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Abstract. Let G be a locally compact group and H a closed subgroup of
G, and let m and 7 be irreducible representations of G and H, respectively.
If G is compact then, by the classical Frobenius reciprocity theorem, = is
contained in the induced representation indfl 7 if and only if 7|y contains 7.
Topological Frobenius properties, which a general locally compact group may or
may not satisfy, are obtained by replacing containment by weak containment of
representations. We investigate the ‘if’ and the ‘only if’ assertions for nilpotent
locally compact groups and for motion groups.
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Introduction

Let G be a locally compact group and H a closed subgroup of G, and suppose
that m and 7 are irreducible unitary representations of G and H , respectively. If
G is compact, then according to the classical Frobenius reciprocity theorem, the
restriction 7|y contains T as a subrepresentation if and only if 7 is contained in
the induced representation ind% 7.

Fell [10] was the first to introduce and study topological (or weak) Frobenius
reciprocity properties which are obtained by replacing containment of representa-
tions by weak containment. Thus, a locally compact group G is said to have the
topological or weak Frobenius property (FP) if for any closed subgroup H of G
and irreducible representations m of G and 7 of H, 7 is weakly contained in
indg 7 if and only if 7|y weakly contains 7. It is reasonable to treat separately
the “if” and the “only if” parts of (FP) which are referred to as (FP1) and (FP2),
respectively. Several authors have studied these topological Frobenius properties:
compare (3], [5], [9], [11], [14], [20], [21], [26], [28], [34], [35] and [36]. Since for
general locally compact groups both properties have turned out to be fairly re-
strictive, it is of interest to find criteria for a fixed 7 to satisfy any one of these
properties.
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In this paper, we focus on three different classes of nilpotent locally compact
groups on the one hand and on motion groups on the other. Firstly, if G is a
compactly generated nilpotent locally compact group and G¢ denotes the compact
normal subgroup consisting of all compact elements in GG, we prove that (FP) holds
for G (if and) only if G/G¢ is abelian (Theorem 2.3). Next, in Theorem 3.3, we
establish property (FP1) for nilpotent groups with small invariant neighbourhoods
of the identity (that is, nilpotent SIN-groups). Thirdly, suppose that G is a
compact-free nilpotent SIN-group. Then an irreducible representation © of G
satisfies (FP2) if and only if 7 is weakly equivalent to the representation induced
by 7| z(q), where Z(G) denotes the centre of G (Theorem 4.7). Finally, in Section
5 we investigate properties (FP1) and (FP2) for irreducible representations of
semidirect products of abelian groups with compact groups, especially the classical
motion groups RY x SO(N). All these results generalize or complement earlier
ones; the details are pointed out in the corresponding sections.

1. Preliminaries

Let G be a locally compact group. If m and p are representations of G, ™ ® p
will denote the (inner) tensor product of m and p and 7 the contragredient
representation of m. For a closed subgroup H of G and representations 7 of
H and 7 of G, we denote by indgT the representation of G induced by 7 and
by 7|p the restriction of 7 to H. In this situation the formula

7 ®indG 7 = ind$ (n|g ® 1)

holds. We shall use the same letter, say 7, to denote a unitary representation of GG
and the corresponding *-representation of the group C*-algebra C*(G), and ker
denotes the kernel of 7 in C*(G). If S and T are sets of unitary representations
of G, then S is weakly contained in T (S < T) if

ﬂaes kero D ﬂTeT ker 7,

and S and T are said to be weakly equivalent (S ~ T)if S < T and T < S.
Then, if 7 is a representation of G, # < T if and only if every positive definite
function associated with 7, can be approximated uniformly on compact subsets
of G by sums of positive definite functions associated with representations in T .
Weak containment is preserved by forming (inner) tensor products and restricting

and inducing representations [10], [11]. More precisely, let H be a closed subgroup
of G. Then

e if S and T are sets of representations of G such that S < 7T, then S|y <
Tlw;
e if S and T are sets of representations of H such that S < T, then

ind% S = {ind% o :0 € S} <ind§ T = {ind§ 7 : 7 € T};

e if S5, T and T" are sets of representations of G such that S < S’ and
T <T,then SRS <TT.
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Even more generally, the processes of inducing and restricting representa-
tions are continuous when the set of all pairs (H, ), where H is a closed subgroup
of G and 7 € Rep(H), is endowed with Fell’s subgroup representation topology
[11] (compare also [30, Section 5.4]). Here Rep(H) denotes the set of equivalence
classes of unitary representations of H of dimension less than or equal to the
cardinality of C*(H).

Apart from this, we shall frequently use in this paper that if G' is amenable
and 7 is an arbitrary representation of G, then 15 < 7 ® T [4, Theorem 2] and
7 < ind$ (7| ) for every closed subgroup H of G [16, Theorem 5.1]. Actually, both
of these latter properties characterize amenable groups since 14 < ind?e} liey = Aq,
the left regular representation of GG, implies amenability of G (see [15]).

The dual space G of G is the set of equivalence classes of irreducible unitary
representations of GG, and the primitive ideal space Prim(C*(G)) consists of all
ideals kerw, 7 € G. Prim(C*(G)) carries the hull-kernel topology and G the
inverse image of this topology with respect to the canonical mapping @ — kerm
from G onto Prim(C*(G)). Finally, for any representation 7 of G, the support of
7 is the closed subset suppm = {p € G p <7} of G. By a character, we always
mean a continuous homomorphism of G into the circle group T.

Let N be a closed normal subgroup of G. Then G acts on representations
m of N by z-n(y) = m(z"'yz), € G,y € N. The G-orbit of = under this
action will be denoted G(7) and G, = {x € G : - m = 7} is the stabilizer of
m. The subgroup G need not be closed in G, but it is closed if, for instance, the
singleton {7} is closed in N.

Let G be a locally compact group and 7 € G. We say that 7 satisfies the
topological Frobenius property

e (FP1) if for any closed subgroup H and 7 € H , m|lg > 7 implies that
7 < ind$ 7;

e (FP2) if for any closed subgroup H and 7 € H, m < ind% 7 implies that
g > T;

e (FP) if both (FP1) and (FP2) hold for =.

The group G is said to have any of these properties when all irreducible represen-
tations do so.

It is not known whether any of the properties (FP1), (FP2) and (FP) is
inherited by closed subgroups. However, there is a weakened version of (FP), the
so-called restricted Frobenius property (RFP), which is obtained by restricting =
to be the trivial representation 145 and which has the advantage of being inherited
by closed subgroups and by quotient groups [21, Lemma 2.1]. Actually, for several
classes of locally compact groups (RFP) already implies (FP).

We mention a few results concerning (FP).

(1) (FP) holds for any locally compact group with relatively compact con-
jugacy classes [25, Theorems 2.5 and 2.6], in particular, it holds for abelian locally
compact groups [11].

(2) If G is a connected and simply connected Lie group, then (FP) holds
for G (if and) only if G is a direct product of a vector group and a compact
semisimple group [9, Theorem 1].
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(3) If G is a locally compact group with small invariant neighbourhoods of
the identity (a so-called SIN-group), then (FP) holds for G (if and) only if G is a
group with relatively compact conjugacy classes [21, Corollary 3.13]. Alternatively,
this can be deduced from (1), [9, Theorem 3] and the fact that SIN-groups have an
open subgroup of the form V' x K, where V is a vector group and K is a compact
group [17, Theorem 2.13].

Lemma 1.1. Let G be amenable and m an irreducible representation of G.
Suppose that for any representation p of G, 1¢ < T® p implies that @ < p. Then
(FP1) holds for .

Proof.  Since closed subgroups of amenable groups are amenable, 1y < 7® 7
for every closed subgroup H of G and 7 € H. The statement now follows from
Lemma 1.1 of [25]. [

The tensor product property in Lemma 1.1 is often easier to verify than
property (FP1) directly (see [25], [26] and Section 3).

Lemma 1.2.  Let G be any locally compact group.

(i) If G is amenable and 7 is a finite dimensional irreducible representation of

G, then (FP1) holds for .
(ii) If (FP1) holds for the trivial representation of G, then G is amenable.

(i) Let 7 € G and suppose that (FP1) holds for w. Then {kerm} is closed in
Prim(C*(G)) (i.e, kerm is a mazimal ideal of C*(G).

Proof. (i) Let H be a closed subgroup of G and let 7 be any representation
of H such that 7|y = 7. Then, since 7 is finite dimensional, 7 ® 7 > 1y and
therefore, using amenability of G and that weak containment is preserved by
forming tensor products of representations and inducing representations,

lg < ind% 1y < ind5 (7@ 7) < ind%(7|g ® 7) = 7 ® ind% 7.

Since 7 is finite dimensional, Lemma 4 of [10] implies that m < ind% 7.
(ii) Take H = {e} and 7 = 1yy. If (FP1) holds for 1g, then 1o <
ind%’;} liey. This implies that G is amenable.

(iii) Just take H =G and a 7 € G such that 7 < 7, but 7 o 7. n

2. Property (FP) for nilpotent groups

Let G be a nilpotent locally compact group. We collect from [13] a number of
structural results which will be used in the sequel. Firstly, G¢, the set of all
compact elements of G, is a closed normal subgroup of G [13, Corollary 3.5.1
and Lemma 3.8]. The group G is said to be compact-free if G° = {e}. When
G is compactly generated, then every closed subgroup of G is again compactly
generated and G° is compact [13, Lemma 9.2 and Theorem 9.7]. From this latter
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fact it can easily be deduced that G/G° is compact-free. In particular, (G/G)o,
the connected component of the identity of G/G¢, is a simply connected nilpotent
Lie group [13, Theorem 4.2]. In addition, GyG° is open in G and G/G(G° is
torsion-free [13, Theorem 8.3]. Since GyG®/G* is connected and open in G/G°,
GoG°/G° = (G/G)y. Hence G/G° is a Lie group. When G is discrete, G¢ is just
the subgroup consisting of all elements of finite order which is usually denoted G*
and called the torsion subgroup of G.

In this section, we characterize the compactly generated nilpotent groups
which satisfy property (FP1). In preparation for this, we need the following two
lemmas.

Lemma 2.1. Let G be a semidirect product G = N x A, where

(i) A is an infinite cyclic group;

(ii) N is a compact-free second countable locally compact abelian group;
(iii) The quotient group G/Z(Q) is torsion-free.

Then either G is abelian or indi o= A for any character a of A.

Proof. Note first that since GG is second countable, for each m € G there exists
x € N such that 7|y ~ A(x) = G(x) [14, Theorem 2.1]. Let o be any character of
A and identify A with Z. Since G is amenable (ind§ )|y ~ N by [11, Theorem
5.3]. It follows that

X ={x e N:A(y) ~ |y for some 7 € supp(ind§ a)}

is dense in N. Suppose now that there are sequences (7,), in supp(ind§ o) and
(Xn)n in N such that m,|n ~ A(x,) for each n, x, - 1y as n — oo and
A, =Gy, NA = g, Z, where ¢, € N and ¢, — oo. For each n, there exists

Yn € qnZ such that
T = indganZ(Xn X Yn)-

Choose o, € 7. with Onlgwz = Yn, n € N. Since 7 is compact, after passing to

a subsequence we can assume that o, — o for some o € Z. Let K(Z) denote
the family of all subgroups of Z, equipped with Fell’s compact-open topology [?].
Then ¢,Z — {0} in K(Z) and therefore

(N X QnZ7Xn X ’7n> — (N’ 1N)

in Fell’s subgroup representation topology [11]. By continuity of inducing [11,
Theorem 4.2], it follows that

Ty = indganz(xn X Yn) — ind% 1n.

Since indg Iy ~ A and Tp = indga for all n, the proof is complete under the
above hypothesis.
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If no sequences as above exist, then there exists an open neighbourhood V/
of 15 in N with the following property: There exists m € N such that for each
x € VN X we have A, = ¢,Z with ¢, < m. Then, putting ¢ = m!, A, 2 ¢Z for
all x € VNX. Since XNV isdensein V, it follows that ¢Z C A, for every x € V
and hence for every x in the open subgroup of N generated by V. However, this
subgroup equals N because N, being the dual group of a compact-free abelian
group, is connected. Consequently, ¢Z acts trivially on N and therefore also on
N. In other words, ¢Z C Z(G). But then G must be abelian. In fact, denoting
by ¢ : G — G/Z(G) the quotient homomorphism, ¢(Z) is a finite subgroup of
G/Z(G). However, since G/Z(G) is torsion-free by hypothesis, we get Z C Z(G)
and hence G = N x Z is abelian. [

For any group G, we denote by Gy the normal subgroup consisting of all
elements with finite conjugacy class, that is, all x € G such that the centralizer
Ca(z) of z has finite index in G. If Gy = G, then G is called an FC-group.

Lemma 2.2. Let G be a compact-free, compactly generated nilpotent locally
compact group. If (RFP) holds for G, then G is abelian.

Proof. Note first that Gg is a connected and simply connected nilpotent Lie
group which satisfies property (RFP) and therefore has to be abelian by [35,
Theorem] (for a simpler proof see [30, Theorem 6.33]), actually a vector group,
V = RF say.

Since V' is open in G, G/V is a finitely generated, torsion-free nilpotent
discrete group satisfying (RFP). Then, by [20, Theorem 2.7], G/V is an FC-
group. Since a finitely generated FC-group has a finite commutator subgroup [38,
Theorem 4.32] and G/V is torsion-free, it is abelian and hence isomorphic to Z¢
for some d € Ny. We are going to prove by induction on d that, whenever G is a
compactly generated nilpotent locally compact group with property (RFP) and G
contains an open normal vector group V such that G/V = Z<, for some d € Ny,
then G is abelian.

The case d = 0 being clear, suppose that d > 1 and that the statement
is true whenever G/V = Z%71. Choose a subgroup N of G containing V' such
that N/V = Z41 and G/N = Z, so that G = N x A, where A is an infinite
cyclic group. Since (RFP) holds for N, N is abelian by the inductive hypothesis
and hence N =V x Z%!. Since G is compact-free, so is G/Z(G). So G satisfies
the hypotheses of Lemma 2.1. Thus, assuming that G is not abelian, indf a= A
for every a € A. This contradicts property (RFP) and therefore G has to be
abelian. [

Theorem 2.3.  For a compactly generated nilpotent locally compact group G the
following conditions are equivalent.

(i) (FP) holds for G.
(ii) (RFP) holds for G.

(iii) The quotient group G/G° is abelian.
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Proof. (i) = (ii) is trivial, and (iii) = (i) is true since G° is compact and
every group with relatively compact conjugacy classes satisfies (FP). (ii) = (iii)
follows from Lemma 2.2 since (RFP) holds for G/G° and G/G* is a compact-free
and compactly generated nilpotent locally compact group. |

Corollary 2.4. Let G be a nilpotent locally compact group. If G satisfies
(REP), then G/G° is abelian.

Proof. Let H denote the collection of all compactly generated open subgroups
of G. Then (RFP) holds for each H € H and hence H/H¢ is abelian by Theorem
2.3. Since G° = Jyeqy HE, it follows that [G,G] = UyeyH, H] C Uyey HE =
G°. [

The converse of Corollary 2.4 does not hold since every discrete group with
property (RFP) has to be an FC-group [20, Theorem 2.7].

3. (FP1) for nilpotent SIN-groups

The Frobenius property (FP1) does not hold for general nilpotent locally compact
groups. Indeed, as shown in [8], the 3-step nilpotent group of all upper triangular
real 4 x 4-matrices with 1 on the main diagonal does not satisfy (FP1) (see [30,
Example 6.39]). On the other hand, every 2-step nilpotent locally compact group,
which is a projective limit of Lie groups, satisfies (FP1) [5, Theorem 3.4]. The
same is true for nilpotent discrete groups [25, Theorem 1.2]. The purpose of this
section is to extend this latter result to the much larger class of nilpotent SIN-
groups. Recall that a locally compact group G is called an SIN-group (a group
with small invariant neighbourhoods) if there exists a neighbourhood basis V of
the identity such that 7 'Vaz =V forall V€V and z € G.

In the sequel, for any locally compact group G, we denote by G4 the group
G equipped with the discrete topology. Moreover, a representation 7 of G, viewed
as a representation of G4, is denoted m;. Clearly, if m < p then 74 < pg, and if 7
is irreducible then so is 7.

Lemma 3.1. Let G be a nilpotent locally compact group containing an open
subgroup H of the form H = R? x K, d € Ny, where K is a compact group.
Suppose that o and p are representations of G such that o|x ~ x ~ p|k for some
character x of K and 1¢ <7 ® p. If o is irreducible, then o < p.

Proof. To show that o < p, let £,n € H(o), a compact subset C' of G and
€ > 0 be given. Enlarging C', we can assume that C' is of the form C' = J, ., D,
where F' is a finite subset of G and D = [-R, R]? x K C H for some R > 0.

Thus every element of C is of the form z (Zle >\i6i> z, where x € F, z € K,

|\;] < R and ¢; denotes the standard " unit vector in R%. Since 1g < 74 ® pg, it
follows from [25, Theorem 1.2] that supp oqNsupp pg # (. Since discrete nilpotent
groups have a T; primitive ideal space [37] and o, is irreducible, we get o4 < pq.
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Thus there exist &, ..., &m, M, - -+, Nm € H(p) such that

o(ze)&,m) — Y (plxe)&s,n;)

Jj=1

<e€/dR

for all x € F and 1 < i <d. Since o|gx ~ x ~ p|x and x is a character, we have
o(az) = x(z)o(a) and p(az) = x(z)p(a) for every a € G and z € K.
It follows that, for z € F, z € K and y = S.* | \;-¢;, where \; € [-R, R],

(o(zy2)6m) =Y {plyz)&,m) | = [x() o @& n) — x(2) Y {pxy)&;, n;)
j=1 Jj=1
d m
<> Nl [(o(e€m) =) (p(xe)éy )| < e.
i=1 =1

Thus every coordinate function of ¢ can be approximated uniformly on compact
subsets of G by sums of coordinate functions associated with p. This shows that
o=<p. [ |

Lemma 3.2.  Let K be an abelian, compact, normal subgroup of the locally
compact group G, x € K and o € G, such that o|x ~ x. Suppose that G, has
finite index in G. Let M and N be closed subgroups of G' containing G, such

that M C N, M is normal in N and N/M s abelian. Let my = ind]\G/[X o€ M

and Ty = indgx o€ N. Then the following two conditions are equivalent.

(i) If 1y < mpr @ p for some representation p of M such that p|x ~ M(x),
then my < a-p for some a € N.

(i) If 1y < nNn®T for some representation T of N such that 7|k ~ N(x), then
™ < T.

Proof. (i) = (ii) Observe that since M is normal in N,
™| = (indgx 0) v ~ N (indgx 0) = N(my).
Let 7 be as in (ii) and let F' be a coset representative system for M in N. Then
Iy < 7Nl @T |~ N(mar) Ty ~ {x - (T @T| ) ¢ € F}.

Since F' is finite, it follows that 1, < x - (my ® T|M) for some z € F and so
Iy < mar @ T|pr. On the other hand, since

Tl ~ N(X) = Uper - M(x),

we have 7|y ~ (J,cp @-p, where p is arepresentation of M such that p|x ~ M(x).
Indeed, with R = supp(7|ss) N supp(ind¥! x), we have 7|y ~ Uzepz - R since
supp(m|ps) is N-invariant, and hence for p we can choose any representation of
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M with support equal to R. Again using that F' is finite, we conclude that
1y < 7y ® - p for some x € F'. This in turn implies that

g < mulx @2 - (plr) ~ M(x) @ x - M(X).

Since K is compact and abelian, this means that there exist my, my € M such that
1x = (my-x)((zms2) -X) and so my - x = (zmy) - x, which gives m; 'zmy € M and
therefore © € M. Thus we have seen that 1, < my ® p, and since p|x ~ M(x),
condition (i) shows that 7y < a - p for some a € N. Now, since a € N,

7 = ind}; Ty < indY(a - p) = ind}; p < ind} (7)) ~ T ® W

Since W/[ is finite and 7 is irreducible, we get mn < 7® @ for some « € W )
Since 7wy is induced from M, it follows that 7y = 7y ® @ < 7, as was to be
shown.

The proof of (ii) = (i) is much simpler. Let p be a representation of M
such that p|x ~ M(x) and 1y, < 7y ®p. Choose any representation 7 of N such
that 7|y ~ N(p). Then

Iy =< ind); 1y < ind3 (7 @ 5) < indd) (mar @ 7|ar)

= 7@indY, Ty =T ® 7N.

Since T|x ~ N(p)|lk = N(p|x) ~ N(M(x)) = N(x), (ii) implies that 7y < 7.
Restricting to M gives

T < (ind}y mar) |ar = 7o < Tl ~ N(p).

Since my; is irreducible and N/M is finite, it follows that 7, < a - p for some
a € N. This shows that (i) holds. ]

Before proceeding to establish the result announced at the outset of this
section, we have to introduce some more notation, which will also be used in
Section 4. For any group G, we denote by Z(G) the centre of G' and by

(e} = Zo(G) C Z(G) = Z1(G) C ... C Zn(G) C ...

the ascending central series of G, that is, Z;11(G)/Z;(G) = Z(G/Z;(G)),j =
0,1.... Then G is said to be m-step nilpotent if Z,,,(G) = G, but Z,,_,(G) # G.

Let N be a closed normal subgroup of the locally compact group G. We
write N € [FC|,, if every element of N has a relatively compact conjugacy class
in G, and N € [SIN],, if the identity element has a neighbourhood basis V in
N such that 27 'Vaz = V for every V € V and 2 € . Thus G is a SIN-
group if G € [SIN]g. Moreover, let Aut(N) denote the group of all topological
automorphisms of N, endowed with the usual group topology [22, Theorem (26.5)],
and let I(N, G) be the subgroup of Aut(/V) consisting of all inner automorphisms
y — 2 'yr, x € G, of N. Then the closure I(N,G) in Aut(N) is compact if and
only if N € [FC|; N [SIN], [17, Theorem 0.1]. For a SIN-group G, let Gp denote
the set of all x € GG such that the conjugacy class of x is relatively compact. Then
G is an open normal subgroup of G; in particular, Gy € [FC|, N [SIN],.
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Theorem 3.3. Let G be a nilpotent SIN-group and let m be an wrreducible
representation of G. Then, for any representation p of G, 1¢ < T ® p implies
7w < p. In particular, (FP1) holds for G.

Proof. By Lemma 1.1, it suffices to prove the first statement. Note first that
any SIN-group G is a projective limit of Lie groups G/C, [32, Lemma 4.3] and
that then G = U, G/Cs [32, Proposition 3.2]. Thus there exists a compact normal

subgroup C' of G such that 7 € G/C and G/C is a Lie group. Now p can be
written as a direct sum p = p; @ pa, where p;(C) = {I} and supp(p2) C a\{lg}
Then 1g < T ® p implies that 1¢ < T ® p;. Therefore, passing to G/C', we can
henceforth assume that G is a Lie group.

Then Gy, the connected component of the identity of GG, is open in G and
of the form Gy = R? x K, where K is compact and connected and both K and
R? are normal in G [17, Theorem 2.13]. Being a compact, connected, solvable
Lie group, K is abelian. Indeed, this appears to be folklore and can be verified
by exploiting the fact that the action of a connected group on the discrete dual
of any abelian, compact, normal subgroup is trivial and arguing by induction on
the length of the commutator series of G. Since I(K,G) is compact, the group
consisting of all autmorphisms a, : x = - x, z € G, of K , 1s also relatively
compact [22, Theorem (26.9)]. Hence all G-orbits in K are finite since K is

~

discrete. Choose x € K such that 7|x ~ G(x). Then the stability group G,

g

has finite index in G, and there exists o € G such that © = indgx o (see [30,
Theorem 4.22]).

Let G be m-step nilpotent and let H; = G, Z;(G) and 7; = indgf< o€ I/{;,
0 < j < m. Then it is easily verified that H; is normal in H;;;, and H,1/H,
is abelian. We prove by induction on j that if o is a representation of H; such
that o|x ~ H;(x) and 1y, < 7; ® 0, then m; < 0. The case j = 0 is covered by
Lemma 3.1. For the inductive step 7 — j + 1, let o be a representation of H,
such that o|x ~ Hj;1(x) and 1pg,,, < 741 ® 0. Let, as in the proof of Lemma
3.2, I be a representative system for the cosets of H; in H,y;. Then there exists
a representation p of Hj; such that p|x ~ H;(x) and o|g, ~ F(p). It follows that

L, < Tjlm, ®@ olu, ~ F(7;) @ F(p),

and this in turn implies that 1y, <7; ® a - p for some a € F~'F C N. Now, the
implication (i) = (ii) of Lemma 3.2 applies and yields 7,41 < 0.

Finally, if p is an arbitrary representation of G such that 14 < 7™ ® p,
then as in the first paragraph of the proof, p = p; @ py, where p1|x ~ G(x) and
palx < K\ G(x). Then lg cannot be weakly contained in 7 @ py, and hence
lg < 7™ ® p1 and this implies m < p; < p, completing the proof. ]

From Theorem 3.3 and Lemma 1.2(iii) we in particular conclude the follow-
ing

Corollary 3.4. Let G be a nilpotent SIN-group. Then Prim(C*(G)) is a Ti-
space.
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Remark 3.5. Let G be a countable, metabelian, discrete group and let 7 € G.
Then (FP1) holds for 7 if (and, by Lemma 1.2(iii), only if) {kern} is closed in
Prim(C*(G)). To see this, let H be a subgroup of G and 7 € H such that
7 < 7| . Then, since G is amenable,

lg < ind$ (7@ 7) < ind%(7|g ® 7) = 7 ®@ind§ 7,

and Proposition 1 of [24] shows that supp 7 Nsupp(ind% 7) # . So © < ind% 7
since supp 7 ~ {7} by assumption.

4. (FP2) for some nilpotent groups

The problem of when (FP2) holds for a given irreducible representation of a locally
compact group G is much more intricate than the analogous (FP1) question. There
are only a few isolated results for simply connected nilpotent Lie groups on the
one hand (see [5], [9] and [27]) and for some classes of nilpotent discrete groups
on the other hand (see [3] and [28]). The purpose of this section is to provide
a criterion for irreducible representations of compact-free nilpotent SIN-groups
(Theorem 4.7).

Proposition 4.1.  Let G be an amenable SIN-group and let © € G such that
T~ indgF (mlgy). Then (FP2) holds for =.

Proof. Let H be a closed subgroup of G and 7 € H such that 7 < ind% 7.
Then, since H is amenable,

indg T < indfl (indgmGF (T]HQGF)) = indgmGF (Tl HAGR)-

Let A = I(HNGp,H) C Aut(H NGp). Then A is compact since H N Gp €
[SIN],; N[FC], and A acts on the primitive ideal space Prim(C*(H NGp)) in the
usual manner. By [33, Section 4; in particular Proposition 4.8], the map v — ker m,
is a homeomorphism between E(H N Gpg, H) and the set H-Max(C*(H N GF))
of maximal modular H-invariant ideals of C*(H N Gg). On the other hand,
PNC*(HNGp) € H-Max(C*(H N Gp)) for each P € Prim(C*(G)) (see [23,
Theorem 1]). Therefore, there exists o € HNGp such that Tluna, ~ A(0).
Since ind§j, 6(c) = ind§j, o forevery § € A, we get 7 < indj, 0. Now [21,
Theorem 3.7] implies that 7|gng, = o. Since, by hypothesis, m ~ indgF(ﬂGF),
it follows that

7l ~ ndG, (vlo, )i - indlhng, (wlunay) = indfiog, o > 7,
as required. [ |

Proposition 4.3 below, a special case of which is the following lemma,
generalizes [30, Proposition 5.65]. At the same time, the proof simplifies the one
given in [30].
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Lemma 4.2. Let G be an arbitrary locally compact group and Z a closed
subgroup of the centre Z(G ) of G, and let N = {y € G : [y,G] C Z},
N/Z = Z(G/Z). Let 7 € G and X\ € Z such that 7|z ~ A, and assume that )\
is faithful. Then there exists a character x of Z(G) such that X extends A and
TN ~ indg(G) X -

Proof. Let x be the unique character of Z(G) such that 7|zq) ~ x. Take any
¢ € H(m) with ||€|| =1, and let ¢ denote the associated coefficient function of 7.
Then, since 7|z ~ A, for y € N and z € G,

2= o(y) = ez, yly) = (2, y]y)E, €) = Az, y])e(y).
Moreover, since [N,G|] C Z C Z(G), for y,y1,yo € N and z, 21,25 € G, we have

[z, 5192] = [2, ][z, o] and [2120,y] = [21, ][22, 9.
Defining 7, : N — T by v.(y) = A([z,y]), the preceding two equations show that
each v, is a character of N/Z(G), and the map v : © — 7, is a homomorphism

from G into the dual group I' = N/Z(G). Since A is faithful, the subgroup v(G)
of T" separates the points of N/Z(G) and hence is dense in T".

Now, by the above equation 271 - ¢|x = v,¢|y for every x € G. Since
7! -7 = 7w and every coefficient function of 7 is a finite linear combination of
such functions ¢, it follows that 7|y ~ 7|y ® 7, for every x € G. The density of
~v(G) in T" implies that 7|y ® v < 7|y for every v € I". It follows that

de )X~ de (7T|Z(G)) ~ 7y ®G/Z(G) < 7|N

and hence 7|y ~ de(G) X, as claimed.
It is clear that y extends A since A ~ 7|z ~ x|z and A and x|z are both
characters of Z. [

Proposition 4.3. Let G be an arbitrary locally compact group, m € G and
A € Z(G) such that w|zcy ~ A. Let

Ky={2€Z(G):ANz)=1} and Ly={yeG:ly,G] C K,}.

Then there exists a unique G -invariant character x of Ly such that x extends A

and |z, ~ ind} 2( )y,

Proof Let ¢ : G — G/K) denote the quotient homomorphism and let 7 €

G/K,\ and \ € Z( )/K, be defined by 7 oq = 7 and Aog = A. Then X is
faithful and therefore Lemma 4.2 applies and yields that 7 ~ ind%, 7(G/K,) X» Where

1 € Z(G/K)) and
N ={yKy: [yK\,G/K)] C Z(G)/K\} = {yKy : [y, G] C Z(G)}.
Then x :=xoq€ Ly, ¢ (Z(G/Ky)) = Ly and ¢~ (N) = Z5(G). Thus
m=7oq~ (ind}g/x, X) 0 g =nd2(yoq) = ind @y,

as was to be shown. The G- 1nvar1ance of x is easy to check, and the uniqueness
follows from the fact that (de2 X)Ly ~ X- ]
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Let G be any locally compact group and N a closed normal subgroup
of G, and suppose that 7 is an irreducible representation of G and x is a G-
invariant character of N. We shall frequently use in the sequel that © < ind% X
implies 7|y ~ x. To see this, let K ={z € N :w(z) =1} and ¢: G —» G/K
the quotient homomorphism. Then y = 1 on K and, as in the proof of the
preceding proposition, let 7 denote the irreducible representation of G/K and x
the G /K -invariant character of N/K such that m = 7o ¢ and x = x o q. Then

T < ind%l[gx and, because x is faithful and G/K-invariant, N/K C Z(G/K).

Moreover, since 7|n/x is a multiple of a character and (ind%ﬁ X)|n/x ~ X, it
follows that 7|n/x ~ X and hence 7|y ~ x.

Theorem 4.4.  Let G be a SIN-group such that Zy(G)/(Z2(G)NGF) is torsion-
free, and let ™ be an irreducible representation of G. If (FP2) holds for w, then

there exist a closed normal subgroup L of G such that Z(G) C L C Zy(G) N GF
)

and a G-invariant character x of L such that |z,q) ~ ind?(G X . In particular,

if Gr = Z(Q), then 7T|Z2(G) ~ indg%(GG)) X+

Proof. By Proposition 4.3, there exist a closed normal subgroup L of G such
that Z(G) C L C Z,(G) and a G-invariant character x of L such that 7|z,q) ~

ind?(G) x. We have to show that L C Ggr. Towards a contradiction, assume
that there exists + € L\ G and let H = (x). Then H N Gp = {e} since
Z2(G)/(Z5(G) N G) is torsion-free. It follows that ind% 7 = G for every 7 € H
[21, Proposition 2.3]. Since (FP2) holds for 7, we get |y > H. On the other

hand, since L is normal and y is G-invariant, (ind?(G) X)L ~ x and hence
7|g ~ x|g. This forces L = Gp. ]

From Theorem 4.4 and Proposition 4.1 we can now deduce the following
Corollary 4.5. Let G be a 2-step nilpotent SIN-group and let m € G. Then
(FP2) holds for w if and only if there exist a closed normal subgroup L of G such
that L C Gr and a G-invariant character x of L such that m ~ indf X -

Proof. In view of Theorem 4.4, we only have to show the ’if’ part. Since
7 ~ ind¥ y and y is G-invariant, we have 7|y ~ x and 7 ~ 7 ® ind¥ 1. This
implies
e ~ Tlep ® (Ind¥ 11) |ap ~ 7o, @ ind¥" 1, = ind%" (n|) ~ ind%"
and hence, by induction in stages,
7 ~ind§ y = indgF (indfF X) ~ indgF (Tlap)-

Thus, by Proposition 4.1, (FP2) holds for . [

The statement of the next lemma is known to be true for nilpotent discrete
groups [38].
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Lemma 4.6. Let G be a nilpotent SIN-group such that Gg is compact-free.
Then Gr = Z(G).

Proof. We suppose that G is non-discrete. Then, since G is compact-free, GG
contains an open normal subgroup of the form R¢, d > 1, such that R? C G [17,
Theorem 2.13]. We are going to prove by induction on d that Gr C Z(G).

To that end, we first observe that Z(G)y # {e}. For a contradiction,
assume that Z(G)y = {e}. Then, since [Z3(G)o, G| is a connected subgroup
of Z(G), it follows that Z3(G)y = {e}. Continuing in this manner, we get
Zm(G)o = {e} for all m € N, and so Gy = {e}. This contradiction shows
that Z(GQ)y # {e}. We therefore have (G/Z(G)o)o = R* for some k < d, and
hence (G/Z(G)o)r C Z(G/Z(G)o) by the induction hypothesis. In particular,
Gr C Z5(G).

Finally, let x € Gp and let ' = I(Gp,G). Then I'(z) = {[y,z] : y € G} -
xz and, since z € Z5(G), [y1,z|[ye,x] = [y1y2, 2] for all y;,yo € G. Since
['(x) is compact, this shows that the closed subgroup of Z(G) generated by all
commutators [y, x|, y € G, is compact. Because Z(G) is compact-free, it follows
that © € Z(G). This proves that Gp = Z(G). u

For any locally compact group G and a closed normal subgroup N of G,
let K(N,G) denote the convex set of all continuous positive definite functions
@ on N such that ¢(e) = 1 and p(zyz™') = p(y) for all y € N and z € G.
Moreover, let E(N,G) be the set of all extreme points of K (N, G) (that is, those
¢ € K(N,G) which cannot be written as a non-trivial convex combination of two
different elements of K(N,G)). When N = G, we simply write K(G) and E(G)
instead of K(N,G) and E(N,G).

Suppose that G is a SIN-group and N is an open normal subgroup of G
such that N C Gp. Let v € K(N,G) and denote by 7 the trivial extension of ~
to G, that is, ¥(z) =0 for € G\ N. Then, as is known and easily verified, the
representation 7y is unitarily equivalent to the induced representation indg Ty

Let G' be an amenable group with open centre and suppose that Prim(C*(G))

is a Ti-space. Let m € G and X € Z/(\G) such that 7|z ~ x. Then
there exists ¢ € K(G) such that 7 ~ 7, and @[z = x. To verify this, let
P(G) = {¢ € P(G) : Y|z = x} and view P (G) as a subset of the Banach
space dual of C*(G). Then, equipped with the w*-topology, P, (G) is a compact
convex set because Z(G) is open in G and hence C*(Z(G)) C C*(G). Now, G
acts on P (G) by (z,¢) — x -, and this mapping is affine and continuous. Since
G is amenable, by Day’s fixed point theorem (see [15, Section 3.3]) there exists
¢ € P (G) such that x - ¢ = ¢ for all x € G, that is, ¢ € K(G). Since 7., ~ 7,
for all x € G, it follows that 7, < 7 and so 7, ~ 7 since Prim(C*(G)) is a
T1 -space.

Theorem 4.7.  Let G be a compact-free nilpotent SIN-group. For an irreducible
representation © of G, the following are equivalent.

(i) (FP2) holds for m.

(ii) ™~ indZ g (7]z@))-
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Proof. Since G is compact-free, Gr = Z(G) by Lemma 4.6 and Z5(G)/Z(G)
is torsion-free. By Proposition 4.1, we only have to show that (i) implies (ii).
Assuming (i), by Theorem 4.4 there exists a character A of Z(G) such that
| zo(c) ~ ind?‘zg))\. As pointed out above, since Prim(C*(G)) is a T)-space
(Corollary 3.4) and G is amenable and Z(G) is open, there exists ¢ € K(G) such
that ¢|z) = A and 7 ~ 7.

Since 75 = indg(G) A, it suffices to show that ¢ = X. To that end, we
first prove that ¢(y) = 0 for every y € Z5(G) \ Z(G). Using the notation of

G)

Proposition 4.3, we have 7|z, ~ indfi( X, where y is G-invariant character

of Ly extending A. Since, on the other hand, 7|z, ) ~ ind;g) A, it follows that
indé?G) A ~ 7|, ~ x. This implies that x = xa for every character « of L,/Z(G)
and hence Ly = Z(G).

Now, let y € Z5(G) be such that ¢(y) # 0. We recall that if ¢ is any
positive definite function with ¢(e) =1 and a € G is such that |¢(a)| = 1, then
Y(ab) = ¥(a)(b) for every b € G [22, Theorem (32.4), (v)]. Therefore, for all
x € G, we have

o(y) = elaye™") = o([z,yly) = e[z, y])e(y) = Mz, y])e(y).

This implies that A([z,y]) =1 for all x € G and hence y € Ly = Z(G).

To show that ¢ even vanishes on G\ Z(G), we consider G with the discrete
topology and let i : G4 — G denote the identity mapping. Then poi € K(Gy)
and [3, Lemma 1.2] yields that ¢ oi = 0 on G4\ Z(G) since for a torsion-
free nilpotent discrete group the ascending FC-series coincides with the ascending
central series. ]

Remark 4.8. Tt is worth mentioning the following topological aspects in connection
with the results obtained in this section.

(1) Let A be an arbitrary C*-algebra. Then a primitive ideal I of A is
a separated point of Prim(A) if and only if I is a minimal primal ideal of A [1,
Proposition 4.5]. On the other hand, for an amenable SIN-group G and 7 € é,
ker 7 is a minimal primal ideal in C*(G) precisely when 7 ~ indgF(ﬂGF) [29,
Theorem 3.6].

(2) Let G be a second countable SIN-group. Then the set I' of all v €
E(GF,G) such that 7, the trivial extension of 7 to all of G, belongs to F(G), is
dense in E(Gg,G) for the topology of uniform convergence on compact subsets of
Gr [18, Satz 1]. This implies

(kerm, : v € I'} = {0}; equivalently, {m, : v €'} ~ Gr.
Thus the set of all induced representations indgF Ty, v € I', is weakly equivalent to
the left regular representation of GG, and hence to G provided that G is amenable.
Now, for every ¢ € E(G), 7, is a factorial representation of C*(G) (7, Proposition
17.3.4], and the kernel of a factorial representation of any separable C*-algebra
is a primitive ideal [7, (3.9.1) and (5.7.6)]. Then, for each v € I', we can choose
some p, € G such that Py ~ Ty = indgF 7. It now follows from Proposition 4.1

that if G is a second countable amenable SIN-group, then the set of all 7 € G for
which (FP2) holds is dense in G.
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(3) There are also examples of torsion-free nilpotent discrete groups of
arbitrary nilpotence length with the property that the set of all 7 € G , for which
(FP2) holds, is open (and dense) in G'. One such example was given in [2], namely
the multiplicative group of upper triangular n x n-matrices, n > 3, with 1 on the
main diagonal and entries from an infinite countable field of characteristic zero.

(4) In [19] an example was given of an uncountable, 2-step nilpotent,
torsion-free discrete group G with the property that E(G)NE(Gy,G) = 0. Thus,
by either Theorem 4.4 or Theorem 4.7, (FP2) fails to holds for every irreducible
representation of G.

5. Motion groups

By a general motion group we mean a semidirect product G = N x K, where N is
a locally compact abelian group and K is a compact group. The most prominent
examples are of course the groups Gy of rigid motions of RV, N > 2, that is,
the semidirect products RY x SO(N), where SO(N) acts on RY by rotation.
It is known that none of the groups Gy has property (FP2) [30, Theorem 6.20]
and that (FP1) holds only for N = 2 [30, Theorem 6.23]. Our main aim in this
section is to identify the irreducible representations of GG which satisfy either of
the properties (FP1) and (FP2).

We briefly recall the description of the dual space Gy . We embed S O(N-1)
into SO(N) by SO(N—1) — diag(1, SO(N —1)). Then SO(N —1) is the stability
group of characters y; of RY corresponding to vectors (¢,0,...,0) € RY with
t #0. Then

Gy = Sm) U {indgngO(N—n(Xt xo):t>0,0¢ SOU-V\— 1)} :

where Sm) is considered as a subset of Gy since Gy /RN = SO(N).

Lemma 5.1. Let m be an infinite dimensional irreducible representation of
G =RY x SO(N) and let H be a closed subgroup of G containing RY . Then, for

T E fl, T =< indgT implies that w|g > T.

Proof. For y € ]l@\v, let K, denote the stabilizer of xy in SO(N) and G, =
RY % K,. Then H =R x (HNSO(N)) and H, =R x(HNK,). Since 7 € H,
there exist x € RV and w € H N K, such that 7 = indgx (x X w). Since

gy < (indfl 7) [ex ~ G(7[x) ~ K (x),
7 is of the form 7 = indgx (x x o) for some o € [/(; By hypothesis,
7 < ind% 7 = ind$ (indgx(x X w)) = indgx <ind§;‘((x X w)) :

The support of indgx <indg’; (x x w)) consists precisely of all representations

inng (x X p), where x X p € supp (ind%;(x X w)) :
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Now x x ¢ and indgz(x X w) can both be viewed as representations of
the compact quotient group G, /{z € RY : x(z) = 1}. Therefore the classical
Frobenius reciprocity theorem implies that (x x )|, > x X w. Since G is second
countable and H and G, are clearly regularly related, because both contain RY
and Gy /RY is compact, it follows that

wln = (i (¢ x 0)) I = indff ((x x o),

> indgx(x Xw)=T
[11, Theorem 5.2]. ]

Lemma 5.2. Let G = R? x SO(2) and let 7 be an infinite dimensional irre-
ducible representation of G. Then (FP) holds for .

Proof.  Since (FP1) holds for G, we only have to show that 7 satisfies (FP2).
Recall that = = indﬂ% x for some character xy of R%. Let H be a closed
subgroup of G and let 7 € H be such that 7 < indfl 7. We now distinguish
the following three cases which exhaust all possibilities for H: (1) H 2 R?, (2)
HNR? = {0} and (3) {0} # HNR? # R2. In case (1), we already know from
Lemma 5.1 that 7|y > 7.
(2) Since H NR? = {0}, we have

7T|H = (lndgz X) |H b indgzmH(X|R20H) = AH b ]/'\I

Thus 7|y = 7 for every 7 € H.

(3) We observe first that in this case 7 has to be finite dimensional. Indeed,
since {0} # H NR? # R?, it is easy to see that the normalizer of H NR? in G
is a finite extension of R?. Thus this normalizer is of the form R? x E for some
finite subgroup E of SO(2). In particular, H has an abelian subgroup of finite
index, namely HNIR?, and therefore every irreducible representation of H is finite
dimensional. Let N denote the subgroup of G generated by H and R?. Then
N =R? x F for some subgroup F of E.

Notice next that it suffices to show 7|y ®7 > 1j, because then [10, Lemma
4] implies that 7 < 7|y since 7 is finite dimensional. Now

7 = ind$ x ~ ind$: (7|g2) = 7 @ ind$s 1ge

and, analogously, 7 ~ 7 ® 1nd§2 1gz. Since G is amenable, we get 1g < T ® 7,
and hence, using that 7 ~ 7 ® ind$, 1ge and 7 < ind% 7,

lg < 7®indG7 = ind% (g @ 7)
~ Hldg (W’H &® indgﬂRz 1H|'11R2 &® F)

~ indg (indngz (7| Rz ® ?’Hnﬂv) .
Thus, with p = 7|grrz @ T|gAr?

lg < {indmez W :w € supp p} .
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Since N is normal in G and H NR? is normal in N,
(ind§ge ) [ ~ ind§ (indYqpe w)| v ~ SO(2) (indpyp: w)

for each w € mQ. Let

S = Uwesuppp Supp(indgﬁﬂ@ w) g N

Then SO(2)(S) is also closed in N. Indeed, let (aq,0a)q be a net in SO(2) x S
such that a, - 0, — o for some o € N. As SO(2) is compact, after passing to
a subnet if necessary, we may assume that a, — a for some a € SO(2). Then
0o =a,' (ay-04) —at-0,s0that a™' -0 € S and 0 € SO(2)(9).

Now, since 1y = 1g|n is weakly contained in

Uw€suppp (indf]ﬁR2 CU) |N ~ UwESuppp 50(2) (indgﬁR2 w) )

we obtain that 1y € SO(2)(S). This in turn implies that 1y € S. Since N/R? is
finite and N = HR?, there exists a finite subset A of H such that N(w) = A(w)

for every w € HNR2. Notice next that since H N R? is normal in N and

N(w) = Aw),
(indngg w) |~ {indgmkg(a ‘w):a € N} ~ {indgnW(Q ‘w)a € A} )
From m ~m® G//@ we conclude
7T‘H N7T|H®G/R2‘HN7T’H®H/HQR2
Since A is finite and 1y = 1y|g € S|g, there exists a € A such that
1y < {indjjp(a-w):w €suppp} < indjj p2(a- p)
indjjrgz p = indfjgs (7] oz © Tlaoz2)
= ?@indngz(ﬂ'|HmR2) ~ ?®7T|H

This completes the proof of the lemma. [ |

Lemma 5.3. Let N > 2 and let @ be a finite dimensional irreducible represen-
tation of Gn. Then (FP2) fails for .

Proof. We embed G, into Gy by
((x1,22), A) = ((0,...,0,21, 29),diag(1,...,1, A)),
(r1,72) € R?, A € SO(2). Now consider the subgroup SO(2) of G5 and let

— e

I' € SO(2) denote the finite support of m|so(2) and choose x € SO(2) such that
xI'NT = ). By [30, Proposition 6.19] or [9, Lemma 4], 15, < indgg)@) x and hence

T = 71®lgy <7®ind% lg, < 7 @ indg¥ (indg%@) x)
= TR® indgg@) X = indgg@) (7T|50(2) & X)
~ {indgg@) (xy):v € F} .

Since I' is finite, it follows that 7 < indgg(z)(xfy) for some v € I'. However,
T|so(2) does not (weakly) contain xvy since xy & I'. [
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Lemma 5.4. Let G = N x K, where N is a second countable abelian group
and K is a compact Lie group. Let x € N be such that K, is normal in K. Then
(FP1) holds for every irreducible representation m of G' with 7|n ~ K(x)-

Proof. It was shown in [26, p. 218] that if y and 7 are as in the lemma, then
for any representation p of G, 1 < T ® p implies 7 < p. Thus (FP1) holds for
7 by Lemma 1.1. [ |

Corollary 5.5.  Property (FP1) holds for every semidirect product N x K , where
N s a second countable locally compact abelian group and K is a compact abelian
Lie group. In particular, (FP1) holds for the motion group of the plane.

It is not known whether the hypothesis that K be a Lie group in Corollary
5.5 can be dropped.

Lemma 5.6. Let N > 3 and let m be an infinite dimensional irreducible
representation of Gn. Then (FP1) does not hold for .

Proof. Embed SO(N —1) into SO(N) by SO(N — 1) — diag(1, SO(N —1)).
It is easily verified (for instance, by induction on N = 3,4,...) that SO(N — 1)
does not contain any nontrivial normal subgroup of SO(N). Since 7 is infinite
dimensional, 7 = indIgNNKX(X x o) for some y € RY and o € [/(\X, and K, is
conjugate to SO(N — 1). The statement of the lemma now follows from [26,
Theorem 1, (iii) = (iv)]. n

Combining Lemmas 1.2, 5.1, 5.2 and 5.6 and Corollary 5.5, we obtain the
following theorem.

Theorem 5.7. Let Gy =RY x SO(N), N > 2.

(i) (FP1) holds for Go, and (FP2) holds for m € Gs if and only if 7 is infinite

dimensional.
(ii) If N > 3, then (FP1) holds for m € é; if and only if w is finite dimensional.

(iii) If N > 3, then (FP2) fails to hold for every finite dimensional © € Gy.

Unfortunately, for N > 3, we have not been able to decide whether (FP2)
may hold for an infinite dimensional irreducible representation of G . This is
mainly due to the vast variety of closed subgroups of G and their dual spaces.
We next establish property (FP1) for a class of motion groups which includes Gs.
This result will subsequently be applied to a p-adic motion group.

Proposition 5.8.  Let G be a semidirect product G = N X K, where N is
abelian and K is compact. Suppose that for each x € N, the stability group
K,={a€ K :a-x=x} is either trivial or equals K. Then, for 7 € G and an
arbitrary representation p of G, 1¢ < T ® p implies that ® < p. In particular,
(FP1) holds for G.
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Proof. For every 7 € G, choose y, € N such that TIn ~ K(x.), and let
Ty ={r€suppp: K,. ={e}} and Ty ={r €suppp: K,, = K}.

Then 7 = indf, X, for every 7 € Ty and, for each 7 € Ty, x, is a K-invariant
character of N and hence 7 = x, x w for some w € K. Thus every 7 € Ty is
finite dimensional.

Since 1g < T® p, we have 1 < T® T or 1g < T ® Ty. Assuming first
that 1 < T® T5, let

M={zxe N:x.(zr)=1forall 7 € T}

Then M is a closed normal subgroup of G and T, C G /M and 1G <7TRTH <
T® G/M and hence 1), < 7|p. We claim that this implies 7 € G/M To see
this, observe that since N is abelian, G/N is compact and M is normal in G,
the G-orbits in the dual group M are compact (and hence closed). On the other
hand, because 7 is irreducible, 7|y, is weakly equivalent to some such orbit G(w),
w E M. But then Ly < 7|p forces w =1y Now

X+ (la,z]) = a- x-(2)x-(27") = 1

for all 7 € To, x € N and a € K. Thus [G,N] C M, and this implies that
N/M is contained in the centre of G/M. Thus G/M is the direct product of
N/M and K. In particular, all the irreducible representations of G/M are finite
dimensional. Since 1¢ < 7T ® T3, [10, Lemma 4] implies that 7 < T3 < p.

Finally, suppose that 1¢ < 7™ ® T;. Then

Iy <7ln @ Thly ~ K(Xx) @ U er, K(X7),

and hence there exist nets (7,), in 77 and (an)s and (by), in K such that
Qo * Xn @ by - Xr, = 1n. Since K is compact, we can assume that a, — a for
some a € K. It follows that a - \; ® b, Xra — 1y, which in turn implies that
X= < U, K(Xr.) < T1|n. Because 17 = 1ndN X for every 7 € T}, we conclude

7 < ind§ xr < {ind§(r|y) : 7 € T} ~ T1 < p.
In view of Lemma 1.1, this completes the proof. [ ]

We conclude this section with studying a totally disconnected group, which
may either be viewed as a p-adic motion group or a p-adic Heisenberg group. This
example also shows that, even for motion groups with abelian acting compact
group K, identifying the irreducible representations, which satisfy either of the
properties (FP1) or (FP2), can be technically complicated.

Example 5.9. Let p be a prime number, 2, the p-adic number field equipped
with the usual topology defined by the p-adic metric and A, the compact open
subring of p-adic integers. Let G be the group of upper triangular matrices

1
0 ., T €A y,z€Q,
0

O~ 8
L SR\
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In what follows we denote such a matrix by the triple (z,y, z). Then G is 2-step
nilpotent with centre Z(G) = {(0,0,2) : z € ,}, but also the semidirect product
NxK,where K = {(2,0,0): 2z € A} = Ay and N = {(0,y,2) : 9,2 € Qp} = Q2.
We are going to show that (FP1) holds for G and (FP2) holds for 7 € G if and
only if 7 is infinite dimensional.

We briefly recall the facts from representation theory of G we need. There
exists a character A of €2, such that the group kernel of A equals A,. For each
y € Q,, define \, € Q/\p by Ay(z) = Myzx), © € Q,. Then the map y — A, is
a topological isomorphism between (2, and Q/\p. Using this description of Q/\p and
the action of A, on N = Qi, it is not difficult to determine G. For k € 7, let

Ap=1{\y €PPAN\PTAY and Gi = {0} x pFA, x Q.

Then (2; \ {1g,} is the disjoint union of the open and closed sets Ay, k € Z,

and every m € G such that 7|z ~ A for some A\ € Ay, is weakly equivalent
to indgk o for some (G-invariant) character o of Gj. For all this, compare [12,
Section 4.1], [22, Section 10] and [30, Example 5.70].

Next we show that if H is any closed subgroup of GG, then H and G} are
regularly related in the sense of Mackey [31, p. 127]. This means that there exist
measurable subsets FEy, Ey,... of G, each of which is a union of double cosets of
H and Gy, such that Ey has measure zero and each double coset not in Fjy is the
intersection of the E; containing it. To start with, note that since G, 2 Z(G)
and G/Z(G) is abelian, HG}, is a normal subgroup of G' and every double coset
of H and Gy is actually a coset of HGy,. If (z,y,2) € G, then

(x,y,2)HGy = (2,0,0)(0,y, 2 — 2y) HGy, = (x,0,0)(0,y,0) HG}.

Let Y be a coset representative system for the subgroup p~*A, in ,. Then
Y is countable since p~*A, is open in ©, and ), is o-compact. Moreover, for
any y € p~FA,, we have (0,y,0)HG}), = HG), because G/Z(G) is abelian and
Gr/Z(G) = p~*A,. Let V be a open neighbourhood basis for A, \ {0}, and for
each VeV and y €Y, set

By, = (V x{y} x{0})HGj.

The sets Ey,, form a countable family of measurable subsets of G, each of which
is a union of cosets of HG,.

Let ¢ : G - G/N = A, denote the quotient homomorphism and assume
first that q(H) = q(HGy) has measure zero in A,. Then ¢(H) = {0} since every
nontrivial closed subgroup of A, is open in A,. Given a coset

C =(z,0,0)(0,y,00HGy, ye€Y,xz#0,

it is clear that C is the intersection of all sets Ey,, where x € V. Since
q(H) = {0}, the set Ey = HG, C N has measure zero in G and is a union
of cosets of HG). Consequently, using the collection of sets

{Eo}U{Ey,: VeV yeY},
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shows that H and G are regularly related.
Therefore, we are left with the case that ¢(H) is an open subgroup of A,.
If the measurable subgroup ¢(H) of A, also does have positive Haar measure,

then it must be open too and hence equal to ¢(H). But then
HGy = q ' (q(H)) N (A, x Gy)

is open (hence closed) in G, and H and Gy are regularly related. Thus we can
assume that ¢(H) = {0}. Then let Ey = N, which is of measure zero and a union
of HGj-cosets. Arguing as before, it follows that every coset of H(G), which is not
contained in FEy, is the intersection of the sets Ey;, containing it. This completes
the proof that H and G, are regularly related.

Since Gy, € Gp = N and since H and G} are regularly related for each
closed subgroup H of G, it follows from [27, Lemma 1.1] that (FP2) holds
for every infinite dimensional 7 € G. However, (FP2) fails to hold for every
finite dimensional irreducible representation of G, that is, every character v of
G/Z(G) = A, x Q,. To see this, observe first that for any o« € A,, we have

(indgp a) v > inprmN(odAmN) — Ay ~ N.

Since the sets Ay, k € Z, are open in ﬁp, it follows that for each k € Z, there exists
a G-invariant character y; of Gy such that indgpa - indgk Xk- Consequently,
since 1lg < indg(G) Iz¢) and (Gy,xx) — (Z(G),1z¢)) as k — oo in Fell’s
subgroup representation topology, using continuity of induction with respect to
this topology, we get

le € Uper supp(indgk Xx) C supp(indgp Q).

It now follows as in the proof of Lemma 5.3 that v < indgp (7]a, ). Taking any
a # 1a,, we see that (FP2) cannot hold for .

Finally, since for every x € N , the stabilizer K, of x either equals K or
is trivial, Proposition 5.8 shows that (FP1) holds for G.

6. The ax + b-group

The following 2-dimensional simply connected solvable Lie group G has the prop-
erty that every irreducible representation of G satisfies exactly one of (FP1) and
(FP2).

Example 6.1. Let G be the ax + b-group, that is, the semidirect product G =
R xR, where the multiplicative group of positive real numbers R} acts on R by
multiplication. Identify the normal subgroup R x {1} with R. For ¢ € R, let x;
denote the character of R defined by x;(z) = exp(2mitz), x € R. Moreover, let

I’ denote the lift of ]1/%5 to G. Then G =T U {m,,7_}, where 7, = ind$ y; and

7_ = ind§ x_1. The singletons {r,} and {r_} are open in G and the closure of
each of them contains I'. Consequently, (FP2) cannot hold for any v € I.
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We claim that 7 satisfies (FP2). Thus let H be a closed subgroup of G
and 7 € H such that 7 < indg 7. Recall that, by [10, Theorem 5.3],

Tl ~ {ind o (xelanr) : t > 0}.

In particular, 7|y = H if HNR = {0} since H is amenable. Suppose next that
HNR is a proper nontrivial subgroup of R, so that HNR = aZ for some o > 0. It
is easily verified that the normalizer of aZ in G equals R. Thus H = HNR = oZ.
Then 74|y ~ {Xslaz : s > 0}, and since xs(an) = (exp(2misa)™ for n € Z and
each character of oZ is of the form an — 2" for some z € T, it follows that
T = H.

The remaining case is where H O R, and only here will we use the hy-
pothesis that 7, < ind% 7. Then 7|z 1z and hence 7 = ind¥ y, for some
s # 0. Hence ind$ 7 = ind§ y, which equals either 7, or m_. Since 7, is not
weakly contained in 7_, we must have indfl 7 = my. This implies that s > 0 and
therefore

Tl ~ {indf x; : t > 0} = indff x, = 7.

Similarly, it is shown that (FP2) holds for 7_.

It is easy to identify those 7w € G which satisfy (FP1). In fact, if y € I, H
and 7 are such that v|p = 7, then 7|z = 7 and hence v < ind(v|y) = indfj 7.
Alternatively, this follows from Lemma 1.2. On the other hand, property (FP1)
does not hold for 7, and 7_ because neither of the singletons {7} } and {7_} is
closed in G (compare Lemma 1.2(iii)).
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