is something like i with A being Planck’s
constant.

In general, formal star products are very hard to control from an analytic
point of view: not much is known about the convergence properties of the formal
power series. The reason is rather simple: in a formal star product the number of
involved derivatives of the two factors is typically equal or higher as the power of
the deformation parameter: hence the classical Borel lemma allows to construct
smooth functions for which the star product has radius of convergence zero. The
interesting question is of course whether one can find a reasonable subalgebra where
the star product has a nontrivial radius of convergence. Beside very few examples,
related to the Weyl-Moyal product [33] and the Kéhler structure on the Poincaré
disk [2], not much is known in this direction. Alternatively, there are various
approaches to strict deformation quantization based on integral formulas for the
deformed product. The formal star product then arises as asymptotic expansion
of the integrals. Here we refer to e.g. [30] as well as to [5,7]. However, the
usage of integral formulas bounds these approaches to finite dimensions whereas a
direct investigation of the convergence of series may still be applicable in infinite
dimensions as needed for (quantum) field-theoretic models.

In this paper we want to add yet another example where the convergence of
a formal star product can be controlled in an efficient way: the Gutt star product
on g*.

In fact, our construction will work even in some infinite-dimensional cases.
Therefore we need a slight reformulation to incorporate these situations, too:
instead of the polynomial functions we focus on the symmetric algebra S*(g) of
the Lie algebra. In finite dimensions this will make no difference but in infinite
dimensions, S*(g) only injects into Pol®(g*) but is strictly smaller. Since the Gutt
star product on S*(g) can be constructed in any dimension, this seems to be a
reasonable framework. Our basic idea is now to establish a locally convex topology
on S*(g) in such a way that the Gutt star product becomes continuous. Then it
automatically extends to the completion which we want to be as large as possible.



EspPoSITO, STAPOR, WALDMANN 581

However, we want the completion to be small enough so that its elements are still
functions on the (topological) dual g’ of g. This requires the evaluation functionals
on points in g’ to be continuous. While in finite dimensions this will work for all
Lie algebras equally well, in infinite dimensions we have to add some technical
continuity properties on the Lie bracket of g.

In the following, we consider a locally convex Lie algebra g over K =R or
C, i.e. areal or complex locally convex topological vector space with a continuous
Lie bracket. We focus on a honestly continuous Lie bracket instead of a separately
continuous one throughout this work. This means that for every continuous
seminorm p there exists another continuous seminorm ¢ such that for all £, € g
one has

p(&,n) < q(€)aln). (1)

For our study of the Gutt star product, this will not be enough, since we will have
to control an arbitrarily high number of nested brackets without getting a new
seminorm for each bracket. Thus, we will need an estimate which does not depend
on the number of Lie brackets implied. This motivates the following definition, see
also [10]:

Definition 1.1 (Asymptotic estimate algebra). Let o/ be a Hausdorff locally
convex algebra (not necessarily associative) with - denoting the multiplication,
and let p be a continuous seminorm.

i.) A continuous seminorm ¢ is said to be an asymptotic estimate for p, if

for all words w,(x1,...,2,) made out of n — 1 products of the elements
x1,...,%, € o/ with arbitrary position of placing brackets.

ii.) A locally convex algebra is said to be an asymptotic estimate algebra (AE-
algebra), if every continuous seminorm has an asymptotic estimate.

We are mainly interested in the case of an AE-Lie algebra but of course
also associative AE-algebras are of interest. Given an associative AK-algebra
its commutator Lie algebra is a AE-Lie algebra. Also, all finite-dimensional Lie
algebras are AE-Lie algebras. More generally, all locally multiplicatively convex
algebras are of this type, i.e. those where one finds a defining set of continuous
seminorms p such that

p(x-y) < p(x)p(y) (3)

for all algebra elements x,y. Clearly, all finite-dimensional Lie algebras are locally
multiplicatively convex.
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In order to formulate our continuity results we have to specify the topology
on S%(g). Here we rely on the results of [33|, where a definition for a locally
convex topology on the tensor algebra T*(V') of a locally convex vector space V'
was given: given R € R, one can define the locally convex vector spaces T4 (V)
and S%(V), where S*(V') denotes the symmetric tensor algebra viewed as subspace
of the tensor algebra. The basic idea is to control the growth of tensor powers of
a seminorm p" applied to the homogeneous tensor parts of degree n by the R-th
power of n!. There were also definitions given for the projective limits T%_ (V)
and S%_ (V). We will define those spaces more precisely in Section 2. Using this
topology on the symmetric algebra, we can now state the main results:

Theorem 1.2.  Let g be an AE-Lie algebra and let R > 1.

i.) The Gutt star product %, is continuous with respect to the Sg-topology for
every z € K.

ii.) The completion g‘R(g) becomes a locally convexr Hopf algebra with respect to
the Gutt star product and the undeformed coproduct, antipode, and counit.

ii1.) The Gutt star product is convergent as series in z € K.

iv.) The construction is functorial for continuous Lie algebra homomorphisms.

Theorem 1.3.  Let g be a nilpotent locally convexr Lie algebra. Then the state-
ment of Main Theorem 1.2 holds for all R > 1 and for the projective limit R — 1.

Remarkably, in the general case of Main Theorem 1.2, the completion will
not contain the exponentials of elements in g: this is in some sense to be expected
as otherwise the product of two such exponentials would again be defined as an
element of the completion. This way, one would be able to reconstruct a convergent
BCH series for all elements in g, which is known to be impossible. However, in
the nilpotent case, we have the exponentials inside the completion. Of course, this
matches well with the fact that the BCH series is non-problematic in this case.

Remark 1.4. In the finite-dimensional case one can directly consider the uni-
versal enveloping algebra and establish topologies on it. The analogous topology
to our Sg-topology has been used and investigated by [29] and [20]. From that
point of view, our results can be seen as a generalization to the possibly infinite-
dimensional case including the much more involved proofs for the AE Lie algebra
case. The strategy in [20] is based very much on the fact that in finite-dimensions
one has a Banach-Lie algebra. Moreover, the topology is obtained by a quotient
procedure starting with the Tg-topology on the tensor algebra and proving that
the ideal generated by the Lie relations is actually closed in order to give a Haus-
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dorff topology on the universal enveloping algebra. What is missing is of course
the continuity of the coefficient maps C), of the Gutt star product since there is
only the filtration of the universal enveloping algebra but not the grading of the
symmetric algebra available. This makes the question on analytic dependence on
a deformation parameter meaningless: at the time of [29] and [20] the notion of
star products was not yet commonly known.

The paper is organized as follows: In Section 2 we first outline the con-
struction of the locally convex topologies on the tensor algebra and the symmetric
algebra according to [33]. Then we recall the basic construction of the Gutt star
product and provide several equivalent descriptions. The most useful for our pur-
poses is the one based on the Baker-Campbell-Hausdorff series [16]. Section 3
contains the heart of this work: we establish the continuity of the Gutt star prod-
uct with respect to the Sgi-topology for R > 1. The first approach works for
general asymptotic estimate Lie algebras. We also include a second and easier
proof which, however, works only in the locally multiplicatively convex case. Then
we show that we in fact obtain an entire deformation enjoying good functorial
properties with respect to continuous Lie algebra homomorphisms. Section 4 is
devoted to the nilpotent case. Here we can improve the previous continuity state-
ments to the projective limit R — 17 since the BCH series has significantly
less terms in this situation. The completion will now include exponential func-
tions. In Section 5 we show the continuity of the remaining Hopf algebra maps.
This is now much simpler as they are the classical maps not depending on the
deformation parameter z. Finally, Section 6 contains some open questions and an
outlook on further research we want to pursue in the future. In Appendix A we
have included algebraic proofs of the equivalence of various forms of the Gutt star
product, statements which are folklore knowledge but hard to trace down in the
literature.

Acknowledgements: We would like to thank Matthias Schotz for various dis-
cussions and suggestions. Moreover, we would like to thank Martin Bordemann,
Simone Gutt, Friedrich Wagemann, and the referee for valuable remarks and sug-
gestions. Finally, we thank Jochen Wengenroth for pointing out [25] via Math-
Overflow.

2. Preliminaries

In this section we collect some preliminary results on the locally convex topologies
we use as well as on the Gutt star product.

2.1. The Topologies on T*(V) and S*(V).
Let V be a locally convex vector space over K where K stands for either R
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or C. We want to recall the definition of the locally convex topology on the tensor
algebra from [33] and some of its consequences. We endow every tensor power
V@™ with the m-topology: we will denote for a given (continuous) seminorm p its
tensor power by p" = p®" for n > 1. For n = 0 we take p’ to be the absolute
value on the field K. Then the w-topology on V=" is obtained by taking all p"
for all continuous seminorms p.

In order to define the Gutt star product, we need the symmetric algebra
over the underlying vector space. Recall that the symmetrization map

1
s VO Ly Dan (11 ®...Q v,) — p Z Vo(1) @ « - - @ Vg(n) (4)

’ O’GSn

is continuous and we have for all v € V=" the estimate
(S a0) < p"(0). (5)
Since .7, is idempotent, it turns out that each symmetric tensor power
SMV) =im ., = ker(id — .7,,) C V& (6)

is a closed subspace with respect to the m-topology. The symmetric tensor product
is then given by
W = pim(V @ w) (7

~—

for v € S2(V) and w € SI(V). Since the tensor product obeys p" (v ® w) <
p"(v)p" (w) we get the continuity

P vw) = TS (v @ w)) < p(v)p™ (w) (8)

of the symmetric tensor product as well. Then the symmetric algebra S*(V) =
D,-,S"(V) becomes a commutative associative unital algebra.

We now want to set up a topology on T*(V') and S*(V'), which yields the
m-topology on each component such that the (symmetric) tensor product becomes
continuous. We recall the following definition 33, Def. 3.5 and Def. 3.12|:

Definition 2.1 (Tg-, Sg-, and Si--topology). Let R € R.

i.) For every continuous seminorm p on V we define

pr=>» n!fp" 9)
n=0

on the tensor algebra T*(V).
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ii.) The locally convex topology arising from all such seminorms pg is called the
Tr-topology on T*(V), which we denote by T%(V') when equipped with this
topology.

iti.) The induced topology on the subspace S*(V) C T*(V) is called the Sg-
topology, and we write S%(V).

iv.) The Sg--topology is defined as the projective limit of the Sg_.-topologies
for e — 0 and we set

S%- (V) = projlim S%_ (V). (10)

e—0

We now want to collect the most important results on the locally convex
algebras T%(V) and S%(V) which we will later use. Proofs and more detailed
explanations can be found in [33, Sect. 3 and Sect. 4].

Proposition 2.2. Let R > R >0 and let q,p be continuous seminorms.
i.) We have prr > pr and if ¢ > p then qg > pr.

ii.) The (symmetric) tensor product is continuous and satisfies
pr(vw) < pr(v® w) < (2°p)r(v)(2"p)r(w). (11)

iii.) For all n € N the induced topology on T™(V) C T%(V) and on S™(V) C
S%(V) is the m-topology.

iv.) For all n € N the projection and the inclusion maps m, and t,
TS(V) =% Ve 2 T(V)  and SH(V) == SM(V) = S%H(V)  (12)

are continuous.

v.) The completions T}{(V) of TH(V) and g}%(V) of S{(V') can be described
explicitly as

r/I\‘;%(V) = {v = ZU” pr(v) < 0o, for all continuous p} C H Y &mn
n=0 n=0
(13)
and
Se(V) = {1} = Zvn pr(v) < 0o, for all continuous p} C H@(V),
n=0 n=0

(14)
where the pr are extended to the Cartesian product allowing the value +oo.
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vi.) If R" > R, then the topology on T%,(V) is strictly finer than the one on
T%(V), the same holds for S% (V) and S%L(V'). Therefore the completions
for R are smaller than the ones for R.

vii.) The inclusion maps T;?,(V) — T}%(V) and §;%,(g) — g}i(g) are continu-
ous.

viii.) The Tr-topology on T%H(V) and the Sg-topology on S%(V') are locally mul-
tiplicatively convex with respect to the (symmetric) tensor product iff R =0.

iz.) The space V is nuclear iff S{(V') is nuclear iff T%(V') is nuclear. In partic-
ular, this is the case if dimV < oco.

z.) The evaluation functionals 6,: SE(V) — K for ¢ € V' are continuous.

2.2. The Gutt Star Product.

Let us now briefly recall the basic construction of the Gutt star product
according to [21]: originally, this was just an intermediate step to get a star
product on the cotangent bundle of a Lie group G with Lie algebra g. However,
the resulting star product on g* can be described entirely algebraic as follows:
first we replace the polynomials on g* by the symmetric algebra S°®(g) which
behaves better in infinite dimensions. Then we use the explicit PBW isomorphism
q: 5*(g) — % (g) via

1 o0
Gn: 8(8) — %(9), &b — D L@ O, 9= dn (15)
n=0

’ O’ESn

We always denote the multiplication in % (g) by ®@ to avoid confusion. For z € K
the Gutt star product %, is then given by the pull-back of the product of % (g)
together with a degree-dependent rescaling by z. In detail, one defines

rry= Y Prpeen (07 (0() © 4))) (16)

n=0

for homogeneous = € S¥(g) and y € S(g) and extends this bilinearly to S°*(g),
where m, projects on the homogeneous part of degree r. Another approach to
this star product is due to Drinfel’d who based the construction on the Baker-
Campbell-Hausdorff series [16]:

Proposition 2.3.  Let g be a Lie algebra. Then we have

exp(§) x, exp(n) = exp (%BCH (€, zn)) , (17)
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where we consider the exponentials as formal power series in the variables & and
n. Conversely, by differentiating the right hand side with respect to these variables,
one can determine x, completely.

This result seems to be well-known folklore. One can find proofs based on
differential geometric arguments e.g. in |9, Lemma 10|. Since those arguments
do not work in infinite dimensions any more, for convenience we give an entirely
combinatorial proof in Appendix A. There is yet another way to define the Gutt
star product, since one can take the universal enveloping algebra % (g.) of g with
the Lie bracket rescaled by z: there, we have the relation

EOn—no&—2z[En =0. (18)

We use again the Poincaré-Birkhoff-Witt isomorphism q,: S*(g) — % (g.) from
Equation (15) and get the next, well-known result:

Proposition 2.4.  Let g be a Lie algebra. Then we have for x,y € S*(g) and
all z e K

vxey =05 (0:(2) O q:(y)) .- (19)

Since we will use the isomorphism ¢,, we also give a proof of this in
Appendix A.

Remark 2.5 (Integral formula). Note that there is also an integral formula
for the Gutt star product, which of course only holds in finite dimensions. This
approach can be found in Berezin’s work [3, Formula (24)], for example. One can
understand % (g) as the distributions on the Lie Group G of g with compact
support near the unit element using the convolution as multiplication. One uses
the exponential map to get a star product on g* from this. Since this formula uses
the Fourier transform and the Baker-Campbell-Hausdorff series, one has to make
sure that the Fourier transformed functions only have support in an area, where
the exponential map is diffeomorphic and where the BCH series converges. For
our purpose, the way via the formal series is more suitable since on one hand we
can avoid those difficulties and on the other hand, our approach remains valid in
infinite dimensions.

Most of our analysis of x, is based on properties of the BCH series. To this
end, we briefly recall the relevant facts and establish some notation. First of all,
we set for £, € g

BCH (¢,7) = > BCH, (¢,n) = > BCH,,(&,m), (20)

a,b=0
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where BCH,, (§,7n) gives all the BCH terms which have exactly n letters and
therefore n — 1 brackets. Moreover, BCH,; (£, n) stands for all BCH terms which
contain exactly a times the letter £ and b times the letter . We hence have

BCH, (&,7) = Y BCHap (&) (21)

a+b=n

with a,b > 1 for n > 1 and a,b > 0 for n = 1. The difficulty with the BCH series
is that there is no unique way to write BCH,; (£, ) since one can re-arrange terms
by antisymmetry and Jacobi identity without changing the number of {’s and 7’s.
Luckily, we will need only estimates for BCH,; (£,7n) later on. Before going into
these details, we just mention the following well-known formula (e.g. see [15, part
2.8.12 (c)]) for the lowest order terms of the BCH series:

Lemma 2.6. Let g be a Lie algebra and £,m € g. Then we can write the
Baker-Campbell-Hausdorff series up to first order in n as

)+ O(n?), (22)

BCH (¢, 7) §+Z

where the Bernoulli numbers B} are defined by the series

=3 B (23)

Recall that the series (23) converges absolutely for |z| < 27 and that we
have the (quite rough) estimate

1By < n! (24)

for the Bernoulli numbers.

2.3. A Formula for the Gutt Star Product.

In a next step, we develop some technical tools which will be useful for
proving the continuity of the Gutt star product. First we write the Gutt star
product for x,y € S*(g) as

Tx, Y = Z 2"Cy(z,y) (25)

n=0

with bilinear operators C,,: S*(g) x S*(g) — S°®(g) as usual. Now, the main goal
is to use Proposition 2.3 and the BCH series to obtain fairly explicit formulas for
the contributions C,,(z,y), up to the knowledge of the BCH series.
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From the original work of Gutt [21, Prop. 1], see also [15, 2.8.12 (c)] as well
as [27, Rem. 5.2.8| and [23, Eq. 2.23|, we get the following formula for x, whenever
one factor, say the second, is linear:

Proposition 2.7. Let z € K.
i.) For all §,m € g and k € N we have

k

Fan=3 (’;) B3R (ade) (). (26)

J=0

it.) For all k € N and &,...,&,n € g we have

& G Z,%()st ot lErtesony - ot ]

= ocESk
(27)

Proof. For convenience,we sketch the proof: the first part is essentially Lemma 2.6
together with Proposition 2.3. The second is then obtained by polarization from

the first: Set
2 =Z(ty,..., 4 Zt@

for parameters t1,...,t € R. Then we get by dlfferentlating

ak

L mk_ kg g
Oty - - - Ot &1 Sk

This formal differentiation in Equation (26) gives the result. ]

As a consequence, the previous proposition determines the explicit form of
the bilinear operators C,, of the Gutt star product whenever one factor is linear.
In particular, by associativity we have

Qoxerka o= > 2TTTRAC (O (G (6,6) 68) - &) (28)
1<j<k—1
i;€{0,....5}

for 2 < ke N and &,...,& € g. While this formula is easy to handle for small
k, it becomes quite tedious in general.

For our continuity estimates we need to go beyond linear terms: both
factors in the product have to be general. By differentiating the identity form
Proposition 2.3, we get the next result.
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Lemma 2.8. Let g be a Lie algebra.
i.) Let &,m € g. We have

k01
Fon =Y 2"Co (&0, (29)
n=0
with Co(€%, 1) = *n' and
Py k0!
Cn (&) = hal—n) Z BCHa, p, (§,m) - BCHg, 3, (€, 1)
’ a1,b1,...,ar,b->0
a;+b;>1
ai+-+ar==k
by Fby=L

(30)
for k.0 € N and n > 1, where we set r = k 4+ € — n for abbreviation.

ii.) Denote by g@f—la,b (-5 ) the unique a+ b-linear map, symmetric in the first
a and in the last b arguments, such that

BCHa,b (57 B 7€a n..- 777) = BCHa,b (§7 77) (31)

for &,m € g. Then we have

Cr (§1- -+ Skim- - me) = (/{;—i—ﬁ—n E E (32)
O'ESk TGS@ ai, b1 A, br>0
az—i-b >1
a1+"'+ar:kf
b1++bT:Z

BCHa, b, (So1)s -+ Eo(ar)i Mr(1)s -« - > o)) =+
BCH,, 4, (Eothmart1)s - - - s Eo(k)i Mr(t—br41)s - - -+ Thr(0) ) -

for &, &k, ., E Q.

Proof. We consider z # 0 since the claim is trivial for z = 0. Using Proposi-
tion 2.3 we get the star product of ¥ and 7’ by differentiating

or o 1
%, nt = proewl (—BCH (zt€, szn))

oF ot 11
= kA —— (BCH (zt
Otk 05’ |t,s=0 z; rl 2 ( C <z 3 2577))

ak aﬂ o0 11 k+2 r
- otk Dst tsZoZrl T ZBCH (2t€, zsm)
’ 0

r= 7=0
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k+¢
1 Zk+€

=)
TZOT. ya

K'Y BCHg,y, (€7) - BCH,,p, (§,1).
a1,b1,...,ar,b->0
a;+b;>1

ar+-tar=k

b1+ +bp=L
Here we have used that the k-th derivative by ¢ at ¢t = 0 gives k! times the
coefficient of £¥ and analogously for the /-th derivative by s. The bounds on the
parameters aq,...,a,,by,...,b. and thereby the bounds on r originate from the
fact that the BCH series has no constant term. Moreover, higher powers of the
BCH series as k + ¢ will clearly not contain terms we need. The second formula
is obtained by polarizing the first: We introduce again parameters t;,s; € R with

1=1,...,kand j=1,...,¢ setting

k ¢
= th‘& and H= Z 551
i=1

j=1

(1]

Differentiating C,,(Z, H) as in Formula (30) once by every parameter and dividing
by k!¢!, we get permutations of all §; and all n; and hence Equation (32). [ ]

Remark 2.9. The importance of this formula is that we have reduced the
complexity of x, to the difficulties to compute the homogeneous parts of the BCH
series. This is of course still a complicated and tedious problem but luckily we are
only interested in estimating the terms BCH,; (§,7n) instead of computing them
explicitly.

3. The Continuity of x,

The next step is finding continuity estimates for *,. All estimates which are
done in the next three sections follow mostly the same scheme: We extend maps
from S%(g) to T%(g) by using the symmetrization map . beforehand. Our first
examples for this are the Gutt star product and the C),-operators from Equation
(25). Set

x.: Th(g) ® Thg) — Sk(g) with + = x.0(¥®.%) (33)

and analogously for the C,,. It is clear that all extended maps coincide with the
original maps on S%(g). Then, we use the AE-property for the seminorms (which
is always valid for locally convex nilpotent Lie algebras), to estimate Lie brackets.
Finally, we use a feature of the projective tensor product, in order to generalize
statements about factorizing tensors to arbitrary ones. This is done once explicitly
at the end of the proof of Proposition 3.2. We then just refer to this construction
since it always works analogously.
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3.1. A Direct Continuity Result.

For a word w in the two letters £ and 7 we denote by [w] the unique Lie
bracket expression of this word, where we have nested the Lie brackets to the left
in the sense that

Enn .. ] =1 [& ]l ). (34)

Moreover, |w| denotes the number of letters, i.e. the length of the word.

Lemma 3.1. Let g be a AE-Lie algebra, p a continuous seminorm, q an
asymptotic estimate for it.

i.) For n € N there are numbers g, € Q such that for £,n € g one has

BCH, (&) = Y ™[ul. (35)

|lw|=n

ii.) The coefficients g, can be chosen to fulfil the estimate

> < 20

|w|=n

iii.) For every word w which consists of a times the letter & and b times the letter
1, we have

p([w]) < q(€)*q(n)". (37)
iv.) Let a,b € N and &1,...,8,m,...,m € g. We have the estimate

p (BOTas (€1, o)) S —al€0)+ a(€alm) +-alm). (39)

Proof. Goldberg found a form of writing the BCH series as a series of words
in two letters X and Y with certain coefficients [19] called cx(si,...,Sy) or
cy(s1,...,8m) depending whether a word begins with the letter X or Y. Here,
cx(s1,...,5m) belongs to the word

Xy . (X orY)m,

where the word ends with the letter X or Y if m is odd or even, respectively.
In [31], Thompson put this into Lie bracket form and proved that using g, = cx
lor g, = cy| one gets identity (35). In [32] Thompson put estimates on these
coefficients and proved the estimate (36). The inequality (37) is due to the AE-
property, which does not see the way how brackets are set but just counts the
number of {’s and 7’s in the whole expression. We use the notation |wl|e for the
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number of {’s appearing in a word w and |w|, for the number of n’s. Clearly,
\w| = |wl|e + |w],,. With (36) and the AE-property of g, we get

p(ﬁa,b(€17---,Ea;m,---,nb)) <> p( S [w])

a+b
lwle=a
|w|n=b
Guw
< D | ) a€)alm) (@)
ufeal @ T
‘w‘n:b
< 2 g(&) - al&alm) - alm)
_a+bQ1 4\Sa)q\Th qmy)-
[
In a next step, we want to approach the estimate via the formula
kte—1
G Gorameome= > Cul& G me). (39)
n=0

To shorten the very long expression from Equation (32), we occasionally abbreviate
the summations by

1 __ __
Co(&er &eomem) == > > BCHay b, (003 7) ++ BCHa, b, (£0103 7)) -

0,7 a;,b;
(40)

meaning the summations as given in Lemma 2.8 and using r =k + ¢ —n.

Proposition 3.2.  Let g be an AFE-Lie algebra, R > 0, p a continuous semi-
norm with an asymptotic estimate q, and z € K.

i.) For n € N, the operator C,, is continuous and for all z,y € T%(g) we have

the estimate
11-R

Pr(Ca(2,y)) < 50 (320) r(2) (329) R (y). (41)

ii.) For R > 1, the Gutt star product is continuous and for all x,y € T%(g) we
have the estimate:

pr(7 *; y) < (cq)r(7)(cq)r(y) (42)

with ¢ = 32(|z| + 1). Hence, the estimate (42) holds on St(g) for all z € K,
too.

Proof. Let ususe r = k+/{—n as before and recall that the products are taken
in the symmetric algebra. Then we can use Equation (30) from Lemma 2.8 and
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put estimates on it. Let p be a continuous seminorm and let ¢ be an asymptotic
estimate for it. Then we get

Pr(Cal61® - @ &m® - Q1))
“ (3 55 B0 )+ B ) )
@ .
1 'RZ Zp (BCHa1 by 50 @) My )) D (BCHar,br (gﬂ(i); 777'(])))

(0)

<T,1RZZal+bl = al&) - al&am) - aln)

o,7 a;,b

2 a6 - al€)alm) -~ alne)? i 321

where we just used the continuity estimate for the symmetric tensor product in

(a), Lemma 3.1, 4v.), in (b) and < 2 in (c¢). We estimate the number of
terms in the sum and get

k+0+2r—1 3(k+6)—2n—1
Z 1< Z 1_( Yy )gz .

+b

a1,b1,...,ar,br->0 a1,b1,...,ar,b0>0
a;+b;>1 a1+b1+-+ar+br=k+~
a1+"'+ar:k
bl"l"‘l‘br:Z

Using this estimate, we get

Pr(Ci(6® - @ &m® - @)

k10!
< - - ok+t—n 93(k+6)—2n—1
< q(&1) - q(&)alm) - - - a(ne) (it — )R
kloin! =R

= e “e 24(7€+€)—3n—1

RED Q&) R (M- @) i)l
< qr (fl R ® fk) qr (771 R ® 775) 94(k+0)=3n—19(1=R)(k+£) ) |1-R

11- R

= 5 g B20r(E @@ &) (B20)R (M@ - @ ne).

The estimate (41) is now proven on factorizing tensors. For general tensors
z,y € Th(g), we use the following argument: let

k k
0 SEEED 3) SELHIES SLED 9 Sl

m=0 m=0 1 n=0 j
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where the a:‘z(»m) and the yj(.n) are factorizing tensors of homogeneous degrees m and
n, respectively, with the maximal degree of x and y being k and ¢, respectively.
Hence we have

Now we get the following estimate:

e (Co(s,9)) = pr (on <(mZZ<”“) (Zzy”)>)
. (i iZZC (xgm)7y§")>)
S ) (1)

(S e () (S o)

m=0 1 n=0 j
=R (& R (m),1 (m)
:2-8” Z32mm! Zq(% )q(% >
m=0 7

l
: <Z 32l " g (yg."):l) Coeg <y§">")> .
n=0 i

We have to take the infimum on both sides over all representations of the (™ and
the y™ . On the right hand side, we get for the z-terms

inf { Z q (xl(m)J) g (xgm)7m> Z;pgmm R ® xl(m),m _ x(m)} = q" (x(m)) )

The y-terms give in the same way ¢" (y(”)). This is exactly the definition of the
tensor power of a seminorm as needed for the projective tensor product. We can
recollect the factorials and the coefficients and get

m=0 i 0 ;
k ¢

_ 72"1;: (Z(32q)R (:n“”’”)) (2(32(])1% (y("))>

n|1—R

2-8

Pr(Cn(r,y)) <

3
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n|1fR

= 5 g (320)r(2)(320)r(y),

which proves (41) on general tensors. For the second statement, let = and y be
tensors of degree at most k and ¢ respectively. We have

k+4—1
PR ({lf *z y) = PR ( Z chn(xvy)>

n=0

n!'="(32¢) r()(320) r(y) (43)

< (32(l2] + D) r(2)(32(]2 + 1)a)r(y),

by using (41) in (a) and R > 1 in (b). Since estimates on S%(g) also hold for the
completion, the second part is done and hence the first part of our Main Theorem
1.2 is proven. ]

It is easy to see that we need at least R > 1 to get rid of the factorials which
come up because of the combinatorics of the star product, but it is interesting to
know that the Gutt star product really fails continuity, if R < 1:

Example 3.3. Let 0 < R < 1 and g be the Heisenberg algebra in three
dimensions, i.e. the Lie algebra generated by the elements P, ) and E with the
bracket [P, Q] = E and all other brackets vanish. We impose on g the ¢!-topology
with the norm n and n(P) = n(Q) =n(E) = 1. Then we consider the sequences

Pk Qk
~ LIRte and by = L\ Rte

Qg

with 2¢e <1 — R. It is easy to see that
nR(ak) = nR(bk) =kl
and hence we get the limit for any ¢ > 0 by

Jim (en)r(ar) = lim (en)r(ar) =0
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We want to show that there is no ¢ > 0 such that

nr(ag *, br) < (en)r(ag)(cn)g(by).

In other words, ng(ay *, by) grows faster than exponentially. But this is the case,
since we can calculate the star product explicitly and see

k
B\ (K . 1 o
nR(ak *, bk) =NQg <Z <j) (j)j!klzR-‘r?EPk JQk JEJ)

J=0

T
O i )

IR

-~

0 ]

J

PR\ 2K\ [2k\ IR
- \j) \k )\ Jol2e

=

>1
k  1-Rr
N A
— kl?s
i=0
> k,l—R—Qe

Hence for every continuous seminorm ppg in the T g-topology, we have
pr(ag *, by) — oo and  ng(ag),ngr(br) — 0,

so the star product is not continuous.

3.2. An Inductive Continuity Result.
As already mentioned, we also get continuity via Proposition 2.7 by impos-
ing the submultiplicativity of the seminorms:

p([&. 1)) < p(&)p(n). (44)

This is fulfilled for a big class of Lie algebras but, for example, no longer for general
nilpotent ones. In any case, it gives an alternative proof of the most important
part of our Main Theorem and is therefore given here.

Lemma 3.4. Let g be a locally multiplicatively convezr Lie algebra and R > 1.
Then if |z| < 2w or R > 1 there exists, for x € T*(g),n € g of degree at most k
and each continuous submultiplicative seminorm p, a constant c, r only depending
on z and R such that the following estimate holds:

pr(@ x:10) < e r(k + 1) pr(@)q(n) (45)
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Proof. We have for &,...,&,n € g

Pr(E1® - @ & x2 1)

k B* n
= PR (Z Z {U . —n) (adﬁo(k—nﬂ) 0---0 ad&v(’ﬂ)) (7]))

n=0 UESk

i \B*Hz\”

Z (/{5 +1-— n)!RPkH_" <§a(1) e 'ga(k*”) (a’d'sa(kfnJrl) 0 ad&o(’ﬂ)) (n)>

oc€Sk

Z |B*H'Z|n — ) B EIp(€) - p(&)p(n)

* n o\ B
(k4 RZ'BnlL'( ) e o )p)

k * n
<+ ) pr(@ e @ &) p0n) Y A
n=0 ’

Now if |z| < 27 the sum can be estimated by extending it to a series which
converges. So we get a constant ¢, p depending on R and on z such that

PrR(&G® @ &Hn) < (k+ 1) mpr (&G ® -+ @ &) p(n).

On the other hand, if |z] > 27 and R > 1 we can estimate

R 8 ® Gon 1) < (kD) pR<sl®~--®5k>p<n><Z'f—f') (ZR',T')

Again, both series will converge and give constants depending only on z and
R. Hence, we have the estimate on factorizing tensors and can extend this to
generic tensors of degree at most k by taking the infimum as in the proof of
Proposition 3.2. [ |

In the following, we assume again that either R > 1 or R > 1 and |z| < 27
in order the use Lemma 3.4. Now we can give a simpler proof of Proposition 3.2
for the case of a locally multiplicatively convex Lie algebra:

Alternative Proof of Proposition 3.2. Assume that g is now even locally
multiplicatively convex. We want to replace 1 in the foregoing lemma by an
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arbitrary tensor y of degree at most ¢. Let 7y,...,7n, € g. On factorizing tensors
we get

1
PrRG® - @&Gx Mm@ Q1) = PR (E251@)"'®€k*777<1>*“-*777<ﬁ>)

’TGS@

1
S CZ,R(IC + £>RE Z PR (51 & gk * N (1) RO ¢ 777'(6—1)) p (777'(())

TES)

< ER(k+0) - (k+1)*pp (& @ @ &) plm) -+ p(ne)

k+0ON"
~ () mee o mne o

<2"p)rE @ 2&) 2. rp)r (M @)

Once again, we have the estimate on factorizing tensors via polarization and
extend it via the infimum argument on the whole tensor algebra, since the estimate
depends no longer on the degree of the tensors. [ ]

While the above proof is of course much simpler, we had to invest a slightly
stronger assumption compared to the AE Lie algebra case.

3.3. Dependence on the Formal Parameter.

Let us consider the completion S%(g) of the symmetric algebra with the
Gutt star product .. Exponentials do not belong to this completion, as we can
show.

Proposition 3.5. Let £ € g and R > 1, then exp(§) & g;%(g), where exp(§) =
Yoo
Proof. Take p a seminorm such that p(¢) # 0. Then set ¢ = p(¢)~!. For

&™ the powers in the sense of either the usual tensor product, or the symmetric
product or the star product are the same. So we have for N € N

N o N an N
e (S5 ) = 2 e = 3w
n=0 n=0 ’ n=0

Hence (cp)g(exp(§)) does not converge. u

Since the formal series converges to the star product on g}%(g) and all the
projections on the homogeneous components are continuous from Lemma 2.2, we
can reinterpret the continuity result we found in Proposition 3.2.
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Proposition 3.6. Let R > 1, then for all x,y € /S\;%(g) the map
K>z z%y € Sh(g) (46)

is analytic with (absolutely convergent) Taylor expansion at z =0 given by Equa-
tion (30). The collection of algebras {(gk(g),*z>} is an entire deformation
z€K

of the completed symmetric tensor algebra §;%(g)

Proof. The crucial point is that for x,y € /S\};f(g) and every continuous semi-
norm p we have an asymptotic estimate ¢ such that

PR (T *; y) pR(ZzC a:y)
ZIZ! pr(Cu(z,y))

< (164) p(2)(16q) Z L

’n |1R

2.8" 7

where we used the fact that the estimate (41) extends to the completion. For
R > 1, this map is clearly analytic and absolutely convergent for all z € K. If
R =1, then for every M > 1 we go back to homogeneous, factorizing tensors z*¥)
and y© of degree k and ¢ respectively, and have

M (Cu (5.4)) = 57 (160 (+) (160 (/)
< M*(16q)r (™) (169) & (y“)
= (16Mq)g (V) (16Mq)r (y") ,

where we used that 0 < n < k+ /¢ — 1. The infimum argument gives the estimate
on all tensors x,y € T%(g) and it extends to the completion such that

R(Ca(0) £ (6MQR(DI6M (o)
and hence -
(e +-1) < (6MQ)ae) 1M o)) Y- 3

So the power series converges for all z € K with |z| < 8M and converges uniformly
if |z] < cM for ¢ < 8. But then, the right hand side of (46) converges on all open
discs centred around z = 0, and it must therefore be entire. [ ]
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3.4. Functoriality and Representations.

Let z € K, & an associative, locally convex algebra and ¢,: g. — &/ a
continuous Lie algebra homomorphism with respect to the z-scaled Lie bracket.
Then we have the commuting diagram

Unlg,) —— S3(0)
s P, b, (47)
o4
g s

from the algebraic theory. A crucial question is now whether the algebra homo-
morphisms ®, and &, are continuous. This question is partly answered by the
following result:

Proposition 3.7. Let g be an AFE-Lie algebra, let o/ be an associative AE-
algebra, and let ¢,: g — &/ be a continuous Lie algebra homomorphism with
respect to the z-scaled Lie bracket. If R > 0, then the induced algebra homomor-
phisms ®, and P, are continuous.

Proof. We define an extension of ®, on the whole tensor algebra by
U.:Thg) — o, U=0,0.5.

It is clear that if W, is continuous on factorizing tensors, we get the continuity of
®, and P, via the infimum argument. So let p be a continuous seminorm on .7
with its asymptotic estimate ¢ and &;,...,&, € g. Since ¢, is continuous, we find
a continuous seminorm 7 on g such that for all £ € g we have ¢(¢.(§)) < r(§).
Then we have

Il
S 3 AR

p(V. (6 Q- ®E))

/N

B (%% )
§1) - ¢:(6n))

1) o T(gn)

Q- ®E&),

-

z

I Qo
S}
—~

IA A IA

—~

R

where the last inequality is true for all R > 0. [ ]
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Our construction fails to be universal since the universal enveloping algebra
endowed with our topology is not AE for R > 0. This is can be seen as follows:

Example 3.8. Take £ € g, then we know that £2™ = & = " for n € N where
we set the deformation parameter to z = 1. Let R > 0 and let p be a continuous
seminorm in g then we find

pr(€") = nlp(§)" = —-q(&)" (48)
for ¢ = ];% for a different seminorm ¢ with ¢(§) # 0. But since the ’g—nR always
diverges for n — oo we do not get an asymptotic estimate for pg.

Nevertheless, from Proposition 3.7 we get the following conclusion:

Corollary 3.9. Let R > 1 and %gr(g.) the universal enveloping algebra with
rescaled Lie bracket of an AE-Lie algebra g, then for every continuous representa-
tion ¢, of g, into the bounded linear operators B(V') on a Banach space V' the
induced homomorphism of associative algebras ®,: % (g.) — B(V) is continu-
ous.

Proof. This follows directly from Proposition 3.7 and B (V) being a Banach
algebra. [ |

Now let g,bh be two AE-Lie algebras. We know that a Lie algebra homo-
morphism lifts ¢ to a unital homomorphism of algebras &,

b,
Sk(9) Sk(b)
q; " q:'
.
Ur(g.) Un(h.) (49)
Ly bz
g 5 b

for all z € K since in this case ¢ = ¢,: g. —> b, is a Lie algebra morphism for all
z € K. If ¢ is a continuous Lie algebra homomorphism, we can ask if ®, will be
continuous, too. The answer is yes and hence our construction is functorial. For
the proof, we will need the next two lemmas.
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Lemma 3.10. Let g be an AE-Lie algebra, n € N, &,...,&, € g, i; €
{0,...,7}, Vi1, .n—1 and denote I = Zj i;. Then we have the formula

ln lczn 1 ( .. ZiQCiQ (zilcil (517 52) 753) B afn)
(o) (3" T

I * *
B B . e
o (2= i)l (=1 — g — e — )]
Z [w] - -« [wn_i], (50)
0'1652 i1
On—1€Sn_1_ i1 ——ip_o

where the expressions [w;] denote nested Lie brackets in the &;.

Proof.  The proof is done by induction and follows directly from Formula (27)
and the bilinearitiy of the C, . ]

Lemma 3.11. Let g be an AE-Lie algebra, R > 1 and z € C. Then for
p a continuous seminorm, q an asymptotic estimate for it, n € N, and all
&1,...,&, € g the following estimate

Pr(§1 %z %, fn) < Cnn!RQ(gl) o 'Q(§n> (51>
holds with ¢ = 8e(|z] + 1).

Proof. For a continuous seminorm p we have

pR(fl* Tk £n>

_pR(Z Z Z” 1CZn 1 ...Zi20i2 (Zilc’il <€Ia§2)7€3)~-7§n)>

(=0 1<j<n—1

ijE{O ..... j}
SISt i=t
n—1
<D (n—0)1" Z pt (Z’”_lczn (220, (270 (6,8),8) .. &) )
£=0 1<j<n—1
i;€{0,....5}
i) ig=t
(a) — R V4 *
<> (=0 > 2B 1B
£=0 1<j<n-1
ijG{O ,,,,, 7}
nolii=t
j=1"
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() 1 " . o .
SY = O T e 2 (= 1) (6) - g(G)- (52)
£=0 1<j<n-—1
i;€10,....5}
SIS i =t

In (a), we used Lemma 3.10 and used the AE-property. Then the inverse factorials
cancel with the sums over the permutations. In (b), we used the estimate

‘B%Iy(j—il—...—ijl) <Z_j!(j—i1—...—ij1> C(—hi— =) < i
; i < ) —- <

forall j =1,...,n—1. Now, we estimate the number of terms in the sum and get
n—1 n—1
(a) n—1+¢(—-1\®
S oy (") e
(=0 1<j<n—1 /=0
i;€{0,....5}
;'l:_l1 ij=C
In (a) the estimate for the big sum is that for every j = 1,...,n — 1 we have

i; € {0,1,...,n — 1} and the sum of all the i; is ¢. If we forget about all other
restrictions the number of summands equals the sum of ways to distribute ¢ items

on n — 1 places, which is given by ("_L}ff_l). In (b) we use

n—1+/0-1 < 2n
(-1 —\/—-1

with the binomial coefficient being zero for ¢ = 0. By using the fact that | B,| < m!
for all m € N and grouping together the powers of |z|, we get from Inequality (52)

(@) e
Pr(§1%: x: &) < (n— 6)!R Z |Z|EnZQ<§1) - q(&n)
=0 1<j<n—1
ijE{O ..... _]}
27;11 ij=2
®) — Ry non
<D (= Ol (&) al6) Y 1
=0 1<j<n—1
ijE{O ..... 7}
Z?;ll ij=C
© R n n
< nl ([ +1)"(8e)"q(&1) - - (&)
We used . '
1. (p— 1)1 < nf
since Z;:ll ij = ¢ in (a) and n* < e"(n’i!g)! = e"(7)0! < em2"0! in (b). The last

step (c¢) is just (n—£0)!¢! < nl, the estimate for the sum, and (|z|+1) > |z|, which
finishes the proof. [ |
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Proposition 3.12. Let R > 1, let g,h be AE-Lie algebras and let ¢: g — b
be a continuous homomorphism between them. Then it lifts to a continuous unital
homomorphism of locally convex algebras ®,: Ur(9.) — Ur(h.) for all z € K.

Proof. First, if ¢: g — b is continuous, then for every continuous seminorm
q on b, we have a continuous seminorm r on g such that for all £ € g

q(4(§)) <7(8).

Second, we define ¥, by

as before. Clearly, ®, and E{Z will be continuous if ¥, is continuous. From this,
we get for a seminorm p on b, an asymptotic estimate ¢ for it, and &;,...,&,

PRV, (61 ®...®&)) =pr(9 (&) *s ... % ¢ (&)
2 ot (6(1)- . q (6 (6n)

< nlfy (&) ...7 (&)
=(r)r(&1®...0&).

Again, we use the infimum argument and we have the estimate on all tensors in
T%(g). It extends to the completion and the statement is proven. n

4. Nilpotent Lie Algebras

Let us now consider nilpotent locally convex Lie algebras. Our results are still
valid in this case but we can make some more observations. On one hand, things
should not change drastically for nilpotent Lie algebras; in fact, Example 3.3 shows
that even for nilpotent Lie algebras the star product is not continuous for R < 1.
Thus, there is no reason to expect much larger algebras and completions. On the
other hand, the Weyl algebra studied in [33] is a quotient of the Heisenberg algebra
and has a continuous product for R > % The quotient procedure must therefore
have some influence on the estimates. Finally, the fact that exponentials are not
in S$(g) is not unexpected. If so, Equation (17) would mean that could give
some sense to BCH (§,n) for all &, 7 from some arbitrary Lie algebra g, which
would be surprising. In the nilpotent case, this is no longer the case since the
Baker-Campbell-Hausdorff series converges globally. So it would be nice to have
something more than R > 1.
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4.1. A Projective Limit.

In the following we show that the Gutt star product is continuous in the
projective limit R — R~ that and the exponential actually belongs to the
completion.

Proposition 4.1.  Let g be a nilpotent locally convex Lie algebra with continuous
Lie bracket and N € N such that N + 1 Lie brackets vanish.

i.) If 0 < R < 1, the C,-operators are continuous and fulfil the estimate

1
2.8

Pr (Cn (SC, y)) < (32eq)R+e (m)(32eQ)R+e (y)7 (53>
for all z,y € S%(g), where p is a continuous seminorm, q an asymptotic
estimate for p, and € = %(1 —R).

ii.) The Gutt star product %, is continuous for the locally convex projective limit
S1-(g) and we have

Pr (2 x:y) < (cq)rie(T)(cq)Rie(y) (54)

with ¢ = 32¢(|z| + 1). Hence it extends continuously to Sh(g), where it
coincides with the formal series.

Proof. In this proof, we use x, on the whole tensor algebra and compute the
estimate for factorizing tensors {; ® --- ® & and 71 ® - - - ® 1, but in this case we
get restrictions for the values of n. Recall that C, (5@”“ , nw) has n brackets it
has degree k + ¢ — n. We get therefore
N -1
(k+l—n)N>k+{ <= n< (k+£)T.
For all n that violate this condition, C, ({&; ® -+ ® g, m @ --- @ 1) = 0. Hence,
we get bounds for n!'~F in Equation (41): set § = =L and also denote a factorial

N
where we have non-integers, meaning the gamma function. We get
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using € = 0(1 — R). Then

PrR(Ch (1@ @&, m& - ®n))
_ (e 0=m) " hiepr
- 28"

1
< W(CQ)RJW (E1Q Q&) (@ Rrie (M @ - @ 1)

with ¢ = 16(2¢)°0~) < 32e. We then get the estimate on all tensors, extend it
to the completion and get the estimate (53). Recall, that for every R < 1 we
also have R+ € < 1 with the e = (1 — R) from above. Iterating this continuity
estimate, we get arbitrarily close to 1 and it is not possible to repeat this process
an arbitrary number of times and stop at some value strictly less than 1. The proof
of Equation (54) is done analogously to the proof of part #i.) of Proposition 3.2. =

(169)r (& ® -+ @ &) (169)r (1 & - - - © 10)

Remark 4.2.  Assuming even submultiplicativity of the seminorms one ends up
with the same result by using the easier formula (27).

Of course, the projective limit case gives us a slightly bigger completion.
We immediately get the following result:

Corollary 4.3.  Let g be a nilpotent, locally convex Lie algebra.

i.) For £ € g, the we have exp(§) € /S\;, (9).

it.) For &,n € g and z # 0 we have exp(€) . exp(n) = exp (1BCH (2¢, 21)) .
iii.) For s,t € K and £ € g we have exp(t€) x, exp(s§) = exp((t + s)&).

Proof. For the first part, recall that the completion of the projective limit 1~
contains all those series © =" z,, with z,, € S”(g) such that

oo
Z p"(z,)n!' ¢ < 00
n=0

for all continuous seminorms p and all € > 0. This is the case for the exponential
series of t¢ for t € K and £ € g. The second part follows from the fact that all
the projections m,, onto the homogeneous subspaces S are continuous. The third
part is then a direct consequence of the second. [ ]

4.2. Functoriality and Representations.

In the nilpotent case we get the same results for the extension of maps from
g into associative AE-algebras and the same functorial properties in this case. We
just need to adapt Lemma 3.11:



608 EspPoSITO, STAPOR, WALDMANN

Lemma 4.4. Let g be locally convex nilpotent Lie algebra, 0 < R < 1 and
z € C. Then for a continuous seminorm p with an asymptotic estimate p, n € N
and all &,...,&, € g the following estimate

PR (51 Ky otttk gn) S Cnn!R+€qn(€l Q- ® gn) (55)

holds with ¢ = 16e*(|z| + 1) and e = ¥=2(1 — R). The estimate is locally uniform
m z.

Proof. Take R < 1 and consider the estimate (52) in the proof of Lemma 3.11.
We know that, since we can have at most N brackets, also the values for ¢ are
restricted to

N —1
l < N n = on.
Using the same steps of the proof of Lemma 3.11 we get
on
PR(§1 %z H 6n) < Z(n - E)!R Z |Z|£7LZQ(§1) - q(6n)
=0 1<j<n—1
1;€{0,....5}
Z?;ll ij={
on
<D =0 Y 2f(20)"g(6) - (&)
=0 1<j<n—1
1;€{0,....5}
Z;zll ij={
on n++t¢—2
< (2e)" " e q(&, — 01 .
< 20"+ 1'a(e) -+ at) S - 0 T )

We have the inequality
0 = E!Rgll—R < €|R ((5n)5n)1—R < K!Rnén(l_R) < K!Rn!é(l—R)e(Sn(l—R)
and together with (!%(n — £)!® < n!® this gives

PR (51 Kyttt ky fn)
on

< (20)"(|2] + 1)l k0 Fg (&) -+ (&) > (” ‘;f I 2) On(1—R)

/=0
< (20)"(|2] + D)™ (PN grntfiteq(gy) - g (&),

with e = §(1 — R). It is clear that for all R <1 we have R+ ¢ < 1. To complete
the proof we set
¢ =8e(|z| +1)e % < 16e3(|2| 4 1),



EspPoSITO, STAPOR, WALDMANN 609

and notice that the estimate is locally uniform in z, even though it is not uniform
in z. ]

Proposition 4.5.  Let g be a nilpotent locally convex Lie algebra with contin-
uous Lie bracket. Then the statements of Proposition 3.7, Corollary 3.9, and
Proposition 3.12 hold for the projective limit S{_(g), too.

4.3. The Link to the Weyl Algebra.

In this section we aim to discuss the link to the Weyl algebra from [33|. For
simplicity, we consider the easiest case of the Weyl algebra with two generators.
Recall that the Weyl algebra is a quotient of the enveloping algebra of the Heisen-
berg algebra h which one gets from dividing out its center. So let ¢ € K and we
have a projection

Qe _( _Sk(b)
s S3(6) — Walh) = ((p A (56)
Proposition 4.6.  The projection 7 is continuous for R > 0.

Proof. We extend 7 to the whole tensor algebra by symmetrizing beforehand.
Let then p be a continuous seminorm on b, k,/,m € Ny. We have

pR(W(Q®k ® P®€ ® E®m)) — pR(QkPecm)
= [e|™(k + OV pM(Q PY)
< (le] + DFFE (k4 0+ m)!p(Q) p(P) p(E)™
= ((Je] + 1)p)r(Q%* ® P** © E*™).

Then we do the usual infimum argument and have the result on arbitrary tensors
again. ]

To establish the link to the continuity results of the Weyl algebra, we need
T o x, to be continuous for R > %

Proposition 4.7. Let R > % and 7 the projection from Equation (56). Then
the map o %, is continuous.

Proof. Since we are in finite dimensions, we can choose a submultiplicative
norm p with p(Q) = p(P) = p(F) without restriction. Moreover, let k, k', ¢,¢',m,
m' € Ny. Then we have to get an estimate for pg (7 (Q*P'E™ x, Q¥ P*E™)).
If we calculate the star product explicitly, we see, that we only get Lie brackets
where we have P’s and @’s. Let r =k+/{¢+m and s = k' + ¢ +m’, then we can
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actually simplify the calculations by
i <7T(Q’“P‘5Em X Q'f’Pf’Em’))

r+s—1
= (pgom) ( > 2CL(Q PE™, Q”P"Em’))

n=0
r+s—1
< X oo (CUQHPE.QVP! )
r4+s—1
< Y M prom) (Cu(Q7, P))
n=0
r4+s—1

!
B 2% . |n(r—n)'( n)n l(pRoW) (Q"PET)

r+s—1

n|,.|n rls! r—n ps—n
= 2 el or (@ P

n)!(s —n)In!
r4+s—1

Z e W(r )r!s! — (r TR_S.?)!RPR (Q°") pr (P*)
()G
Z| e (7) (2
(.

IN

(r+s—2n) 1Rpl

FIRgIR pr Q%) pr (P??)

I
)
) (r + s — 2n)!En!
)

IN

ML
T
=
3

3

< g Pr(Q7) pr (P°)
(%)TiIIZ\ e )( <r+s) (w;s) RpR (Q°7) pre (P)
< T§1<Iz| +1)"(le| +1)"4"*pr (Q°7) pr (P)

< (8021 + (el + 1)) e (Q°7) pi (P*)

TV
—¢r+s

= (ep)r (Q%") (p)r (P**)
2 e (@0 P20 £97) el (05 0 P & 50%)

—

where in we rearranged the factorials in (a) and used R > 5. The estimates (b) are
the standard binomial coefficient estimates. In (¢) we used p(Q) = p(P) = p(E).
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Now we just use
(Q@k ® P®€ ® E®m) *, <Q®k’ ® P®€’ ® E®m’> _ Qkp@Em *. Qk’Pé’Em’

and the infimum argument to expand this estimate to all tensors. This concludes
the proof. [ |

5. The Hopf Algebra Structure

In a last step we investigate the continuity of the Hopf algebra structure maps on
Ur(g.). Pulling back the coproduct A, and the antipode S, from Zz(g.) to S*(g)
we get a coproduct A and an antipode S with respect to %, . It is well-known that
A and S are independent of z and coincide with the classical shuffle coproduct
and antipode which on the symmetric algebra can be written as follows:

Lemma 5.1.  For &,...,&, € g we have the identities

and R
AG® - ®&)= Y. &6 & (58)
IC{1,..,n}

where & denotes the symmetric tensor product of all & with i € I and é\[ means
that the & with © € I are left out.

We need a topology on the tensor product in (58), for which we take again
the projective tensor product. The continuity of the two maps is now easy to prove.
In fact, it does not refer to the Lie structure at all and holds in full generality:

Proposition 5.2.  Let V' be a locally convex vector space and let R > 0. For
every continuous seminorm p and all x € Sy(V') the following estimates hold:

pr (S(7)) < pr() (59)

and

(pr @ pr) (A(z)) < (2p)R(2). (60)

Proof. We use the extension to the whole tensor algebra by symmetrizing
beforehand. Inequality (59) is clear on factorizing tensors and extends to all
tensors by the infimum argument. To get the estimate (60), we compute it on
factorizing tensors:

(PrR®pPR) (A1 ® - ®&))



612 EspPoSITO, STAPOR, WALDMANN

=(pr@pr) | Y. G®&-& &

IC{1,...,n}
< N I = )RR (gp) pr I (51 G .5n)
IC{1,...,n}
< Y T — I p(&) - pl)
IC{1,...,n}
< >0 alfp&) - pl&a)
IC{1,...,n}

= 2"np(&y) -+ pl&n)
=(2pr(&® - ®&).

This extends to all tensors by the infimum argument and restricts to the symmetric
algebra afterwards. [ |

Since the continuity of the unit and the counit € = my is clear by the
definition of our topology, we have the following result.

Proposition 5.3.  Let g be an AE-Lie algebra and z € C. Then, if R > 1,
S%(g) is a topological Hopf algebra. The same holds for S}_(g), if g is a nilpotent
locally convex Lie algebra with continuous Lie bracket.

6. Outlook and Open Questions

The two main theorems allow us to make some observations, which also go beyond
deformation quantization. We found a locally convex topology on the universal
enveloping algebra and encountered a special class of AE(-Lie) algebras. It is worth
looking at those two issues more closely.

6.1. Asymptotic Estimate Algebras.

The term asymptotic estimate has, to the best of our knowledge, first been
used by Boseck, Czichowski and Rudolph in [10]. Their definition of an AE-algebra
differs from ours since not just one but a whole series of asymptotic estimates has
to exist for every seminorm. This series has to fulfil two technical properties. This
is not the case in our definition, which is, in general, weaker.

Furthermore, in [18], Glockner and Neeb use a property to which they
referred as () for associative algebras. This was then used in [8] by Bogfjellmo
and Dahmen and Schmedig, who called it the G N-property. It is easy to see that
it is equivalent to being AE.

As we already know, there are a lot of examples of these structures, like
C*-algebras, Banach algebras and more generally: locally multiplicatively convex
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algebras. Recall that a locally convex algebra (either associative or Lie) is called
locally multiplicatively convex if there exists a defining system of seminorms such
that for all seminorms p of this system one has

p(x-y) < p(x)p(y) (61)

for all =,y € o. Clearly, this implies (2). The associative locally multiplicatively
convex algebras have been discussed in detail by Michael [24]. Clearly, finite-
dimensional (Lie) algebras are Banach and hence locally multiplicatively convex.

Also, all nilpotent locally convex (Lie) algebras belong to this category,
since one just needs to take the maximum of a finite number of seminorms. So
far, we did not find an example for an AE(-Lie) algebra, which was neither locally
multiplicatively convex nor nilpotent and it seems to be a non-trivial question,
whether such an algebra exists at all.

Are there AE(-Lie) algebras, which are not already locally multiplica-
tively convex or nilpotent?

In some special cases, however, we can give an answer to this question: every
associative AE algebra admits an entire holomorphic calculus in the following sense:
let o/ be a complete associative AE algebra and let

o0
f:C—C, z+—— f(z Zanz
n=0
be an entire function, then for every x € &/ and every continuous seminorm p
with asymptotic estimate ¢ we have

p(f(x)) =p <Z anfc”> <D lanlp (" Z anlq(x : (62)

Thus f(z) € o is defined for every x and every entire function f, obeying the
usual rules of a functional calculus. In this sense, &/ behaves very much like a
locally multiplicatively convex algebra. If in addition, &/ is commutative and
Fréchet, we get an answer to our question by using a result [25] due to Mitiagin,
Rolewicz and Zelazko. They showed that an associative, commutative Fréchet
algebra admitting an entire calculus is actually locally multiplicatively convex.

For non-commutative algebras, the situation is different. There are asso-
ciative Fréchet algebras admitting an entire holomorphic calculus which are not
locally multiplicatively convex. In [34], Zelazko gave an example of such an algebra.
However, his example is also not AE.

In the Lie case, not much seems to be known about the relation between
AE-Lie algebras and locally multiplicatively convex Lie algebras.
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6.2. Another Topology on the Universal Enveloping Algebra.

We also imposed a locally convex topology on the universal enveloping
algebra U(g), since we can just pull back the topology on S%(g) with the Poincaré-
Birkhoff-Witt isomorphism. It is not the only one on U(g) which is reasonable:
in [28] Schottenloher and Pflaum mention another locally convex topology in the
case of a finite-dimensional Lie algebra, which we will call 7 for now. They take the
coarsest locally convex topology, such that all finite-dimensional representations
of g extend to continuous algebra homomorphisms. This topology is in fact even
locally multiplicatively convex and therefore different from ours. It is easy to show,
that our topology is finer.

Proposition 6.1.  Let R > 1 and Zr(g) the universal enveloping algebra of a
finite-dimensional Lie algebra g, then the Sg-topology is strictly finer than 7.

Proof. From Corollary 3.9 we know that if g is finite-dimensional, all finite-
dimensional representations will extend to continuous algebra homomorphisms.
Since 7 was the coarsest topology such that this is the case, the Sg-topology must
be finer. It is strictly finer, since the Si-topology does not have an entire calculus
for R > 1 and can hence not be locally multiplicatively convex. |

For representations on infinite-dimensional Banach or Hilbert spaces, the
statement is less important, since there one rarely has norm-continuous represen-
tations, but merely strongly continuous ones.

Remark 6.2.  One could argue, that a topology which is locally multiplicatively
convex is much more useful than a “just locally convex” one. Of course, submulti-
plicativity of the seminorms allows for more constructions like an entire calculus,
but there are good reasons why the Sg-topology also has its advantages: first of
all, it is also defined for infinite-dimensional Lie algebras with reasonable functo-
rial properties. Second, the topology build upon representations does not allow to
have a continuous deformation of S*(g), at least in a similar way: the canonical
projections m,: S*(g) — S"(g) from Proposition 2.2 can be shown to be discon-
tinuous with respect to 7. For z =1, £, € g and m; being the projection onto
the Lie algebra itself, we get

™1 (exp(§) x exp(n)) = BCH (&, 1), (63)

if we assume the product and the projection to be convergent. With respect to 7,
the exponential series exp(&) exists for all £ € g and therefore the Baker-Campbell-
Hausdorff series must exist for all £, € g. Since this is not the case in a generic
Lie algebra, we get a contradiction.
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6.3. Possible Applications and Generalizations.

First we note that it is just a matter of collecting signs to extend our results
to super Lie algebras. Here the analysis part is robust enough as the signs will not
alter the estimates. We do not formulate the details here.

More interesting is the application of our result to deformation quantization,
say in finite dimensions for simplicity. While the Gutt star product itself may be
seen as yet rather simple, it encodes quantizations of coadjoint orbits: from [11]
one knows that the Gutt star product does not just restrict to coadjoint orbits in
general, even though there are interesting exceptional cases. For these cases, we
immediately get convergent star products on coadjoint orbits:

Theorem 6.3. Let G be a finite-dimensional Lie group with Lie algebra g and
O C g" a coadjoint orbit to which the Gutt star product is tangential. Then the
Gutt star product restricts to a continuous star product on O.

Proof. Here we use now that Sg(g) can be identified with the polynomial
functions Pol(g*) on g*. Now since the evaluation functionals at points in g*
are continuous by Proposition 2.2, z.), the vanishing ideal of the orbit is a closed
subspace of Sg(g). Since we assume that the Gutt star product is tangential, it
is also a two-sided ideal with respect to x,. Thus, on the one hand, the quotient
inherits the product and, on the other hand, it inherits a Hausdorff locally convex
topology for which the product is continuous. We then can complete again to
get a holomorphic deformation of those functions on the orbit which are obtained
by restricting functions on g* in the completion of Pol®(g*) with respect to the
Sr-topology to the orbit. [ ]

However, even if the Gutt star product is not tangential, there is some
hope to get a star product on coadjoint orbits for which the convergence can
be controlled: in [6, Thm. 5.2] a construction of a deformed restriction map
Lt = (4 --- of functions on g* to functions on a coadjoint orbit t: O — g*
was given, provided the Lie algebra g is compact and the orbit is regular. It will
be left to a future project to investigate the behaviour of the deformed restriction
map with respect to polynomial functions and their Sg-topology. Beside this fairly
general construction, it seems also plausible to generalize the restriction procedure
to particular other cases.

A. Proofs of the Propositions 2.3 and 2.4

Since we used the results from Proposition 2.3 and Proposition 2.4, we need to
give a proof that that they hold for any (also infinite-dimensional) Lie algebra g.
Our analysis is based on a careful investigation of the BCH series which can be
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found in the literature at many places, see e.g. [15, part 2.8.12] or [22, Chap. 5].
To avoid any possible confusion, we define three different star products.

Definition A.1. Let g be a Lie algebra and z € C. Then we define the Gutt
star product *, via (16), the deformed PBW star product %, via (19) and the
Drinfel’d star product *, via (17).

We need to prove that all of them are identical. Therefore, it is enough to
show that they coincide on £" xn for £, € g and any n € N, since those terms
generate the whole algebra. We get equality for & ...&, xn by polarization and
then for & ...&, xm; ... n, by iteration.

Recall that we have %, = %, if z = 1 from the construction, since q = q;.
In Proposition 2.7 we have sketched the proof of a formula for x,:

k
BN
rn =3 () me o (61)
=0
We first show *, = %,.

Proposition A.2. Let g be a Lie algebra, k € N and £,n € g. Then

k

~ kN i g k=i ad,
fk*znzz(j)zfajfk (ade)’ (). (65)

=0
Proof.  We need to show
i (Z (j)zJB;awadg)ﬂ <n>> gk
=0
in % (g.). We divide it into two lemmata.

Lemma A.3. Let {,n€g and k € N. Then we have

0 (Z (5 Bt wagr (n)) = YKk ) g

n=0 s=0

with
n k—

(e () e

n=0 j=0 =0
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Proof. We need the identities

MZf’”

and
0o (a0 ) = S0y (Hes

which are easy to check. Since the map . is linear, we can pull out the constants
and get

q(z(f;) <65 (adg) ) Z() (26 (adg)* ()

n=0 n=

Now we just have to use the two equalities to get

and collect the terms for which we have ¢ + 7 = s. [ ]

Now we have to show the following statement:

Lemma A.4. Let K(k,s) be defined as in Lemma A.3, then we have for all

keN
1 P—
/c<k,s>:{ s=0

0 else

Proof. We need some standard identities on binomial coefficients and the recur-
sive definition of the Bernoulli numbers. Besides that, we have to use the equality

(- (e

1=
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which was proven by Carlitz in [12]. We take k € N and prove the lemma by
induction over s. It is straightforward to see that IC(k,0) = 1. The induction
starts at s = 1:

K(k, 1) :é—kBZJr%Hki (kil)’i’i (H (_1)(7;))

ek n=1

Now we can do the step s — s+1. It is sufficient to prove K(k,s+1)—K(k,s) = 0.
For this purpose, we rewrite K(k,s) and we find

o £ (e ()

n=k+1—s

+ g; (k Z 1) B, ((—1)’“‘5 (Z - i) +(—1)t (" R 1>)] .

We get rid of the factor in front by multiplying with (k + 1) and finally get after
some combinatorial manipulations

1
Kks) =3

(k+1) (K(k,s) = K(k, s +1)) = i (’”1)( S+1k>3n(_1)ks

= s+1 n-+s—
k
k+1 k—s
B, (—1)"*s,
+n§rl(s+1)<n—s—l) (=1)

Rewriting it and dividing by (lzﬁ) (which is not 0 for s < k), two sums vanish by

the Carlitz identity. We are left with
(~1)"" Bt — (=1 By = —~(=1)' By (1+ (=1)) =0
since the bracket will be zero if k£ is odd and Bj,; = 0 if k is even. [ |

From those two lemmas, the proposition is clear. [ ]
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Now, we only have to prove x, = %, for z # 1. But we know that

R /RN . ,
=3 (1) Be ) (66)
=0
and also i
k . .
Exn=a"(0(e) am) =3 (j) B:6+ (ade Y (). (67)
=0
We finally get from Equation (16)
Ern=3 (j)zﬂB;s’f—%adg)ﬂ (). (68)
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