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1. Introduction.

A local Lie algebra is a direct sum L−1 ⊕ L0 ⊕ L1 of vector spaces with anticom-
mutative bilinear maps Li × Lj → Li+j for |i|, |j|, |i| + |j| ≤ 1, such that Jacobi
identity holds for any defined [x, [y, z]] (see [7, Ex. 1.8], [8, Definition 5]). For
any Z-graded Lie algebra L = ⊕iLi , L−1 ⊕ L0 ⊕ L1 is a local Lie algebra, called
the local part of L . Note that, by [1, (1.1)], a direct sum V ⊕ g ⊕W is a local
Lie algebra if and only if (i) g is a Lie algebra, (ii) V and W are g-modules and
(iii) there is a g-module homomorphism ϕ : V ⊗W → g , where g is viewed as a
g-module via adjoint action.

For any local Lie algebra V ⊕g⊕W , by Kac-Kantor’s construction [1, 4, 8,
11], among all Z-graded Lie algebras which have V ⊕g⊕W as their local part, the
maximal one is given by F = F−⊕ (V ⊕g⊕W )⊕F+ , where F+ = ⊕i≥1Fi (resp.
F− = ⊕i≤−1Fi ) is the free Lie algebra generated by F1 = W (resp. F−1 = V ),

while the minimal one is F̂ = F/J , where J is the unique maximal ideal among
homogeneous ideals of F which intersect V ⊕g⊕W trivially. So by [8, Definition 6]
we may say that a Lie algebra has a minimal Z-gradation if it is isomorphic to such
an F̂ . That is, to show a Lie algebra ĝ admits a minimal Z-gradation, it suffices
to construct a suitable local Lie algebra V ⊕ g ⊕W and show the corresponding
Kac-Kantor algebra F̂ is isomorphic to ĝ .

For a finite or affine Cartan matrix A and a fixed k , by [8, Propositions
5 and 14], the derived Kac-Moody algebra g′(A) has a minimal Z-gradations

∗ This work is supported by Grant no. 11171233 of NSF of China.

ISSN 0949–5932 / $2.50 c© Heldermann Verlag



728 Gan and Tan

(standard gradation) with local part of the form V ⊕ g′(B) ⊕ W , where B is
obtained from A by removing the k -th row and the k -th column (so B has
finite type or is a disjoint union of finite types), and V (resp. W ) is a finite-
dimensional irreducible highest (resp. lowest) weight g′(B)-module. On the other
hand, for indefinite Kac-Moody algebras, as far as we know, there is no unified local
Lie algebra construction using standard gradations as in [8]. However, indefinite
(derived) Kac-Moody algebras studied in [1, 2, 4, 9, 10, 12] do admit minimal Z-
gradations. For example, if g = HAn [4, 10] or HCn [12], then g can be realized
as the minimal Z-graded Lie algebra associated to a local Lie algebra given by the
corresponding affine algebra and a level 1 integrable highest weight module. Such
a local Lie algebra construction of g makes possible to compute root multiplicities
of g via weight multiplicities of an integrable highest weight module.

In this paper we shall study local Lie algebras of the form L(λ)∗⊕ g⊕L(λ)
and their corresponding minimal Z-graded Lie algebras, where g is a symmetriz-
able Kac-Moody algebra and L(λ) is an integrable highest weight g-module. This
consideration is motivated by a class of indefinite Kac-Moody algebras arising from
2-fold affinization of Cartan matrices, which we review briefly as follows.

Given a Cartan matrix A of simply-laced type of rank ` ≥ 2, let A[2]

be the 2-fold affinization of A with respect to the highest root [3]. Then A[2]

is a generalized intersection matrix A[2] in the sense of Slodowy [15]. By using
a canonical diagram automorphism τ of the covering matrix of A[2] we get a
generalized Cartan matrix A[2],τ of indefinite type (see (26) below). As far as we
know A[2],τ firstly appeared in [14], used to study toroidal Weyl groups. Actually
A[2],τ is a folding Cartan matrix in the sense of [6], and we call the Kac-Moody
algebra g(A[2],τ ) of A[2],τ an orbit Lie algebra as in [6].

A question arises whether g(A[2],τ ) has a minimal Z-gradation as in the
cases of HAn and HCn . We study this question in a little more general setting.
Given a pair (ĝ, g) of symmetrizable Kac-Moody algebras, we prove that, under
a condition (see (18) below, which forces ĝ to be indefinite, see Lemma 3.1) on
their generalized Cartan matrices, ĝ has a minimal Z-gradation with its local part
being of the form L(λ)∗ ⊕ g ⊕ L(λ), where L(λ) is an integrable highest weight
g-module, and L(λ)∗ is its contragradient dual (see Theorem 3.4 below). Then we
show that this result is applicable to g(A[2],τ ) and Lorentzian Kac-Moody algebras.

The main difference of the method to establish Theorem 3.4 from those
in [1, 2, 4, 8, 9, 10, 12] is that we use a complete description of all local Lie
algebra structures on L(λ)∗ ⊕ g ⊕ L(λ). Recall that, for any Lie algebra g and
g-modules V , W , to obtain a local Lie algebra V ⊕ g⊕W it suffices to construct
a g-module homomorphism ϕ : V ⊗W → g . In [1, §2, §3], [4], [12] such a ϕ is
explicitly given by using an orthonormal basis of g . Here we show that, given a
symmetrizable Kac-Moody algebra g and any integrable highest weight g-module
L(λ), it holds that Homg(L(λ)∗⊗L(λ), g) = hλ (for definition see Lemma 2.3). It
follows that any correspondence v∗⊗ v 7→ x ∈ hλ determines uniquely a g-module
homomorphism ϕ from L(λ)∗⊗L(λ) to g , where v ∈ L(λ) (resp. v∗ ∈ L(λ)∗ ) is a
highest (resp. lowest)-weight vector such that v∗(v) = 1. Hence a local Lie algebra
L(λ)∗⊕g⊕L(λ) is obtained, and any local Lie algebra structure on L(λ)∗⊕g⊕L(λ)
arises in this way (Proposition 2.4). This result is used to construct the local Lie
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algebra L(−αn+1)
∗ ⊕ g⊕ L(−αn+1) (Corollary 3.2) and its Kac-Kantor algebra.

Unlike the cases of HAn and HCn , the minimal Z-gradation of g(A[2],τ ) is
given by a level 4, not level 1, integrable highest weight module of the corresponding
affine algebra. So it would be more complicated to use such a local Lie algebra
construction to compute root multiplicities of g(A[2],τ ). However, we can describe
some roots of g(A[2],τ ) in term of representation theory of affine algebras (Corollary
4.4) by using its local Lie algebra construction. Furthermore we show that g(A[2],τ )
is a subalgebra of the corresponding Lorentzian Kac-Moody algebra g(AH` ) by
using Feingold and Nicolai’s method [5], and hence is a subalgebra of the hyperbolic
algebra E10 by a result of Viswanath [16].

All Lie algebras in this paper are over the complex number field C . For any
Lie algebra L , U(L) denotes the universal enveloping algebra of L . All generalized
Cartan matrices are assumed to be indecomposable. For any matrix X we denote
the (i, j)-entry of X by X(i, j).

2. Preliminary.

Let g = g(C) = n− ⊕ h⊕ n+ be a Kac-Moody algebra associated to a generalized
Cartan matrix C = (C(i, j))n×n with a minimal realization (h,Π,Π∨), where
Π = {α1, · · · , αn} ⊂ h∗ and Π∨ = {h1, · · · , hn} ⊂ h are linearly independent
subsets such that αi(hj) = C(i, j). Let L(λ) be the integrable highest weight g-
module associated to λ ∈ h∗ . As is known, to describe local Lie algebra structures
on L(λ)∗⊕g⊕L(λ) it suffices to compute Homg(L(λ)∗⊗L(λ), g). In the following
M(λ) denotes the Verma module of g associated to λ .

Consider the auxiliary Lie algebra g̃ = g̃(C), which is generated by ei , fi ,
h ∈ h (1 ≤ i ≤ n) subject to the following defining relations [7, §1.2]:

[h, h] = 0, [ei, fj] = δijhi, [h, ei] = αi(h)ei, [h, fi] = −αi(h)fi. (1)

Let ñ− (resp. ñ+ ) be the Lie subalgebra of g̃ generated by f1 , · · · , fn (resp. ei ,
· · · , en ). Note that both ñ− and ñ+ are free Lie algebras and g̃ = ñ−⊕h⊕ñ+ . For

λ ∈ h∗ , the Verma module M̃(λ) of g̃ is the quotient of the universal enveloping
algebra U(g̃) modulo the left ideal generated by h − λ(h) (h ∈ h) and ñ+ . Let

v be a nonzero highest-weight vector. Note that M̃(λ) is a free U(ñ−)-module:

M̃(λ) = U(ñ−)v , so M̃(λ) has a basis consisting of all elements of the form
fJv = fi1fi2 · · · fisv , where J = i1i2 · · · is is a word in 1 ≤ ij ≤ n . Dually,

the finite dual (contragredient dual module) M̃(λ)∗ is a lowest weight g̃-module
with lowest weight −λ , which is the quotient of the U(g̃) modulo the left ideal
generated by h+λ(h) (h ∈ h) and ñ− . Let v∗ be a nonzero highest-weight vector

such that v∗(v) = 1. Then M̃(λ)∗ is a free U(ñ+)-module: M̃(λ) = U(ñ+)v∗ ,

so M̃(λ) has a basis consisting of all elements of the form eIv
∗ = ep1ep2 · · · eptv∗ ,

where I = p1p2 · · · pt is a word in 1 ≤ pj ≤ n . We have the following

Lemma 2.1. For any x ∈ h there is a unique g̃-module homomorphism ϕ̃ from
M̃(λ)∗ ⊗ M̃(λ) to g̃ such that ϕ̃(v∗ ⊗ v) = x, and Homg̃(M̃(λ)∗ ⊗ M̃(λ), g̃) ∼= h
as vector spaces.
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Proof. Since both M̃(λ)∗ ⊗ M̃(λ) and g̃ are weight g̃-modules, and v∗ ⊗ v

belongs to the 0-weight subspace of M̃(λ)∗ ⊗ M̃(λ), the map ϕ 7→ ϕ(v∗ ⊗ v) ∈ h

from Homg̃(M̃(λ)∗ ⊗ M̃(λ), g̃) to h is well defined.

It remains to show that, for any fixed x ∈ h the correspondence v∗⊗v 7→ x
can be extended uniquely to a ϕ̃ ∈ Homg̃(M̃(λ)∗⊗M̃(λ), g̃) such that ϕ̃(v∗⊗v) =

x . Since eIv
∗ ⊗ fJv for various words I , J form a basis of M̃(λ)∗ ⊗ M̃(λ), it

suffices to make induction on the lengths |I| of I and |J | of J to show that
ϕ̃(eIv

∗ ⊗ fJv) ∈ g̃ can be uniquely defined satisfying

(i) [ei, ϕ̃(eI′v
∗ ⊗ fJ ′v)] = ϕ̃(ei(eI′v

∗ ⊗ fJ ′v)),

(ii) [fj, ϕ̃(eI′v
∗ ⊗ fJ ′v)] = ϕ̃(fj(eI′v

∗ ⊗ fJ ′v)),

for all 1 ≤ i, j ≤ n , |I ′| ≤ |I| , |J ′| ≤ |J | , and

(iii) [h, ϕ̃(eIv
∗ ⊗ fJv)] = ϕ̃(h(eIv

∗ ⊗ fJv)) for all h ∈ h .

Since eiv
∗ ⊗ v = ei(v

∗ ⊗ v) and v∗ ⊗ fjv = fj(v
∗ ⊗ v), by (i) and (ii) there is only

one way to define

ϕ̃(eiv
∗ ⊗ v) , [ei, x] = −αi(x)ei, ϕ̃(v∗ ⊗ fjv) , [fj, x] = αj(x)fj, (2)

and it’s direct to see that (iii) is also satisfied: For any h ∈ h ,

[h, ϕ̃(eiv
∗ ⊗ v)] = ϕ̃(h(eiv

∗ ⊗ v)), [h, ϕ̃(v∗ ⊗ fjv)] = ϕ̃(h(v∗ ⊗ fjv)). (3)

Since in U(g̃) it holds that eifj = δijhi + fjei and eiv = 0,

eiv
∗ ⊗ fjv = ei(v

∗ ⊗ fjv)− v∗ ⊗ (eifjv) = ei(v
∗ ⊗ fjv)− δijv∗ ⊗ hiv

= ei(v
∗ ⊗ fjv)− δijλ(hi)v

∗ ⊗ v,

by (i) there is only one way to define

ϕ̃(eiv
∗ ⊗ fjv) , [ei, ϕ̃(v∗ ⊗ fjv)]− δijλ(hi)ϕ̃(v∗ ⊗ v). (4)

Similarly, since

eiv
∗ ⊗ fjv = fj(eiv

∗ ⊗ v)− fjeiv∗ ⊗ v = fj(eiv
∗ ⊗ v) + δijhiv

∗ ⊗ v
= fj(eiv

∗ ⊗ v)− δijλ(hi)v
∗ ⊗ v,

by (ii) there is only one way to define

ϕ̃(eiv
∗ ⊗ fjv) , [fj, ϕ̃(eiv

∗ ⊗ v)]− δijλ(hi)ϕ̃(v∗ ⊗ v). (5)

By (2) it’s direct to check that definitions of ϕ̃(eiv
∗⊗ fjv) in (4) and (5) coincide.

Moreover, for any h ∈ h , by (3) and (4) it follows that

[h, ϕ̃(eiv
∗ ⊗ fjv)] = [h, [ei, ϕ̃(v∗ ⊗ fjv)]]

= αi(h)[ei, ϕ̃(v∗ ⊗ fjv)] + [ei, ϕ̃(h(v∗ ⊗ fjv))]

= (αi − αj)(h)[ei, ϕ̃(v∗ ⊗ fjv)]

= (αi − αj)(h)([ei, ϕ̃(v∗ ⊗ fjv)]− δijλ(hi)ϕ̃(v∗ ⊗ v))

= (αi − αj)(h)ϕ̃(eiv
∗ ⊗ fjv)

= ϕ̃(h(eiv
∗ ⊗ fjv)),



Gan and Tan 731

which means that (iii) is also satisfied. So ϕ̃(eIv
∗ ⊗ fJv) satisfying (i)-(iii) is

determined uniquely for |I| ≤ 1 and |J | ≤ 1.

Assume that ϕ̃(eI′v
∗ ⊗ fJ ′v) satisfying (i)-(iii) is uniquely defined for any

|I ′| ≤ |I| and |J ′| ≤ |J | . We show that ϕ̃(eieIv
∗ ⊗ fJv), ϕ̃(eIv

∗ ⊗ fjfJv) and
ϕ̃(eieIv

∗ ⊗ fjfJv) satisfying (i)-(iii) can be defined uniquely. Note that in U(g̃)

eifJ = fJei + ri(J), fjeI = eIfj + r′j(I), (6)

where ri(J) (resp. r′j(I)) is either in U(h) or in U(ñ−) (resp. U(ñ+)) which is
a linear combination of fJ ′ (resp. eI′ ) with |J ′| = |J | − 1 (resp. |I ′| = |I| − 1).
Also, in U(g̃) we have, for any h ∈ h and words I , J ,

[h, eI ] = heI − eIh = α(h)eI , [h, fJ ] = hfJ − fJh = −β(h)fJ , (7)

where α, β ∈ h∗ are given by I and J respectively. By (6) and (7) it follows that

[h, ri(J)] = (αi − β)(h)ri(J), [h, r′j(I)] = (α− αj)(h)r′j(I), h ∈ h. (8)

By (6) and eiv = 0,

eieIv
∗ ⊗ fJv = ei(eIv

∗ ⊗ fJv)− eIv∗ ⊗ eifJv
= ei(eIv

∗ ⊗ fJv)− eIv∗ ⊗ ri(J)v.

So, by (i) there is only one way to define

ϕ̃(eieIv
∗ ⊗ fJv) , [ei, ϕ̃(eIv

∗ ⊗ fJv)]− ϕ̃(eIv
∗ ⊗ ri(J)v), (9)

which is unique by inductive hypothesis. By (7), (8) and (9), for any h ∈ h it
follows that

[h, ϕ̃(eieIv
∗ ⊗ fJv)] = [h, [ei, ϕ̃(eIv

∗ ⊗ fJv)]]− [h, ϕ̃(eIv
∗ ⊗ ri(J)v)]

= αi(h)[ei, ϕ̃(eIv
∗ ⊗ fJv)] + [ei, [h, ϕ̃(eIv

∗ ⊗ fJv)]]

−[h, ϕ̃(eIv
∗ ⊗ ri(J)v)]

= αi(h)[ei, ϕ̃(eIv
∗ ⊗ fJv)] + [ei, ϕ̃(h(eIv

∗ ⊗ fJv))]

−ϕ̃(h(eIv
∗ ⊗ ri(J)v)) ((iii) of inductive hypothesis)

= (α− β + αi)(h)ϕ̃(eieIv
∗ ⊗ fJv)

= ϕ̃(h(eieIv
∗ ⊗ fJv)),

which means that (iii) is satisfied for the definition in (9). Similarly, since

eIv
∗ ⊗ fjfJv = fj(eIv

∗ ⊗ fJv)− fjeIv∗ ⊗ fJv
= fj(eIv

∗ ⊗ fJv)− r′j(I)v∗ ⊗ fJv,

by (ii) there is only one way to define

ϕ̃(eIv
∗ ⊗ fjfJv) , [fj, ϕ̃(eIv

∗ ⊗ fJv)]− ϕ̃(r′j(I)v∗ ⊗ fJv), (10)

which is unique by inductive hypothesis. By a similar argument it follows that,
for any h ∈ h ,

[h, ϕ̃(eIv
∗ ⊗ fjfJv)] = (α− β − αj)(h)ϕ̃(eIv

∗ ⊗ fjfJv)

= ϕ̃(h(eIv
∗ ⊗ fjfJv)),
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which means that (iii) is satisfied for the definition in (10). Note that

eieIv
∗ ⊗ fjfJv = ei(eIv

∗ ⊗ fjfJv)− eIv∗ ⊗ eifjfJv
= ei(fj(eIv

∗ ⊗ fJv)− fjeIv∗ ⊗ fJv)− eIv∗ ⊗ δijhifJv
−eIv∗ ⊗ fjeifJv

= (eifj)(eIv
∗ ⊗ fJv)− ei(fjeIv∗ ⊗ fJv)− eIv∗ ⊗ δijhifJv

−eIv∗ ⊗ fjri(J)v

= (eifj)(eIv
∗ ⊗ fJv)− ei(r′j(I)v∗ ⊗ fJv)− eIv∗ ⊗ δijhifJv

−fj(eIv∗ ⊗ ri(J)v)− r′j(I)v∗ ⊗ ri(J)v.

So, by (i) and (ii) there is only one way to define

ϕ̃(eieIv
∗ ⊗ fjfJv) ,[ei, [fj, ϕ̃(eIv

∗ ⊗ fJv)]]− [ei, ϕ̃(r′j(I)v∗ ⊗ fJv)]

− [fj, ϕ̃(eIv
∗ ⊗ ri(J)v)]− ϕ̃(eIv

∗ ⊗ δijhifJv)

− ϕ̃(r′j(I)v∗ ⊗ ri(J)v),

(11)

which is unique by inductive hypothesis. Similarly,

eieIv
∗ ⊗ fjfJv = fj(eieIv

∗ ⊗ fJv)− fjeieIv∗ ⊗ fJv
= (fjei)(eIv

∗ ⊗ fJv)− fj(eIv∗ ⊗ ri(J)v) + δijhieIv
∗ ⊗ fJv

−ei(r′j(I)v∗ ⊗ fJv)− r′j(I)v∗ ⊗ ri(J)v.

So, by (i) and (ii) there is only one way to define

ϕ̃(eieIv
∗ ⊗ fjfJv) ,[fj, [ei, ϕ̃(eIv

∗ ⊗ fJv)]]− [ei, ϕ̃(r′j(I)v∗ ⊗ fJv)]

− [fj, ϕ̃(eIv
∗ ⊗ ri(J)v)] + ϕ̃(δijhieIv

∗ ⊗ fJv)

− ϕ̃(r′j(I)v∗ ⊗ ri(J)v),

(12)

which is unique by inductive hypothesis. The difference of the right sides in (11)
and (12) is

[[ei, fj], ϕ̃(eIv
∗ ⊗ fJv)]− δijϕ̃(eIv

∗ ⊗ hifJv + hieIv
∗ ⊗ fJv)

= δijϕ̃(hi(eIv
∗ ⊗ fJv)− eIv∗ ⊗ hifJv − hieIv∗ ⊗ fJv) = 0,

which means that the definitions in (11) and (12) are equal. Thus ϕ̃(eieIv
∗⊗fjfJv)

is well defined by (11), or equivalently, by (12). For any h ∈ h , by (11), or
equivalently, (12) and (iii) of the inductive hypothesis, using similar argument as
in the computation of [h, ϕ̃(eieIv

∗ ⊗ fJv)] before, we get

[h, ϕ̃(eieIv
∗ ⊗ fjfJv)] = (α− β + αi − αj)(h)ϕ̃(eieIv

∗ ⊗ fjfJv)

= ϕ̃(h(eieIv
∗ ⊗ fjfJv)),

which means that (iii) is satisfied for the definition in (11), or equivalently, (12).
This completes the induction.

We denote again by v the highest-weight vector of the Verma module M(λ)
(resp. irreducible highest weight module L(λ)), and v∗ the lowest-weight vector
of the contragredient module M(λ)∗ (resp. L(λ)∗ ) such that v∗(v) = 1.
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We recall some definitions and facts given in [7]. Let r be the maximal
ideal of g̃ among the ideals which intersect h trivially. Then r = r− ⊕ r+ is a
direct sum of ideals, where r± = r ∩ ñ± (cf. [7, Theorem 1.2]), and g = g̃/r by
definition. Note that n± = ñ±/r± . For any λ ∈ h∗ , we have M(λ) ∼= U(n−) and
M(λ)∗ ∼= U(n+) as vector spaces. Set

N(λ) =
(
U(r+)⊗ M̃(λ)

)
+
(
M̃(λ)∗ ⊗ U(r−)

)
, (13)

where U(r±) is the universal enveloping algebra of r± . Then, under the identifi-

cation of vector spaces M̃(λ)∗ ↔ U(ñ+) given by eIv
∗ ↔ eI and M̃(λ)↔ U(ñ−)

given by fJv ↔ fJ , respectively, we have

M(λ)∗ ⊗M(λ) =
M̃(λ)∗ ⊗ M̃(λ)

N(λ)
. (14)

Lemma 2.2. For any x ∈ h there is a unique g-module homomorphism ϕ from
M(λ)∗ ⊗M(λ) to g such that ϕ(v∗ ⊗ v) = x, and Homg(M(λ)∗ ⊗M(λ), g) ∼= h
as vector spaces.

Proof. It suffices to show that the correspondence v∗⊗ v 7→ x can be uniquely
extended to a g-module homomorphism from M(λ)∗ ⊗M(λ) to g .

For any x ∈ h , let ϕ̃ ∈ Homg̃(M̃(λ)∗ ⊗ M̃(λ), g̃) be the unique ho-
momorphism given by Lemma 2.1 such that ϕ̃(v∗ ⊗ v) = x . For any r ∈ r ,
ϕ̃(r(eIv

∗⊗ fJv)) = [r, ϕ̃(eIv
∗⊗ fJv)] ∈ r for any words I , J . So, by (13) and (14)

it suffices to show that ϕ̃(N(λ)) ⊂ r .

For any r ∈ r+ ⊂ ñ+ , y ∈ ñ− , since [r, y] ∈ ñ+ , ryv = [r, y]v + yrv = 0.

By this and the fact that ϕ̃ ∈ Homg̃(M̃(λ)∗ ⊗ M̃(λ), g̃) it follows that

ϕ̃(rv∗ ⊗ yv) = ϕ̃(r(v∗ ⊗ yv))− ϕ̃(v∗ ⊗ ryv) = [r, ϕ̃(v∗ ⊗ yv)] ∈ r+.

Moreover, for any r, r′ ∈ r+ , by the same argument as above,

ϕ̃(rr′v∗ ⊗ yv) = ϕ̃(r(r′v∗ ⊗ yv))− ϕ̃(r′v∗ ⊗ ryv) = [r, ϕ̃(r′v∗ ⊗ yv)] ∈ r+.

Since U(r+) is generated by r+ , we have shown that ϕ̃
(
U(r+)⊗ M̃(λ)

)
⊂ r+ .

Similarly, we have ϕ̃
(
M̃(λ)∗ ⊗ U(r−)

)
⊂ r− . So, ϕ̃(N(λ)) ⊂ r , which means that

ϕ̃ factors to a g-module homomorphism ϕ from M(λ)∗ ⊗M(λ) to g , extending
the correspondence v∗ ⊗ v 7→ x ∈ h .

Assume further that g is symmetrizable and λ is a dominant integral
weight. Then the integrable highest weight g-module L(λ) is given by (cf. [7,
(10.4.6) or Corollary 10.4])

L(λ) =
M(λ)

n∑
i=1

(
U(n−)f

λ(hi)+1
i v

) .



734 Gan and Tan

Dually, the integrable lowest weight g-module L(λ)∗ is given by

L(λ)∗ =
M(λ)∗

n∑
i=1

(
U(n+)e

λ(hi)+1
i v∗

) .
Let J(λ) be the subspace(

n∑
i=1

(
U(n+)e

λ(hi)+1
i v∗

)
⊗M(λ)

)
+

(
M(λ)∗ ⊗

n∑
i=1

(
U(n−)f

λ(hi)+1
i v

))

of M(λ)∗ ⊗M(λ). Then we have

L(λ)∗ ⊗ L(λ) =
M(λ)∗ ⊗M(λ)

J(λ)
. (15)

Lemma 2.3. Assume that g is a symmetrizable Kac-Moody algebra and λ is
a dominant integral weight. Let t(λ) be the set of j ’s such that λ(hj) = 0.
Let v (resp. v∗ ) be a highest-weight vector of the integrable highest weight g-
module L(λ) (resp. the lowest-weight vector of the g-module L(λ)∗ ) such that
v∗(v) = 1. Set hλ = ∩j∈t(λ) kerαj ⊆ h. Then for any x ∈ hλ there is a unique
g-module homomorphism ϕ from L(λ)∗⊗L(λ) to g such that ϕ(v∗⊗ v) = x, and
Homg(L(λ)∗⊗L(λ), g) ∼= hλ as vector spaces. (Here, if the set t(λ) is empty then
hλ = h.)

Proof. For any ϕ ∈ Homg(L(λ)∗ ⊗ L(λ), g), we claim that ϕ(v∗ ⊗ v) ∈ hλ .
Indeed, by (15), if ϕ(v∗⊗ v) = x ∈ h and λ(hj) = 0 for some j , then fjv = 0 and
hence

0 = ϕ(v∗ ⊗ fjv) = [fj, ϕ(v∗ ⊗ v)] = [fj, x] = αj(x)fj, (16)

which means that x ∈ hλ , and the claim follows. So the map ϕ 7→ ϕ(v∗⊗ v) from
Homg(L(λ)∗ ⊗ L(λ), g) to hλ is well defined.

So, for any x ∈ hλ it suffices to show that the correspondence v∗ ⊗ v 7→ x
can be uniquely extended to a g-module homomorphism from L(λ)∗ ⊗ L(λ) to
g . Let ϕ ∈ Homg(M(λ)∗ ⊗ M(λ), g) be the unique g-module homomorphism
such that ϕ(v∗ ⊗ v) = x given by Lemma 2.2. By (15) it suffices to show that ϕ
annihilates J(λ). We make the following

Claim: ϕ(e
λ(hi)+1
i v∗⊗y−v) = 0 = ϕ(y+v

∗⊗fλ(hi)+1
i v) for 1 ≤ i ≤ n , y± ∈ U(n±).

Since U(n±) has a Z≥0 -gradation given by the generators ej (resp. fj ),
without loss of generality we may assume that y± is homogenous and we make
induction on the degree of y− to prove the first identity, while the second is the
same.
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At first ϕ(eiv
∗ ⊗ v) = ϕ(ei(v

∗ ⊗ v)) = [ei, x] = −αi(x)ei . So, if λ(hi) = 0
then αi(x) = 0 and hence ϕ(eiv

∗⊗ v) = 0 since x ∈ hλ . Otherwise ϕ(e2i v
∗⊗ v) =

ϕ(ei(eiv
∗ ⊗ v)) = −αi(x)[ei, ei] = 0, and hence ϕ(e

λ(hi)+1
i v∗ ⊗ v) = 0 as required.

Assume that ϕ(e
λ(hi)+1
i v∗⊗ y−v)=0. We show that ϕ(e

λ(hi)+1
i v∗⊗fjy−v)=0

for all 1 ≤ j ≤ n . Recall that in M(λ)∗ it holds that for any integer k ≥ 1,

fje
k
i v
∗ = δijk(λ(hi)− (k − 1))ek−1i v∗, in particular, fje

λ(hi)+1
i v∗ = 0, (17)

which can be verified by using the facts that fjei = −δijhi + eifj and fjv
∗ = 0.

So, by inductive hypothesis and (17) we have that

ϕ(e
λ(hi)+1
i v∗ ⊗ fjy−v) = ϕ(fj(e

λ(hi)+1
i v∗ ⊗ y−v))− ϕ(fje

λ(hi)+1
i v∗ ⊗ y−v)

= [fj, ϕ(e
λ(hi)+1
i v∗ ⊗ y−v)]− 0 = 0

as required, and the claim follows.

Lastly, for any ej and y− ∈ U(n−), by the claim as above

ϕ(eje
λ(hi)+1
i v∗ ⊗ y−v) = ϕ(ej(e

λ(hi)+1
i v∗ ⊗ y−v))− ϕ(e

λ(hi)+1
i v∗ ⊗ ejy−v)

= [ej, ϕ(e
λ(hi)+1
i v∗ ⊗ y−v)]− 0 = 0.

Since U(n+) is generated by ej (1 ≤ j ≤ n), by induction hypothesis and

ϕ(ekeJe
λ(hi)+1
i v∗ ⊗ y−v) = ϕ(ek(eJe

λ(hi)+1
i v∗ ⊗ y−v))

−ϕ(eJe
λ(hi)+1
i v∗ ⊗ eky−v),

where eJ is a word in et , 1 ≤ t ≤ n , it follows that

ϕ

(
n∑
i=1

(
U(n+)e

λ(hi)+1
i v∗

)
⊗M(λ)

)
= 0.

Similarly, ϕ

(
M(λ)∗ ⊗

n∑
i=1

(
U(n−)f

λ(hi)+1
i v

))
= 0. So ϕ(J(λ)) = 0, and hence

ϕ factors to a g-module homomorphism from L(λ)∗ ⊗ L(λ) to g extending the
correspondence v∗ ⊗ v 7→ x ∈ hλ .

We would like to point out that Lemma 2.1 holds for any λ ∈ h∗ , while
Lemma 2.3 is shown only for dominant integral weights λ , since our proof needs
the presentation of the irreducible module L(λ) given by [7, (10.4.6) or Corollary
10.4]. We reformulate Lemma 2.3 in terms of local Lie algebras as the following

Proposition 2.4. Assume that g is a symmetrizable Kac-Moody algebra and
λ is a dominant integral weight. Let the notation be as in Lemma 2.3. Then
any x ∈ hλ determines uniquely a local Lie algebra L(λ)∗ ⊕ g ⊕ L(λ) via ϕ ∈
Homg(L(λ)∗⊗L(λ), g) given by ϕ(v∗⊗ v) = x, and any local Lie algebra structure
on L(λ)∗ ⊕ g⊕ L(λ) arises in this way.

A special case of Lemma 2.3 is the following
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Example 2.5. Let (g = g(C), h,Π,Π∨) be a quadruple associated to a sym-
metrizable generalized Cartan matrix C . For λ = 0 and the trivial g-module
L(0) = C , it holds that Homg(C ⊗ C, g) = Homg(C, g) ∼= Z(g), the center of g .
Note that Z(g) = ∩ni=1 kerαi ([7, Proposition 1.6]), which is exactly h0 here by
definition. Thus the fact that Homg(C, g) ∼= Z(g) coincides with Lemma 2.3.

As an application of Lemma 2.3 we have the following

Corollary 2.6. Let g be a finite-dimensional simple Lie algebra and λ be
a dominant integral weight. Then the multiplicity of the adjoint module g in
L(λ)∗ ⊗ L(λ) is dim hλ .

Proof. Since the adjoint g-module is simple, by Weyl’s complete reducibility
theorem and Schur Lemma, the multiplicity of g in L(λ)∗ ⊗ L(λ) is equal to
dim Homg(L(λ)∗ ⊗ L(λ), g), which is dim hλ by Lemma 2.3.

Example 2.7. Assume that g = sl2 with standard basis {x, h, y} . For any
integer m = λ(h) > 0, the dual module V (m)∗ of the corresponding simple
g-module V (m) is isomorphic to V (m) itself. By the classical Clebsch-Gordan
formula it follows that the multiplicity of g ∼= V (2) in V (m)⊗ V (m) is 1, which
also follows by Corollary 2.6, since hλ = h in this case.

3. The minimal gradation.

Assume that n > 1 is an integer and a pair (Ĉ, C) of indecomposable generalized
Cartan matrices satisfies the following condition:

Ĉ is a symmetrizable of order n+ 1;

C is the first n× n principal submatrix of Ĉ;

rank(Ĉ) = 2 + rank(C).

(18)

Fix a minimal realization (h, Π̂ = {α1, · · · , αn+1} , Π̂∨ = {h1, · · · , hn+1}) of Ĉ .

Let ĝ := ĝ(Ĉ) be the Kac-Moody algebra associated to Ĉ with respect to this
minimal realization, and its Chevalley generators are ei , fi (1 ≤ i ≤ n+1), h ∈ h .

Lemma 3.1. (1) Ĉ has indefinite type.

(2) The triple (h,Π = {α1, · · · , αn}, Π∨ = {h1, · · · , hn}) is a minimal realiza-
tion of C . Hence the subalgebra of ĝ generate by ei , fi (1 ≤ i ≤ n), h, is
the Kac-Moody algebra g := g(C) associated to C , in particular, g and ĝ
have the same Cartan subalgebra h.

(3) −αn+1 is a dominant integral weight of g and hn+1 ∈ h−αn+1 (for definition
see Lemma 2.3).

Proof. (1) Assume that Ĉ has either finite or affine type. Then C is of finite

type. By rank(C) = rank(Ĉ)− 2 it follows that rank(C) is either n− 1 or n− 2,
which means that C can not be of finite type, a contradiction.
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(2) It suffices to note that dim h = 2(n + 1) − rank(Ĉ) = 2n − rank(C)

holds if and only if rank(Ĉ) = 2 + rank(C).

(3) For any 1 ≤ j ≤ n , −αn+1(hj) = −Ĉ(n+1, j) ∈ Z≥0 , and −αn+1(hj) =

−Ĉ(n + 1, j) = 0 if and only if αj(hn+1) = Ĉ(j, n + 1) = 0 by the definition of
generalized Cartan matrices.

It follows that the irreducible highest weight g = g(C)-module L(−αn+1)
is integrable, and so is the contragradient dual L(−αn+1)

∗ of L(αn+1). Moreover,
it’s easy to see that C is symmetrizable. Choose a highest-weight vector v of
L(−αn+1) and a lowest-weight vector v∗ of L(−αn+1)

∗ such that v∗(v) = 1. Then
by Proposition 2.4 and Lemma 3.1 (3) we have the following

Corollary 3.2. L(−αn+1)
∗ ⊕ g ⊕ L(−αn+1) becomes a local Lie algebra via

the g-module homomorphism ϕ from L(−αn+1)
∗ ⊗ L(−αn+1) to g extending the

correspondence v∗ ⊗ v 7→ hn+1 .

So we have the maximal Z-graded Lie algebra F = ⊕+∞
i=−∞Fi with local

part L(−αn+1)
∗ ⊕ g⊕ L(−αn+1) given as follows (see [8, Proposition 4]):

F−1 = L(−αn+1)
∗, F0 = g, F1 = L(−αn+1);

F+ :=
∑
i≥1

Fi (resp. F− :=
∑
i≥1

F−i) is the free Lie algebra

generated by L(−αn+1) (resp. L(−αn+1)
∗),

(19)

and the Lie bracket of F is uniquely determined by the following relations via
Leibniz rule:

[a, u] = au = −[u, a], [a, w∗] = aw∗ = −[w∗, a] : a ∈ F0, u ∈ F1, w
∗ ∈ F−1,

[u,w∗] = −[w∗, u] = ϕ(w∗ ⊗ u) : u ∈ F1, w
∗ ∈ F−1,

[a, [u′, u′′]] = [[a, u′], u′′] + [u′, [a, u′′]] : a ∈ F0, u
′, u′′ ∈ F+,

[a, [η′, η′′]] = [[a, η′], η′′] + [η′, [a, η′′]] : a ∈ F0, η
′, η′′ ∈ F−,

[u, [η′, η′′]] = [[u, η′], η′′] + [η′, [u, η′′]] : u ∈ F+, η′, η′′ ∈ F−,
[η, [u′, u′′]] = [[η, u′], u′′] + [u′, [η, u′′]] : u′, u′′ ∈ F+, η ∈ F−.

(20)

We have the following

Lemma 3.3. As a Lie algebra F is generated by ei , v
∗ , fi , v (1 ≤ i ≤ n),

h ∈ h.

Proof. Similar to the proof of [1, Proposition 2.12].

By (20) and the definition of ϕ : L(−αn+1)
∗⊗L(−αn+1)→ g which extends

v∗ ⊗ v 7→ hn+1 ∈ h−αn+1 , the following hold in F : For any h, h′ ∈ h ,

[h, ei] = αi(h)ei, [h, fi] = −αi(h)fi, [ei, fj] = δijhi, 1 ≤ i, j ≤ n;

[h, v∗] = hv∗ = αn+1(h)v∗, [h, v] = hv = −αn+1(h)v, [h, h′] = 0,

[ei, v] = 0 = [fi, v
∗], [v∗, v] = hn+1, 1 ≤ i ≤ n.

(21)
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Let g̃ = g̃(Ĉ) be the auxiliary Lie algebra associated to Ĉ (cf. (1)). By
Lemma 3.3 and (21) there is a surjective Lie algebra homomorphism ψ : g̃ → F
given by

ψ(ei) = ei, ψ(fi) = fi, ψ(h) = h, 1 ≤ i ≤ n, h ∈ h,

ψ(en+1) = v∗, ψ(fn+1) = v.
(22)

By (21) and Lemma 3.3 F has the following weight subspace decomposition:

F = ⊕α∈h∗Fα, Fα = {x ∈ F | [h, x] = α(h)x for all h ∈ h},

α ∈ Q̂ := ⊕n+1
i=1 Zαi.

(23)

By (22) ψ maps the root subspace g̃α to Fα . In particular, since g̃ has triangular
decomposition, so does F , that is, Fα 6= 0, α 6= 0 imply that either α > 0 or
α < 0 in the usual sense. Moreover, F becomes a g-module via the adjoint action.
For k > 1, let J±k be the subspaces

J±k = {x ∈ F±k | [y1, · · · , yk−1, x] = 0 for all y1, · · · , yk−1 ∈ F∓1}. (24)

Then J + :=
∑

k>1 Jk (resp. J − :=
∑

k>1 J−k ) is an ideal of F+ (resp. F− ), and
J + + J − is the largest graded ideal of F which intersects the local part trivially
(see [1, Proposition 1.7] or [4, Proposition 4.2]). Thus we get Kac-Kantor algebra

L = L(Ĉ) := F/J = F+/J + ⊕F0 ⊕F−/J − (25)

with the local part being L(−αn+1)
∗ ⊕ g ⊕ L(−αn+1). The following is the main

result of this paper.

Theorem 3.4. Let (Ĉ, C) be a pair of generalized Cartan matrices satisfying

(18). Let ĝ (resp. g) be the Kac-Moody algebra associated to Ĉ (resp. C ),
and L be the Z-graded Lie algebra given by (25). Then there is a Lie algebra
isomorphism ψ : ĝ → L given by ei 7→ ei , fi 7→ fi (1 ≤ i ≤ n), en+1 7→ v∗ ,
fn+1 7→ v and h 7→ h. In particular, ĝ has a minimal Z-gradation with local part
L(−αn+1)

∗ ⊕ g⊕ L(−αn+1).

Proof. At first we show that ψ : g̃→ F given by (22) factors through ĝ to L .
It suffices to show that, for any ideal I of the auxiliary Lie algebra g̃ such that
I ∩ h = 0, it holds that ψ(I) ∩ (L(αn+1)

∗ ⊕ g⊕ L(αn+1)) = 0.

Note that ψ(I) is also an ideal of F since ψ is surjective, and elements from

L(αn+1)
∗ , g and L(αn+1) respectively have different degrees in the Q̂-gradation

of F . So it suffice to show that ψ(I)∩L(αn+1)
∗ = ψ(I)∩g = ψ(I)∩L(αn+1) = 0.

Suppose ψ(I) ∩ L(αn+1)
∗ 6= 0. Then ψ(I) ∩ L(αn+1)

∗ = L(αn+1)
∗ since

L(αn+1)
∗ is an irreducible g-module and ψ(I) ∩ L(αn+1)

∗ is a submodule of
L(αn+1)

∗ . (Note that ψ(I) is a g-module via adjoint action in F .) It follows that,
in particular, v∗ ∈ ψ(I) and hence [v∗, v] = hn+1 ∈ ψ(I)∩h 6= 0. Since ψ preserves

Q̂-gradation, it follows that I ∩ h 6= 0, a contradiction. So ψ(I) ∩ L(αn+1)
∗ = 0.

Similarly, ψ(I) ∩ L(αn+1) = 0.
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Suppose ψ(I) ∩ g 6= 0. Since ψ(I) ∩ g is also an ideal of g , it follows that
ψ(I) ∩ h 6= 0, which is impossible by the above argument.

Hence ψ factors to a Lie algebra homomorphism, denoted again by ψ , from
ĝ to L . Clearly ψ is surjective. Since ψ|h is an isomorphism, kerψ ∩ h = 0 and
hence kerψ = 0 by the definition of ĝ , which means that ψ is injective.

4. Some orbit Lie algebras and Lorentzian Kac-Moody algebras.

Let A be an indecomposable Cartan matrix of ADE type of rank ` ≥ 2. Then
the 2-fold affinization A[2] of A in [3] is a generalized intersection matrix in the
sense Slodowy [15]. The covering matrix of A[2] defined by Slodowy has a diagram
automorphism τ , which gives rise to the following generalized Cartan matrix

A[2],τ =

 A θ̃t θ̃t

θ̃ 2 −2

θ̃ −2 2


(`+2)×(`+2)

, θ̃ = (−(
◦
α1|θ), · · · ,−(

◦
α`|θ)) ∈ Z`, (26)

where θ is the highest root of A ,
◦
αj (1 ≤ j ≤ `) are simple roots of A , and (−|−)

is given by (
◦
αi|
◦
αj) = A(i, j). For details see [13, Lemma 2.2]. The affine matrix

A[1] of A is the first (` + 1)× (` + 1) principal submatrix of A[2],τ . We have the
following

Lemma 4.1. The pair (A[2],τ , A[1]) satisfies the condition (18).

Proof. Since A[2],τ is symmetric, it suffices to show that

rank(A[2],τ ) = rank(A[1]) + 2 = `+ 2,

which follows from the fact that A[2],τ has nonzero determinant.

Let us fix a minimal realization (hτ ,Πτ∨,Πτ ) of A[2],τ given by

hτ = ⊕`+2
i=1Chi, Πτ∨ = {h1, · · · ,h`+2}, Πτ = {α1, · · · , α`+2}. (27)

For a construction of such a triple (hτ ,Πτ∨,Πτ ) see [13, Lemma 2.2]. Hence the
triple

(hτ , {h1, · · · ,h`+1}, {α1, · · · , α`+1}) (28)

is a minimal realization of A[1] . Since A[2],τ is symmetric, with respect to the
minimal realization given by (27), the Kac-Moody algebra g(A[2],τ ) associated to
A[2],τ has the following presentation [7, Theorem 9.11]:

Generators : h ∈ hτ , ei,f i, 1 ≤ i ≤ `+ 2.

Relations :

[h,h′] = 0, [h, ej] = αj(h)ej, [h,f j] = −αj(h)f j, [ei,f j] = δijhi,

h,h′ ∈ hτ , 1 ≤ i, j ≤ `+ 2,

(adei)
1−A[2],τ (i,j)ej = (adf i)

1−A[2],τ (i,j)f j = 0, 1 ≤ i 6= j ≤ `+ 2.

(29)
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Since A[2],τ is non-degenerate, g(A[2],τ ) is a simple Lie algebra. The subalgebra
of g(A[2],τ ) generated by ei , f i , 1 ≤ i ≤ ` + 1, hτ is the affine Kac-Moody
algebra g[1] = g(A[1]) associated to A[1] with the minimal realization given by
(28). By Lemma 3.1 (3) and Lemma 4.1 it follows that −α`+2 is a dominant
integral weight of g[1] . In fact, since A[2],τ is non-degenerate, {hj}`+2

j=1 is a basis

of hτ , and hence −α`+2 is the unique dominant integral weight of g[1] defined by
−α`+2(hj) = −A[2],τ (`+ 2, j), 1 ≤ j ≤ `+ 2. We have the following

Corollary 4.2. The g[1] -module L(−α`+2) has level 4.

Proof. It follows by a case-by-case check that −α`+2(K) = 4, where K is the
canonical central element of g[1] given by [7, Table Aff 1].

Choose a highest-weight vector v ∈ L(−α`+2) and a lowest-weight vector
v∗ ∈ L(−α`+2)

∗ such that v∗(v) = 1. By Corollary 3.2 we get the local Lie algebra
L(−α`+2)

∗ ⊕ g[1] ⊕ L(−α`+2) with respect to the g[1]–module homomorphism
ϕ : L(−α`+2)

∗ ⊗ L(−α`+2)→ g[1] given by v∗ ⊗ v 7→ h`+2 ∈ (hτ )−α`+2 , and hence
we have the minimal Z-graded Lie algebra L = L(A[2],τ ) given by (25). By Lemma
4.1 and Theorem 3.4 we get the following

Corollary 4.3. The Kac-Moody algebra g(A[2],τ ) is isomorphic to the Lie alge-
bra L = L(A[2],τ ) via ei 7→ ei , f i 7→ f i , 1 ≤ i ≤ `+1, and e`+2 7→ v∗ , f `+2 7→ v ,
h 7→ h ∈ hτ . In particular, g(A[2],τ ) has a minimal Z-gradation with local part
being L(−α`+2)

∗ ⊕ g[1] ⊕ L(−α`+2).

We have a direct application of Corollary 4.3 as follows. Let W [1] be
the Weyl group of A[1] and P+ be the set of dominant integral weights of g[1] .
Recall the usual partial order ≤ on (hτ )∗ is given by β ≤ β′ if and only if
β′ − β ∈ ⊕`+1

i=1Z≥0αi .
Let 4−(1) be the set of roots of g(A[2],τ ) of the form −α`+2 − β , where

β ∈ ⊕`+1
i=1Z≥0αi . By Corollary 4.3 −α`+2 − β ∈ 4−(1) if and only if −α`+2 − β

is a weight of the integrable highest weight g[1] -module L(−α`+2). So by [7,
Proposition 12.5] it follows that 4−(1) = W [1] · {µ ∈ P+ : µ ≤ −α`+2} .

The set 4−(1) can be written in terms of maximal weights of the g[1] -
module L(−α`+2). Recall that, for any integrable highest weight g[1] -module
L(Λ), a weight λ is maximal if λ + δ is not a weight, where δ is the null root
of g[1] . Let max(Λ) be the set of maximal weights of L(Λ) as in [7]. Then by
Corollary 4.3 and [7, Proposition 12.5] we have the following

Corollary 4.4. 4−(1) =
⋃

λ∈max(−α`+2)

{λ− nδ |n ∈ Z≥0} (disjoint union).

Following [7, §5.11] the Lorentzian, or (almost) hyperbolic, Cartan matrix
XH
` associated to the Cartan matrix X` of finite type is given by

XH
` =

[
X

[1]
` γ
γt 2

]
(`+2)×(`+2)

, (30)
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where X
[1]
` is the nontwisted affine matrix associated to X` , and γt=(0, · · ·, 0,−1).

That is, the Dynkin diagram of XH
` is obtained form that of X

[1]
` by adding a

vertex labelled as ` + 2 joined with the vertex labelled ` + 1 by a single edge.
Here we use notation in [7, §5.11] with a slight modification of labels; and X` is
different the notation A as above, since X` may have an arbitrary finite type.

Consider the (` + 2)-dimensional complex vector space hτ with a basis
Π∨ := Πτ ,∨ = {h1, · · · ,h`+2} as in (27). Define βi ∈ (hτ )∗ by βi(hj) = XH

` (i, j),
1 ≤ i, j ≤ `+ 2. Since XH

` is non-singular, βi is uniquely defined. Then the triple

(hτ ,Π = {β1, · · · , β`+2},Π∨ = {h1, · · · ,h`+2}) (31)

is a minimal realization of XH
` . We have the following

Lemma 4.5. The pair (XH
` , X

[1]
` ) satisfies the condition (18).

Proof. Since det(XH
` ) = − det(X`) 6= 0, it holds that rank(XH

` ) = ` + 2 =

rank(X
[1]
` ) + 2. So it remains to show that XH

` is symmetrizable. Choose a

symmetrization DX
[1]
` = B of X

[1]
` , where D = diag(d1, · · · , d`+1) is a diagonal

matrix with di > 0, and B is symmetric. Then it’s direct to see that the
(`+ 2)× (`+ 2) diagonal matrix D′ := diag(d1, · · · , d`+1, d`+1) satifies that D′XH

`

is symmetric.

Let g(XH
` ) be the Lorentzian Kac-Moody algebra associated to XH

` given
by (30) with Chevalley generators ei , fi (1 ≤ i ≤ i ≤ `+2), h ∈ hτ . With respect
to the minimal realization of XH

` given by (31), the triple
(hτ , {β1, · · · , β`+1}, {h1, · · · ,h`+1})

is a minimal realization of the affine matrix X
[1]
` , and hence the subalgebra of

g(XH
` ) generated by ei , fi (1 ≤ i ≤ `+1), h ∈ hτ is the affine algebra g(X

[1]
` ). By

Lemma 3.1 (3) and Lemma 4.1 it follows that −β`+2 is a dominant integral weight

of g(A
[1]
` ), and h`+2 ∈ (hτ )−β`+2 . Moreover, by [7, Table Aff 1] the integrable

highest g(X
[1]
` )-module L(−β`+2) has level 1.

Choose a highest-weight vector v (resp. lowest-weight vector v∗ ) of L(−β`+2)
(resp. L(−β`+2)

∗ ) such that v∗(v) = 1. By Corollary 3.2 we get the local Lie alge-

bra L(−β`+2)
∗⊕g(X

[1]
` )⊕L(−β`+2) with respect to the g(X

[1]
` )-module homomor-

phism ϕ : L(−β`+2)
∗ ⊗ L(−β`+2) → g(X

[1]
` ) given by v∗ ⊗ v 7→ h`+2 ∈ (hτ )−β`+2 ,

and hence we have the minimal Z-graded Lie algebra L = L(XH
` ) given by (25).

So by Theorem 3.4 we have the following

Corollary 4.6. There is a Lie algebra isomorphism ψ : g(XH
` )→ L = L(XH

` )
given by ei 7→ ei , fi 7→ fi (1 ≤ i ≤ ` + 1), e`+2 7→ v∗ , f`+2 7→ v and
h 7→ h. In particular, g(XH

` ) has a minimal Z-gradation with local part being

L(−β`+2)
∗ ⊕ g(X

[1]
` )⊕ L(−β`+2).

Remark 4.7. The case X` = A` is due to Feingold and Frenkel [4], Kang and
Melville [10]; the case X` = C` is due to Klima and Misra [12].
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Now we assume that X` = A is of ADE type. Then we have the Lorentzian
Cartan matrix AH` given by (30). We proceed to show that g(A[2],τ ) is isomorphic
to a subalgebra of the Lorentzian Kac-Moody algebra g(AH` ) following Feingold-
Nicolai method in [5].

Identify the affine algebra g[1] = g(A[1]) with g(A
[1]
` ), the subalgebra of

g(AH` ) generated by ei , fi (1 ≤ i ≤ `+1), h ∈ hτ . Then the null root δ (in terms
of βi , 1 ≤ i ≤ ` + 1) of g[1] is an isotropic imaginary root of g(AH` ). Note that
βj(h`+2) = −δj,`+1 for 1 ≤ j ≤ `+ 1, δ(h`+2) = −1. We have the following

Lemma 4.8. For any positive integer k set γk = β`+1 + (k+ 1)β`+2 +kδ . Then

(i) γk is a positive real root of g(AH` ).

(ii) γk − βj is not a root of g(AH` ) for all 1 ≤ j ≤ `+ 1.

Proof. (i) Let r`+2 be the fundamental reflection of (hτ )∗ with respect to β`+2 .
Since β`+1 + kδ is a real positive root of g(AH` ), the statement follows by

r`+2(β`+1 + kδ) = β`+1 + β`+2 + kδ + kβ`+2 = γk.

(ii) Let (−|−) be the bilinear form on (hτ )∗ induced by the standard
invariant bilinear form, denoted again by (−|−), on g(AH` ), which is, by non-
singularity of AH` , uniquely determined by (hi|hj) = AH` (i, j) [7]. Then for any
1 ≤ j ≤ `+ 1 it holds that

(γk|βj) =

{
2− (k + 1) = 1− k ≤ 0 if j = `+ 1,
(β`+1|βj) = AH` (`+ 1, j) ≤ 0 if 1 ≤ j ≤ `.

So (γk−βj|γk−βj) = (γk|γk)+(βj|βj)−2(γk|βj) = 4−2(γk|βj) ≥ 4, which
means that γk − βj can not be a root of g(AH` ).

Consider γ3 = β`+1 + 3δ + 4β`+2 . Choose an sl2 -triple (xγ3 , yγ3 ,hγ3) in
g(AH` ) associated to γ3 , that is, xγ3 belongs to the root subspace g(AH` )γ3 , yγ3
belongs to the root subspace g(AH` )−γ3 and hγ3 belongs to hτ satisfying that
[hγ3 , xγ3 ] = 2xγ3 , [hγ3 , yγ3 ] = −2yγ3 , [xγ3 , yγ3 ] = hγ3 , or equivalently, (xγ3|yγ3) =
1, hγ3 = ν−1(γ3), where ν : hτ → (hτ )∗ is the canonical linear map induced by
(−|−) [7, §2.1]. Then we have the following

Lemma 4.9. The triple (hτ , {β1, · · · , β`+1, γ3}, {h1, · · · ,h`+1,hγ3}) is a mini-
mal realization of A[2],τ .

Proof. By definition γ3(hγ3) = γ3(ν
−1(γ3)) = (γ3|γ3) = 2. For any 1 ≤ j ≤

`+ 1, it holds that

βj(hγ3) = βj(ν
−1(γ3)) = (βj|γ3)

=

{
2− 4 = −2 if j = `+ 1,

(βj|β`+1) = βj(h`+1) = A
[1]
j,`+1 if 1 ≤ j ≤ `.

(32)
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Clearly, βj(hi) = A
[1]
j,i for 1 ≤ i, j,≤ ` + 1. So, if we set α′i = βi , h

′
i = hi for

1 ≤ i ≤ `+1 and α′`+2 = γ3 , h′`+2 = hγ3 , then by (26) the matrix (α′i(h
′
j))1≤i,j≤`+2

is A[2],τ as required. Lastly, since β1, · · · , β`+1 , γ3 = β`+1 + 3δ+ 4β`+2 are linearly
independent in (hτ )∗ , and A[2],τ is non-singular, h1 , · · · , h`+1 , hγ3 are also
linearly independent in hτ .

We have the following

Proposition 4.10. Let A be a Cartan matrix of ADE type with rank ` ≥ 2.
Then the orbit Kac-Moody algebra g(A[2],τ ) is isomorphic to a subalgebra of the
Lorentzian Kac-Moody algebra g(AH` ). More precisely, let T be the subalgebra
of g(AH` ) generated by ei , fi (1 ≤ i ≤ ` + 1), xγ3 , yγ3 , hτ . Then there is an
isomorphism χ : g(A[2],τ ) → T given by ei 7→ ei , f i 7→ fi , hi 7→ hi (1 ≤ i ≤
`+ 1), e`+2 7→ xγ3 , f `+2 7→ yγ3 , h`+2 7→ hγ3 .

Proof. It follows by [5, Theorem 3.1] and Lemma 4.8, Lemma 4.9.

Remark 4.11. By a result of S. Viswanath [16, Theorem 1], any simply-laced
almost hyperbolic (Lorentzian) Kac-Moody algebra is isomorphic to a subalgebra
of the hyperbolic Kac-Moody algebra E10 . So, by Proposition 4.10 the orbit Lie
algebra g(A[2],τ ) is isomorphic to a subalgebra of E10 .

Acknowledgements. The authors thank the referee for helpful suggestions.

References

[1] Benkart, G., S.-J. Kang, and K. C. Misra, Graded Lie algebras of Kac-Moody
type, Adv. Math. 97 (1993), 154–190.

[2] —, Indefinite Kac-Moody algebras of special linear type, Pac. J. Math. 170
(1995), 379–404.

[3] Berman, S., and R. V. Moody, Lie algebras graded by finite root systems
and the intersection matrix algebras of Slodowy, Invent. Math. 108 (1992),
323–347.

[4] Feingold, A. J., and I. B. Frenkel, A hyperbolic Kac-Moody algebra and the
theory of Siegel modular forms of genus 2, Math. Ann. 263 (1983), 87–144.

[5] Feingold, A. J., and H. Nicolai, Subalgebras of hyperbolic Kac-Moody alge-
bras, In: Kac-Moody Lie Algebras and Related Topics, Contemp. Math. 343
(2004), 97–114.

[6] Fuchs, J., B. Schellekens, and C. Schweigert, From Dynkin diagram symme-
tries to fixed point structures, Commun. Math. Phys. 180 (1996), 39–97.

[7] Kac, V. G., Infinite Dimensional Lie Algebras, Cambridge University Press.
1990.



744 Gan and Tan

[8] —, Simple irreducible graded Lie algebras of finite growth, Math. USSR-Izv.
2 (1968), 1271–1311.

[9] Kang, S.-J., Kac-Moody Lie algebras, spectral sequences, and the Witt for-
mula, Trans. Amer. Math. Soc. 339 (1993), 463–493.

[10] Kang, S.-J., and D. J. Melville, Root multiplicities of the Kac-Moody algebra

HA
(1)
n , J. Algebra 170 (1994), 277–299.

[11] Kantor, I. L., Infinite dimensional simple graded Lie algebras, Sov. Math.
Dokl. 9 (1968), 409–412.

[12] Klima, V. W., and K. C. Misra, Root multiplicities of the indefinite KacMoody
algebras of symplectic type, Comm. Algebra 36 (2008), 764–782.

[13] Lv, R., and Y. Tan, On generalized intersection matrix algebras arising from
2-fold affinization of Cartan matrices, Comm. Algebra 41 (2013), 2543–2563.

[14] Moody, R. V., and Z. Shi, Toroidal Weyl groups, Nova J. of Algebra and
Geometry 1 (1992), 317–337.

[15] Slodowy, P., Beyond Kac-Moody algebras, and inside, Can. Math. Soc. Proc.
5 (1988), 361–371.

[16] Viswanath, S., Embeddings of hyperbolic Kac-Moody algebras into E10 , Lett.
Math. Phys. 83 (2008), 139–148.

Huiling Gan
Mathematical college
Sichuan University
Chengdu 610064, China
Currently:
School of Mathematics
Sun Yat-sen University
Zhuhai Campus
Zhuhai, Guangdong, 519082, China
ghl16882014@163.com

Youjun Tan
Mathematical College
Sichuan University
Chengdu 610064, China
ytan@scu.edu.cn

Received July 8, 2016
and in final form December 28, 2016


