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1. Introduction.

A local Lie algebra is a direct sum L_; @ Ly @ L of vector spaces with anticom-
mutative bilinear maps L; x L; — L;y; for |i|,|j|, |¢] + [j| < 1, such that Jacobi
identity holds for any defined [z, [y, z]] (see [7, Ex. 1.8], [8, Definition 5]). For
any Z-graded Lie algebra L = &;L;, L_1 ® Ly ® L; is a local Lie algebra, called
the local part of L. Note that, by [1, (1.1)], a direct sum V @& g @® W is a local
Lie algebra if and only if (i) g is a Lie algebra, (ii) V and W are g-modules and
(iii) there is a g-module homomorphism ¢: V ® W — g, where g is viewed as a
g-module via adjoint action.

For any local Lie algebra V @ g@® W, by Kac-Kantor’s construction [1, 4, 8,
11], among all Z-graded Lie algebras which have V& g@& W as their local part, the
maximal one is given by F = F~ @ (Ve gd W)@ F*, where F© = @;>1.F; (resp.
F~ = ®i<_1F;) is the free Lie algebra generated by F; = W (resp. F_; = V),
while the minimal one is F = F /J , where J is the unique maximal ideal among
homogeneous ideals of F which intersect V@g@®W trivially. So by [8, Definition 6]
we may say that a Lie algebra has a minimal Z-gradation if it is isomorphic to such
an F. That is, to show a Lie algebra g admits a minimal Z-gradation, it suffices
to construct a suitable local Lie algebra V & g © W and show the corresponding
Kac-Kantor algebra F is isomorphic to g.

For a finite or affine Cartan matrix A and a fixed k, by [8, Propositions
5 and 14|, the derived Kac-Moody algebra g'(A) has a minimal Z-gradations
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(standard gradation) with local part of the form V & ¢'(B) @ W, where B is
obtained from A by removing the k-th row and the k-th column (so B has
finite type or is a disjoint union of finite types), and V' (resp. W) is a finite-
dimensional irreducible highest (resp. lowest) weight g'(B)-module. On the other
hand, for indefinite Kac-Moody algebras, as far as we know, there is no unified local
Lie algebra construction using standard gradations as in [8]. However, indefinite
(derived) Kac-Moody algebras studied in [1, 2, 4, 9, 10, 12] do admit minimal Z-
gradations. For example, if g = HA,, [4, 10] or HC,, [12], then g can be realized
as the minimal Z-graded Lie algebra associated to a local Lie algebra given by the
corresponding affine algebra and a level 1 integrable highest weight module. Such
a local Lie algebra construction of g makes possible to compute root multiplicities
of g via weight multiplicities of an integrable highest weight module.

In this paper we shall study local Lie algebras of the form L(A\)* @ g® L(\)
and their corresponding minimal Z-graded Lie algebras, where g is a symmetriz-
able Kac-Moody algebra and L(\) is an integrable highest weight g-module. This
consideration is motivated by a class of indefinite Kac-Moody algebras arising from
2-fold affinization of Cartan matrices, which we review briefly as follows.

Given a Cartan matrix A of simply-laced type of rank ¢ > 2, let Al
be the 2-fold affinization of A with respect to the highest root [3]. Then Al
is a generalized intersection matrix A in the sense of Slodowy [15]. By using
a canonical diagram automorphism 7 of the covering matrix of AP we get a
generalized Cartan matrix AT of indefinite type (see (26) below). As far as we
know AT firstly appeared in [14], used to study toroidal Weyl groups. Actually
AP s a folding Cartan matrix in the sense of [6], and we call the Kac-Moody
algebra g(AP7) of APT an orbit Lie algebra as in [6].

A question arises whether g(A®7) has a minimal Z-gradation as in the
cases of HA, and HC,. We study this question in a little more general setting.
Given a pair (g,g) of symmetrizable Kac-Moody algebras, we prove that, under
a condition (see (18) below, which forces g to be indefinite, see Lemma 3.1) on
their generalized Cartan matrices, g has a minimal Z-gradation with its local part
being of the form L(\)* @ g @® L(\), where L(\) is an integrable highest weight
g-module, and L(\)* is its contragradient dual (see Theorem 3.4 below). Then we
show that this result is applicable to g(A®?™) and Lorentzian Kac-Moody algebras.

The main difference of the method to establish Theorem 3.4 from those
in [1, 2, 4, 8 9, 10, 12] is that we use a complete description of all local Lie
algebra structures on L(A\)* @ g @ L(\). Recall that, for any Lie algebra g and
g-modules V', W to obtain a local Lie algebra V & g& W it suffices to construct
a g-module homomorphism ¢: V@ W — g. In [1, §2, §3], [4], [12] such a ¢ is
explicitly given by using an orthonormal basis of g. Here we show that, given a
symmetrizable Kac-Moody algebra g and any integrable highest weight g-module
L()), it holds that Homgy(L(\)*® L()),g) = b (for definition see Lemma 2.3). Tt
follows that any correspondence v* ® v +— x € h* determines uniquely a g-module
homomorphism ¢ from L(A)*® L(\) to g, where v € L(\) (resp. v* € L(\)*) is a
highest (resp. lowest)-weight vector such that v*(v) = 1. Hence a local Lie algebra
L(\)*@g®L()) is obtained, and any local Lie algebra structure on L(A\)*@g®dL(\)
arises in this way (Proposition 2.4). This result is used to construct the local Lie
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algebra L(—ay4+1)* @ g ® L(—an41) (Corollary 3.2) and its Kac-Kantor algebra.

Unlike the cases of HA,, and HC,,, the minimal Z-gradation of g(A?™) is
given by a level 4, not level 1, integrable highest weight module of the corresponding
affine algebra. So it would be more complicated to use such a local Lie algebra
construction to compute root multiplicities of g(A:™). However, we can describe
some roots of g(APh7) in term of representation theory of affine algebras (Corollary
4.4) by using its local Lie algebra construction. Furthermore we show that g(A?7)
is a subalgebra of the corresponding Lorentzian Kac-Moody algebra g(AF) by
using Feingold and Nicolai’s method [5], and hence is a subalgebra of the hyperbolic
algebra Ej by a result of Viswanath [16].

All Lie algebras in this paper are over the complex number field C. For any
Lie algebra L, U(L) denotes the universal enveloping algebra of L. All generalized
Cartan matrices are assumed to be indecomposable. For any matrix X we denote
the (7, 7)-entry of X by X(i,7).

2. Preliminary.

Let g =g(C) =n_@hdn, be a Kac-Moody algebra associated to a generalized
Cartan matrix C' = (C(7,7))nxn Wwith a minimal realization (h,II,IIV), where
I ={a, - ,a, C bh* and IV = {hy,--- ,h,} C b are linearly independent
subsets such that «;(h;) = C(i,5). Let L(X) be the integrable highest weight g-
module associated to A € h*. As is known, to describe local Lie algebra structures
on L(A)*@®g® L(A) it suffices to compute Homg(L(A)*® L(A), g). In the following
M (X) denotes the Verma module of g associated to .

Consider the auxiliary Lie algebra g = g(C'), which is generated by e;, f;,
h € (1 <i<n)subject to the following defining relations [7, §1.2]:

(6,6] =0, [e, fi] = dijhi, [hyei] = ci(h)es, [h, fi] = —ci(h)fi. (1)

Let n_ (resp. ny) be the Lie subalgebra of g generated by fi, -+, f. (resp. e;,

, €n). Note that both n_ and n, are free Lie algebras and g =n_®hdn, . For
A € b*, the Verma module M (M) of g is the quotient of the universal enveloping
algebra U(g) modulo the left ideal generated by h — A(h) (h € h) and n . Let
v be a nonzero highest-weight vector. Note that M (A) is a free U(n_)-module:
M(\) = U(f_)v, so M(X) has a basis consisting of all elements of the form
frv = fiifi,-- fi,v, where J = d1i9---i5 is a word in 1 < ¢; < n. Dually,
the finite dual (contragredient dual module) M(\)* is a lowest weight g-module
with lowest weight —\, which is the quotient of the U(g) modulo the left ideal
generated by h+A(h) (h € h) and n_. Let v* be a nonzero highest-weight vector
such that v*(v) = 1. Then ]TJ/()\)* is a free U(n,)-module: M(A) = U(ny)v*,
so M (M) has a basis consisting of all elements of the form e;v* = ej e, - - - €,,0",
where I = pips---p; is a word in 1 < p; <n. We have the following

Lemma 2.1.  For any x € b there is a unique g-module homomorphism ¢ from
M(A)* @ M(X) to g such that o(v* ® v) = x, and Homg(M(N)* @ M(N), g) = b
as vector spaces.
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Proof. Since both M()\)* ® M()\) and g are weight g-modules, and v* ® v
belongs to the 0-weight subspace of M(\)* @ M()), the map ¢ — p(v* ® v) € b
from Homg(ﬂ()\)* ® ]\7@\),@) to b is well defined.

It remains to show that, for any fixed x € b the correspondence v* @ v — x
can be extended uniquely to a ¢ € Homg(M (A)*® M (A), g) such that ¢(v* ®@v) =
x. Since e;v* ® fyv for various words I, J form a basis of M(A)* ® M(A), it
suffices to make induction on the lengths |I| of I and |J| of J to show that
P(erv* ® fyv) € g can be uniquely defined satisfying

(i) [es plerv™ @ frv)] = @les(erv™ @ frv)),
(i) [ elerv' @ frv)]l = &(fi(erv” @ frv)),
for all 1< é,j <n, || <|I|, |J| <|J]|, and
(iii) [h, p(erv* @ fyv)] = @(h(ejv* @ fyv)) for all h € h.

Since e;v* ® v = ¢;(v* ®v) and v* ® f;v = f;(v* ®v), by (i) and (ii) there is only
one way to define

plev” ®v) £ [e,7] = —ai(@)es, G(v @ fiv) £ [f;, 2] = a;(2) fj, (2)
and it’s direct to see that (iii) is also satisfied: For any h € b,
[h, pleiv” @ v)] = §(h(ev” @), [k, @0 @ fiv)] = G(h(v" @ fiv)). (3)

Since in U(g) it holds that e;f; = é;;h; + fje; and e;v =0,
eV ® fiv = (v ® fjv) —v*® (e fjv) = e, (v ® fjv) — 60" ® hiv
= (0" ® fjv) = diA(hi)v" @0,
by (i) there is only one way to define
P(ev” ® fiv) = les, p(v* © fiv)] = dijA(hs) p(v" @ ). (4)
Similarly, since
Gi’U* ® fj'U = fj(el-v* ® U) — fjeﬂ)* XV = f]’(ei’U* ® U) + 5ijh7;’U* XU
= fj(eiv* ® U) — 5ZJ>\(hz)U* ® v,
by (ii) there is only one way to define
plev” @ fu) £ [fj, plen” @ v)] = oA (hy)p(v* @ v). (5)
By (2) it’s direct to check that definitions of ¢(e;v* ® f;v) in (4) and (5) coincide.
Moreover, for any h € b, by (3) and (4) it follows that
[h, @lev™ @ fv)] = [h, [ei, (0" @ fiv)]]
= ai(h)lei, p(v" ® fiv)] + [ei, (h(v" @ fjv))]
= (ai —aj)(h)]ei, p(v" ® fiv)]
= (o5 — o) (h)([es, P(v" ® fiv)] — 035 A(hi)p(v" ® v))
= (@i —a;)(h)p(ev” @ fv)
= @(h(ev” ® fiv)),
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which means that (iii) is also satisfied. So @(ejv* ® fyv) satisfying (i)-(iii) is
determined uniquely for |I| <1 and |J]| < 1.

Assume that @(epv* ® frv) satisfying (i)-(iii) is uniquely defined for any
|[I'l < |I| and |J'| < |J|. We show that @(eev* ® frv), @lev* @ f;fv) and
P(e;erv* ® ffyv) satistying (i)-(iii) can be defined uniquely. Note that in U(g)

eifs = frei+ri(J), fier = erf; +ri(l), (6)

where r;(J) (resp. r}([)) is either in U(h) or in U(n_) (resp. U(n,)) which is
a linear combination of f; (resp. ep) with |J'| = |J| —1 (resp. |I'| = |I| —1).
Also, in U(g) we have, for any h € h and words I, J,

[h, er] = her —erth = a(h)er, [h, f;]=hf;— fih=—=B(Rh)fs, (7)
where «, € h* are given by I and J respectively. By (6) and (7) it follows that
[, ri()] = (i = B)(W)ri(J),  [h,r(1)] = (o = a;)(R)r3(1), h €. (8)

By (6) and e;v =0,
eiev* @ frv = e(ev' @ fiv) —ev* Qeifsv
= eiev” ® fyv) —ev* @ri(J)v.
So, by (i) there is only one way to define
pleierv™ @ frv) 2 les, glerv™ @ frv)] — plerv” @ 7i(J)v), (9)

which is unique by inductive hypothesis. By (7), (8) and (9), for any h € b it
follows that

[h, @leserv™ @ fov)] = [h, [es; @lerv™ @ fv)l] = [h, Glerv” @ 7i(J)v)]
= ai(h)[e;, plerv” & fyv)] + [es, [h, Gerv” @ fv)]]
—[h, ¢(ev* @ ri(J)v)]
= ai(h)ei, plerv™ ® fro)] + [ei, @(herv” ® f,v))]
—@(h(ev* @ ry(J)v)) ((iii) of inductive hypothesis)
= (a =B+ a)(h)p(eiev” @ fv)
= @(h(eesv™ @ fyv)),

which means that (iii) is satisfied for the definition in (9). Similarly, since

erv* @ fifiv = filepv” ® frv) — fiew* @ fv
= file” @ fov) —ri(Hv* @ fyo,
by (ii) there is only one way to define
plerv” @ fifsv) = [f5, plerv” @ fyv)] = (i (Dv" @ fiv), (10)

which is unique by inductive hypothesis. By a similar argument it follows that,
for any h € b,

[h, Glerv™ @ fifv)] = (a—B—a;)(h)plerv” @ fifv)
= P(hlerv* @ fifiv)),
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which means that (iii) is satisfied for the definition in (10). Note that

eierv” ® fifjv = eilev* ® fifiv) —erv* ®eif;fv
= e(filerv” ® fov) — fiew* @ fju) —ev* ® 8i5h fyv
—ev* @ fieifv
= (eif;)(erv™ @ frv) — ei( fiev™ @ frv) — ev™ @ diihifov
—ev” @ firi(J)v
= (eifj)(erv™ ® fiv) —ei(ri(1)v* @ fyv) — epv* @ dizhi fv
—filerv” @ ri(J)v) — ri(Hv" @ ri(J)v.

So, by (i) and (ii) there is only one way to define

Pleierv™ @ fifv) Zlei, [f;, ¢lerv™ @ fr0)]] = [es, @(ri(Dv* @ fiv)]
— fi, plerv” @ ri(J)v)] — @lepv™ & 0;;h fv) (11)
— (ri(Dv" @ ri(J)v),

which is unique by inductive hypothesis. Similarly,

eierv* @ fifv = fileier™ @ fiv) — fieerv” @ frv
- (fjei)(efv* & fJU) - fj(eﬂf* X TI(J)U) + 51']']%6[7)* X fJU
—ei(ri(Iv* @ fyv) = ri(Iv* @ ri(J)v.

So, by (i) and (ii) there is only one way to define

Pleierv* @ fifv) 2[fj, e plerv™ @ fr0)]] = [ei, p(ri(Hv* @ fv)]
[f]: e @ri(J )U)]—i—go((s”heﬂj ® fv) (12)
— (ri(Dv" @ ri(J)v),

which is unique by inductive hypothesis. The difference of the right sides in (11)
and (12) is

leis f5], @erv™ @ frv)] = 6i5@(erv™ @ hifsv + hierv™ @ frv)
0ijp(hi(erv™ ® fyv) —ev™ @ hifjv — hiejv™ @ frv) =0,

which means that the definitions in (11) and (12) are equal. Thus @(e;ev*® f; fv)
is well defined by (11), or equivalently, by (12). For any h € b, by (11), or
equivalently, (12) and (iii) of the inductive hypothesis, using similar argument as
in the computation of [h, @(e;epv* ® f,v)] before, we get

[h, @leierv™ @ fifov)] = (a— B+ a; —a;)(h)pleerv” @ fifi)
= @(h(eiev* ® fifv)),

which means that (iii) is satisfied for the definition in (11), or equivalently, (12).
This completes the induction. [ |

We denote again by v the highest-weight vector of the Verma module M ()
(resp. irreducible highest weight module L())), and v* the lowest-weight vector
of the contragredient module M (A)* (resp. L(A)*) such that v*(v) = 1.
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We recall some definitions and facts given in [7]. Let t be the maximal
ideal of g among the ideals which intersect h trivially. Then v = t_ G v, is a
direct sum of ideals, where v = tNng (cf. [7, Theorem 1.2]), and g = g/t by
definition. Note that np = ny/vy. For any A € h*, we have M(\) =2 U(n_) and
M(N)* = U(n,) as vector spaces. Set

N\ = (Um) ® M(A)) + (M(A)* ® U(t_)) , (13)
where U(ry) is the universal enveloping algebra of v.. Then, under the identifi-

cation of vector spaces M()\)* < U(ny) given by ejv* <» ey and M()\) ~Umn.)
given by f;v <> f;, respectively, we have

M) ®@ M(\) = (14)

Lemma 2.2.  For any x € b there is a unique g-module homomorphism o from
MA\)*® M(X) to g such that (v* ®v) = x, and Homg(M(X\)* @ M(N), g) = b
as vector spaces.

Proof. It suffices to show that the correspondence v* ® v — x can be uniquely
extended to a g-module homomorphism from M(A\)* ® M(\) to g.

For any =z € b, let ¢ € Homg(ﬂ()\)* ® M()\), g) be the unique ho-
momorphism given by Lemma 2.1 such that ¢(v* ® v) = z. For any r € t,
o(r(ev* & fyv)) = [r, plev* ® fyv)] € ¢ for any words I, J. So, by (13) and (14)
it suffices to show that (N (X)) C «.

For any r € v, C iy, y € n_, since [r,y] € 0y, ryv = [r,ylv + yrv = 0.

By this and the fact that ¢ € Homg(M(\)* @ M(A), g) it follows that
p(rv* @ yv) = o(r(v* @ yv)) — G(v* @ ryv) = [r, G(v* @ yv)] € s
Moreover, for any r,r" € v, , by the same argument as above,
B(rr'v @ yv) = g(r(r'v” @ yv)) — G(r'v” @ ryv) = [r, (r'v* @ yv)] € v

Since U(ry) is generated by t;, we have shown that ¢ (U(t+) ® M(A)) C ty.

Similarly, we have ¢ <M()\)* ® U(t_)> Ct_. So, p(N(A)) C v, which means that

¢ factors to a g-module homomorphism ¢ from M(M\)* ® M(A) to g, extending
the correspondence v* @ v +— x € b. [ |

Assume further that g is symmetrizable and A is a dominant integral
weight. Then the integrable highest weight g-module L(\) is given by (cf. [7,
(10.4.6) or Corollary 10.4])

M)
£ ()

i=1

L) =
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Dually, the integrable lowest weight g-module L(\)* is given by

Loy = MOy
> (U™ )

=1

Let J(A) be the subspace
(Z (U(n+)ej<h Iy ) ® M()\)) <M(>\)* © <U(n_) f}‘hf”l@))
of M(A\)*® M(\). Then we have

M(A)* @ M(\)
J(A)

LN ® L(\) = (15)

Lemma 2.3.  Assume that g is a symmetrizable Kac-Moody algebra and X\ is
a dominant integral weight. Let t(\) be the set of j’s such that A(h;) = 0.
Let v (resp. v*) be a highest-weight vector of the integrable highest weight g-
module L(\) (resp. the lowest-weight vector of the g-module L(\)*) such that
v*(v) = 1. Set b* = Njeyn kera; C h. Then for any x € h* there is a unique
g-module homomorphism ¢ from L(A\)*® L(X) to g such that (v ®v) =z, and
Homgy(L(A\)* @ L(N), g) =2 b as vector spaces. (Here, if the set t(\) is empty then
b*=b.)

Proof. For any ¢ € Homy(L(\)* ® L()), g), we claim that ¢(v* @ v) € h*.
Indeed, by (15), if p(v* ®@v) =z € h and A(h;) = 0 for some j, then f;v =0 and
hence

0=p(" ® fjv) =[f; p(v* @V)] = [f;, 2] = aj() f;, (16)

which means that z € h*, and the claim follows. So the map ¢ — p(v* ®v) from
Hom,(L(A\)* @ L()), g) to b is well defined.

So, for any = € b it suffices to show that the correspondence v* ® v — x
can be uniquely extended to a g-module homomorphism from L(A\)* ® L(\) to
g. Let ¢ € Homy(M(\)* ® M(X), g) be the unique g-module homomorphism
such that ¢(v* ® v) = x given by Lemma 2.2. By (15) it suffices to show that ¢
annihilates J(\). We make the following

Claim: go(ei( Hlv*@y v)=0= gp(y+v*®f?(hi)+1v) for 1 <i<mn,yr €U(ng).

Since U(ny) has a Zso-gradation given by the generators e; (resp. f;),
without loss of generality we may assume that y. is homogenous and we make
induction on the degree of y_ to prove the first identity, while the second is the
same.
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At first p(e;v* @ v) = @(e;(v* ®v)) = [e;, x] = —ay(x)e;. So, if A(h;) =0
then a;(z) = 0 and hence ¢(e;v* ® v) = 0 since x € h*. Otherwise p(e?v* ®v) =
olei(ev* ®@v)) = —ai(x)[e;, e;) = 0, and hence gp(ef‘(hi)ﬂv* ®v) = 0 as required.
Assume that go(e;\(hi)ﬂv* ®y_v)=0. We show that go(ef‘(hi)ﬂv*@ij,v)zo

for all 1 < j <n. Recall that in M(\)* it holds that for any integer k > 1,
fiefv* = 6k(A(h;) — (k — 1))ef'v*, in particular, fjej‘(hi)ﬂv* =0, (17)
which can be verified by using the facts that fje; = —d;;h; + e, f; and f;v* = 0.
So, by inductive hypothesis and (17) we have that
ple, "M @ fyv) = e(f(EM T @y ) — e(fief "ot @y v)
= [f; w(e?(h")ﬂv* ®Ry_v)]—0=0

as required, and the claim follows.
Lastly, for any e; and y_ € U(n_), by the claim as above

plejer " @y v) = ole; ("o @y ) — (" @ ejy_v)
= [ej p(e" M @y v)] -0 =0.

Since U(ny) is generated by e; (1 < j <n), by induction hypothesis and

plerese} "M @y ) = plep(eser ™Mo @y v))
)\(hi)+1

—p(ege; V' ® ery_v),

where e; is a word in e;, 1 <t < n, it follows that

o (zn: <U(n+>eix<hi>+1v*> ® M(A)> _o

=1

Similarly, ¢ (M()\)* ® Y, (U(n)f{\(hi)ﬂv)) = 0. So ¢(J(A)) = 0, and hence
i=1

¢ factors to a g-module homomorphism from L(\)* ® L(A) to g extending the
correspondence v* ® v — = € . [ |

We would like to point out that Lemma 2.1 holds for any A € b*, while
Lemma 2.3 is shown only for dominant integral weights A, since our proof needs
the presentation of the irreducible module L(\) given by [7, (10.4.6) or Corollary
10.4]. We reformulate Lemma 2.3 in terms of local Lie algebras as the following

Proposition 2.4.  Assume that g is a symmetrizable Kac-Moody algebra and
A is a dominant integral weight. Let the notation be as in Lemma 2.3. Then
any x € b determines uniquely a local Lie algebra L(\)* @& g @ L()\) via ¢ €
Homy(L(A)*® L(X), g) given by o(v* ®@v) =z, and any local Lie algebra structure
on L(A\)* & g @ L(X\) arises in this way.

A special case of Lemma 2.3 is the following
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Example 2.5. Let (g = g(C),h,II,IIY) be a quadruple associated to a sym-
metrizable generalized Cartan matrix C'. For A = 0 and the trivial g-module
L(0) = C, it holds that Hom,(C ® C, g) = Homy(C, g) = Z(g), the center of g.
Note that Z(g) = N, ker o; ([7, Proposition 1.6]), which is exactly h° here by
definition. Thus the fact that Homg4(C, g) = Z(g) coincides with Lemma 2.3.

As an application of Lemma 2.3 we have the following

Corollary 2.6. Let g be a finite-dimensional simple Lie algebra and X\ be
a dominant integral weight. Then the multiplicity of the adjoint module g in
L\)*® L(\) is dim b,

Proof. Since the adjoint g-module is simple, by Weyl’s complete reducibility
theorem and Schur Lemma, the multiplicity of g in L(A\)* ® L(\) is equal to
dim Homgy(L(\)* ® L(\), g), which is dim h* by Lemma 2.3. [

Example 2.7. Assume that g = sly with standard basis {x,h,y}. For any
integer m = A(h) > 0, the dual module V(m)* of the corresponding simple
g-module V(m) is isomorphic to V(m) itself. By the classical Clebsch-Gordan
formula it follows that the multiplicity of g = V(2) in V(m) ® V(m) is 1, which
also follows by Corollary 2.6, since h* = b in this case.

3. The minimal gradation.

Assume that n > 1 is an integer and a pair (6 ,C') of indecomposable generalized
Cartan matrices satisfies the following condition:

Cisa symmetrizable of order n + 1;
C' is the first n x n principal submatrix of C (18)

~

rank(C') = 2 + rank(C).

Fix a minimal realization (h,II = {a1, -, np1}, IV = {hy,- -+  hnp1}) of C.

Let g := g(C) be the Kac-Moody algebra associated to C' with respect to this
minimal realization, and its Chevalley generators are e;, f; (1 <i<n+1), h €b.

Lemma 3.1. (1) C has indefinite type.

(2) The triple (h,11 = {ay, -+ ,an}, IV = {hy, -+, hy}) is a minimal realiza-
tion of C'. Hence the subalgebra of g generate by e;, f; (1 <i<mn), b, is
the Kac-Moody algebra g := g(C) associated to C, in particular, g and g
have the same Cartan subalgebra §.

(8) —ani1 is a dominant integral weight of g and b,41 € =+ (for definition
see Lemma 2.3).

Proof. (1) Assume that C has either finite or affine type. Then C' is of finite

~

type. By rank(C') = rank(C) — 2 it follows that rank(C) is either n —1 or n — 2,
which means that C' can not be of finite type, a contradiction.
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~

(2) It suffices to note that dimbh = 2(n + 1) — rank(C) = 2n — rank(C)

~

holds if and only if rank(C) = 2 + rank(C').

(3) For any 1 S] <n, _an—i-l(hj) = (n+17j) € ZZOa and _an—i-l(hj) -
—C(n+1,j5) = 0 if and only if a;(hn41) = C(j,n+ 1) = 0 by the definition of
generalized Cartan matrices. [ |

It follows that the irreducible highest weight g = g(C')-module L(—a;41)
is integrable, and so is the contragradient dual L(—cy,11)* of L(ay,11). Moreover,
it’s easy to see that C' is symmetrizable. Choose a highest-weight vector v of
L(—ay,41) and a lowest-weight vector v* of L(—ay,11)* such that v*(v) = 1. Then
by Proposition 2.4 and Lemma 3.1 (3) we have the following

Corollary 3.2. L(—ap1)* ® g @ L(—any1) becomes a local Lie algebra via
the g-module homomorphism ¢ from L(—api1)* ® L(—apn11) to g extending the
correspondence v* @ vV > Ay .

So we have the maximal Z-graded Lie algebra F = @;>°_F; with local

1=—00

part L(—a,41)* @ g® L(—ay,y1) given as follows (see [8, Proposition 4]):
Foi=L(—aps1)", Fo=9, F1 = L(—an1);
F= Z]—",- (resp. F~ := Zf_i) is the free Lie algebra (19)

i>1 i>1
generated by L(—ayy1) (resp. L(—au41)"),

and the Lie bracket of F is uniquely determined by the following relations via
Leibniz rule:

= —[w*,a]: aefo,uefl,w* E./T';l,
Jul =pw* @u): ue F,w" e F_q,

' u"]] = [a, W], "] + [, [a,u"]] 2 a € Fo,ul u” € FT

[ AN/, ] [ ! " / " AN/ — (20)
a, [, 1"l = lla, 0, "] + [0, [a,n"]] + a € Fo,n',n" € F~,
w, [, 1"]) = w0 )+ [0 w2 we Fron',n" € Fr
7]7 [ul’u//]] — Hn,ul]’u//] 4 [Ul, [n7u//“ . U/,UH c f+777 c J—_.,‘

We have the following

Lemma 3.3.  As a Lie algebra F is generated by e;, v*, f;, v (1 <i < n),
hep.

Proof.  Similar to the proof of [1, Proposition 2.12]. [ |

By (20) and the definition of ¢ : L(—ay41)*®L(—ay41) — ¢ which extends
v* Qv > hypq € BT the following hold in F: For any h,h' € b,

[h,ei] = ai(h)ei, [h, fi] = —ai(h) fi, [ei, f3] = 6iha, 1 <45 <
[h,v*] = hv* = apy1(h)v*, [h,v] = ho = —a,11(h)v, [k, B'] =0, (21)
lei,v] =0 =[fi,v*], [v*,0] = hpy1, 1 <i<n.
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~

Let g = g(C) be the auxiliary Lie algebra associated to C (cf. (1)). By
Lemma 3. 3 an d (21) there is a surjective Lie algebra homomorphism ¢: g — F
given by

Y(ei) = e, (fi) = fi, ¥(h)=h, 1 <i<n,heb,

Ylens1) = v°, Y(far1) = 0. (22)

By (21) and Lemma 3.3 F has the following weight subspace decomposition:

F = Baen-F, F*={x € F|[h,z] = a(h)z for all h € h},

23

o€ Q = oM Zay. (23)
By (22) ¥ maps the root subspace g* to F*. In particular, since g has triangular
decomposition, so does F, that is, F* # 0, a # 0 imply that either o« > 0 or
a < 0 in the usual sense. Moreover, F becomes a g-module via the adjoint action.
For k > 1, let J., be the subspaces

j:l:k - {l’ € f:ﬁ:k | [ylv T Jyk—lax] = 0 for all Yo Yk—1 € fil}‘ (24)

Then J =3, Jp (resp. T~ =3, J-k) is an ideal of F* (resp. F~), and
Jt + J~ is the largest graded ideal of F which intersects the local part trivially
(see [1, Proposition 1.7] or [4, Proposition 4.2]). Thus we get Kac-Kantor algebra

L= L() FIT=F )T " eFo®F /T~ (25)

with the local part being L(—a,41)* ® g ® L(—a,41). The following is the main
result of this paper.

Theorem 3.4.  Let (6, C') be a pair of generalized Cartan matrices satisfying
(18). Let § (resp. g) be the Kac-Moody algebra associated to C (resp. C),
and L be the Z-graded Lie algebra given by (25). Then there is a Lie algebra
isomorphism v : g — L given by e; — e;, fi — fi (1 < i< n), eppq = V5,
fas1 = v and h— h. In particular, g has a minimal Z-gradation with local part
L(=0p41)" ®g® L(—ans1).

Proof. At first we show that ¢: § — F given by (22) factors through g to L.
It suffices to show that, for any ideal Z of the auxiliary Lie algebra g such that
ZNh =0, it holds that ¥(Z) N (L(aps1)* ® g @ L(any1)) = 0.

Note that ¢(Z) is also an ideal of F since 1) is surjective, and elements from
L(any1)*, g and L(ay41) respectively have different degrees in the @—gradation
of F. So it suffice to show that ¢(Z) N L(a,s1)* = V(Z)Ng = Y(Z)NL(ape1) = 0.

Suppose ¥(Z) N L(ay41)* # 0. Then ¥(Z) N L(aps1)* = L(an41)* since
L(ap41)* is an irreducible g-module and ¥ (Z) N L(ap41)* is a submodule of
L(ans1)*. (Note that ¥(Z) is a g-module via adjoint action in F.) It follows that,
in particular, v* € ¥(Z) and hence [v*,v] = hy,4+1 € Y(Z)Nh # 0. Since 1) preserves
@—gradation, it follows that Z Nk # 0, a contradiction. So ¥(Z) N L(a,41)* = 0.
Similarly, ¥(Z) N L(ay41) = 0.
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Suppose ¥(Z)Ng # 0. Since (Z) Ng is also an ideal of g, it follows that
Y(Z)Nh # 0, which is impossible by the above argument.

Hence 1 factors to a Lie algebra homomorphism, denoted again by , from
g to L. Clearly v is surjective. Since 9], is an isomorphism, ker¢) N = 0 and
hence kert = 0 by the definition of g, which means that v is injective. ]

4. Some orbit Lie algebras and Lorentzian Kac-Moody algebras.

Let A be an indecomposable Cartan matrix of ADE type of rank ¢ > 2. Then
the 2-fold affinization A2 of A in [3] is a generalized intersection matrix in the
sense Slodowy [15]. The covering matrix of Al defined by Slodowy has a diagram
automorphism 7, which gives rise to the following generalized Cartan matrix

A G0 i
ABT =g 2 =2 c 0= (—(l0),---,—(l0)) € Z*, (26
0 -2 2

(6+2) % (£+2)

where 6 is the highest root of A, a; (1 < j < £) are simple roots of A, and (—|—)

is given by (ay|a;) = A(i,5). For details see [13, Lemma 2.2]. The affine matrix
Al of A is the first (¢4 1) x (¢ + 1) principal submatrix of A®7™. We have the
following

Lemma 4.1.  The pair (A7 AN satisfies the condition (18).
Proof. Since AP™ is symmetric, it suffices to show that
rank(A27™) = rank(AY) +2 = ¢ + 2,
which follows from the fact that AP'™ has nonzero determinant. |
Let us fix a minimal realization (h7,II7V,II7) of AZI™ given by
b = &ZiChi, 7Y = {hi, - hea}, 7 ={on o). (27)

For a construction of such a triple (h7,I1I17Y, TI7) see [13, Lemma 2.2]. Hence the
triple
(hTa {hla"' 7h’f+1}7 {ala"' ,()444_1}) (28)

is a minimal realization of All. Since AP7T is symmetric, with respect to the
minimal realization given by (27), the Kac-Moody algebra g(AP'7) associated to
ABLT has the following presentation [7, Theorem 9.11]:

Generators : h € h7 e;, f;, 1 < i <0+ 2.

Relations :

A, h,] =0, [h,e;] = aj(h)e;, [h, fj] = _aj(h’)fja e, fg] = 0j;h;, (29)
hah/E [)Tu 1§ZJJSE+27

(ade,) AP e, = (ad )1 APTEDF 0 1< iAj <042
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Since AT is non-degenerate, g(A?™) is a simple Lie algebra. The subalgebra
of g(APT) generated by e;, f;, 1 < i < £+ 1, b7 is the affine Kac-Moody
algebra gl! = g(AlM) associated to A with the minimal realization given by
(28). By Lemma 3.1 (3) and Lemma 4.1 it follows that —ay o is a dominant
integral weight of gl'). In fact, since AP is non-degenerate, {h;}:17 is a basis
of h7, and hence —ay4o is the unique dominant integral weight of gl!! defined by
—apya(hy) = —ABT(0 4+ 2 5), 1 < j < ¢+ 2. We have the following

Corollary 4.2.  The gll-module L(—ayys) has level 4.

Proof. It follows by a case-by-case check that —ay o(K) = 4, where K is the
canonical central element of gl!! given by [7, Table Aff 1]. [ |

Choose a highest-weight vector v € L(—ayi2) and a lowest-weight vector
v* € L(—apy9)* such that v*(v) = 1. By Corollary 3.2 we get the local Lie algebra
L(—ay2)* @ g @ L(—ayp2)  with respect to the gl!-module homomorphism
©0: L(—0yi2)* @ L(—ayys) — gl given by v* @ v+ hyo € (h7)7%+2 | and hence
we have the minimal Z-graded Lie algebra £ = £(AZl™) given by (25). By Lemma
4.1 and Theorem 3.4 we get the following

Corollary 4.3.  The Kac-Moody algebra g(AP'T) is isomorphic to the Lie alge-
bra L= L(AP7) via e; — e;, fir> fi, 1 <i<(l+1, and €2 — 0", frin 0,
h +— h € b7. In particular, g(A®?7) has a minimal Z-gradation with local part
being L(—aui2)* @ g @ L(—apy2).

We have a direct application of Corollary 4.3 as follows. Let W be
the Weyl group of Al and P, be the set of dominant integral weights of gl!l.
Recall the usual partial order < on (h7)* is given by f < f’ if and only if
B =B € ® L0y

Let A=(1) be the set of roots of g(APZ™) of the form —ayys — 3, where
B € ®1Zsoa;. By Corollary 4.3 —apys — 8 € A~(1) if and only if —apys — 3
is a weight of the integrable highest weight g!!-module L(—a/.2). So by [7,
Proposition 12.5] it follows that A= (1) = Wl . {u e P, : u < —ayi0}.

The set A~(1) can be written in terms of maximal weights of the gl
module L(—ayys). Recall that, for any integrable highest weight gl/-module
L(A), a weight A is maximal if A + 0 is not a weight, where ¢ is the null root
of gl'!. Let max(A) be the set of maximal weights of L(A) as in [7]. Then by
Corollary 4.3 and [7, Proposition 12.5] we have the following

1]_

Corollary 4.4. A~ (1) = U {AN=nd|n € Zsy} (disjoint union).

A€max(—ay42)

Following [7, §5.11] the Lorentzian, or (almost) hyperbolic, Cartan matrix
X[ associated to the Cartan matrix X, of finite type is given by

1
Xf_{Xe“ g

,.yt 2 ) (30)

] (0+2) x (6+2)
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where X F} is the nontwisted affine matrix associated to X,, and ~*=(0,---,0,—1).

That is, the Dynkin diagram of X/ is obtained form that of X é” by adding a
vertex labelled as ¢ 4 2 joined with the vertex labelled ¢ + 1 by a single edge.
Here we use notation in [7, §5.11] with a slight modification of labels; and X, is
different the notation A as above, since X, may have an arbitrary finite type.
Consider the (¢ + 2)-dimensional complex vector space h7 with a basis
V=07 = {hy, -+ ,he2} as in (27). Define 8; € (h7)* by Bi(h;) = X[ (4,7),
1 <4,j <{+2. Since X}! is non-singular, 3; is uniquely defined. Then the triple

(W, I ={B1, -, Bega}, IIY = {h1, -+, hyya}) (31)

is a minimal realization of X/7. We have the following
Lemma 4.5.  The pair (Xf,Xl[l]) satisfies the condition (18).

Proof. Since det(X/) = —det(X,) # 0, it holds that rank(X/) = ¢ +2 =
rank(X}l]) + 2. So it remains to show that X} is symmetrizable. Choose a
symmetrization DX;H = B of Xl[l], where D = diag(dy,--- ,dg 1) is a diagonal
matrix with d; > 0, and B is symmetric. Then it’s direct to see that the
(0 +2) x (£ +2) diagonal matrix D’ := diag(dy, -+ ,dpy1,des1) satifies that D' X}
is symmetric. |

Let g(X}) be the Lorentzian Kac-Moody algebra associated to X/ given
by (30) with Chevalley generators e;, f; (1 <i<1i</{+2), h € h™. With respect
to the minimal realization of X given by (31), the triple

(b7 {81, Bea s {hay -+ S g })
is a minimal realization of the affine matrix Xl[l], and hence the subalgebra of
(X} generated by e;, fi (1 <i</{+1), h € h7 is the affine algebra g(Xél]). By
Lemma 3.1 (3) and Lemma 4.1 it follows that —f,,5 is a dominant integral weight
of g(AE,l]), and hyo € (h7)P=2. Moreover, by [7, Table Aff 1] the integrable
highest g(X l[l])—module L(—pBp12) has level 1.

Choose a highest-weight vector v (resp. lowest-weight vector v*) of L(—[f12)
(resp. L(—py2)*) such that v*(v) = 1. By Corollary 3.2 we get the local Lie alge-
bra L(—fp2)* @g(th) @ L(—fey2) with respect to the g(XF])-module homomor-
phism ¢: L(—Bp42)* @ L(—Bpsa) — g(Xl[H) given by v* ®@ v > hy, o € (h7) P2,
and hence we have the minimal Z-graded Lie algebra £ = L(X}?) given by (25).
So by Theorem 3.4 we have the following

Corollary 4.6.  There is a Lie algebra isomorphism v : g(X}) — £ = L(X})
given by e; — e, fi = fi (1 < i < L+1), epo — v, fruo = v and
h — h. In particular, g(X[) has a minimal Z-gradation with local part being

L(—Bes2)* @ 0(X}") @ L(—Besa).

Remark 4.7.  The case X, = Ay is due to Feingold and Frenkel [4], Kang and
Melville [10]; the case X, = C, is due to Klima and Misra [12].



742 GAN AND TAN

Now we assume that X, = A is of ADE type. Then we have the Lorentzian
Cartan matrix A} given by (30). We proceed to show that g(A[:7) is isomorphic
to a subalgebra of the Lorentzian Kac-Moody algebra g(A¥) following Feingold-
Nicolai method in [5].

Identify the affine algebra gl!! = g(AM) with g(ALH), the subalgebra of
g(Al) generated by e;, f; (1 <i</{+1), h €h7. Then the null root § (in terms
of B;, 1 <i < {+1)of gl is an isotropic imaginary root of g(Af). Note that
Bi(heyo) = =041 for 1 <j <l+1, 6(hs2) = —1. We have the following

Lemma 4.8.  For any positive integer k set v = Ber1+ (k+1)Besa+kd. Then
(i) v is a positive real oot of g(AL).
(ii) v — B; is not a root of g(AF) forall 1 <j<{+1.

Proof. (i) Let ryo be the fundamental reflection of (h7)* with respect to Bpio.
Since (11 + kd is a real positive root of g(AH), the statement follows by

tov2(Ber1 + k0) = Bog1 + Beyo + k6 + kBrro = Y

(ii)) Let (—|—) be the bilinear form on (h7)* induced by the standard
invariant bilinear form, denoted again by (—|-), on g(A¥), which is, by non-
singularity of A}, uniquely determined by (h;|h;) = Al(i, ) [7]. Then for any
1 <75 </{+1 it holds that

T T (BealB) = AF(0+1,5) <0 if1<j <L

So (1 — B = B) = () + (B,168;) ~ 20318, = 4—2(l8,) > 4, which
means that 7, — 3; can not be a root of g(Af). n

Consider 3 = fyr1 + 30 + 46,42. Choose an sly-triple (244, Yy, hyy) in
g(Al) associated to s, that is, x., belongs to the root subspace g(Af).., v,
belongs to the root subspace g(AY )—v, and h., belongs to h7 satisfying that

[Py @] = 25, [Py, ys] = =205, [T95, Y] = oy, o1 equivalently, (z.,y,,) =
1, hy, = v '(q3), where v : h” — (h7)* is the canonical linear map induced by

(—|—) [7, §2.1]. Then we have the following

Lemma 4.9.  The triple (67, {f1, -, Bes1, 73}, {P1, -+, hesr, oy }) is a mini-
mal realization of AR .

Proof. By definition y3(h.,) = v3(r 1 (73)) = (13l73) = 2. For any 1 < j <
¢+ 1, it holds that

Bi(hy) = Bi(v™(73)) = (Bj]s)
- {2_4:—2 if j=0+1, (32)
L B1Be) = Bi(hen) = A%H if1<j<e.
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Clearly, B;(h;) = Aglz] for 1 < 4,5, < ¢+ 1. So, if we set o) = 3;, h, = h; for
1 <i< /(41 and o,y = 73, hj 9 = hy,, then by (26) the matrix (oj(h}))1<ij<eto
is APIT as required. Lastly, since £, -, Bes1, V3 = Bes1 + 30 + 48,0 are linearly
independent in (h7)*, and AP®™ is non-singular, hy, -+, hgy, h,, are also

linearly independent in h7. [ |

We have the following

Proposition 4.10.  Let A be a Cartan matrixz of ADE type with rank ¢ > 2.
Then the orbit Kac-Moody algebra g(APY™) is isomorphic to a subalgebra of the
Lorentzian Kac-Moody algebra g(AH). More precisely, let T be the subalgebra
of 9(Al) generated by e;, f; (1 <i < {+1), T, Yy, b7. Then there is an
isomorphism x : g(APT) = T given by e; — e;, f; > fi, hi — h; (1 < i<
£+1)7 €142 = Ty, f€+2 = Yns s hyo '_>h73'

Proof. It follows by [5, Theorem 3.1] and Lemma 4.8, Lemma 4.9. ]

Remark 4.11. By a result of S. Viswanath [16, Theorem 1], any simply-laced
almost hyperbolic (Lorentzian) Kac-Moody algebra is isomorphic to a subalgebra
of the hyperbolic Kac-Moody algebra FEjy. So, by Proposition 4.10 the orbit Lie
algebra g(A?'7™) is isomorphic to a subalgebra of Fj.
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