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Abstract. Let (W, S) be a Coxeter system and * be an automorphism of W with
order < 2 such that s* € S forany s € S. Let I, be the set of twisted involutions
relative to * in W. In this paper we consider the case when * = id and study the
braid I, -transformations between the reduced I, -expressions of involutions. If W is
the Weyl group of type B,, or D,,, we explicitly describe a finite set of basic braid I, -
transformations for all n simultaneously, and show that any two reduced I, -expressions
for a given involution can be transformed into each other through a series of basic braid
I, -transformations. In both cases, these basic braid I, -transformations consist of the
usual basic braid transformations plus some natural “right end transformations” and
exactly one extra transformation. The main result generalizes our previous work for the
Weyl group of type A, .
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1. Introduction

Let (W, S) be a fixed Coxeter system with length function ¢ : W — N. If w € W then
by definition

l(w) := min{klw = s;, ...s;, forsomes;,...,s;, €S}

Let < be the Bruhat partial ordering on W defined with respect to S. Let x be a fixed
automorphism of W with order < 2 and such that s* € S forany s € S.

Definition 1.1.  We define I, := {w eWw ‘ w* = wil}. The elements of I, will be
called twisted involutions relative to .

If * = idyy (the identity automorphism on W), then the elements of I, will be
called involutions.

* The research was supported by the National Natural Science Foundation of China (NSFC 11525102)
and the research fund from Zhejiang University.
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Definition 1.2. Forany w € I, and s € S, we define

sw if sw = ws™;
SX W =

*

sws* if sw # ws™.
Forany w € I, and s;,,--- ,s;, € 5, we define

SilxsiQK---Ksikxw:zsilx(8i2b<---b<(sikb<w)---).

It is clear that s x w € I, whenever w € I, and s € S. Note that X
is not associative. So the above convention for how to interpret expressions without
parentheses is nontrivial and meaningful.

Definition 1.3.  ([21} 12,119, 8]) Let w € I,. If w = s;, X s;, X --- X s;,, Where
k €N, s;, € S foreach j, then (s;,,--- ,s;, ) is called an I, -expression for w. Such
an [, -expression for w is reduced if its length £ is minimal.

We regard the empty sequence () as a reduced I, -expression for w = 1. Tt
follows by induction on ¢(w) that every element w € I, has a reduced I, -expression.

The phrase “I,-expression” dates originally to Marberg [19]. Hultman [12]
uses the right-handed version of I,-expression and call it S-expression. In recent
papers, Hamaker, Marberg and Pawlowski have started calling reduced S-expressions
“involution words”. Going much further back, reduced S-expressions and involution
words are both the same as what Richardson and Springer called “admissible sequences”
in [21} Section 3]. Our notation in the current paper follows the conventions from [[19].

A well-known classical fact of Matsumoto ([20]) says that any two reduced
expressions for an element in 1/ can be transformed into each other through a series
of basic braid transformations. We are interested in finding the right analogue of this
fact for twisted involution relative to * with respect to the operation “x . In this paper
we consider the case when * = id. If W is the Weyl group of type B,, or type D,,,
we identify a set of basic braid I, -transformations which span and preserve the sets of
reduced [, -expressions for any involution. These results generalize our earlier work
in [10] for the Weyl group of type A, . Note that these generalizations are non-trivial
in the sense that the basic braid I, -transformations for the Weyl group of types B,
and D,, which we identify contain not only the usual basic braid transformations plus
some natural “right end transformations” but also one extra transformation which is not
directly related to the usual basic braid transformation; see the last relation in Definition
and[4.6] This is a new phenomenon which does not happen in type A case; compare
[10, Definition 2.12].

There have been a number of important works on algebraic and combinatorial
properties of involutions in Coxeter groups. They have arisen independently in a few
different geometric contexts; see [21, 122} 11,12} 2|3, (7,18}, 23]. Richardson and Springer
[21] first initiates the study of Bruhat order restricted to involutions in finite Weyl
group, which naturally leads to the consideration of I, -expression (which they called
“admissible sequence”). They proved ([21, Lemma 3.16]) that the set of reduced I, -
expression for a given twisted involution is closed under the ordinary braid relations for
(W, S); see also [8 Proposition 1.4] for an equivalent statement for general Coxeter
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groups. Can, Joyce and Wyser have classified these sets for each involution in the
symmetric group. It is a natural (and nontrivial) open problem to use the main result
of the current paper to extend Can, Joyce and Wyser’s results to types B and D. The
paper [8] of Hamaker, Marberg and Pawlowski also proves an analogue of Matsumoto’s
theorem for the right handed versions of reduced I, -expressions. Their result applies to
arbitrary Coxeter groups, but requires a potentially unbounded number of extra relations
in addition to the ordinary braid relations and the “right end transformation” described
in Remark [3.6] and 4.5] We thank the anonymous referee for the detailed explanation
of these facts to us. The main result in this paper show that in types B and D one can
ignore all but one of these extra relations.

Our motivation for the study of reduced I,-expressions for involution comes
from a conjecture of Lusztig. Let v be an indeterminate over Z and u := v%. Set
A = Z[u*,u?], A = Z[u,u"']. Let 2 be the one-parameter Iwahori-Hecke
algebra associated to (W, S) with Hecke parameter v? and defined over A (cf. [13])).
Let H, := A®4 F,2. We abbreviate 14 ®4 T,, as T,, for each w € W. Let M
be the free .A-module with basis {a,|w € I.}. An #,-module structure on M was
introduced by Lusztig and Vogan ([18]) in the special case when IV is a Weyl group or
an affine Weyl group, and by Lusztig ([[15]) in the general case. When w is specialized
to 1, the module M was introduced more than fifteen years ago by Kottwitz. Kottwitz
found the module by analyzing Langlands’ theory of stable characters for real groups.
He gave a conjectural description of it (later established by Casselman) in terms of
the Kazhdan-Lusztig left cell representations of W. For these reasons it was clear that
M was an interesting, subtle, and important object. In [16, 3.4(a)] Lusztig defined
Xo =Y pewar—p " @T, € H, and he conjectured that there is a unique isomorphism
of (Q(u) ®4H,)-modules 1 : Q(u) @4 M = (Q(u) ®4 H,)Xp such that n(a;) = Xj.

In [10], we give a proof of this conjecture when * = idy and W is the Weyl
group of type A,, for any n € N. The key ingredient in the proof is to prove an analogue
of Matsumoto’s result for reduced I,-expressions of involutions. We announced in
that paper that the same strategy should work for the Weyl groups of other types.
Later Lusztig proved his conjecture (in [17]) for any Coxeter group and any * by
using a completely different argument. Despite this fact, it is still interesting in itself
to generalize Matsumoto’s result for reduced I,-expressions of involutions to Weyl
groups of arbitrary types (other than type A). In this paper we give this generalization
for the Weyl groups of types B, and D, by finding a finite set of basic braid I,-
transformations on reduced I, -expressions for involutions, which can be described for
all n simultaneously and whose size depends quadratically on n.

The paper is organised as follows. In Section 2 we recall some preliminary
results on reduced I, -expressions for twisted involutions relative *. Based on the work
of Lusztig [I5) 1.2, 1.4], we give a case-by-case discussion after Lemma [2.9] when
x = id which will be used in the next two sections. In Section 3 we consider the Weyl
group W (D,,) of type D, and give the definition of basic braid I, -transformation on
reduced I, -expressions for involutions in W (D,,) in Definition In Section 4 we
consider the Weyl group W (B,,) of type B,, and give the definition of basic braid I, -
transformation on reduced I, -expressions for involutions in W (B,,) in Definition
The main results are Theorem [3.10] and 4.8 where we show that any two reduced I, -
expressions for an involution in W € {W(D,,), W(B,)} can be transformed into each
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other through a series of braid [, -transformations. In Section 5 we use the main result
in Section 3 and Section 4 to show that 7 is a well-defined surjective (Q(u) ®4 H.)-
module homomorphism when W is the Weyl group of type B,, or D,, and * = id.

2. Reduced I,-expressions

Let (W,S) be a fixed Coxeter system with length function ¢ : W — N. For any
s#te S, let mgy =mys € [2,00] be the order of st. The following facts can all be
found in [[11} [12] and [10]].

Lemma 2.1.  (/l11)]) For any w € I, and s € S, we have that

sX (s X w)=w.

Itis well-known that every element w € I, is of the form w = s;, X 5;, X - - - X 5;,
for some k € N and s;,,---,s;, € 5.

Lemma 2.2. ([lI1], [12]) Let w € I.. Any reduced I.-expression for w has a
common length. Let p : I, — N be the map which assigns w € I, to this common

length. Then (I.,<) is a graded poset with rank function p. Moreover, if s € S then
p(s X w) = p(w) £ 1, and p(s x w) = p(w) — 1 if and only if {(sw) = {(w) — 1.

Corollary 2.3. ([0, Corollary 2.6]) Let w € I, and s € S. Suppose that sw #
ws*. Then ((sw) = l(w) + 1 if and only if {(ws*) = l(w) + 1, and if and only if
U(s x w) = L(w) + 2. The same is true if we replace “+” by “—".

Corollary 2.4.  ([10, Corollary 2.7]) Let w € I, and s € S. Suppose that p(w) = k.
If sw < w then w has a reduced I, -expression which is of the form sx sj XX S; .

Definition 2.5.  ([10, Definition 2.8]) Let w € I, and s;,,--- ,s;, € S. If
p(siy X 8, X -2 X 8 X w) = p(w) + k,

then we shall call the sequence (s;,,--- ,s;,,w) reduced, or (s;,,--- ,$;,w) areduced
sequence.

In particular, any reduced I,-expression for w € I, is automatically a reduced
sequence. In the sequel, by some abuse of notations, we shall also call (i1, - , i) are-
duced sequence whenever (s;,, - - , s;, ) is areduced sequence in the sense of Definition

Remark 2.6. Lets;,---,s; €S and 1 <a < k. We shall use the expression
Sig Woro X85, ) XS5, Xoes XS (1)

to denote the element obtained by omitting “s; x ” in the expression s;, X --- X s;, . In
particular, if @ = 1 then denotes the element s;, X - - - X s;, ; while if @ = & then (1
denotes the element s;, X --- X s;, .
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Proposition 2.7.  (Exchange Property, [12} Prop. 3.10]) Suppose (s;,,--+ ,si,) isa
reduced I.-expression for w € I, and that p(s X s;; X s;, X --- X 8;,) < k for some
s € S. Then

89(81-1D<8i2b<---b<sik:8i1D<Si2b<-~-b<sia_lb<sia+1l><---><3,-k

for some a € {1,2,--- ,k}.

For any s,t € S, recall that my, is the order of st. Then my, is the order of ¢s
too. Suppose that my < oo. We define

Prod(s,t;mg) := stst--. .

mst factors

By definition, we have that Prod(s,¢;mg) = Prod(t, s;mg). In this case, we shall
call the transformation Prod(s,t;my) <— Prod(t, s;my) the (usual) basic braid
transformation. By a (usual) braid transformation on a given reduced expression, we
mean the compositions of a series of (usual) basic braid transformations.

For any s,t € S with my < oo, we define

TProd(s,t;mg) :=s Xt X s X XX,
met factors

Note that Prod(s, ¢; mg) is an element of W, while TProd(s, t; my) is an operator on
I, instead of an element of W.

Our purpose is to find the right analogues of (basic) braid transformations for
twisted involutions in [/, and the operation “ix”. The following result amounts to
saying that any usual (basic) braid transformation naturally induces a (basic) braid 7, -
transformation on a reduced I, -expression.

Proposition 2.8. (/21| Lemma 3.16], [8, Proposition 1.4]) Let 1 # w € I, and
s,t € S. Suppose that 2 < my < 0o, and (s,t,s,t,...,w) is a reduced I,-expression.
———
mst factors
Then
TProd(s, t;mg)w = TProd(t, s; mg)w.

In the rest of this paper, we assume that x=id. In particular, I,.={weW|w?=1} is
the set of involutions in W. For any s € S, it holds that s X 1 = s.

If w € I,, then a simple reflection s € S is called a descent of w whenever
sw < w (equivalently, ws < w).

Lemma 2.9. ([l6| Section 2.1]) Suppose that w € I,. Let s X s;; X --- X s; and
tXsj, XX, betwo reduced I,-expressions of w such that s # t. Let K := {s,t}.
Let Wy be the subgroup of W generated by K and ) = WxwWy. Suppose that
[Wk| < oo. Let b € W be the unique minimal length (Wx, Wy )-double coset
representative in ). Then b € I, and w is the unique maximal length (Wyx, Wi)-
double coset representative in (2. Moreover, w = wo gbwy jwo xk = Wo KWo,7bWo f,
where J := K NbKb, wy ; and wy i are the unique longest elements in Wy and Wi
respectively.
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Proof. Since b € W is the unique minimal length (W, Wi )-double coset repre-
sentative in 2, it follows that b=! € W is also the unique minimal length (Wx, W )-
double coset representative in 2. Hence b = b~! and b € I,. This proves the first
statement of the lemma. Applying Lemma [2.2] we see that sw < w > tw. Since
w = w™!, it follows that ws < w™! = w > wt. Now the second statement of the
lemma follows from [4, Corollary 4.19]. [ |

Let w € I,, and suppose s # t in S are such that {(sw) = ((tw) < {(w).
Define 2 := WxwWiy . Suppose that |Wg| < oco. Let b € W be the unique minimal
length element in 2. Then b € I, by Lemma Let m := m,; = my, be the order
of st. Following [135]], foreach 1 <1 < m, we set

s, :=¢sts..., t:=tst....
= ==
i factors i factors

Set J := K NbKb~'. By [15, 1.2(a), 1.4], there are only the following seven cases.

Case 1. {sb,tb} N {bs,bt} =0, J =0, QNI = {&;, &0 < i < m}, where
§o = 56 =b, {om = fém =w, & = 51-_1551', fél = fi_lbti, 5(521‘) = g(féz) = f(b) + 21
In this case,

w = wo gbwo g = sts.. bsts.. ={st.. bist...
m factors m factors m factors m factors
=sts.. btst.., =¢tst.. bsts....

—— == —— =

m factors m factors m factors m factors

By length consideration we can deduce that

W=SKIXSK...Xb=tXsXTtNX...Xb.
— —

m factors m factors

Case 2. sb = bs,th # bt, J = {s}, QN L, = {&;,£41|0 < i < m — 1},
where & = b, Eom1 = w, & = ;b Coipr =t Tbs 1 = 5., b, £(Ex) = €(b) + 24,
0(&9i41) = £(b) + 2i + 1; In this case,

w = wo gWo, sbwo x = sts.. (sb)sts.. = sts.. (bs)sts. .,
m factors m factors m factors m factors
=sts...b tst... =tst...b {st..,
—— —— —— ——
m factors m — 1 factors m factors m — 1 factors

By length consideration we can deduce that

W=SKIXSK...Xb=tXsXtNX...Xb.
— —

m factors m factors

Case 3. sb # bs,tb = bt, J = {t}, QN L = {&,&i11]0 < i < m — 1},
where & = b, fom1 = w, &y = 57 b8, oiyy = 6; bty = f;rllbﬁz‘, 0(&;) = 0(b)+21,
0(&9i41) = L(b) + 2i + 1; In this case,

w = wo gWo sbwo g = sts.. (tb) sts.., = sts.. (bt) {st. ..
m factors 'm factors 'm factors m factors

=sts...b sts... =itst...b sts..,

—— = S~ =

m factors m — 1 factors m factors m — 1 factors
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By length consideration we can deduce that

W=8XtXSKX...Xb=txXsXtKX... XD
m factors m factors

Case 4. sb=bs,tb=>bt, J = K, m is odd,

QNI = {8 =& = b,&m = & = 0, 82i11, 65410 <0 < (m — 1) /2],
where & = sb, & = tsth, & = ststsb, ...; & = tb, & = stsb, & = tststh, ... ;
0(&2i41) = £(Eh;41) = £(b) + 2i + 1; In this case,

w = wo gWo sbwo x = bwo x = sts...s(b) =tst...4(b).
m factors m factors

By length consideration we can deduce that

W=sXtXSX...Xb=tXsXtX...XD.
(m 4+ 1)/2 factors (m 4+ 1)/2 factors
Case 5. sb=bs,tb ="bt, J = K, m is even,
QNL={& =& =0,&n =&, = w,&i41,85,4|0 <0 < (m —2)/2},
where & = sb, & = tstb, { = ststsb, ...; & = tb, & = stsb, & = tststh,
coy U&ign) = (&) = L) +2i+1; &, = &, = bsy,, = by, = 5,0 = 4,,b;
(&) = £(&,) = £(b) + m. In this case, using a similar argument as in Case 4, we can
get that
W=sXtXSX...Xb=tX sXtKx...xb.
m/2 + 1 factors m/2 4+ 1 factors
Case 6. sb =bt,tb =bs, J = K, m is odd,
QNL={=§=0,n =&, =w, &, |0 <i < (m—1)/2},
where & = stb, {4 = tstshb, £ = stststh, ...; &, = tsb, £ = ststh, £ = tststsb,
s UE) = L) = Lb) + 205 € = € = by = by = Sub = bubs (&) =
0(&],) = €(b) + m. In this case, using a similar argument as in Case 4, we can get that
W=8§XtXSK...Xb=txXsKXtKX... XD

(m + 1)/2 factors (m + 1)/2 factors

Case 7. sb="bt,tb =bs, J = K, m is even,
QNL={& =& =0, =&, = w, &, 8|0 <@ <m/2},
where & = stb, {4 = tstshb, £ = stststh, ...; & = tsb, | = ststh, £ = tststsb,
oo U(&y) = L(&);) = £(b) + 2i. In this case, using a similar argument as in Case 4, we
can get that
W=8SXIXSXKX...Xb=1tXsXTtX... XD

m/2 factors m/2 factors

Lemma 2.10.  Let W be the Weyl group of a Kac—Moody algebra g corresponding to
a symmetrizable generalized Cartan matrix. Let (—, —) be the invariant bilinear form
on b*, where Yy is the maximal toral subalgebra of g. Let o, 3 be two simple roots such
that {«, B) # 0. Suppose that w € W, w(a) € {+a}, w(B) € {£B}. Then w(a) = «
if and only if w(B) = B; and w(«a) = —a if and only if w(B) = —f.

Proof.  This follows easily from the equality (w(«),w(8)) = (a, ). n
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3. Weyl groups of type D,,

In this section we study the braid I, -transformations between reduced I, -expressions
of involutions in the Weyl group W (D,,) of type D,,. We shall identify in Definition
a finite set of basic braid I, -transformations which span and preserve the sets of
reduced I,-expressions for any involution in W (D,,) for all n simultaneously, and
show in Theorem [3.10]that any two reduced I, -expressions for an involution in W (D,,)
can be transformed into each other through a series of basic braid 7, -transformations.

Let W(D,) be the Weyl group of type D,. It is generated by the simple
reflections {s,, s1,-- -, s,_1} which satisfy the following relations:

s2=1=5s2 forl<i<n-—1I,

SuS28u = S25u52,

SuS1 = S15u,

5i8i418i = Si+18iSit1, Jor 1 <1 <mn—2,
SuSi = 8iSy, for 3 <i<n-—1,

5i8; = 855, for1<i<j—1<mn-—2.

Alternatively, W (D,,) can be (cf. [[I} 9]) realized as the subgroup of the permu-

tations on the set {1, —1,2,—2,---  n,—n} such that:
o(i) = j if and only if o(—i) = —j forany 4, j, and #{1 <1i < n|o(i) < 0} is even.
(2)
In particular, under this identification, we have that
sy =(1,-2)(—=1,2) and s; = (i,i+ 1)(—i,—i — 1), for 1 <i<n.
The subgroup generated by si, So, - -+ , 5,1 (OF Sy, S2,- -+ , S,_1) can be identified with

the symmetric group S,,. Let 7 be the automorphism of W(D,,) which fixes each
generator s; for 2 < ¢ < n and exchanges the generators s; and s,,.

Let £q,--- , &, be the standard basis of R™. We set u := ¢; 4+ &9 and «; =
gir1 —€&; foreach 1 <7 < n. Foreach 1 < ¢ < n, we define ¢_; := —¢;. Then
W(D,,) acts on the set {g;|i = —n,---,—2,-1,1,2,--- n} via 0(g;) := €,(;). Let

Q= {xe; £¢;|/1 <i<j<n}and E:= R-Span{v|v € ¢}.

Then @ is the root system of type D,, in E with W(D,,) being its Weyl group. We
choose A := {u,q;|]1 < i < n} to be the set of the simple roots. Then ®+ =
{e; £ &1 < i < j < n} is the set of positive roots. For any 0 # a € E, we
write a > 0 if o = 5 \ kg3 with kg > 0 for each f3.

For any w € W(D,,) and a € A, it is well-known that

wspw = Sw(a) 3)
where s,(q) is the reflection with respect to hyperplane which is orthogonal to w(c).
Lemma3.1. Let w € W(D,) and 1 < i <n. Then

1) ws; < w ifand only if w(g;41 — &) <0;
2) ws, < w if and only if w(e, + &) < 0.
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Lemma 3.2. Let W = W(D,,) be the Weyl group of type D,,. Let w € I, be an
involution, and let s = s, and t = sg for some o # (3 in A with

(aaﬁ) < {(aiaai+1)7 (ai+17ai)7 (QQ,U), (u7a2)|1 Si<n— 1}‘

Assume that s,t are both descents of w and let b € I, be the unique minimal length
representative of WxwWiy where K = (s,t). Assume further that b has no descents
which commute with both s and t. It then holds that bs = sb and bt = tb (Case 4 in
the notation of Lemma only if one of the following occurs:

a) b=1;

b) (a,p) € {(as, aiv1), (Qir1,05)} and b = s;49 X s;41 X s; X d, where 1 < i <
n—2,del, and p(b) = p(d) + 3;

¢) (a,B) € {(u, ), (ag,u)} and b = s3 X $3 X s1 X 8, X d, where d € I, and
p(b) = p(d) + 4.

Proof. By assumption, we have that my = 3, bsb = s and 0tb = t. It follows that
b(a) = o, b(B) = £ (by (3)). By the expression of w given in Case 4, both (¢, s, b)
and (s,t,b) are reduced I,-sequences. Applying Corollary and Corollary we
can deduce that b(a) > 0 < b(f3). It follows that b(«) = o, b(5) = . Without loss of
generality, we can assume that (o, ) € {(a;, diq1), (u, a2)|1 < i <n—1}.

Suppose that a) does not happen. Then there are only the following three possi-
bilities:

Case 1. (o, ) = (o, ;41) forsome 1 <i <mn —1. Then b(i) =i,b(i + 1) =
i+ 1,b(i+2) =i+ 2. By Lemma and the assumption that a) does not happen we
can deduce that

b(1) <b(2) < ---<b(i—1) and b(i +3) < b(i +4) < --- < b(n) (4)

and b # 1.
Suppose that b) does not happen. We claim that b(i + 3) > i + 3. In fact, if
b(i + 3) < i + 3 then we can deduce that b(i + 3) < i. In this case,

b (vit2) = blaviga) = b(its) — b(Eip2) = b(its) — 142 < 0,

and b(a12) # £a;42, which implies that bs;.o # s;2b. By Corollary 2.3 we get that
Sit2 X b= Si+2b3i+2 and p(b) = p(8i+2 X b) + 1.
Now,

(3i+2b3i+2)71(ai+1> = (8i+2b3¢+2)(€i+2 - €i+1) = 5i+2b(5i+3) —€it1 <0,

and (si+2bsi+2)(ai+1) 7é :i:OéH_l 1mphes that (Si+2b8i+2)8i+1 7é Si+1(8i+2b8i+2). It
follows from Corollary [2.3] that

Sit+1 X (Si+2 X b) = Si+1Si+QbSZ’+282‘+1 and p(b) = P(Si+1 X Sjto X b) + 2.
Finally,

(3i+18i+2bsi+28i+1)_1(%’) = (Si+13i+2b5i+23i+1)(5i+1 —62') = 3i+13i+2b(5z‘+3) —&; <0.
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It follows from Corollary [2.3] that
p(b) = p(SZ X Sit1 X 842 X b) + 3.

Set d := s; X ;11 X S;49 X b. Then b = s;,9 X s;11 X s; X d and this is b) which
contradicts our assumption. This completes the proof of our claim.

According to (4) and the fact that b(j) = j for any i < j < i + 2, our above
claim implies that b(k) = k forany ¢ < k < n.

If i =1, then b = 1, a contradiction to our assumption that a) does not hold.

If i = 2, then by b(1) = 1 and hence b = 1, a contradiction to our
assumption that a) does not hold.

It remains to consider the case when ¢ > 3. In this case, since s, commutes
with any s; when j > 3, our assumption implies that s,b > b. Thus we must have
that b(u) = b(e; + &2) > 0. Combining the claim with (2) and (), one can deduce that
b = 1, a contradiction to our assumption that a) does not hold. This completes the proof
in Case 1.

Case 2. (o, ) = (u, ). Then b(1) = 1,b(2) = 2,b(3) = 3. By Lemma[3.1]
and the assumption that a) does not happen we can get that

b(4) < b(b) < --- < b(n). (5)

By assumption, b # 1. It follows that b(4) < 4 and hence by b(4) < —4
(because b(j) = j forany 1 < j < 3). Furthermore, by (2), we deduce that b(5) < 0
and it follows that b(5) < —4 and hence b(4) < —5. In this case, b~ (a3) = b(az) =
b(eq) — b(es) = b(eg) — 3 < 0, and b(a3) # £as, which implies that bs; # s3b. By
Corollary 2.3 we get that s3 X b = s3bss and p(b) = p(s3 x b) + 1. In a similar way,
we can get that

Sy X (83 X b) = s953bs3s9 and p(b) = p(sg X s3 X b) + 2,
S1 X Sg X S3 X b = 515953bs35281 and p(b) = p(s1 X s9 X $3 X b) + 3.

Using the inequality b(4) < —5 we can also get that (s1 X s5 X s3 X b)(e1 +&2) < 0,
and

Su X 81 X Sg X 83 X b = $,518253D5352818, and p(b) = p(s, X s1 X Sg X 3 X b) + 4.

We set d := s, X S1 X S5 X §3 X b. Then b = s3 X $9 X 1 X S, X d and this is Case c).
This completes the proof in Case 2 and hence finishes the proof of the lemma. |

Remark 3.3.  Recall that 7 is an automorphism of W (D,,) which fixes each genera-

tor s; for 2 < ¢ < n and exchanges the generators s; and s,. In view of this automor-

phism 7, the careful readers might ask why the case when (o, ) € {(ay, as), (g, 1)}

and b = s3 X S5 X 8, X 1 X d (where d € I, and p(b) = p(d) + 4) does not appear in

Lemma In fact, since s3 X S5 X S, X §1 Xd = S3 X S X §1 X S, Xd, this “missing
—— ~——

case” is actually included in Case b).

Lemma 34. Let W = W(D,,) be the Weyl group of type D,,. Let w € I, be an
involution, and let s = s, and t = sg for some o # 3 in A with

(o, B) € {(ay, aiyr), (igr, 4), (g, u), (u,a0)|1 <7 <n—1}.
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Assume that s,t are both descents of w and let b € I, be the unique minimal length
representative of WxwWy where K = (s, t). Assume further that b has no descents
which commute with both s and t. It then holds that bt = sb and bs = tb (Case 6 in
the notation of Lemma only if one of the following occurs:

b) (a,0) € {(as, @iv1), (@ip1,05)} and b = s;_1 X 8; X $;41 X d, where 2 < i <
n—1,de I, and p(b) = p(d) + 3;

¢) (a,B) € {(ag,3), (g, c0)} and b = s4 X s3 X s9 X d, where d € I, and
p(b) = p(d) +3;

d) (a,p) € {(ag,a3),(az,a2)} and b = s, X s3 X s3 X d, where d € I, and
p(b) = p(d) + 3,

e) (a,0) € {(a1,as), (ag, 1)} and b = s3 X s X 51 X 8, X d, where d € I, and
p(b) = p(d) +4,

f) (o, B) € {(u, ), (g, u)} and b = s3 X sy X s, X 51 X d, where d € I, and
p(b) = p(d) +4;

g) (o, B) € {(a2,a3), (a3,02)}, b= s, X 51 X 89 X 5, X 81 X 53 and p(b) = 6,

h) (a, ) € {(a1, ), (e, 1)}, b= 5, X $3 X 89 X §1 X 8, X 83 and p(b) = 6,

l) (aaﬂ) € {(U,Oég)7 (QQaU)}’ b= 51 X 53 X 59 X S, X S X S3 and p(b) =6,

J) (a,B) € {(ag,a3), (s, az)}, b= 5, X S X Sg X S4 X S3 X Sy X Sg X S, X §1 K Sy
and p(b) = 10

Proof. By assumption, we have that my = 3, bsb = ¢ and btb = s. It fol-
lows that b(a) = £4,b(8) = £a (by @). Note that b(a) = =4 if and only
if b(8) = L« because b* = 1. Without loss of generality, we can assume that
(o, B) € {(av, aig1), (w,a0)|1 < i <n—1}.

By the expression of w given in Case 6 in the notation of Lemma[2.9] st x b is
areduced [.-sequence. Applying Corollary and Corollary we can deduce that
b(a)) > 0. It follows that b(«) = 5.

Suppose that a) does not happen. There are only the following possibilities:

Case 1. (a, 8) = (e, a;41) forsome 3 <i < n — 1. Then
b(i) = —(i+2),b(i +2) = —i,b(i +1) = —(i + 1).
By Lemma and our assumption, we can deduce that s;b > b,s,b > b for any
1<j<i—1ori+ 3 <7 <n. Therefore,

b(1)<b(2)<...<b(i — 1), b(1)+b(2)>0 and b(i + 3)<b(i +4)<--- < b(n). (6)

Note that (6) implies that b(i — 1) > 0. Thus

b_l(Oéifl) = b(()éifl) = b(El) — b(&’fi,l) = —€j49 — b(é’fifl) < 0.
Furthermore, b(c;_1) # +a;_1 implies that bs;_1 # s;_1b. By Corollary 2.3 we get
that s;_1 X b= s;_1bs;_1 and p(b) = p(s;_1 X b) + 1.
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Now,
(Si71bS¢71)71(@i) = (81'7158@'71)(5#1 - 81) = —&i+1 — Szelb(é?iﬂ) <0,

and (s;_1bs;_1)(o;) # ta; implies that (s;_1bs;_1)s; 7 Si(S;_1bs;_1). It follows from
Corollary [2.3]that

Si X (8i—1 X b) = 8;8;_1bs;_18; and p(b) = p(s; X ;1 X b) + 2.
Finally,
(Sisi—lbsi—lsi)_l(ai+1) = (Sisi—lbsi—lsi)(5i+2 - 5i+1) = —€j—1— SiSi—lb(€i—1) <0,
and (s;8;_1bs;_18;)(@i+1) # £,y implies that
(Sisi—lbsi—lsi)si—i—l 7é Si+1(3i$i—1bsi—13i)-
It follows from Corollary [2.3| that
Siv1 X (8; X (S-1 X b) = $;418:8i-1b8;-18;8i+1 and p(b) = p(s;41 X 8; X 8;_1 X b) + 3.

Set d:=s;11 X 8; X s;_1 Xb. Then b= s;_1 X s; X s;41 X d and this is b) as required.

Case 2. (a,8) = (ag,a3). Then b(2) = —4,b(4) = —2,b(3) = —3. By
Lemma 3.1} we can get that

b(5) < b(6) < --- < b(n). (7)

Suppose that b(5) < —1. Then we have that b(5) < —5 as {—2, -3, -4} =
{6(3),6(4),b(2)}.

Suppose that b(5) < —6. In this case, b~ (ay) = b(e5 — €4) = b(e5) + &2 < 0
and b(ay) # Fay. Therefore bsy # s4b. By Corollary we get that s, X b = s4bsy
and p(b) = p(s4 X b) + 1. Next,

(54bsg) M) = (s4b54)(e4 — €3) = 54b(g5) + €3 < 0,

and (s4bsy)(a3) # tas (because b(5) < —6). This implies that (s4bs4)s5 # s3(54bS4).
It follows from Corollary [2.3] that

S3 X (s4 X b) = s3s4bsys3 and p(b) = p(s3 X s4 X b) + 2.
Finally,
(5354b5453) (o) = (5354b58453)(e3 — €2) = s354b(e5) + 5 < 0,
and (s354bs453)(an) # Ly implies that
(8354b8483)80 7 S2(8354b5453).
It follows from Corollary [2.3] that

So X (83 X (84 X b) = S95354bs48382 and p(b) = p(sa X s3 X s4 X b) + 3.
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Set d := s4 X 53 X s9 X b. Then b = s4 X s3 X s9 X d and this is ¢) as required.

Suppose that b(5) = —5, then by (7)) and the fact that o> = 1 we can deduce that
b(1) € {£1,+£6}. Using a similar argument as in the last paragraph, we can prove that
if b(1) = 6 then b = s1 X s9 X s3 X d with p(b) = p(d) + 3; while if b(1) = —6 then
b= s, X s X s3 X d with p(b) = p(d) + 3. These are b) and d) respectively.

If b(1) = —1, then by (7) we can further deduce that b(i) = 7 for any ¢ > 6.
However, this is impossible by (2)).

If b(1) = 1, then by (7)) again we can deduce that b(:) = ¢ for any 7 > 6. In this
subcase, note that s,s; maps 1,2 to —1, —2 respectively and fixes any j € {3,4,5};
while for each 2 < k < 4, s+ 595,818+ maps 1,k + 1 to —1,—(k + 1)
respectively and fixes any j € {1,2,---,5} \ {1,k + 1}. We can deduce that

b = 525352(53595,515253)(S5453525,51525354) (S254u5152)(SuS1)
= S54515258354535254,5152535454515254S51

= Sy X §1 X 89 X §4 X 83 X §, X S9 X §;, X §1 X 8y,

and p(b) = 10, where the last equality follows from a brute-force calculation. As a
result, we get j) as required.

Suppose that b(5) = —1. Then b(u) = b(e; + €2) = —e5 —e4 < 0 and
b(u) # +u. Therefore bs, # s,b. By Corollary 2.3] we get that s, x b = s,bs,, and
p(b) = p(s, x b) + 1. Next,

(subsu)’l(aQ) = (sybsy)(e3 —e3) = —e3 — &5 <0,

and (s,bs,)(aa) # +ag. This implies that (s,bs,)ss # s2(s,bs,). It follows from
Corollary [2.3| that

Sg X (84 X b) = s28,bs,82 and p(b) = p(sg X s, X b) + 2.

Now we have that (ses,bs,52)(a3) = (S28ubsus2)(eq — e3) = €1 —e5 < 0, and
(828,bsys2)(a3) # ta3 implies that

(525ubSyS2)83 # S3(S25,bSyS2).
It follows from Corollary [2.3] that
S3 X (82 X (Sy X b) = $3828,bs,5253 and p(b) = p(s3 X $3 X s, X b) + 3.

Set d := s3 X 59 X S, X b. Then b = s, X s9 X s3 X d and this is d) as required.

Therefore, it remains to consider the case when b(5) > 0. It follows from
and the fact that b*> = 1 that b(1) = —1 and b(i) = ¢ forany 5 < i < n. We can
deduce that

b = (5451)(525uS152)(83525,515283) 528352 = Sy X S1 X S X Sy X S1 X S3,

and p(b) = 6, which is g) as required.
Case 3. (a,8) = (ai,az). Then b(1) = —3,b(3) = —1,b(2) = —2. By
Lemma [3.T]again, we can get that

b(4) < b(5) < --- < b(n). (8)
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Applying and , we see that b(4) < 0 in this case. Then we must have
that b(4) < —4 as {—1,—2,—3} = {b(1),b(2),b(3)}. Assume that b(4) < —5. Then
b(az) = beg — e3) = bley) + &1 < 0 and b(as) # +as. Therefore bsy # s3b. By
Corollary [2.3] we get that s3 X b = s3bs3 and p(b) = p(s3 x b) + 1. Next,

(53b33)_1(a2) = (Sngg)(Eg — EQ) = Sgb(€4) + 9 < O,

and (s3bss)(a2) # £as (because b(4) < —5). This implies that (s3bs3)sa # sa(s3bs3).
It follows from Corollary [2.3] that

Sy X (83 X b) = s953bs382 and p(b) = p(sg X s3 X b) + 2.
By a similar argument, we can get that

S1 X S X 83 X b = 518953b535251 and p(b) = p(s1 X sg X 3 X b) + 3,

Su X 81 X Sg X 83 X b = 5,815253D8352515, and p(b) = p(s, X 81 X Sy X 3 X b) + 4.

Set d := s, X 51 X 859X s3 X b. Then b = s3 X 59X 51 X 5, X d and this is e) as required.
It remains to consider the case when b(4) = —4. In this case, by (8] again, we
can deduce that b(j) = j for any j > 5. It follows that

b = (5u51)(525uS152)(S3525,515283)815251 = Sy X S3 X Sy X S1 X S X S3,

and p(b) = 6, which is h) as required.

Case 4. (v, 3) = (u, a2). Then b(1) = 3,b(3) = 1,b(2) = —2. By Lemma[3.]]
again, we can get that

b(1) 4+ b(2) > 0 and b(4) < b(5) < --- < b(n). )

Applying (9) it is easy to see that b(4) < 0 in this case. Then we must have that
b(4) < —4 as {—1,—-2, -3} = {b(—1),b(2),b(—3)}. Assume that b(4) < —5. Then
b(az) = b(eq —e3) = b(eg) —e1 < 0 and b(a3) # Fas. Therefore bs; # s3b. By
Corollary [2.3] we get that s3 X b = s3bss and p(b) = p(s5 x b) + 1. Next,

(53bs3) " Hap) = (s3bs3)(e3 — €2) = s3b(g4) + €2 < 0,

and (s3bss)(a2) # as (because b(4) < —5). This implies that (s3bs3)sy # sa(s3bs3).
It follows from Corollary [2.3] that

Sy X (83 X b) = s953bs382 and p(b) = p(sg X s3 X b) + 2.
By a similar argument, we can get that

Su X Sg X 83 X b = $,8083b83895, and p(b) = p(s, X 3 X s3 X b) + 3,

S1 X Sy X Sg X S3 X b = 515,5253b53595,51 and p(b) = p(s1 X S, X S3 X 53 X b) + 4.

Set d := s1 X 8, X So X 83 X b. Then b = s3 X 59 X 5, X §1 X d and this is f) as required.
It remains to consider the case when b(4) = —4. In this case, by (9) again, we
can deduce that b(j) = j forany j > 5. It follows that

b = (5451)(535254,515253)515251 = $1 X S3 X Sg X Sy, X 1 X S3,

and p(b) = 6, which is i) as required. This completes the proof of the lemma. ]
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Remark 3.5.  Note that the possible values of b in Lemma [3.4] are preserved by the
automorphism 7 of W (D,,). For example, for j) in Lemma[3.4] we actually have that

Sy X8I XSy XSy X S3XK S, XSgX S, XS XSy = 81 XS, XSSy XS3XS]XSyXS XS, XSy.

To see this, it suffices to show that s, X S9 X S, X S1 X S4 = 81 X S9 X S; X S, X S4. In
fact, we have that

Sy X 89 X 8§, X §1 X 84 = S9 X 5, X 89 X817 X §4 = 84 X S9 X §,, X S9 X §1
~—_————

= 84 X 89 X S, X §1 X 8§9 = §4 X 89 X 8§71 X §, XSg = S4 X SS9 X 8§71 KX S99 X Sy,

~—— ~—— S~——

= 84 X 81 X §9 X §1 XS, = §1 X §9 X §1 X S, X S4.
N e’

Remark 3.6. We consider reduce I, -expressions for involutions in the Weyl group
of type D,,. In this case, in addition to the basic braid I, -transformations given by
Proposition[2.8] one clearly has to add the following natural “right end transformations”:

S; X Sip1 S Si41 X 85, S92 X 8, < Sy, X S9,

S5 X Sy 2 Sy X S5, S X S < S X S,

where 1 <i<n-—1,1<jkl<mn,j#2,|k—1 > 1. Given the result [10,
Definition 2.12, Theorem 3.1] for the type A case, it is tempting to speculate that for
involutions in W (D,,) these are all the basic braid I,-transformation that we need.
However, it turns out that this is NOT the case. In fact, one has to add one extra
transformation in the case of type D, (see the last transformation in Definition [3.7),
which is a new phenomenon for type D,,.

Definition 3.7. By a basic braid I, -transformation, we mean one of the following
transformations and their inverses:

1) (v 585,841, 850+ ) — (- 181415 85, Sie1s -+ )

2) ( 731“32751“...),_) ( 732751“527...)’

3) ( ;Sb;SC,"')'—> ( 736731)7...)7

4) ( ,3d73u’...),_> ( 73u>5d7“'),

5) (o 8k k1) = (-5 Sk, Sk),

6) ( 752’5u) — ( ,37“52)7

7) (-, 82,83, Su, S1, 52, Su, S1,53) — (- , S3, S2, Su, 1, S2, Su, S1, S3),
where all the sequences appearing above are reduced sequences, and the entries marked
by corresponding *“- - - ” must match, and in the first two transformations (i.e., 1) and 2))
we further require that the right end part entries marked by “- - - ” must be non-empty.

We define a braid I, -transformation to be the composition of a series of basic braid
I, -transformations.

Let w € I, and s;,,--- ,s;, € S. By definition, it is clear that (s;,,--- ,s;,,w)
is a reduced sequence if and only if (s;,,- - ,s;,,S;j,, -, S;,) is a reduced sequence for
some (and any) reduced I, -expression (sj,,--- ,s;,) of w.
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Definition 3.8.  Let (s;,, -, s, w), (s;,, - ,Sj,,u) be two reduced I,-sequences,
where w, u € I,. We shall write (s;,,- -, i, w) <— (sj,, -+ ,s;,,u) whenever there
exists a series of braid I, -transformations which transform

(Sila"' 7$ik7$ll7"' 78lb)

into (Sj,, -+ ,8j,,8p, " »5p.), where (s;,,---,s;,) and (sp,,---,s,, ) are some re-
duced I, -expressions of w and u respectively. Moreover, we shall also write

(ila T 7”6) — (jla T 7jk‘)
whenever (s;,, -+, ;) <— (S, ,Sj.)-
Theorem 3.9.  Let (s;, - .5i,), (Sj,, - ,Sj.) be two reduced I.-sequences which

can be transformed into each other through a series of basic braid I, -transformations.
Then
Sip X Sjy Koo n XS5 = S5, X Sj Xovoee XS5,

Proof.  In fact, this follows easily from Proposition[2.8and Remark [3.6]except for the
last transformation (i.e., 7)) in Definition For that one, one can use a brutal-force
calculation to check that

So X 83 X 8§, X §1 X SS9 X 8§, X §1 X 83 = 59535,515254515352515453

10
= 83 X 89 X §;, X §1 X §9 X §,, X §1 X S3. ( )

This completes the proof of the theorem. [

A well-known classical fact of Matsumoto ([20]) says that any two reduced ex-
pressions for an element in any Weyl group can be transformed into each other through
a series of basic braid transformations. In Theorem we have shown that any basic
braid I, -transformations on reduced I, -expression for a given w € [, do not change
the involution w itself. The following theorem says something more than this.

Theorem 3.10. Let w € I.. Then any two reduced I,.-expressions for w can be
transformed into each other through a series of basic braid I, -transformations.

Proof. We prove the theorem by induction on p(w). Suppose that the theorem
holds for any w € I, with p(w) < k. Let w € I, with p(w) = k + 1. Let
(Sigs Sivs Sigs =+ » i) and (Sjy, 84y, Sjny - -+, S5, ) be two reduced I, -expressions for w €
I,. We need to prove that

(ig, 91, ik) < (Jo, J1, "=+ Jk)- (11)

For simplicity, we set s = s;,,t = s,. Let m be the order of st.

If m = 3, then we are in the situations of Cases 1,2,3,4,6 of Lemma@ Suppose
that we are in Cases 1,2,3 of Lemma[2.9] Then we get that

Sig X Sip X ro o X 85 > SXEXK SX bt X SsXEXD < 5j XS5 X+ XS5,

where the first and the third “<—" follows from induction hypothesis, and the second
“<—" follows from the expression of w given in Cases 1,2,3 of Lemma It remains
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to consider Cases 4,6 of Lemma To this end, we shall apply Lemmas 3.2 and
In these cases, if b = 1, then K = 1 and s;, X 5;, = s Xt <= t X § = 5, X ;.
Henceforth, we assume that b # 1.

Our strategy is as follows: in order to prove (IT)), it suffices to show that

(i0,31, -+ 1) <> (Sa,...) and (jo,j1, " ,Jk) <— (Sa,...) for some s, € S.
(12)
Once this is proved, then (TT)) follows from induction hypothesis.

With the this in mind, our task is reduced to the verification of (I2)). In fact,
is easy to verify except for Cases g), h), 1), j) in Lemma[3.4] Suppose that we are in Case
b) of Lemma [3.2] Without loss of generality, we assume that ip = ¢ and jo = ¢ + 1.
Then

<Sj075j1> T 75jk) > (Sit1, 56, 0) <> (Sit1, Si» Siv2, Siv1, Sis d)
N e’
(Si+173i+273i73i+173ia d) A (5i+1>5i+2>5i+1>5i>3i+1>d)
N—— N’

— (Si+2, Si4+1y Si+25 Siy Si+1, d)>
~—_———

and
(Sigs Siys -+ s Siy) < (Siy Sit1,0) <> (Si, Si1, Sit2, Sit1, Siyd)
(Sis Sit2s Siv1, Siva, Siy d) ¢ (Siva, Sis Siv1, Siv2, i, d),
—_——— ——
as required, where in both equalities, the first “<— " follows from induction hypothesis.

Suppose that we are in Case c¢) of Lemma Without loss of generality, we
assume that 7o = v and j, = 2. Then

(Simsila U asik) — (Sua‘SQab) > (sua82753a327$173u7d) >
———
(Su78378278375178’M7d) S (537SU7S27837517Su7d)7
and
(Sjos Sjis e +85,) ¢ (82,84, b) <> (52, Su, S3, S2, 51, Sy, d)
—_——
(52a8373u73278u7$1ad) > (3278378278u7527817d)7

— (837 592,83, Su, S2, 51, d)7
———

as required. By a similar argument, we can prove if we are in Cases a),b),c),d),e),f)
of Lemma[3.4l

Suppose that we are in Case g) of Lemma Without loss of generality, we
assume that 7o = 2 and jo = 3. Then we have that

(Si()?Sil)"' asik) < 7 (827S3asu781a827$u731783) < 7 (837$2a8u781a827$u731783)
— (Sjmsjl?”' 78jk>7

where the first and the third “<—" follows from induction hypothesis and the second
“+—" follows from the extra transformation 7) in Definition (3.7
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Suppose that we are in Case h) of Lemma Without loss of generality, we
assume that 7o = 2 and jo = 1. Then we have that

(Si078i17"' 7Sik) < 7 (827517b) < ? (827517:9117837827517$u783)
NV
59, 53, Su, 51, 52, Sy, 51, 53 (837 52, Su, 51, 52, Su, S1, 83
—_—— —— ~

83, 82, 81, Su; 52, Su, S1, S3 83, 82, 81, 52, Su, 52, 51, S3
~—— ~——

53,51, 52, 51, Su, 52, 51, 53 51,53, 52, 51, Su, S2, 51, 53
——

51, 83, 82, Su, 1, 52, 51, S3 S1, 83, 82, Su, 52, 51, 52, S3
—— ——

51, 53, 52, Su,y 52, 53, 51, 52
~—

81, 83, 82, Su, 52, 583, 52, 51 $1, 83, 82, Su, S3, 52, §3, S1
——

51, 83, 82, 83, Su, 52, 53, 51 51, 52, 83, 52, Su, 52,53, S 1)
~ RSk

51, 52, 83, Su, $2, Sy, 3, 51 S1 527SU7537527‘9U7817S3>
——— ——

IIIIIIIII

( )
( 53)
( 53)
( 53)
(51, S3, S2, Su, S2, S1, S3, 2)
( )
( )
( 51)
( )

IIIIIIIII

(
(51,53
(
(
(
(
(
(

S1, 82, Su, 83, 52, 51, Su, S3 Sj0s Sgrs " 78]%)’
——

as required, where the fourth “<—" follows from the extra transformation 7) in Defi-
nition 3.7

Suppose that we are in Case i) of Lemma [3.4] Without loss of generality, we
assume that 7o = 2 and jo = u. Then we have that

(Simsil) e asik) — (827Suab)

!

(SQa Su>§1a 53,52, Sus S1, S%)

~~

(837 592, Suy S1, 52, Suy S1, 53

52, 83, Su, S1, 52, Su, 51, 53
——

-~

53,52, Suy 51, 52, S1, Su, S3 53,52, Suy 52, 1, 52, Su, S3
~—— ~———

53, Suy S2, Suy S15 52, Su,y S3 Suy S3, 52, Su,y S1, 52, Suy S3
\“,_/
Suy 53,52, 51, Suy 52, Suy S3 Suy 53,52, 51, 52, Su, 52, 53
—— ——
Sy 83732,81,32,33752, u Su, 53, 52, S1, 83, 52, §3, Su
——

Su, 53, 52, 53, 51, 52, Su, S3 Su,y 52, 53, 52, S1, 52, Su, S3
~ I —

IIIIIIII

)
( 53)
($u, 53 )
( 53)
(Su, 83, 52, 51, 52, 53, Su, 5 S2)
( Su)
( 53)
( )

Su, 52, 83, S1, 82, 81, Su, 53 Su, 52, 51, 83, 82, Su, 51, 53
—— —— ——

IIIIIIIII

( )
( 53)
( 53)
( s3)
(Sus S35 82, S1, S2, Sus S3, S 2)
( )
( )
( )
(

Sjos Sj1s " 78jk>7

as required, where the fourth “<—" follows from the extra transformation 7) in Defi-
nition3.7].
Suppose that we are in Case j) of Lemma Without loss of generality, we
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assume that 7p = 2 and j, = 3. Then we have that £k = 11, and

(Z.O)Z.la"'?ill) < ? (827837b) < 7 (827S37§U7817827847837SU7827SU7817S4J)

g

< 7 (5278375473u7817827537827Su782751784> < ? (SQa8375478u7515837527837su732asla84)
S —— ~—— ——

< ? (32783784783)871781782783)871,782;81784) < ? (82784783784781178178278378u782)81784)
~—— N~——

< 7 (5478275373475u>817527337Su782751734>-
——

On the other hand, using the definition of the braid /, -transformations, we can get that

(Jo, Jis -+, J11) > (83, 82,0) < (s, 82, Su, 51, 52, 54, 83, Su, 52, Su, S1, S4)

-~

53, 592, 81, Su; S2, 54, 83, 54, Su, 52, Su, Sl)
~—— —_———
53, 52, S1, Su, 52, Su, 53, S4, 3, 52, Su, S1
———
83, 81, 82, 81, Su, 52, $3, S4, 83, §2, Su, S1
—

51, 83, 52, 51, Su, 52, 54, 53, S4, 52, Su, S1
——

S1 837527847537§475178u75273ua517 3

-~

51, 52, 83, 52, 54, 53, S1, Su, 52, Su, S1, S3
g

IIIIIIIII

S1 527537S47§37827SU781752781L7817

-

\0.7

— (
(
(
(
(s1, 183, 84, 82,81, Su; 82, 53, 82, 84, Suy 51
(
(
(
(
(

IIIIIIIII

)
)
51)
51)
S1, 83,82, S4, S3, S1, Su, S2, Su, S1, S3, S4)
53)
53)
53)
)-

54,51, 82, 83, 4, 52, Su, 51, 52, Su, 51, S3
——r

So again we are in a position to apply the induction hypothesis. This completes the
proof of (TT) when m = 3. As a result, we can make the following useful observation:

Observation 1. If there exists some s,, sg € S such that s,sz has order 1 or 3
and (ig,%1,...,%) <— (Sa,---), (Jo,J1,---,Jk) <— (S5, ... ), then by the result we
have obtained,we can deduce that (ig, i1, ...,0) <— (Jo,J1,-- -, Jk)-

Henceforth we assume that m = 2. That is, st = ¢ts. By Lemma[2.1] p(s;, x
w) = p(sj, X 85, X -+ X 8;) = k < k+ 1. It follows from Lemma [2.2] that
{(sj,w) = {(w) — 1. Equivalently,

U(8jo(Sig X Siy X Siy X - - X 85,)) = (85, X 85, X 83, X -+ X 55, ) — 1.
Applying Lemma 2.2 again, we can deduce that
P8y X (Sig X Siy X Siy X --- X 855, )) = k.
Applying Proposition[2.7] we get that
Sjo X (Sig X Siy X iy X v X85 ) = Si0 X Sy K Sip Xoooe XS XS, Ko XS,

for some 0 < a < k. In particular, s;, X 85, X S5, X -+ X 85, X 8 . X+ X5, =
Sjp X o-oe X S5,

83, 82, 81, Su, 52, S3, S4, 83, Su, 52, Su, S1
——
53, 52, S1, 52, Su, 52, 83, S4, 83, 52, Sy, S
——
S1, 837 52,51, Su, 52, 3, S4, 83, 52, Sy, S

51, 53, 54, 52, 1, Su, 52, 53, S4, 52, Sy, S
—_—

(S 83, 52, 84, 81, Su, 53, 52, 83, Su, 51, S
~—— ———
(8 53,52, 84, 53, 51, Suy 52, Su, S1,54, S
(5 53, 82, 83, 54, 53, 51, Su, S2, Su, 51, S
———
(S 52, 83, 54, 52, 83, Sy, 51, 52, Sy, 51, S
~—— ——

81, 82, 84, 83, S4, 52, Su, S1, 52, Su, 51, 53
———

)
51)
s1)
51)
S4)
$4:53)
3)
53)

)

3
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Since
Sjo X Sig X Sip X Sy X XS5 X S X e KOS = S0 XS XS, X XSy,
it is clear that (jo, ig, 41,99, ** ,q—1,%+1," - , i) is a reduced I, -expression for w.
It remains to show that
(J0, %0, 81,92, * =y la—1,bat1, " - 5 0k) < (G0, 71,02, , k). (13)
In fact, by induction hypothesis,
(G0, 91,92, a1, Gas1, 5 k) < (J1,J2, 5 Jk)

because s, X 8, K 8, X+ X S5, XS5, Kee X8, = 85 K-+ -X5; . Once (]1;3'[) is proved,
we can deduce that (jo, ’io, il, ig, cee ,Z-afl, ia+1’ s ,Zk) < (jo,jl,jg, s 7,]l<:> Com-
posing these transformations, we prove (11).

If @ > 0, then as st = ts,

(]07207217Z27‘” yta—15ta+1, " 7216) — (Z07307Z17127"' yta—1,la41, """ 7216)7

and hence (I3)) follows from Observation 1.
It remains to consider the case when a = 0. In this case, (13 becomes

(jOailaiQf o alk) — (Z.Oaihi%' o aik)v (14)

We set wy 1= s;, X s5;, X --- X ;. Then wy # 1. There are two possibilities:

Case 1. (s,t) € {(Siy, Sjy)s (850, Sig)|1 <@g < jo —1 < n — 1}. Without loss of
generality, we assume that (s,?) = (s;,, Sj,), Where 79 < jo — 1 <n — 1.

Note that i1 & {io, jo} because both (ig, iy, --) and (jo, i1, - - ) are reduced I,-
sequences. We can assume that either |i; — ig| = 1 or |i; — jo| = 1 because otherwise

(Jos 41, -+ ) «— (i1, Jo, - -+ ) «—> (i1, 90, - ) > (ig, %1, ).

Without loss of generality we assume that |i; —iy| = 1. Suppose that jo —ig > 2. Then
we must have that |i; — jo| > 1. It follows that

(j07i17'“) — (i17j07"‘> — (i07i17"')7

where the second “<+—" follows from Observation 1. Therefore, it suffices to consider
the case when jy = ig + 2. Furthermore, by a similar argument, we can consider only
the subcase when i; = ip + 1 and hence w; = s;,.1 X wq with p(wy) = p(ws) + 1.
Since s;, X Sig+1 F Sig+2 X Sig+1, it follows that wy # 1.

Suppose that g > 2. If i =iy — 1 or i3 = u and 7y = 2, then

(j07i17i27”') :(i0+27i0+17i27.”)H(i27l’0+277;0+17”')
> (i07i17i2a"')7

where the last “<—"" follows from Observations 1. If i3 < ig — 1 or i, > ig + 3, or
1o = u and g > 2, then
(jOaZ.luiQ?”') - (i0+277;0+17i27”') A (i27i0+27i0+17”')
— (i27i07i17 T ) — (i07i17i27 T ')7
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Similarly, if i3 = 79 + 3 then

(G0, 1,92, ) = (G0, %0 + 1,49, -+ ) & (42,790,900 + 1,---) = (io + 3,790,%0 + 1, )
> (o + 2,1, 92, -+ ) = (Jo, 1,92, -+ ),
where the last “+<—" follows from Observations 1. Since (ig,ig + 1,79,---) is a
reduced I, -sequence, it is clear that i3 # 7y + 1. It remains to consider the case when
i2 S {io,io + 2} If ig == io, then
(io,il,ig,"') = (io,io"‘l,io,"') <—— (i0+1,i0,i0+1,"')
> (ig + 2,141,192, ) = (Jo, 11,92, ).

Similarly, if i = 7¢ + 2, then

(j07i1,ig,"'):(i0+2,i0+1,i0+2,"')(—)(i0+1,i0+2,i0+1,"-)
> (i, 11,02, - ) = (lo, 1,92, -+ ).

Therefore, we can consider only the situation when 7 = 1. By similar reasoning
as before, we can assume that i = u, hence ws = s, X w3 with p(wy) = p(ws) + 1.
In particular, ws(u) > 0. Since s1 X Sg X 8, 7 S3 X Sg X S,, it follows that w3 # 1.

Now w;'(a) = ws(a) < 0, for a € A, only if a € {a;]i > 1}. By similar
reasoning as before, we can consider only the case when s3 is a descent of ws. Hence
wz = s3 X wy with p(ws) = p(wy) + 1. However, in this case,

(Jo, 01,02, -+ ) < (3,2,u,3,wy) <— (3,2, 3,u,wy) <— (2,3,2,u,wy).
=~ —

Applying Observation 1 again, we see that
(2, 3, 2, u, w4) — (]_, 2, u, 3, w4) — (io, Z'1, ig, s )

As aresult, follows at once.

Case 2. (s,t) € {(si, 5u), (Su;8i)|1 < i < m,i#2}.

If ¢ > 3, then (I3) can be proved by applying the automorphism 7 or using in
the same argument as in Case 1. It remains to consider the case when ¢ = 1. Without
loss of generality, we assume that (s, t) = (s;,, Sj,) = (51, Su)-

Note that s; is not a descent of w; for s; € {s1, s, } because both (s;,, Si,, Sip, " - -
and (sj,, Siy, Siy, - -+ ) are reduced. If s; is a descent of w; for some ¢ > 2. That is,
wy () < 0 and hence wy = s; X wy with p(w;) = p(wy) + 1. Then

(8i07 Si17 e ) — (817 wl) — (817 St, IUQ) — (St7 S1, w?) — (St7 Suy w2)
> (Sus St Wa) > (Su, w1) > (Sjg, Siys Sigy = )
and we are done. Therefore, it suffices to consider the case when s, is a descent of w; .
That is, w;(az) < 0 and hence w; = sy X wy with p(w;) = p(ws) + 1. Note that
S1 X Sg # Sy X So. It follows that wy # 1.
If s; is a descent of wy for some ¢t > 3. That is, ws(cy) < 0 and hence
wy = 8¢ X wy with p(ws) = p(ws) + 1. Then
(Si07 Sila Si27 e ) — (Sh wl) <~ (817 S92, wQ) <~ (Sla 592, St, w3) <~ (Sta 51,82, w3)

— (St75uys27w3) <~ (SU7S278t7w3> — (SU7827w2) — (Su,'l,U1> — <8j075’i178i27 e )7
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and we are done.
If s, is a descent of wy. That is, wo(u) < 0 and hence wy = s, X w; with
p(we) = p(ws) + 1. Then applying Observation 1 (in the fourth “<+—"),

(Sjos Siys Sigs -+ ) < (Su, S2, Wa) > (Su, S2, Su, W3) <> (Sa, Sy, S2, W3)
— <8178278uvw3) — (817327w2) — (Slawl) — (SioysilasiQa e )7

and we are done. The same argument applies to the case when s; is a descent of ws.
Note that s, is not a descent of wy because (s;,, Si,, Siy, - - - ) i reduced. Therefore, it
suffices to consider the case when s is a descent of w,. That is, ws(a3) < 0 and hence
wy = s3 X wyg with p(wy) = p(ws) + 1. Note that s; X Sy X S35 # S, X Sy X s3. It
follows that w3 # 1.

Repeating this argument, we shall finally get that

W1 = 89 X 83 X Sg X+ XS, 1 X Wy_1q,
such that p(w;) = p(w,_1) + n — 2. By direct calculation, we can check that
S1 X Sg X S3 X S4 X -+ X §p_1 7 Sy X Sg X S3 X S4 X+ X S§p_1.

It follows that w,,_; # 1. Therefore, {a € A|w,_1(a) <0} # 0. If w,,_1(a;) < 0 for
some 2 < j <n—1,then w,_; = s; X w, with p(w,_;) = p(w,) + 1. Hence

(Simsil)siga"') < 7 (81752a"' 7Sn—1a8jawn)
— (81,82, -3 85, 8+1, S5, Sj+2, - - - ,sn_l,wn)
A ~ o
— (81,52, o3 85-1,S+15 S5y Sj+1, Sj+2, - - - ,sn,l,wn)
~————
— (3j+1,81,82, o3 85—15 55, Sj+15 Sj4+25 - - -, Sn—1, Wn
N - 7
> (Sj-i-la Suy 825 -+ -3 Sj—15 855 Sj+1, Sj+25 - - - 7Sn—17wn)
N -~ >
— (fqu% < Sj=15 Sj+1, 85 Sj415 Sjt2s - - - s Sn—1, Wn)
Vv
— (SU,SQ, o3 85-1, 85, Sj+1, S5, Sj+25 - - - ,Sn—lywn)
~—
<> (SU,SQ, c. -,8]'7175]"5]‘4,1,8]'4»2, c. .,sn,l,sj,wn)
N -~ 7
< ? (5J0>Si175227 )a

as required. Using a similar argument together with Observation 1 one can prove (13)
when w,,_1(ca;) < 0 or w,_1(u) < 0. This completes the proof of the theorem. []

4. Weyl groups of type B,,

In this section we study the braid I, -transformations between reduced I, -expressions
of involutions in the Weyl group W (B,,) of type B,. We shall identify in Definition
4.6 a finite set of basic braid I, -transformations which span and preserve the sets of
reduced I, -expressions for any involution in W (B,,) for all n simultaneously, and show
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in Theorem [4.8]that any two reduced I, -expressions for an involution in W (B,,) can be
transformed into each other through a series of basic braid I, -transformations.
Let W(B,,) be the Weyl group of type B, . It is generated by the simple reflec-

tions {so, s1, - , Sp,—1} which satisfy the following relations:

st=1, for0<i<n-—1,

50515051 = S1505150,

5i8i118;i = Siy18iSi41, for 1 <i<n—2,

5i8; = 8;8;, for0<i<j—1<n-—-2.

Alternatively, W (B,,) can be realized as the subgroup of the permutations on
the set {1,—1,2,—2,--- ;n,—n} (cf. [1]) such that:

o(i) = j if and only if o(—i) = —j for any i, j. (15)
In particular, under this identification, we have that

so=(1,-1), s;=(,i+1)(—i,—i—1), forl1<i<n.

Let €1, - , &, be the standard basis of R". We set oy := €1, a; := €;41 — &;
foreach 1 < ¢ < n. Foreach 1 <17 < n, we define ¢_; := —¢;. Then W acts on the
set {g|i = —n,---,=2,-1,1,2,--- n} via 0(g;) := €,(;. Let

Q= {xe; £¢|1 <i<j<n}U{£e|l <i<n}, E:=R-Span{vjv e ®}.

Then @ is the root system of type B,, in E with W(B,) being its Weyl group. We
choose A := {a;|0 < ¢ < n} to be the set of the simple roots. Then
q)+:{€]:|:8“|1§2<]SH}U{EZ“SZSH}
is the set of positive roots. For any 0 # o € E, we write o > 0 if @ = ZBGA ks with
ks > 0 for each 3.
For any w € W(B,,) and o € A, it is well-known that

wsaw_1 = Sw(a) (16)

where s,,(4) is the reflection with respect to hyperplane which is orthogonal to w(c).

Lemmad4.l. Letw e W(B,) and1<i<n. Then
1) ws; < w ifand only if w(g;41 —&;) < 0;
2) wsg < w if and only if w(ey) < 0.

Lemma 4.2. Let W = W(B,,) be the Weyl group of type B,,. Let w € I, be an
involution, and let s = s, and t = sg for some o # 3 in A with

(a7 6) € {(QO’ al)v (a17 ao)}'

Assume that s,t are both descents of w and let b € I, be the unique minimal length
representative of WxwWy where K = (s, t). Assume further that b has no descents
which commute with both s and t. Then mg = 4 and sob # bs; (i.e., excluding Cases
4,6,7 in the notation of Lemma . Moreover, it holds that bs = sb and bt = tb (Case
5 in the notation of Lemma only if one of the following occurs:
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b) b:SQIXSlD(SO;
c) b=y X 81 X g X 81 X 83 X d, where d € I, and p(b) = p(d) + 5.

Proof. Since m = 4 is even, we see that Case 4 and Case 6 do not happen. The
Case 7 happens if and only if sob = bsy, s1b = bsg. Since €, — €1 and €; are roots of
different lengths, so b(ey — €1) # £¢;. Thus this case would not happen either.

It is clear that Case 5 happens only if b(«) = £, b(8) = £ (by[16). By the
expression of w given in Case 5 of Lemma[2.9] both (sq, s1, S0, b) and (s1, s, s1,b) are
reduced /.-sequences. Applying Corollary and Corollary we can deduce that
b(a) > 0 < b(B). It follows that b(ag) = o, b(a1) = a1. So we have that b(1) = 1,
b(2) = 2.

Suppose that a) does not happen, i.e, b # 1. By assumption, any s, with t > 3
is not a descent of b. It follows from Lemma [4.1] that b(3) < b(4) < --- < b(n).
If b(3) > 0 then b(3) > 3 (because b(1) = 1 and b(2) = 2) and it follows that
b(k) = k for any k, a contradiction. Therefore, we can assume that b(3) < 0 and hence

b(3) < —3 by (T3).
Suppose that b(3) = —3. Then we must have that b(k) = k for any & > 4. We
can deduce that

b= 5981508182 = S9 X 81 X g,

which is b) as required.
It suffices to consider the case when b(3) < —3. In this case,

b~ o) = b(aw) = bz — &3) = b(e3) — &2 < 0,

and b(an) # “+ao, which implies that bsy, # syb. By Corollary we get that
So X b = s9bsy and p(b) = p(se X b) + 1.
In a similar way, we have that

+oy # (SQbSQ)(O[l) = (82652)(82 — 81) = Szb(€3> —e1 < O,

+ag # (515205251) () = (S152bs251)(e1) = s182b(e3) < 0,
+ay # (S08152b528180) (1) = €9 + SpS182b(g3) < 0,
+ag # (51505152b52515051)(v2) = €3 + $1505152b(e3) < 0.
It follows from Corollary [2.3] that

So X 8§71 X §g X §1 X S KX b= 8281808182b8281808182 and

p(b) = p(sg X 81 X 89 X $1 X S9 X b) + 5.

Set d := 89 X 81 X Sg X 8] X S9 X b. Then b = s5 X 81 X Sg X $1 X Sg X d and this is ¢)
as required. This completes the proof of the lemma. ]
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Lemma 4.3. Letr W = W(B,) be the Weyl group of type B,,. Let w € I, be an
involution, and let s = s, and t = sg for some o # (3 in A with

(a, B) € {(ai, aitr), (i1, )|l < i <n—1}.

Assume that s,1 are both descents of w and let b € I, be the unique minimal length
representative of WxwWiy where K = (s,t). Assume further that b has no descents
which commute with both s and t. Then mgy = 3. Moreover, it holds that bs = sb and
bt = tb (Case 4 in the notation of Lemma only if one of the following occurs:

b) b=s8;_1 X 8 X 831 X d, where 2<i<n—1,de I, and p(b) = p(d) + 3;

c) b=Ssi12X Si11 X 8 Xd, where 1 <i<n—2,de I, and p(b) = p(d) + 3.

Proof. By assumption, we must have that n > 4. Suppose that a) does not happen,
ie., b # 1. By assumption, we have that bsb = s and btb = t. It follows that
b(a) = £a, b(B) = £ (by (16)). By the expression of w given in Case 4, both (¢, s, b)
and (s,t,b) are reduced I.-sequences. Applying Corollary and Corollary we
can deduce that b(«) > 0 < b(S). It follows that b(a) = «, b(5) = 5.

Without loss of generality, we can assume that (o, 3) = (a4, a;y1) for some
1<i<n-—1.Thenb(i) =4,b(i+1) =i+1,b(i+2) =i+ 2. By Lemma[3.1)and the
assumption that s; is not a descent of w forany ¢t <7 — 1 or t > i 4+ 3, we can deduce
that

b(1) <b(2) <---<b(i—1) and b(i+3) <b(i+4) <--- <b(n) (17)
and b # 1.

Suppose that ¢ > 2. If b(: — 1) > i — 1 then we can get that b(i — 1) > i + 3.

In this case,

b_1<ai_1) = b(Ozi_1> = b(gl) — b(gi_l) =&; — b(Ei_1> < O,

and b(c;_1) # £a;_1, which implies that bs;_; # s;_1b. By Corollary 2.3 we get that
si_1 X b= s;_1bs;_1 and p(b) = p(s;—1 x b) + 1.
Now,

(Siflbsifl)_l(a» = (Siflbsifl)(giJrl - Ei) = &1 — Siflb(gifl) <0,

and (Si—lbsi—1)<ai) 7é :l:OéZ' 1mphes that (Si—lbsi—l)si 7é si(si_lbsi_l). It follows from
Corollary [2.3] that

$i X (851 X b) = 8;8,1bs;_18;,  p(b) = p(s; X 8,1 X b) + 2.
Finally,
(Sisi—lbsi—lsi)iwai—i-l) = (Sisi—lbsi—15i>(5i+2 - 5i+1> = Ei42 — Sz‘Sz‘—lb(&'—l) <0,
and (s;8;-1bs;—15;)(@i+1) # £, 41 implies that

(SzSi—1sz’—1Sz’)Sz‘+1 7’é Si+1(sisi—1b3i—15i)~
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It follows from Corollary [2.3] that
Si+1 X (Si X (Si—l X b) = Si+18i8i_1b8i_18i8i+1, p(b) = P(5i+1 X §; X §;_1 X b) + 3.

Setd:=s;11 X 8; X s;_1xXb. Then b=s;_1 X s; X 5;,1 X d and this is b)

By a similar reasoning (i.e., the same argument used in the proof of Lemma 3.2,
we can show that if i < n—2, then b(i+3) < i+ 3 implies that b = s;, 9 X 5;11 X 8; X d,
where d € I, and p(b) = p(d) + 3, which is c) as required.

Therefore, we can assume that b(i — 1) < ¢ — 1 whenever ¢ > 2 and b(i + 3) >
i+ 3 whenever i < n —2. If i = 1, thenas 1 < n — 2 we have that b(4) > 4.
It follows that b(k) = k for any & > 4 and hence b = 1 which contradicts our
assumption. If ¢+ > 2, then as s, commutes with s; and s;11, So is not a descent

of b, it follows that b(e;) > 0. Since 0 < b(1) < b(2) < --- <b(i—1) <i—1 and
i+3<b(i+3)<bli+4) <---<b(n), we conclude that b(k) = k for any k, which
is again a contradiction. This completes the proof of the lemma. ]

Lemma 44. Let W = W(B,) be the Weyl group of type B,,. Let w € I, be an
involution, and let s = s, and t = sg for some o # (3 in A with

(a, B) € {(a, it1), (i1, 4)|1 < i <m — 1}

Assume that s,t are both descents of w and let b € I, be the unique minimal length
representative of WxwWiy where K := (s,t). Assume further that b has no descents
which commute with both s and t. Then mgy = 3. Moreover, it holds that bs = tb and
bt = sb (Case 6 in the notation of Lemma[2.9) only if one of the following occurs:

b

a

S

b

Si—1 X 8 X Siyq X d, where 2 <i<n—1,dée I, and p(b) = p(d) + 3;

~

d

b—SoD(Slb<SOD<82,

)

)

) i=1,b=s3 X sg X 81 X d, where d € I, and p(b) = p(d) + 3;
) i

)

e) 1=1,b=159X 83X 8] X 89 X S3 X S] X Sy X Sp.
Proof. By assumption, we must have that n > 4. Suppose that a) does not happen,

e., b # 1. By assumption, we have that bsb = t and btb = s. It follows that
b(a) = £8,b(8) = £« (by (16)). By the expression of w given in Case 4, both (¢, s, b)
and (s,t,b) are reduced I,-sequences. Applying Corollary and Corollary we
can deduce that b(«) > 0 < b(3). It follows that b(a) = 5,b(5) =

Without loss of generality, we can assume that (o, 3) = (a4, a;41) for some

1<i<mn—1.Then b(i) = —(i +2),b(i+1) = —(i+1),b(i +2) = —i. By Lemma
@and the assumption that s; is not a descent of w forany ¢t <¢—1ort >+ 3, we
can deduce that

b(1) <b(2) <---<b(i—1) and b(i+3) <b(i+4) <--- <b(n) (18)

and b # 1. Suppose that a) does not happen, i.e., b # 1. There are only the following
two possibilities:
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Case 1. (o, B) = (v, i) for some 2 < i < n — 1. Since sy commutes with
s; and s;11, we see that sq is not a descent of b. Thus b(e;) > 0. It follows from (18]
that b(¢ — 1) > 0. Then using the same argument in the proof of Lemma we can
show that b(i — 1) > 0 implies that b = s; 1 X s; X 8;31 X d with p(b) = p(d) + 3,
which is b) as required.

Case 2. (a,3) = (a1, a2). Then b(1) = —3,b(3) = —1,b(2) = —2. By (18),
we have that b(4) < b(5) < --- < b(n).

If b(4) = +4, then by we can deduce that b(j) = j forany j > 5. It
follows that either

b= (818281>(80)(818081)(8281808182) = 505150525150 = Sg X 81 X Sg X 89,

or

b= (315231) (S(]) (518081) (5281808152) (83825180815283)

= 505351525150515053525153S0 = Sp X 83 X §1 X §9 X 83 X §1 X S X S7q,

which are d) and e) respectively as required.

It remains to consider the case when b(4) < —5. In this case, using the same
argument in the proof of Lemma we can show that b(4) < —5 implies that b =
s3 X $9 X 51 X d with p(b) = p(d) + 3, which is ¢) as required. This completes the proof
of the Lemma. [

Remark 4.5.  We consider reduce I, -expressions for involutions in the Weyl group
of type B,,. In this case, in addition to the basic braid I/, -transformations given by
Proposition[2.8] one clearly has to add the following natural “right end transformations”:

8; X 841 < Si41 X S5, 89 X 81 X Sg < 81 X §9 X 81, S X 8§ < §; X S,

where 1 <i<n—1,0<jk<mn,|j—k|l > 1. However, as in the type D,, case,
these are NOT all the basic braid I, -transformations for involutions in W (B,,) that we
need. In fact, one has to add an extra transformation in the case of type B, (see the last
transformation in Definition {.6)), which is a new phenomenon for type B, .

Definition 4.6. By a basic braid I, -transformation, we mean one of the following
transformations and their inverses:

1) (- ,80,81,80,81 ) —> (-, 81, 50,51, 80, ),

2) (85,8541, 85,0 ) = (e S, S5y Sja, ),

3) ("'73b73C7"')'—>("'73073b7"')7

4) (e Sy Skn) F= (0 Skt Sk),

5) (-+-,50,81,8) — (-, 81, S0, $1),

6) (---,S0,81, S0, S2,S1,50) — (-, 51, S0, S1, S2, S1, So),

where all the sequences appearing above are reduced sequences, and the entries marked
by corresponding *“- - - ” must match, and in the first two transformations (i.e., 1) and 2))
we further require that the right end part entries marked by “- - - ” must be non-empty.
We define a braid I, -transformation to be the composition of a series of basic braid
I, -transformations.
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Theorem 4.7.  Let (s;,, - ,5i,), (Sj, - ,Sj,) be two reduced I.-sequences which
can be transformed into each other through a series of basic braid transformations.
Then

Sip X Sjy Xvoe XS5 = S5 XS XKovee XS5,

Proof. This follows easily from Proposition Definition except for the last
transformation 6) in Definition In fact, by direct calculation, we can get that
Sog X 81 X Sg X SS9 X 81 X Sg = 5095150525150515251 = S15052515051525150

=81 X 89 X 81 X 89 X §1 X Sg ,

as required. [

As in Section 3, we sometimes use the simplified notations (i, - i) <—
(J1,+ . Jk) and (S;y, -+ ,8;,) <— (Sj,, - ,S;j) in place of s;; X -+ X 5;, «—
Sjp X -ee X S5,

Theorem 4.8. Let w € [.. Then any two reduced I,-expressions for w can be
transformed into each other through a series of basic braid I, -transformations.

Proof. We prove the theorem by induction on p(w). Suppose that the theorem
holds for any w € I, with p(w) < k. Let w € I, with p(w) = k + 1. Let
(Sigs Sivs Sins -+ »Si,) and (sj,, Sjy,5 Sjys -+, S, ) be two reduced I, -expressions for w €
I,. We need to prove that

(0,91, s ix) < (JosJ1, "+ Jk)- (19)

For simplicity, we set s = s;,,t = s;,. Let m be the order of st.
As in the proof of Theorem [3.10] we shall use the strategy (12). That says, we

want to show that there exists some s, € S such that (i, ...,) — (Sa,...) and
(Jos---+Jk) <— (Sa,...). Once this is proved, then by induction hypothesis we are
done.

Suppose that m = 3. Then we are in the situations of Cases 1,2,3,4,6 of Lemma
Suppose that we are in Cases 1,2,3 of Lemma[2.9] Then we get that

Sig X Sip X oo X 8, > SXEXSX bt X SXEXD < 5, X85 X X85, (20)

where the first and the third “<—" follows from induction hypothesis, and the second
“<— " follows from the expression of w given in Cases 1,2,3 of Lemma[2.9] It remains
to consider Cases 4,6 of Lemma [2.9] To this end, we shall apply Lemmas {.3] and 4.4]
In these cases, if b = 1,then k = 1 and s;, X 5, = s Xt ¢— t X 5 = 55, X Sj,.
Henceforth, we assume that b # 1.

Suppose that we are in Case b) of Lemma [4.3|or of Lemma[4.4] Without loss of
generality, we assume that 790 = ¢ and jo = ¢ + 1. Then

(10,01, yig) «— (1,1 + 1,0 — 14,0+ 1,d) «— (4,i — 1,i+ 1,4,i + 1,d) +—
————— ——

(i,i—1,i,i41,i,d) < (i—1,7,i—1,i+1,4,d) +— (i—1,i+1,i,i—1,i+1,d)
—— N——

-

s (i+1,i—14,i—1,i+1,d) +— (i+1,4,i—1,5,i+1,d)
——— ——

— (j07j17 T 7jk)7
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as required.
Suppose that we are in Case c) of Lemma [4.3] Without loss of generality, we
assume that 7o = 7 and jo =7+ 1. Then

(0,31, -+ yig) < (i + L+ 2,0+ Ld,d) «— (4,0 4+ 2,5+ 1,0+ 2,4,d) +—
N—— . ~ _

(i+2,0,0+ 1,04+ 2,0,d) +— (i +2,i+ 1,0+ 2,4,i + 1,d) +—

S—— N ~~ d

(t+1,i+2,i+ 14,9+ 1,d) «— (i + 1,0+ 2,4,i+ 1,i,d) «—
~ - N——

(7'+177'7Z+27Z+1727d) A (j07j17”' 7jk)7
——

as required. A similar argument also applies if we are in Case c) of Lemma[4.4]
Suppose that we are in Case d) of Lemma Without loss of generality, we
assume that 7o = 1 and j, = 2. Then

(io, i1, ig) < (1,2,0,1,0,2) +— (1, 0,2,1, 2,0) +— (1,0,1,2,1,0)

= (0.1.0.21,0) &= (0.1,2,0,1,0) ¢— (0,1.2.1.0.1) ¢ (0,2, 1.2.0.1)
—_———— ~— ~——

< 7 (27071707172> < ’ (27170717072) < ? (]07.]17' 7]k>7
~— N~

as required.
Suppose that we are in Case e) of Lemma Without loss of generality, we
assume that 7o = 1 and j, = 2. Then

(i07i17"' 72k> — (17270,3,172 3,1,0 1)

+—(1,2,3,0,1,2,3,1,0,1) +— O23QLZLQL$
~—~
—(1,2,3,0,2,1,2,0,1,3) «— (1232mL23QU
—— ~—~
%%QQQ&QLZ&QUe%(&LOZL&ZBOU
—— T N——
> (3,1,0,2,1,2,3,2,0,1) «— (3,1, 2,0,1,0,2,3,2,1)
—— ~ =
e%@@@&LQZLZ&e%@JJ@LQLZL&
——
eﬁ@@ﬂjﬂ@ﬁﬂjﬁ%—»@zLZQLQZL$
—— ——
%ﬁ@ﬂ@OﬂJﬂﬁJﬂ) (3,2,1,0,1,2,1,0,1,3)
~—~ ——
eﬁ(QJﬂAQ&LODe%BJJ&LZ&QLm
—— ——
—>(3,2,1,0,1,0,2,3,1,0) +— (3,2,0,1,0,1,2,3,1,0)
—— ——
++m31LQL2&Lm

On the other hand, according to the definition of the braid I, -transformations, we get

that
(j07j17' o 7jk> — (27 17()’ 3717273a 17071)

(27 1707 173 Y 27 37 07 170) (27 1707 1707 37 27 37 170)
~— N——
+——(2,0,1,0,1,3,2,3,1,0) «+— (0,2,1,0,1,3,2,3,1,0).
—— —~—
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So again we are in a position to apply the induction hypothesis. This completes the
proof of when m = 3.

Now suppose that m = 4. Then by Lemma.2) we are in the situations of Cases
1,2,3,5 of Lemma Suppose that either b = 1 or we are in Case 1,2,3 of Lemma
[2.9] Then we can use a similar argument as (20 to show that (I9) holds. It remains to
consider Case 5 of Lemma[2.9] To this end, we shall apply Lemma[4.2]

Suppose that we are in Case b) of Lemma Without loss of generality, we
assume that 7o = 0 and j, = 1. Then using the 6th transformation given in Definition
4.6l we can get that

(i07i17 e 7Zk) — (07 17()’27 170) — (1a07 1727 1a0) — (.jOajla e 7jk)7

as required.

Suppose that we are in Case c¢) of Lemma Without loss of generality, we
assume that 7o = 0 and jo = 1.

(z'o,il,--- ,z'k) — (0,1,0,2,1,0,1,2,d) — (0,1, 2,0,1,0,1,2,d)
«—(0,1,2,1,0,1,02,d) +— (0,2,1,2,0,1,0,2,d)
N—— ——
+—(2,0,1,2,0,1,0,2,d),
~—

On the other hand,
<j07j1) e 7]k> A (17 07 ]-7 2» 17 07 ]-7 27 d) A (17 07 27 17 27 07 ]-7 27 d)
——"
+——(1,2,0,1,0,2,1,2,d) +— (1,2,0,1,0,1,2,1,d)
<=~ ——
5 (1,2,1,0,1,0,2,1,d) +— (2,1,2,0,1,0,2, 1, d).
—— ——

Therefore, we can apply induction hypothesis to get that (ig, i1, - - +, ix ) <> (Jo, J1, * = * Jk) -
This completes the proof of when m = 4.

We make the following useful observation.
Observation 2. If there exist s,, sz € S such that s, s has order 1,3 or 4, and

(io,il,...,ik)H(Saw..) and (jo,jl,...,jk)<—)(857...),

then by the results we have obtained we can deduce that (ig, i1, . . ., ix) <> (Jo, J1, - - - Jk) -

It remains to consider the case when m = 2. That says, st = ts. We use a
similar argument as in the proof of Theorem (cf. the paragraphs after Observation
1). As in the proof of Theorem [3.10] there exists some integer 0 < a < k, such that

Sjo X (Sio X 85 X Sy Xooee NSik):Sio X S5 X S Kovoe XS5, ) XS, Xoore XSG
In order to prove (19), it suffices to show that
(Jo, 905 1,02, s Gty Gatt, -+ 5 0k) < (G0, 41,02, 5 ik). (21)

Moreover, just as in the proof of Theorem [3.10] using Observation 2 we can consider
only the case when a = 0 and jy, = 79 + 2. So in this case, (21)) is reduced to

(j07i17i27' o ,Zk) — (Z'077:177:27' o 7“{)) (22)
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We write w; = s;, X §;, X -+ X s; . If 4 <149 — 1 or i3 > 19+ 3, then
(t0, 41, ) ¢ (i1, 40, ) ¢ (i1, Jo, -+ +) <= (Jo, i1, ),
as required. If ¢; = 79 — 1, then by Observation 2,
(Jos i1, -+ ) <= (Jorlo = 1,-++) = (i — 1, jo, - -+ ) > (i, 0, -+ ),

as required. A similar argument applies to the case when i; = ig + 3. Therefore, we
can consider only the case when i; = ¢y + 1. Since s;, X S;,41 7 Sig+2 X Sig+1, We get
that wy 1= s;, X -+ - X 5;, # 1.
Note that i3 # ip + 1 because s;, X s;, X - -+ X s;, is reduced. If 75 < ip — 1 or

19 > 1o + 3, then

(2.07i1ai27 te ) A (2.27i0ai17 te ) A (2.27].072.17 o ) A (jOvilai% te ')7
as required. If i = 79 — 1, then by Observation 2,

(Jo, 41,82, - -+ ) <> (d2, o, 1, -+ +) ¢ (io — 1, Jo, - -+ ) ¢ (do, i1, 49, -+ +),

as required. A similar argument applies to the case when iy, = 79 + 3. If 75 = i + 2,
then by Observation 2,

(jo, il, iQ, s )<—>(Zo+2, i0+1, i0—|—27 s )(—)(Zo-{-l, io, i0+1, s )(—)(io, il, iQ, s ),

as required. A similar argument applies to the case when ¢y > 1 and 75 = 7. Therefore,
we can consider only the case when iy = iy = 0. Since sy X $1 X Sog # S3 X 1 X Sq,
we get that wg 1= s;, X -+ X 5;, # 1.
Now i3 # 0 because s;, X s;, X --- X s;, is reduced. If i3 > 3, then
(i07i17i27i3>"') — (071707i37”') — (i37071707”') — (2.3727]-707"')
— (j07i17i27 i3a e )7
as required. If 73 = 3, then by Observation 2,
(10,11, 92,13,- -+ ) «— (0,1,0,3,--+) +— (3,0,1,0,---) +— (2,1,0,1,---)
— (j07i17i27 i37 e )7
as required. If i3 = 2, then by Observation 2,
(jo,il,ig,ig,"') < (2,1,0,2,"') < (2,1,2,0,-") < (1,2,1,0,"')
— (07170727"') — (i07i177;27i37'”)7

as required. Finally, if i3 = 1, then as sy X s; X sp X s; is not reduced, we can deduce
that wy :=s;, X --- X s;, 7 1. In this case, by Observation 2,

(10,11, 92,13,+ -+ ) «— (0,1,0,1,--+) «— (1,0,1,0,--+) +— (2,1,0,1,---)
— (j07i17i27i37"')7

as required. This completes the proof of (22)) and hence the proof of (I9) when m = 2.
This finishes the proof of the theorem. ]
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5. An application

The basic braid I, -transformations which we found in Definition [3.7]and [4.6] and Theo-
rem[3.10/and .8]are very useful for analysing the Hecke module structures on the space
spanned by involutions. The point is that it reduces the verification of Hecke defining
relations to a finite doable calculations. In this section, we shall give an application of
this observation to Lusztig’s conjecture which is our original motivation.

Lemma 5.1.  The elements in the following set

{(SerSer—1---5251) (SeaScp1 - - - 528u) -+ (Sep_ySep 11 - - - 5251) (S Sept - - - S25u)

’k;iseven,and1§01<02<~--<ck<n}U

{(sclsq_l oo 5284) (SeaSea—1 - - - 5251) -+« (Sep_y Sep_q—1 - - - 5251)(Sep Sep—1 - - - S25u)

’k:isodd,andlgcl < ey < ---<ck<n}
is a complete set of left coset representatives of (s1,8a,...,8n_1) in W(D,)[]

Proof.  One can check directly that the elements in the above two sets are minimal

length left coset representatives of (sq,Ss,...,s,-1) in W(D,). Moreover, it is a
complete set by a counting argument (using the well-known fact that |W(D,,)| =
21S,)). ]

By [18]], there is an ‘H,-module structure on M which is defined as follows: for
any s € S and any w € I,

Tsay = uay, + (u+ 1)ag, if sw=ws > w;
Toaw = (U? —u — 1)ay + (U? —u)ag, if sw=ws < w;
Tsty = Qgs  if SW # wWs > w;

Tyaw = (U? — D)y + vlag,s if sw # ws < w.

Lemma 5.2. Let W € {W(B,),W(D,)} and * = id. The map a, — Xy can be
extended to a well-defined Q(u)-linear map ny from Q(u) @4 M to (Q(u) @4 Hu)Xp
such that for any w € I, and any reduced I.-expression 0 = (s;,,--- ,$;,) for w,

no(aw) = 0,(Xp) := 05100520 00,,(Xp),
where for each 1 <t < k, if
S5 (8juy X Sjpa X oo X 85, ) F (Sjn X Sjppn Mmoo X 85,)85, > (8,1 X Sj0 X oo X S5, ),
then we define 0, := Ty, ; while if
Sjt(sjt+1 X Sjpyg XKoo e K Sjk) = (Sjt+1 X Sjpyg Xor e X Sjk)sjt > (Sjt+1 X Sjpyg XKoo e K S.jk)?

then we define 0, = (Ty;, —u)/(u+1).

1By convention, if c; =1 then s., S, —1 ... 525y := Sy.
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Proof.  We only prove the lemma for the case when W = W (D,,) as the other case
is similar. The idea of the proof is essentially the same as we used in the proof of
[10, Lemma 5.1] except that we now use Proposition [2.8] and have to verify one more
relation:

T, — T, —uT —uTs—
2 U Ty L T T T
+1 u+1l u+1 u+1
Ty — T, —uT —uTs—
EEy X0 oy 010 e B et B ek ) )
u+1 u+1 u+1 u+1

To check this relation, we can assume without loss of generality that n = 4
because Zwem( Da) u~!)T,, is a left factor of Xj.

To simplify the notation, we set

T,... T.:= T.LNOTLT,, Ty... T,:=TNELT, Y=Y u‘™T,

weBy
By direct calculation, one can get that

T, To(Ts — u) (T — u) (T, — u) Xy
=T, NTo(Ty — u)(Ty — uw) (T, — u)(1 +u T, + u Ty, +u 3 T3T T,
+u T, + u TV T3 T T, + u Ty T3 Ty T, + u™ ST, Ty TV T3T5T,) Yy
= (uT1T2TuT2—T1T2TuT2T1—TlTQTUTQTg—|—u‘1T1T2TuT2T1T3+u_2T2 T I5T
—u Ty T LT +u Ty . T, TTyTV Ty — u Ty ... T, TsTo T3+
20u "l —u T, ... T, T3To—(u~u)T, ... T, 31T — (v —uT, ... T,T;
+ (= u T, T LIT — (0 — )T, . .TUT3T2T3>Y@.

Let Z, be the element in the big bracket of the last equality. We want to
show that (1573 — 13T, + uTy — u13)ZyYy = 0. Using Lemma we see that if
we express (1275 — 13Ty + uTy — uT3)Z, as a linear combination of standard bases
{Ty|w € W(D,)}, then T,, occurs with non-zero coefficient only if

WE Sy ...564 U S9...5,64 U 5351595,64 U 51525,64.
By the proof of [10, Lemma 5.1], we know that forany 1 < j < 3,
T5(Tyn = w)Yy = Ty (T — u)Yp. (23)

Using and consider the above four left cosets separately, one can check that (7575 —
15Ty + uTy — uT3) ZyYy = 0. For example, if we consider the term 7, which occurs in
(ToT3 — T3T5 + uTy — uT3) ZyYy such that w € s1895,6,, then we shall get that it is
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equal to
(uQTlTQTuTlTQ —uY LT, T T, — u YT, T, TV T T + T T, T T T T
— WP T, 15Ty + uT Ty T, T ToTs + vy T T, T T T, — LT, T 1T T5) Yy
=NTT, (u2T1T2 — uTVTyTy — uT ToTy — w?TsTy + uT3ToTs + uT3To T,
+ Ty I5T5 — T2T3T2T1)YE/)

= TlTQTu (U2T1T2 — UTlTQTl - UTl (TgTQ — UTg + UTQ) - ’LL2T3TQ + UT3T2T3+

U,Tg (TlTQ —UTl +UT2)+T2T1 (TgTQ —UT3 +’U,T2) —T2T3 (T1T2 —UT1 +UT2)> }/EZ)
=0,

as required, where we have used (23) in the second equality. For the other three cosets,
one can do some similar calculation. We leave the details to the readers. [ ]

Corollary 5.3.  With the notations as in Lemma the Q(u)-linear map nq is a left
(Q(u)®4H.,) -module homomorphism. In particular, g = 1 is a well-defined surjective
left (Q(u) ® 4 Hy)-module homomorphism from Q(u) @ 4 M onto (Q(u) @4 Hy)Xp.

Proof.  This follows from Lemma and a similar argument used in the proof [10,
Lemma 5.3, Theorem 5.5]. |

Remark 5.4. 1) Lusztig proved in [17] that his conjecture holds for any Coxeter
group and any * by completely different approach. In other words, 7 is always a left
(Q(u) ®4 H,)-module isomorphism from Q(u) ®4 M onto (Q(u) @4 H.)Xp.

2) We conjecture that for any Coxeter system (WW,S) with S finite and any
automorphism “x” as described in Section 1, there exists a finite set of basic braid
I, -transformations that span and preserve the reduced I,-expressions for any twisted

involutions in W and which can be explicitly described for all W simultaneously.

Acknowledgment. The authors are grateful to the anonymous referee for his/her care-
ful reading and very helpful comments and suggestions.

References

[1] Bjorner, A., and F. Brenti, “Combinatorics of Coxeter groups,” Graduate Texts in
Mathematics 231, Springer, New York etc., 2005.

[2] Can, M. B., and M. Joyce, Weak order on complete quadrics, Trans. Amer. Math.
Soc. 365 (2013), 6269-6282.

[3] Can, M.B., M. Joyce, and B. Wyser, Chains in weak order posets associated to
involutions, J. Combin. Theory Ser. A 137 (2016), 207-225.

[4] Deng, B., J. Du, B. Parshall, and J. Wang, “Finite dimensional algebras and quan-
tum groups,” Mathematical Surveys and Monographs 150, Amer. Math. Soc.,
Providence, R. 1., 2008.



HU AND ZHANG 705

[S] Geck, M., Hecke algberas of finite type are cellular, Invent. Math. 169 (2007),
501-517.

[6] Geck, M., and G. Pfeiffer, “Characters of finite Coxeter groups and Iwahori-
Hecke algebras,” Lond. Math. Soc. Monographs New Series 446, Clarendon Press
Oxford, 2000.

[7] Hamaker, Z., E. Marberg and B. Pawlowski, Involution words: counting problems
and connections to Schubert calculus for symmetric orbit closures, Preprint,
arXiv:1508.01823, 2015.

[8] —, Involution words II: braid relations and atomic structures, Preprint,
arXiv:1601.02269, 2016.

[91 Hu,J., Quasi-parabolic subgroups of the Weyl group of type D, European Journal
of Combinatorics 28 (2007), 807-821.

[10] Hu, J., and J. Zhang, On involutions in symmetric groups and a conjecture of
Lusztig, Adv. Math. 364 (2016), 1189-1254.

[11] Hultman, A., Fixed points of involutive automorphisms of the Bruhat order, Adv.
Math. 195 (2005), 283-296.

[12] —, The Combinatorics of twisted involutions in Coxeter groups, Trans. Amer.
Math. Soc. 359 (2007), 2787-2798.

[13] Humphreys, J. E., “Reflection Groups and Coxeter Groups,” Cambridge Studies in
Advanced Mathematics 29, Cambridge Univ. Press, 1990.

[14] Kottwitz, R. E., Involutions in Weyl groups, Representation Theory 4 (2000), 1-15.

[15] Lusztig, G., A bar operator for involutions in a Coxeter group, Preprint,
arxiv:1112.0969, 2012.

[16] —, Asymptotic Hecke algebras and involutions, Preprint,
arXiv:1204.0276, 2012

[17] —, An involution based left ideal in the Hecke algebra, Representation Theory 20
(2016), 172-186.

[18] Lusztig, G., and D. Vogan, Hecke algebras and involutions in Weyl groups, Bull.
of the Institute of Mathematics, Academia Sinica (New Series) 7 (2012), 323-354.

[19] Marberg, E., Positivity conjectures for Kazhdan-Lusztig theory on twisted involu-
tions: the universal case, Representation Theory 18 (2014), 88-116.

[20] Matsumoto, H., Générateurs et relations des groupes de Weyl généralisés, C. R.
Acad. Sci. Paris 258, (1964), 3419-3422.

[21] Richardson, R. W., and T. A. Springer, The Bruhat order on symmetric varieties,
Geom. Dedicata 35 (1990), 389-436.



706

HU AND ZHANG

[22] —, Complements to: “The Bruhat order on symmetric varieties”, Geom. Dedicata

49 (1994), 231-238.

[23] Wyser, B. J., and A. Yong, Polynomials for symmetric orbit closures in the flag
variety, Transformation Groups, to appear.

Jun Hu

Department of Mathematics
Beijing Institute of Technology
Beijing, 100081, P.R. China
junhu303 @qq.com

Received May 8, 2016
and in final form December 6, 2016

Jing Zhang

School of Mathematics and Statistics
Beijing Institute of Technology
Beijing, 100081, P.R. China
ellenbox @bit.edu.cn



	Introduction
	Reduced I-expressions
	Weyl groups of type Dn
	Weyl groups of type Bn
	An application

