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Abstract.  The local coefficients of a principal series representation of a meta-
plectic group G are defined in terms of the action of the standard intertwining
operator on a canonical basis of the space of Whittaker functionals. By analyzing
the nonsingularity of local coefficient matrices, we prove that for a certain class
of unramified principal series representations of the metaplectic group, the local
metaplectic correspondence preserves irreducibility.
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Introduction

In 1973, Shimura [22] described a correspondence between cusp forms of weight
%k:, where k > 3 is an odd integer, and modular forms of weight £ — 1. This
correspondence was reformulated by Gelbart and Piatetski-Shapiro (see [9], [10],
and [11]) in terms of the representation theory of 2-fold metaplectic coverings of
GLy. Beginning in the 1980’s, attention was placed on generalizing Shimura’s
correspondence within its representation-theoretic setting. Flicker [8] generalized
the correspondence to n-fold covering groups of GLy and the works of Kazh-
dan and Patterson [14], Kazhdan and Flicker [12], and later, Suzuki [23] and
Mezo [17], [18], sought a complete correspondence between representations on n-
fold metaplectic coverings of GL, and their nonmetaplectic counterparts. Here,

we focus on a generalization of the local metaplectic correspondence, relating n-
fold metaplectic coverings of GL, to their d-fold counterparts, where d is a divisor
of n.

For a certain class of unramified principal series representations, the first
author [5] showed that when r = 2 and n has absolute value 1 in the local field,
the local generalized metaplectic correspondence preserves irreducibility. This was
achieved via a careful consideration of the action of the standard intertwining oper-
ator on a canonical basis of the finite-dimensional space of Whittaker functionals.
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This article continues this investigation for arbitrary values of 7.

The construction of the n-fold (c-twisted) metaplectic group C/}vLic) (F) is
briefly revisited in Section 1 for the purpose of establishing the notations that will
be used throughout the paper. Section 2 contains a description of the unramified
principal series representations (m,, V)™ that will be the focus of our investi-
gation. For each w in the Weyl subgroup W C GL,.(F), the local coefficients
Tw(ms,m, ') are defined in Section 3. They are the metaplectic analogues of the lo-
cal coefficients defined by Shahidi in [20] and [21]. In the case of the long element
wo € W, we arrange the local coefficients 7, (7s,n,7") into an n” x n” matrix
M) (r,), and describe an intimate relationship between the determinant of this
matrix and the irreducibility of (m,, V5)™™).

In [5], the determinant of M&TOL’Q)(WS) was computed explicitly. When r > 2,
the direct computation of the determinant of My (r,) proves to be much more
challenging. Instead, we use an indirect method to compute

det(M" (m_s) - Mip" (m,)),

which is sufficient for determining the irreducibility of our representations and the
main results in Section 4.

The outcome of our investigation is an explicit description (in Theorem
3.1) of the nonsingularity of the local coefficient matrices. The local metaplectic
correspondence is given in Theorem 3.3, where it is shown that whenever d is a
divisor of n and |n|p =1,

(WS,Y/S)("’T) is irreducible <— (Wsn/d,Vsn/d)(d’r) is irreducible.

Our analysis leads to another implication. We show in Corollary 3.4 that if
" >r>2and |n|p =1, then

(5, Vo)) s irreducible = (7., V,)™") is irreducible .

It should be noted that the correspondence contained here is a local result,
and although it has not been considered in our investigation, it may extend to the
global setting. Such an extension is not trivial as our results assume |n|p = 1.
Also, we focus on a particular class of representations in the unramified principal
series, but it should be possible to apply these techniques to other metaplectic
representations in order to achieve similar criteria for their irreducibility.

1. Metaplectic Groups

In this section, we recapitulate the construction of a metaplectic group and the
main properties of 2-cocycles that allow us to work in this setting. Most of our
notations and the systematic approach to the construction of metaplectic cocycles
follow closely Section 1 of [2]. These topics are covered here for the sake of
completeness and to establish the notations and tools to be used throughout the
rest of the paper. It is also hoped that this brief exposition will give readers
unfamiliar with the general theory of metaplectic groups the background they
need to understand the motivation behind this article.
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Let F denote a nonarchimedean local field containing pu,,, the full group
of n'™ roots of unity. We will fix an embedding € : pu, < C*, identifying u,
with the group of n'" roots of unity in C*. For any such field, let v : F* — Z
be a normalized valuation on F. As usual, v is extended to all of F by setting
v(0) = oo (with the convention that co + 2z = co = z+ oo for all z € Z). Let
O denote the ring of integers {x € F | v(z) > 0} in F and p the maximal ideal
{r € F | v(x) > 1} in O. The notation @ will denote a uniformizing element.
Let ¢ = p/ be the order of the residue field O/p. Then the absolute value for F is
given by |z|, = ¢7¥® and for each s € C, the local (-factor is (,(s) = (1—¢~*)!.

Recall that the local n"-order Hilbert symbol over I is a map

()F F* xF* — p,
that satisfies the following properties:

(ad’,b)p = (a,b) (@', b)r,

(a,0)r (b, a)r =

(a,—a)p = a,l )F—l

{z € F* | (z,y)r = 1, for all y € F*} = F*",

where F*" := {z € F* | x = y", for some y € F*} (see [24], Chapter VIII sec. 5
for details). Throughout, we will assume that the Hilbert symbol is unramified:

(x,y)r =1, for all z,y € O*.

This condition is equivalent to |n|p = 1. These basic properties of the Hilbert
symbol will account for most of the 2-cocycle computations that will come later.
For every positive integer r and every ¢ € Z/nZ, define the n-fold (c-

twisted) metaplectic covering éva,c) (F) of GL,(F) to be a central extension of

GL,(F) by py,:

1 ——s oy — L) 2 aL(F) —— 1. (1)

As a set, the elements of (f}v[éc) (F) are of the form (g,¢) where g € GL,(F) and
¢ € p,. Multiplication is given by

(9.0, ¢) = (99, ¢¢' 09,9

where o\ is a nontrivial 2-cocycle in 22 (@iic)

relation

(F); py) that satisfies the cocycle

\(g,9)0\ (99, 9") = 0\ (g,9'9")0\" (', 9"),
for all g,¢',¢" € GL.(F) (which is equivalent to associativity of multiplication in
(EiEC) (F)). The twists of o, := ol satisfy

a\g,9") = o,(g,9')(detg, detg ).
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In the short exact sequence (1), the projection map p : @ic)(F) — GL,.(F)
is given by (g,() — ¢ and the inclusion map i : p, — GL.(F) is given by
¢+ (1,¢). We will also need the preferred section s : GL,(F) — C/}\iic) (F) where
g (9,1).

The cocycle o9 was first described by Kubota [15] and is defined by

0_2@79,):(;((99/) X(g9) )

X(g) " X(g')det(g)

a b e it c#0
(L a)={axlo
The cocycle o, that will be used in this paper was constructed in [3] and agrees
with the Kubota cocycle when r = 2. When r = 1, GL;(F) = F*, oy is trivial,

and the twists are given by 0%0) (9,9") = (9,4 (see Corollary 8 in Section 3 of

3])-

where

To help in the evaluation of o, when r > 2, we define a standard Levi
subgroup M of GL,(F) to be a group whose elements are of the form

(%51

9k

where g; € GL,,(F), r; > 1, and r = r; +r9 + -+ + 1. The following theorem
concerning the block-compatibility of the cocycle o, was proved by Banks, Levy,
and Sepanski (Theorem 11 in Section 3 of [3]).

Theorem 1.1.  For every standard Levi subgroup of GL,.(F), the cocycle o,
satisfies the following block formula:

g 9 k
o, ’ — ngq(gz’g;) H (detgl,detg;)zp
O g;g =1 1<i<y<k

We will use the notation T' to denote the subgroup of GL,(F) consisting
of diagonal matrices. If a = (i,7) € ® denotes a root of GL,(F) relative to T
(1<i,j<randi#j), then let

t* =t;/t;, for all ¢ = diag(¢;).

The set of positive roots (i < j) will be denoted ®* and the set of negative roots
(i > j) will be denoted ®~. We will use N to denote the unipotent radical of B,
the Borel subgroup of GL,.(F).

Now assume that r > 2, and consider the » — 1 embeddings of GLy(F)
along the diagonal of GL,(F):

Iiy

ti » GLo(F) — GL,.(F), ¢~ g ,  for all g € GLy(IF).
Irflfi



BUDDEN AND GOEHLE 661

For each 7, let G; denote the image of ;. The group GL,(F) is then generated
by the subgroups
{Gi|1<i<r—1}.

-1 1
wi—Li(l ) and SZ'—L,'<1 )

and let /(w) denote the length of an element w in the Weyl subgroup W. In
other words, ¢ = {(w) is the smallest positive integer such that w can be written
as a product of ¢ simple reflections: w = s;,8;,---5;,. Let n(w) denote the
corresponding element n(w) = w;, w;, - - - w;, (w+— n(w) is well-defined by Lemma
6.2 of [16]). The group W acts on T' (and on the set of roots) by conjugation:

Define

t(wa) _ (tw)a _ (w—ltw)a'

All of the cocycle calculations contained in this paper are computed using
01, 09, Theorem 1.1, the properties of the Hilbert symbol given at the beginning
of this section, and the properties of o, described in Theorem 7 of Section 3 of [3].

2. Unramified Principal Series Representations

In this section, we will describe a class of unramified principal series representations
(induced from an irreducible representation of a Borel subgroup). Our description
will require several important subgroups of G = C/}vLic) (F). If H is any subgroup of
G = GL,(F), we will use the notation H = p~*(H) to denote the full metaplectic
preimage of H. The groups T and B are formed in this manner. Although these
groups depend upon the twist ¢, it will often be suppressed in our notation.

It is easily checked that the 2-cocycle o' is trivial on N. Thus, G splits
over NN via the preferred section s. We will denote its image by N* = s(N). The

group G also splits over the maximal compact subgroup K = GL3(O) of G (see
[19]). Let

k: K —G

denote the canonical splitting. We will not describe k here as it will be enough to
note that k satisfies the relations

klrnk = s|lrrx,  klw =s|w, and k|ynx = s|nnk

(see Proposition 0.1.3 of [13]). Set K* := k(K) and for every m > 0, define
K} =k(K,,) where

K, ={ke K| k=1 (modp™)}.

The collection {K}, | m > 0} forms a basis of open, compact neighborhoods of
the identity in G. These groups lead to the decomposition

G = BK* = TN*K*.
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)(]F) that we describe in

this section are formed in a similar manner to the representations of évLéc) (F) that
were the focus of [5]. We begin with a quasicharacter on the center of T'. As was
noted in Section 1.1 of [13], the center of T is given by T"Z(B) where

The principal series representations of G = (f}va

31
T = p (T =p! ty, ..., t, e F*"
tr
and the center of B is given by
A
Z(E) — p—1 )\7’—1—!—27’0 c X

by Proposition 0.1.1 of [13].

Let dp denote the modular quasicharacter of the Borel subgroup B. For
any s € C, we will consider 6° to be the quasicharacter 6% on 7"Z(B) that is
genuine. In other words,

t
s . r—1 r—3 1-ry\s
o . >C :C(’tllﬁ ‘t211r ""tr‘ﬂr )
2

This quasicharacter can be extended to a maximal abelian subgroup T. of T in
the obvious way. We use the maximal abelian subgroup

T, = (T NK*T"Z(B)

and extend the quasicharacter § to B, :=T.,N* by making it trivial on N*.
For any s € C and any unramified quasicharacter

x: F* — C*,
define the (normalized) induced representation
(ms, V)7 := Ind§ ((x o det o) - )

where V, consists of all locally constant functions f : G — C that satisfy

f(bg) = x(det(p(b))) - 6°(b) - 5(p(b)) - f(9)
for all b € B, and g e G and 7, acts by right translation on Vj:

(ms(9) ) (g") = f(g'g).

The Stone-von Neumann Theorem (see [6] or [7]) guarantees that the isomorphism
class of a representation constructed in this way depends only on the central
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quasicharacter (y o det o p) - 0%, not on the choice of maximal abelian subgroup

nor on the quasicharacter’s extension.
Now let w € W, w := s(w), and suppose that that w : T, — C* is an
unramified quasicharacter. Then define “w(t) : T, — C* by “w(t) := w(w Hw).

Such a character can then be extended to B, by making it trivial on N* (as was
described above in the case of ¢). Using this notation, we form

(Y7rg, 0 V) = Indg* (“((xodet op)-6%))

and consider the standard intertwining operator I, : V, — “V, given by the
absolutely convergent integral

(Lof)(g) = / F(@ng) dn
)

neN*(w

for all f € Vs and g € G. Here, N*(w) is the subgroup of N* corresponding to
the roots o € ®F such that w'a € ® and dn is the unique Haar measure that
satisfies Vol(N* N K*;dn) = 1.
By Proposition 1.2.3 of [13], if wq, we € W satisty {(wiws) = £(wy) +{(ws),
then
Ty, @ Vs — 12V

is given by the composition

kuﬂzf = ]Iw1 (]Iwz f)

This allows us to reduce the evaluation of an intertwining operator to simple
reflections in W .

In general, a principal series representation of a metaplectic group does not
have a unique Whittaker model. However, it does have a finite-dimensional space
of Whittaker functionals. Fix a nontrivial additive unramified (unitary) character
Y : F — C* and extend it to a multiplicative character ¢ : N* — C* by

Y(n) = r ( Z nm’+1> )
1<i<r

where 7 :=s(n) € N* and n;;; is the entry in the (i,7+ 1) position of n € N.
A 1-Whittaker functional is a functional A in the dual space V! of V; that satisfies

A(ms(n) f) = ¥(n)A(f) (2)
for all n € N* ajldeVS.
For n € T, let A\, € V! be given by

Mf = / £ (niTon) B(n) dn. (3)

neN*
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Kazhdan and Patterson ([13], Lemma 1.2.3) showed that the integral (3) is abso-
lutely convergent for Re(s) > 0 and extends holomorphically to all of C. One can
check that ), satisfies (2) and that

{\ [ n € TAT}

is a basis for Wh(v, V;), the space of ¢-Whittaker functionals of V;. By Lemma
1.3.2 of [13],

dim(Wh(z, V,)) = Card(T,\T) = n’.

Let § € (Z/nZ)", where f = (fi,f2,...,f-) (we will always use least residues of
Z/nZ as coset representatives), and write s(w') := s(diag(w')). Then we will use
the set

Q:={s(@) | f € (Z/nZ)"}

as coset representatives of ﬁ\f
In the next section, the element

F=(0,1,...,r—1) € (Z/nZ)"

will play an important role in the evaluation of local coefficients. The correspond-

ing element in Q will be denoted 7 = s(w'). If w € W, then let w[f] be the
element of (Z/nZ)" given by

ol = et

This defines a group action of W on (Z/nZ)". For two elements n = s(w') and
7 = s(@") in T.\T, we will write 7 ~ 7/ if and only if either § = § (mod n)
or f = s[f] (mod n) for some simple reflection s € W. A straight forward
computation shows that for all simple reflections, 1 ~ 7 implies that f = f (mod n).

3. Nonsingularity of Local Coefficient Matrices

The local coefficients of (m,, V)™ are defined by considering the action of the
standard intertwining operators on the space of Whittaker functionals. Using
Kazhdan and Patterson’s canonical basis for Wh(Vj) described in the previous
section, the local coefficient 7, (7, n,7n’) is defined by

AL, = Z T (Tsy 1) Aoy - (4)

0 €TNT

Whenever w,w’ € W satisfy {(ww') = {(w) + {(w’), we have

Tww/ (71—8’ 777 77/) = Z 7—w (wlﬂ—& na n//)Tw’(ﬂ-w 77”7 77,)7 (5)
ﬁ”ET*\f

thus reducing local coefficient calculations to the case of simple reflections.
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To evaluate the local coefficients, we follow [13], Section 1.3, starting with
an appropriate set of “test” functions in V. Let

f(9) = { X(det(p(b))) - 8°(b) - 53(p(B))  if g = bflwo, b€ B,, I € L
0 otherwise

where L is an open, compact subgroup of G that is taken to be sufficiently small.
As in [13], we let féfn) denote the test function satisfying
o Supp(f\") = BufwoK}, = Bunfwo(K;)*, where K, = K,, NN,
° fézn) is right K -invariant,
o [ (wp)=1.
By Lemma 1.3.1 of [13], we have
MV =0 = n#7,

and for such functions, (4) gives

AL £

Tw(ﬂ-wnan/) = T m
Ay £

resulting in the following commutative diagram.

Tw
N w‘/;

Vi
s
C — C
Tw(7s,m,m")

For all principal series representations (7(w),V(w)) (induced from a genuine un-

ramified quasicharacter w : T, — C* that has been extended to B, by making
it trivial on N*), it was shown in Section 1.3 of [13] that

Ts(ﬂ-(w)v n, 77/) = (0 whenever n 7/4 7’]/‘

In particular, this applies to m, as well as “m, for all w € W.
Now we define the local coefficient matrix

ng;n7r)(7TS) = (Tw (s, M, 77/))

by placing 7,(7s,n,7) in the (n" "1 + n"2f + -+ nf,_1 + § + 1) row and
(W, + 02, + nf._, + . + 1) column. The matrix My (m,) can be
interpreted as a linear transformation C* — C" . It was shown in [1] that

Vs = Span(f,y) @ Ker(\y).
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Using the linearity of the Whittaker functionals, we obtain the following commu-
tative diagram.

w

v, — wy,

! l

cv —
Méjn,r)(ﬂ_s)

Considering the long element wy € W, we have

Ly, L
Vi —— V., —— Vi

| | | 0

c — " ——
Mig" () Mg ()

where I, o L,, : Vo — Vj is an intertwining operator. By Proposition 1.2.2 of
[13],
Ty 0 Ly, = ™ (s) - T :V, — V,

where c(™")(s) is a constant and I is the identity map. From the diagram (6), it
follows that
MI(U’;’T) (m_s) - M) (7s) = c(””)(s) pr,

wo

where I,,» is the identity matrix in GL,(C). Now we turn our attention to the
evaluation of ¢ (s).

Theorem 3.1.  Ifr>2 and |n|p =1, then
7“2747"4»3
(n,r) €U<2HS)CU(—2’I’LS) ?
™ (s) =
Co(1 —2ns)(, (1 + 2ns)

r—1

( G, (4n5)G,(~4ns) )
Co(1 — 4ns)(, (1 + 4ns)

Co(2ins)(, (—2ins)
) 11 Co(1 = 2ins) (1 + 2ins)

where

Proof. We have seen that

MG () - MG (7,) = e(s) - Ly
In [5], the determinant of M) (ms) was explicitly computed for r = 2. However,
when r > 2, the computation proves to be much more challenging. Rather than
compute the determinant in a straightforward manner, we take advantage of the
structure of the local coefficient matrices and the abundance of 0 entries. We
begin by decomposing the long element as

Wy = Wyp—_1 - Wo2W1 where w; = 8182+ §5.
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This allows for the decomposition

M) = M) M (M) - M (),
where each M{"™" (“'7,) can be decomposed into local coefficient matrices associ-
ated with simple reflections. At the end of Section 2, it was noted that, n ~ 7
implies that § = f(mod n). Thus, for each simple reflection s; € W (1 < i < 1), the
entry 7, (“m,,7,7) is the only nonzero entry in its row and column in M (¥r,).
This leads to the following decomposition of 7, (s, 7,7):

r—1
Tuo (T, 1,70) = Tooy (0, 70,7) - [ [ 7, (9722 7, 7, 70),
=2
where
ij (wjil..‘w2w17r8’ﬁ> ﬁ) = TS;’ (wjilmwQW17Tsaﬁ> ﬁ)
j—1
. H Ts. k(5j+17k-"'5j715jwj71“‘w2w17rs’ﬁ’ ﬁ)
i
k=1

Each of the local coefficients in this product can be computed following Section 1.3

of [13]. Since this process is fairly standard, we omit the details of the computation.

We have
. Co(2nksey)

Teo(1 = 2nks)’

(wkfl"'w2wl

Ts Wsaﬁ7ﬁ) :€k<_1>_1)

and if 1 <14 < k, then

) c Co(—4nse;) . . -k
e(—1, —1)]17—(”(174%) if k is even, i = 5
Sid1 " Sk_1SEWE_1" W2W — =
TSV(ZH k—1SkWE—1 2 1773,7],77) _

(3

e(—1,— 1)]%%(%22)) otherwise,

where
—1 if ;11 # 0(mod n).

By carefully multiplying out each of the simple reflection local coefficients and
using the property

. { 1 if f;11 = 0(mod n)

Tug ("7, 1,71) T (5, 7.77) = €7 (),
we conclude the statement of the theorem. |
In [5], it was argued that whenever d is any divisor of n and |n|p = 1,
(7s, ‘/;)(”’2) is irreducible <= (7s 4, Vin /d)(d’Q) is irreducible.

This result will be generalized to arbitrary values of » > 2 in this section and is
dependent on the following Lemma. Unfortunately, there was a mistake in [5], so
the following Lemma corrects the mistake for » = 2, in addition to handling the
cases 1 > 2.
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Lemma 3.2. The principal series representation (mw,Vy)™") is irreducible if
and only if
det( MG (w_.) - MG (1)) # 0

(equivalently, if and only if ™" (s) #0).

Proof.  First consider the case in which ¢™")(s) # 0. From Theorem 3.1, it
follows that 2ins # 1 for ¢ = 1,...,r7 — 1. Hence, by Corollary 1.2.8 of [13],
it follows that (7, V)™ is irreducible. Now suppose that ¢ (s) = 0. Then
Ker(L,,) # {0}. Now we follow the approach used in the beginning of the proof
of Theorem 1.2.9 of [13]. Recall that L,, : Vs — V_; is defined by

(Luy f)(g) = / f(wo ' ng) dn.
)

neN*(wo

Let L be a sufficiently small compact open subgroup of G and let f be the right
L-invariant function in V; with support B, L such that f(1) = 1. If we let g = wy,
the integral converges and by choosing L sufficiently small, one has L, f(wo) # 0.
Hence, Ker(IL,,) # Vi, giving a proper nontrivial G-stable subspace of V. Thus,
(ms, Vi) is reducible. [

The main result of this section (and of this paper) is the following theorem,
which follows from a comparison of the zeros of ¢(™")(s) over different values of n
and 7.

Theorem 3.3. If d is any divisor of n and |nlp = 1, then (m,, Vi)™ is
irreducible if and only if (Tsn/a, Vsn/d)(d”) 15 irreducible.

Proof.  In Lemma 3.2, it was shown that (7, V;)™") is irreducible if and only
if ¢ (s) # 0. The zeros of ¢ (s) are easily determined from Theorem 3.1. We
see that c(™")(s) = 0 if and only if s has any of the values

n i—i— ik ,:tl i+ mik ot 1 i+ mik '
2n nlogq 2\2n nlogq r—1\2n nlogq

A comparison of these zeros with the corresponding zeros of (") (sn/d) results in
the correspondence described in Theorem 3.3 u

Corollary 3.4. If ' >r>2, |nlp =1, and (7, V)™ is irreducible, then
(s, VS)("”") 1s 1rreducible.

Proof.  This corollary follows from a comparison of the zeros of ¢")(s) and
™) (s) that were given in the proof of Theorem 3.3. ]

At the present time, only nonarchimedean local fields in which |n|p # 1
have been considered. However, the techniques contained in this article should be
applicable to other metaplectic representations than just the ones considered here.
We leave such investigations for future study, with the eventual goal of further
developing the complete (local and global) metaplectic correspondence using local
coefficient matrices.
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