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Abstract.  We consider Lie algebras equipped with a Rota—Baxter operator.
The forgetful functor from this category to the category of Lie algebras has a left
adjoint one denoted by Urp. We prove an operator analogue of the Poincaré—
Birkhoff-Witt theorem for Ugrp by means of Grobner—Shirshov bases theory for
Lie algebras with an additional operator.
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1. Introduction

A Rota—Baxter algebra is a linear space A over a field k equipped with a bilinear
product (a,b) — ab, a,b € A, and with a linear map R : A — A such that

R(a)R(b) = R(R(a)b) + R(aR(b)) + AR(ab), (1)

where A is a constant from k. A linear operator R satisfying (1) is called a
Rota-Baxter operator of weight A.

This notion initially appeared in analysis [1], and then in combinatorics
[14] and quantum field theory [6]. We refer the reader to the book [11] and
references therein for more details. There is a number of studies on associative
and commutative Rota—Baxter algebras. Let us briefly review some results closely
related with the topic of this paper.

A linear basis of the free associative Rota—Baxter algebra was found in [§],
where it was also shown that the universal enveloping Rota—Baxter algebra of a
free dendriform (or tridendriform, for nonzero weight) algebra is free. A simpler
proof of the same fact follows from [9]. Another method for finding a basis of free
associative Rota—Baxter algebra was proposed in [3]; in a more modern form the
same approach was exposed in [10].

Rota—Baxter Lie algebras are of special interest since they are closely related
with pre-Lie (left/right-symmetric) algebras. Namely, if L is a Lie algebra with
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a product [-,-] equipped with a Rota—Baxter operator R then the same space L
with new operation ab = [R(a),b], a,b € L, is a pre-Lie algebra.

Moreover, there is a natural relation between Rota—Baxter operators and
solutions of the classical Yang-Baxter equation (CYBE) [15]. Namely, if L is a Lie
algebra equipped with a symmetric invariant bilinear form (-,-) (not necessarily
non-degenerate) then there is a natural map L — L*, a — (a,-), and thus we
haveamap ®: L®L - L*® L — End(L). If X € L ® L is a skew-symmetric
solution of CYBE

[XIQ,X13] + [X127X23] + [Xlg,X23] =0.

then R = ®(X) is a Rota—Baxter operator on L.

This paper is devoted to the study of combinatorial structure of Lie algebras
with a Rota-Baxter operator. The main problem we solve is an analogue of
the Poincaré-Birkhoff-Witt (PBW) Theorem for the universal enveloping Rota—
Baxter Lie algebra Ugp(L) of an arbitrary Lie algebra L. We prove that Ugg(L)
carries a natural filtration such that the corresponding associated graded algebra
grUgp(L) is isomorphic (as a Lie algebra) to the universal enveloping system
Ura(L) in the class RALie of Lie algebras equipped with linear operator R
satisfying the identity [R(x), R(y)] = 0. The same statement holds for the varieties
of associative and commutative algebras.

The main tool of the proof is a version of the Composition-Diamond Lemma
(CD-Lemma) for Lie algebras with an additional linear operator. A more general
approach to this Lemma (for Lie algebras with an arbitrary set of linear operators)
was developed in [13]. In the proof of CD-Lemma we use terminology of [10] and
some combinatorial statements of [16] (for more detailed exposition of the latter
results see [2]).

2. Algebras with additional operator

Suppose Var is a variety of linear algebras (associative, commutative, Lie, Poisson,
etc.). Denote by RVar the variety of Var-algebras equipped with an additional
linear operator R. Denote the forgetful functor from RVar to Var by ©g, and let
Ug stand for its left adjoint functor from Var to RVar.

Obviously, if Var(V) is a free Var-algebra generated by a linear space V'
then Ug(Var(V)) is isomorphic to the free RVar-algebra RVar(V').

Let us state explicit construction of Ur(A). Given A € Var, denote by A
a copy of the linear space A. Let p: A — A stand for the isomorphism a — a.

Define a series of algebras {A,},>0 by the following rule:

Ag = A,
Ay = Ax Var(A),

A, = AxVar(4, 1),

where * = xy,, is the free product in the variety Var.
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As above, let A,, be a copy of the space A,,. Denote the linear isomorphism
a—a,a€ A, by p,.

Construct a series of Var-homomorphisms 7, : A, — A,11, n > 0, as
follows. Start with the canonical embedding 7 : A — A;, and proceed by
induction:

Tn—1
Anfl An
Pn—1 Pn
—_ Tr—1 —_
Anfl - ? An
C C

N
N

AxVar{A,_;) —— AxVar(A,),

where 7,y = p, ', 07, 1 0p, is a linear homomorphism, 7°_, is the induced Var-
homomorphism of free algebras, and 7, is a Var-homomorphism coming from the
universal property of the free product.

Lemma 2.1.  Homomorphisms T, are injective for all n > 0.

Proof. Assume 7,_; is injective. Consider

_ T _
An—l T1> An —_— An—l

| c |

Var(A,_,) —— Var(4,) 2 Var(4,_,)

where ¢ is a projection of the linear space A, onto A, i: p70 | = id A, s ¢°
is the extension of ¢ to a homomorphism of free algebras. Then the universal
property of free product implies the existence of 1 such that

A, =AxVar(A, ;) — AxVar(4,) —Y sy A Var(A, 1) = A,.
Hence, 91, =id4, and 7, is injective. |
Lemma 2.2.  For every RVar-algebra B and for every homomorphism of Var-

algebras 1 : A — B there exists unique family {1, }n>0 of Var-homomorphisms
U+ Ap — B such that

Pno¢n+1 :@DnOR
and

wU = W ¢n = Tn © ¢n+1-

Proof. Let us show existence and uniqueness by induction. Given ,:A,—B,
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construct
A, —s A, —= Var(4,) —=— Apy1 = Ax Var(A,)

wnl inl w%l Tg

BLBL B #A

Here the rightmost vertical arrow is the canonical embedding of A into the free

product which coincides with 9o ---07,, ¥, = p>' 01, o R is a linear map, °

is a homomorphism of Var-algebras induced by ,,. The right-hand square on the

diagram above induces Var-homomorphism 1,1 : A, 41 = A x Var(A,) — B.
Let us prove ¢y, = ¢, 117,. For n =0, it follows from the definition of ;.
Assume n > 0 and v,,_1 = ¥, 7,—1. Then for all y € A,,_;

7_—n71 (3/) = pnTnflpgil (y)

Since Ynpn(2) = Rip,(2) for all z € A, we have

UnTn-1(y) = CnpuTa-19pt1(y) = RibnTuo1pp "1 (y) = Ribno1pyt1 (y) = bna ().
Therefore, the induced Var-homomorphisms are related in the same way:

0 _ .00
n—1 — YnTh_1-

Now, for all z € Var(4,_;) C A, we have
Ta(2) = 71 (@).

Hence,
U1 Ta(2) = Upm_y (2) = Uy (2) = Yn(2)

by the definition of 1, ;. Since 1), is uniquely determined by its action on A,_;
(uniqueness property of the universal map on free product), we have the required

equality v, 17, = 1, on the entire A, . [ ]
The chain
A "5 4 25 A Ay — Appy —— ...

naturally defines direct system of Var-algebras. Let
A =1limA,,
—
p:Asx = As, p=Ilimp,.
%

Theorem 2.3.  The Var-algebra A with linear map p is isomorphic to the
universal RVar enveloping Ug(A).

Proof.  The universal property of (A, p) follows from Lemma 2.2. [
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Let us consider a particular case Var = Lie. Recall that if Y is a well-
ordered set of generators then a linear basis of Lie(Y) may be constructed in the
following way [16]. A word u € Y™ is called an (associative) Lyndon-Shirshov
word (LS-word) if either uw € Y or for every presentation u = vw, v,w € Y*, we
have u > wv lexicographically. Denote the set of all such words by LS(Y). For
every u € LS(Y) there exists standard bracketing [u] such that [u] = ([v][w]),
where w is the longest proper LS-suffix of u (then v is also an LS-word, [v] and
[w] are standard bracketings on these shorter words). The set {[u] | v € LS(Y)}
is a linear basis of Lie(Y).

It is not hard to construct a linear basis of free RLie-algebra RLie(X) for
a given well-ordered set X of generators. Let RLSy(X) = {[u] | u € LS(X)} be
the basis of Lie(X) equipped with deg-lex ordering:

[U] < [U] — U <deglex v

Assume the set RLS,,(X) is already constructed and equipped with a well
order. Consider the alphabet U, = X U{R([u]) | [u] € RLS,(X)} with the

following order:
z < R([u]),

R(lu]) < R([v]) <= [u] <[v],
for z € X, [u], [v] € RLS,(X). Then

RLS, 41 (X) :== {[w] | w € LS(U,)}
equipped with the deg-lex order. Obviously, RLS,(X) C RLS,,11(X) forall n > 0.

Corollary 2.4.  The set

RLS(X) = | J RLS,(X)

n>0

is a linear basis of RLie(X).

Proof. Let L = Lie(X), Ur(L) ~ RLie(X) Y% Le,. Consider the images of
RLS-words as elements of RLie(X) under the isomorphism 6 iduced by = — =z,
xr € X . By definition, §(RLSy(X)) is a basis of Ly = L. Assume §(RLS,(X)) is a
basis of Ly for all k < n, and the embedding RLS;_1(X) C RLS(X) is compatible
with 71 : Lg—1 — Lg, k=1,...,n. Then O(R(RLS,(X))) = p,(0(RLS,(X))) is
the set of free generators for Lie(L,). Moreover, # is compatible with 7, .

Recall that the free product of two free Lie algebras is the free Lie algebra
generated by disjoint union of the generating sets of factors. In our case, these
generating sets are X and 6(R(RLS,(X))). Therefore, (RLS,1(X)) is the linear

basis of L,.1. ]

In particular, RLie(X) as a Lie algebra is isomorphic to Lie(U), where
U = |J U,. Therefore, RLie(X) has a natural ascending filtration

n>0

RLie(X) = {f € RLie(X) | deg f < n}, (2)
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where deg f is the degree of f € Lie(U) relative to the alphabet U.
Note that U may not be a well-ordered set, e.g., xy > R(zy) > R*(vy) > ... for
x > y. However, for every n > 0 the subset U, is obviously well-ordered.

For [u] € RLS(X), denote by degpu (R-degree) the total number of
operators R appearing in u. For f € RLie(X), let degy f be the maximal R-
degree among all its monomials. Note that for every n > 0 there exists /N such
that {[u] € RLS(X) | deggu < n} C LS(Uy).

Remark 2.5. Denote by RAVar the subvariety of RVar defined by identity
R(xz)R(y) = 0 (image of R is abelian). The following construction provides the
universal enveloping RAVar-algebra Ura(A) of A € Var, the proof is similar to
the one stated above.

For A € Var, let Ag=A and A, ; = Ax A% n >0, where A? is the same
space as A, considered as an algebra with zero multiplications. Then Ug4(A) is

isomorphic to lim A4, .
—

Let us construct a series of RALS, (X) C RLS,(X) by induction. Start
with RALS(X) = RLS¢(X) and assume RALS, (X) is already defined. Consider
the alphabet

U, =X U{R([u]) | [u] € RALS,(X)}

with the same order as in the definition of RLS, and set RALS,.1(X) to be
the set of all [w] € LS(U,) such that w does not contain subwords of the form
R([u])R([v]), u,v € RALS,(X), [u] > [v]. Tt is easy to see ([17]) that RALS, (X)
is the linear basis of the Lie algebra L, constructed from Ly = Lie(X) as above.
Therefore,
RALS(X) = | J RALS,(X)
n>0

is the linear basis of Ura(Lie(X)) ~ RALie(X). As a Lie algebra, RALie(X) is
generated by U = |J U,.

n>0

Corollary 2.6.  The free RALie-algebra RALie(X) is isomorphic as a Lie
algebra to the partially commutative (see [7]) Lie algebra Lie(U | uv = 0, u,v €
U\ X). n

3. CD-lemma for RLie algebras

Let us call elements of RLie(X) by RLie-polynomials, and let f € RLS(X) stand
for the leading word (principle monomial) of an RLie-polynomial f.

Recall an important statement which plays a key role in the combinatorial
theory of Lie algebras.

Lemma 3.1 (Shirshov bracketing, [16, Lemma 4|).  Let U be an ordered set,
and w,u € LS(U). Suppose u is a subword of w, i.e., w = aub, where a and
b are some words in U (either of them may be empty). Denote by w,. . a word
in the alphabet UU{*} obtained from aub by replacing of this occurence of u with
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a new symbol *: wy. . = axb. Then there exists a unique bracketing on Wy «,
denoted by {wyes}, such that

{alu]b} = [w] + Zaz w;], o €k, w; € LSU), [w] < [w].

Uniqueness of the Shirshov bracketing implies the following property: let
w,u,z € LS(U), u is a subword of z, and z is a subword of w. Consider the
words w, 4, = a*b, Wy, and z,., with the corresponding Shirshov bracketings

{...}. Then
{o{zues 0} = {wye}.

Suppose S is a set of monic RLie polynomials. Construct S as follows. For
every f € S, f = [u], consider the associative word u € LS(U) and consider all
[w] € RLS(X) such that the corresponding w € LS(U) contain u as a subword:
w = aub. Let {wy—.} = {axb} be the Shirshov bracketing. Denote by S, the
collection of all RLie-polynomials {w,. s} = {afb} corresponding to all possible
occurences of u, [u] = f, f € S, in all RLS-words [w]. Then {w,. s} = [w]
and {w,« ¢} belongs to the ideal of Lie algebra Lie(U) generated by S. All these
polynomials are monic, and S C So.

Proceed by induction: given S, = Y, define S’nﬂ YU R( )o D S, . and

515

n>0

Lemma 3.2.  Denote by Ir(S) the ideal generated by S in RLie(X). Then
felIg(S) if and only if f =), a;h;, hy €5, a; €k.

Proof.  The ideal Ig(S) in RLie(X) is the minimal R-invariant ideal in the Lie
algebra Lie(U) which contains S. By the construction, Ig(S) 2 S.
Conversely, it follows from [18, Lemma 3] that the ideal I(X) generated by

a set ¥ in Lie(U) coincides with the linear span of ¥,. Hence, the linear span of
S is an ideal in Lie(U). Obviously, this ideal is R-invariant, so Ir(S) CkS. m

Recall that a rewriting system is an oriented graph G = (V| FE) which has
no infinite oriented paths. A vertex v € V' is called terminal if there are no edges
of the form v — w in FE.

Define an oriented graph Gr(X,S) on the set of vertices RLie(X) based on
a set of monic RLie-polynomials S, assuming that two RLie-polynomials f and g
are connected by an edge f — ¢ if and only if f = fy + ofu] + f1 (all monomials
of fo are larger than [u] and [u] > fi, a €k, a # 0) such that [u] = h for some
heS, and g = f — ah. Every edge obviously corresponds to unique h € S, and
therefore has a well-defined level which is the minimal n such that h € Sn

From now on, assume the following additional condition on S: degp s >
degp s for every s € 5, i.e., the number of operators R in the leading word 5 is
greater or equal than R-degrees of all other monomials in s. Obviously, the same
condition holds for h € S. In this case, Gr(X,S) is a rewriting system since for
every vertex f € RLie(X) its cone (set of all vertices g such that there exists an
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oriented path f — --- — ¢) belongs to k RLS,,(X) for some n and RLS,(X) is
well ordered. Terminal vertices of this rewriting system are also called S -reduced
RLie-polynomials.

Let notation f ~g g express that f, g € RLie(X) are connected by a non-
oriented path of length d > 1, and f ~ g says f ~y g for some d > 1.

The following two lemmas are almost obvious but we still state their proofs
for readers’ convenience.

Lemma 3.3. Let V be a subspace of RLie(X), and let G(V) stand for the
subgraph of Gr(X,S) with vertices V. Then for every f,g,h € V

fr~ginG(V) < f+h~g+hinG(V).

Proof. It is enough to show (=-). Suppose f ~4 g and proceed by induction
on d. In fact, we only need d = 1 since the induction step is obvious. Assume
f=g, [=fotaul+fi,[ul=5 s€8, g=f—as, a0, asin the definition
of Gr(X,S). In particular, s € V. Apply the same principle to write down the
decompositions of h = hg+ Blu| + hy (for some € k) and g=f —as=go+ g1-
Then f+h = fo+ho+ (a+B)ul+ fi+hi, g+h=go+ho+ Bu] +h+g. If
a+B#0and f=0then f+h—>g+h. If a4+ #0 and S # 0 then

f+h—=f+h—(a+B)s=g+h—pPsg+h,
s0 f+h ~y g+ h. Finally, if o + 3 =0 then
f+h=fo+tho+fit+hh=g+as+h=g+h—LPs<+ g+h. [

Lemma 3.4. Under the conditions of Lemma 3.3, the following statement holds:
for every f,g eV

f—QIZ%‘Si, a; €k, sieému

if and only if f ~g in G(V).

Proof. (<) It follows from the definition of edges in Gr(X,S5).

(=) Assume f— g = 181 + -+ + @Sy, S € SAV. If n =1 then we
simply have f—¢g — 0, s0 f ~ g by Lemma 3.3. If n > 1 then f—(g+ays1) ~0
by induction, so f — g ~ a;51 — 0 by Lemma 3.3. [ |

By Lemma 3.2, the ideal I(S) coincides with the linear span of S. There-
fore, connected components (in the non-oriented sense) of Gr(X,S) are exactly
the elements of the quotient algebra RLie(X)/Ig(S5).

We will mainly use the following subspaces of RLie(X):

Vo, =k{[u] € RLS(X) | degru <n}, n >0,
VI = k{[u] € RLS(X) | [u] < [w]}, [w] € RLS(X),
Vil =y, vl
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Note that
v.= U v

[w]eRLS(X)NV,

and RLS(X) NV, is a well-ordered subset of RLS(X).

Recall that a rewriting system is said to be confluent if for every vertex
v there exists unique terminal vertex ¢ such that v is connected with ¢ by an
oriented path (i.e., v — -+ — t, or v ~» t). In particular, every non-oriented
connected component of a confluent rewriting system contains unique terminal
vertex. Therefore, if the rewriting system Gg(X,S) is confluent then there exists
unique normal form of an element in RLie(X)/Ir(S) which may be found by
straightforward walk on the graph. The following statement is a well-known
criterion of confluence.

Theorem 3.5 (Diamond Lemma, [19]). A rewriting system G = (V,E) is
confluent if and only if for every v € V' and for every two edges v — wy, v — wo
there exists a vertex w € V' such that wy; ~» u and wy ~ u. [ ]

It is easy to see that a rewriting system Ggr(X,S) is confluent if and only
if so is each subsystem G(V,,), n > 0. The latter is confluent if and only if so is

GV for all [w] € RLS(X) N V.

Proposition 3.6. Let S C RLie(X) be a set of monic RLie-polynomials,
n > 0. Suppose the rewriting system G(V,,) C Gr(X,S) has the following property:
for every RLS-word [w] € V,, and for every pair of edges [w] — g1, [w] — g2 in
G(V,) we have

g1 — go = Zaihia hl < g N Vn, ]TLZ < [U}] (3)

Then the system G(V,,) is confluent.

Proof. Let us check the Diamond Condition from Theorem 3.5 for the rewriting
system G = GV € Gr(X, S), [v] € RLS(X) N V.

Proceed by induction on [v]. Assume the rewriting system gl}‘] is confluent
for all [u] € V},, [u] < [v], and consider an ambiguity in the graph G\ ie., a pair
of edges [ — g1, f — go. Here g1 = f — ahy, go = [ — Bha, hy € SNV, . There
are three possible cases:

Case 1: hy # ho.

Then f may be written (with ordered monomials) as f = fo+afui|+ for+5[us]+ f1,
[u;] = h;. Suppose [u1] —hy = Y[uz] + h, where h does not contain monomial [uy],
v € k. It is now easy to see that if ya + 3 # 0 then there exist edges g1 — ¢,
g2 — gh — g in G where gh = ga—ahy, g = fo+for+fitah+(B+ya)([uz]—hs).
If ya+ 8 = 0 then there exist edges go — g5 — g1 for the same g¢}. Therefore, in
this case the Diamond Condition holds.

Case 2: hy = hy < f.

Then f = fo+ afu] + fi, [u] = h; < f < [v]. Hence, there in an ambiguity
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f =g, [ — g, in Gl where f' = afu]l + fi, g = fo+ ¢.. By the inductive
hypothesis, there exist two paths in Gl g — -+ — ¢, 1 =1,2. Therefore,
gi— - — fo+¢ in G since all monomials in f, are greater than [u].
Case 3: hy = hy = f

Without loss of generality, assume f = [v]. Then g; = a([v] — h;) + fi and the
difference g; — g2 = a(hg — hy) coincides (up to a scalar) with one that appears in
the pair of edges [v] — [v] —h;, i = 1,2. Therefore, the condition of the statement
implies ¢; and go are connected by a non-oriented path in Ql[g] (X, S) for some
[u] < [v]. The last rewriting system is confluent by induction hypothesis, so there
exist oriented paths ¢g; ~» g and go ~> g in g};‘] (X, S), so the Diamond Condition
holds for G n

Recall the Shirshov’s definition of a composition [18] in the free Lie algebra
Lie(U).

Let f,g € Lie{(U) be monic Lie-polynomials, f = [u], g = [v]. We say that
f and ¢ form a composition relative to a word w if u = ujus, v = V1vy, Uy = vy
(us, v; € U*). Here w = ujusve = u3v1v9 is a LS-word, and there are two Shirshov
braketings:

{wu<—*} = {*02}1, {wm—*} = {Ul*}Q-
The Lie polynomial
(f, 9w = {fv2}1 — {wrg}e

is called a composition of f and g relative to w. It is important that

(f,9), < [w]. (4)
It follows from the definition of Gr(X,S) that if f,g € S then
[w] = g1 = [w] = {fv2}x
is an edge in Gr(X, S), and so is
[w] = g2 = [w] = {urg}o.

Therefore, g1 — g2 = (f, 9)w-

Suppose S is a set of monic RLie-polynomials such that the rewriting system
Gr(X,95) is reduced, i.e., it has the following property: every vertex s € S is a
terminal vertex of the graph Gr(X, S\ {s}). Then S itself is said to be reduced.

Proposition 3.7.  Let S be a reduced set of monic RLie-polynomials. Suppose
all compositions of type (S1,52)w, S1,52 € S, [w] € V, N RLS(X), have the
following presentation:

(Sl,SQ)w = ZO@]’LZ’, hz - g N Vn, ]_1@ < [’UJ] (5)

i

Then the rewriting system G(V,,) C Gr(X,S) is confluent.
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Proof.  Check the conditions of Proposition 3.6 for a word [w] € RLS(X)NV,,.
Assume there is a pair of edges in G(V,,): [w] — g1, [w] — g2.

There are several possible cases.

Case 1. Both edges are of level 0. (This case is actually covered by the
classical Composition-Diamond Lemma [18], but we prefer to consider it in our
terminology to make the exposition complete.) Then

g1 = [w] —hy, g = [w] — ho,

h; € @Omvn, s;i € S. Let [u] = 5, and [v] = 5,.
Recall the following

Lemma 3.8 ([5]).  Suppose u,v,w € LS(U), w = aubve, where a, b, and ¢ are
some words in U (either of them may be empty). Then there exists a bracketing
{a*bxc} such that {alu]blv]c} = [w] + > a;[w;], [w;i] < [w].

This statement also implicitely appears in [18].

Case 1.1. Let the corresponding occurences of subwords u and v in w
do not intersect. Then w = aubve, hy = {asibvc}y, hy = {aubsac}y, where
{...}1 and {...}2 are the Shirshov bracketings on wy. . and w,. ., respectively.
Therefore,

g1 — g2 = {aubsycts — {asibucky
= {aubsac}y — {afu]bsactio + {asiblv]ctia — {asibuc}y
+ {afu]bsactia — {asibsactia + {asibsactia — {asib[v]ctia
= ({aubszc}g — {CL[U]bSQC}lz) + ({aslb[v]c}m — {aslbvc}l)
+ {a([u] — s1)bsac}ia + {asib(se — [v])c}tia,

where {a * b« c}o is the bracketing from Lemma 3.8. In the last expression, all
summands belong to linear span of h; € SNV, with h; < [w], so g1 — g» has the
required presentation (3).

Case 1.2. Let the corresponding occurences of u and v in w intersect:
U = ULU, UV = ViV, Us = v1. Then z = uvy = wyv is a LS-word, w = azb =
auveb = auyvb, hy = {asjvab}y, hy = {auiseb}s, where {a x vob}; and {au; * b}
are the Shirshov bracketings on w,. , and w,., respectively. Consider also the
Shirshov bracketings {a * b}g on w,. . and {xva}o1, {ui*}o2 on 2z, and z,. .,
respectively. Then

g1 — g2 = {@U132b}2 - {a817125}1
= {a{u1s2}02b}o — {a{s1v2}01b}o
= —{Gfb}(),

where f = (s1,83),. Since f =Y o;h;, hi < [2], h; € SNV,, RLie polynomial

g1 — g2 may be presented in the form (3).
Case 2. The edge [w] — g; is of positive level d, [w] — go is of level 0.
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In this case, w = ay ...am, a; € U, a = R([v]) for some k, where [v] = h,
he{s1}, 1, s1 €S. Therefore, hy = [a1...ar_1R(h)agy1 ...an]. As above,

w = aub, [u] = 39,

and hy = {asyb}. Since S is reduced, the occurence of letter ay = R([v]) € U
considered above may appear in either of the subwords a or b. Suppose a = caxc
(the second case is analogous). Then

w = cR([v])dub, ¢, d,beU"U{e},
where € is the empty word. Therefore,
g1 — g2 = {cR([v])sab} — [cR(h)c ub]
= {cR([v])'sab} — {cR(h)c's2b} + ({cR(h)c's2b} — [cR(h)cub]),

and the same reasonings as in Case 1.1 show the required relation (3) holds.

Case 3. Both edges [w] — g1, [w] — g2 have positive level. In this case,
W=0a1...05...Q;...Gn, a; € U, where a = R([u]), a; = R([v]), where [u] — ¢}
and [v] — ¢, are edges of smaller level, and

hy=lar...R(gy) .. ar...an], ha=1lar...ar...R([v])...an]

Case 3.1. If k # [ then one may proceed as in Case 2.

Case 3.2. If k = [, proceed by induction on the level of edges. Consider
ar = a; = R([u]) with edges [u] — ¢}, [u] = ¢5 in G(V,_1) C G(V,,). Inductive
hypothesis claims ¢} — g, = > a;h}, h} < [u]. Therefore,

1= 92=lar... R(gy — g5) - - am]

also has a required presentation (3). [

The entire system S is closed with respect to composition if for every sq, so €
S every their composition (s, s2),, may be presented as

(81,82)w = Zaihi, h; € 5', hi < [w], degg h; < degrw.

A reduced set of monic RLie-polynomials which is closed with respect to compo-
sition is called a Grébner—Shirshov basis (GSB) in RLie(X).
Propositions 3.6 and 3.7 immediately imply

Theorem 3.9. If S is a GSBin RLie(X). Then the rewriting system Gr(X,S)
is confluent. u

Corollary 3.10. If S is a GSB in RLie(X) then the set of S-reduced words
forms a linear basis of the algebra RLie(X | S) = RLie(X)/Ig(S).

Proof. Terminal vertices of G(X,S) are exactly linear combinations of S-
reduced words. [
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Example 3.11. Let S consist of all R([u])R([v]), [u],[v] € RALS(X), [u] >
[v]. Then S is a reduced system closed with respect to compositions, and the set
of S-reduced words coincides with RALS(X).

Obviously, RLie(X | S) ~ RALie(X), so RALS(X) is indeed the linear
basis of RALie(X).

More generally, let L be a Lie algebra, and let (X, <) be an ordered linear
basis of L.

Example 3.12.  The set W of all words [w] € RALS(X) such that w do not
contain subwords of type zy, z,y € X, z > y, form a linear basis of Ura(L).

It is easy to see that
S ={R([u))R([w]) | [u], [w] € W,u>w}U{zy —[z,y] | 2,y € > y}
is a GSB, and RLie(X | S) ~ Uga(L).

4. Rota—Baxter Lie algebras

Let RBLie denotes the variety of Lie algebras equipped with a Rota—Baxter
operator R of weight A € k, i.e., a linear map satisfying (1).

Consider the forgetful functor RBLie — Lie. For every L € Lie there exists
universal enveloping algebra Ugrp(L) € RBLie: L C Ugg(L) is a Lie subalgebra
such that for every B € RBLie and for every homomorphism ¢ : L — B of Lie
algebras there exists unique homomorphism of RBLie algebras ¢ : Urp(L) — B
such that @|;, = ¢. In this Section, we clarify the structure of Ugp(L) and prove
an analogue of the Poincaré—Birkhoff-Witt Theorem.

Suppose L is a Lie algebra with a linear basis X . Assume X is well ordered.
Consider

SO = foy —[z,y] | =,y € X, x>y} C Lie(X) C RLie(X).

Here [z,9] is a linear form in X equal to the product of # and y in L. Then S©
is a GSB in Lie(X) and, therefore, in RLie(X). Moreover, L ~ Lie(X | S©).
Now, consider

p(z,y) = R(z)R(y) — R(R(z)y) + R(R(y)z) — AR([z,y]), z,y€ X, >y,

and let S C RLie(X) be the union of S and the set of all p(z,y). Denote by
G® the subgraph G(V5) of Gr(X,S®). Obviously, S® is a GSB: it is reduced,
and the graph Gr(X,S®) has no ambiguities.

Proceed by induction on R-degree. Assume a reduced system S™ | n > 2,
is already constructed in such a way that the subgraph G = G(V},) C Gr(X, S™)
is a confluent rewriting system. Denote by 7T, the set of terminal vertices of
G™  and let t, : V,, — T, be the linear map that turns an RLie-polynomial f,
degp f < n, into the terminal vertex t,(f) connected with f.

For every two terminal words a,b € T,, NRLS(X), degra+degpb=n—1,
a > b, consider

pla,b) = R(a)R(b) — R(tn([R(a),0])) + R(tn([R(D), a])) — AR(t.([a, b])),
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where [-, -] stands for the product in RLie(X). Construct
S+ — 5™y {p(a,b) | a,b € T, NRLS(X), degpa+degpb=mn—1, a > b}.

It is easy to see from the construction that the subgraph G(V,) C Gr(X, SM*+Y)
coincides with G
We have to resolve the following problems:

e Prove the confluence of SV (assuming S™ is confluent);

e Show the isomorphism of RLie-algebras RLie(X | S) ~ Ugrp(L), where S is
the union of all S™, n>0;

e Describe the set of all S-reduced words in RLS(X).

Lemma 4.1.  Let f,g € RLie(X), degp f +degrg =n. Then t,([f,t.(9)]) =
tn([f, 9])-

Proof. It follows from Lemma 3.4 that [f,g] and [f,t.(g)] belong to the
same connected component of G™ . Since the latter is confluent, t,([f,g]) =

tn([f,tn(9)])- .

Lemma 4.2.  The rewriting system G = G(V,.41) C Gr(X, STV is con-
fluent.

Proof. Here we assume by induction that G™ = G(V,) C Gr(X,S"*V) is
confluent. It is enough to check the conditions of Proposition 3.7 for compositions
(51,59)w, 81,82 € S™Y | [w] € RLS(X), degpw =n + 1.
Suppose s1=p(a,b), so=p(b,c), w=R(a)R(b)R(c), a,b,ceT, NRLS(X), a>b>c.
Denote
pla,b) = Z% ¢i),
p(b,c) = R(b)R(c —Zaj (aj),
J
pla,c) = R(a)R(e) = 3 BiR(b),
!
where degp ¢;,degp aj,degp by <n —1. Then
(s1,82)w = [p(a, ), R( )] - [R(a),p(b, C)] = [R(Q)R(b)ﬂ(C)] — [R(a), R(b)R(c)]
- Z nilR(ci), R(e)] + Z a;[R (a;)]
= —[R( Zﬂl
—Z%’ (ci), R(c) +Zaj a), R(a;)]
i J

— —[R(). pla. )] + K(a,b,c).
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Here h = [R(b), p(a,c)] € S, h = [R(b)R(a)R(c)] < [w], and all monomials in
K (a,b,c) Zaj Ray)] = 3 AIR®), Rbo)] = Y wlR(e:), R(e

are smaller than [w] since they are of degree two in U. Straightforward computa-
tions show

K(a,b,c) Zékhk—l—R J(a,b,c)),

where hy, € S

J(a,b,¢) = to ([R(a), tu([R(b).c] + [b, R(c)] + Alb, c])] + [a, ta([R(b), R(c)])]
+ Al ta([R(D), ¢] + [b, R(c)] + Alb, c])]
— [R(b), ta([R(a), d] + [a, B(c)] + Ala, )] = [b, ta([R(a), B(c)])]
= Alb, ta([R(a), ] + [a, R(c)] + Ala, ])]
= [ta([R(a), R(b)]), ] = [ta([R(a), b] + [a, R(D)] + Ala, b]), R(c)]

At ([R(a),b] + [a, R(D)] + Aa, b])

).
Indeed, [R(b), R(c)] = R(t,([R(b),c] + [b, R(c)] + A[b,c])) is an edge in G| so
ta([R(D), R(c)]) = 2_ ajR(a;). Moreover, t,(R(z)) = R(t,(z)) for all z € Vn,l

It remains to apply Lemma 4.1 to conclude

J(a,b,c) = t,(Jac (R(a), R(b),c) + Jac (R(a),b, R(c)) + Jac (a, R(b), R(c))
+ Mac (R(a), b, c) + Mac (a, R(b), c) + Nac (a, b, R(c))
+ A*Jac (a, b, c)) =0,

where Jac (z,y,2) = [z,ly,2]] — [y, [z, 2]] — [[x,y], 2] is the Jacobian. Hence,
(81, 82)w has a required presentation (5). [

Denote S = |J S™. Obviously, S is a GSB. Denote by T the set of

n>1

terminal vertices in Ggr(X,S), T'= | T,.

n>1
Lemma 4.3. RLie(X | S) is a Rota—Bazter Lie algebra.

Proof. We have to prove

[R(f), B(g)] = R([R(f), 9]) — R([f, R(g)]) — AR([S, 9]) € [r(S5) (6)

for all f,g € RLie(X). Since for every f € RLie(X) there exists ¢t € T such that
f—t e Ir(9), it is enough to check (6) for f = a, g = b, where a,b € TNRLS(X).
Assume a € T,,, b € T,,. Then [R(a), R(b)] and R([R(a),b]+]a, R(b)]4+A|a,b])
have the same terminal form in G"*™+2)  so they are connected by a non-oriented
path in Gr(X,S). Hence, (6) holds. [

Corollary 4.4. RLie(X | S) ~ Ugp(L).
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Proof. Let B € RBLie, and let ¢ : L — B be a homomorphism of Lie algebras.
Identify L with the Lie subalgebra in RLie(X) spanned by X . Then there exists
unique homomorphism of RLie-algebras 1) : RLie(X) — B such that ¢ (z) = ¢(z)
for z € X. Denote by 7 the natural homomorphism RLie(X) — RLie(X | S),
Kert = Ig(S). Since for every f € V, we have f —1¢,(f) € Ker7, Lemma 4.3
implies S C Ker7. Therefore, there exists a homomorphism of RLie-algebras
¢ : RLie(X | S) = B, ¢(x) = ¢(x) = p(z) for z € X. ]

The universal enveloping Rota—Baxter Lie algebra Ugg(L) of a Lie algebra
L has a natural ascending filtration induced by (2):

UML) = 7(RLie™ (X)),

Denote by gr Urp(L) the associated graded RLie algebra. The following statement
is ideologically similar to the classical Poincaré-Birkhoff-Witt Theorem.

Theorem 4.5.  grUgp(L) ~ Uga(L) as Lie algebras.

Proof. A GSB of Ugra(L) is given by Example 3.12. It is enough to compare
GSBs of Ura(L) and Ugp(L). The principal parts of these relations coincide,
they are of degree 2. For the latter algebra, the right-hand sides of relations
are of degree 1. Therefore, Ugra(L) and Ugp(L) have similar monomial bases of
terminal words from RLS (more precisely, from RALS), and the principal part
of the product of two such words in Urp(L) coincides with the product of these
words in Ura(L). [

Corollary 4.6 (c.f. [13]).  For L = Lie(X), we have Ugp(L) ~ RBLie(X). The
set of words RALS(X) described in Corollary 2.6 is a linear basis of RBLie(X).

Remark 4.7. For associative algebras the statement of Theorem 4.5 is easy to
show by means of Grobner—Shirshov bases technique for associative Rota—Baxter
algebras [3]: multiplication table of an associative algebra A is closed under all
compositions in the free associative Rota—Baxter algebra.

Remark 4.8.  For commutative algebras, an analogue of Theorem 4.5 also holds.
Moreover, there is an explicit construction of the universal enveloping commutative
Rota—Baxter algebra Ugg(A) for a given commutative algebra A (mixed shuffle
algebra [11]).

Let us briefly state the construction from [11] (in the case of zero weight)
in more natural terms. Consider

m (A) = A* @ B*, B = preCom(A#)H),

where preCom (V') stands for the free pre-commutative algebra (also known as Zin-
biel algebra, see [20]) generated by a space V', Z(+) denotes the anti-commutator
algebra of an algebra Z, and A* = A @ kl,, B¥ = B @kl are the algebras
obtained by joining external units. Note that B is an associative and commutative
algebra.
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Define a linear operator R on III (A) by the following rule:
Rla®1p)=14®a, ac A¥,

Rla®b)=1,4®ab, a€ A* bec B.

Here ab is the product in pre-commutative algebra preCom(A#). The Zinbiel
identity (zy)z = x(yz) + z(2y) on preCom(A#) implies R to be a Rota—Baxter
operator on IIT (A). For example,

R(a1 & 1B)R(a2 & b) = <1A (%9 al)(lA &® CLQb)
= 1A & (al(agb) + (agb)al) = 1A & al(agb) + 1A & ag(bal) + 1A & ag(alb).

On the other hand,

R((a1®15)R(as®b)+R(a1®15)(a:®b)) = R((a1®15)(1a®ab)+(14®a1)(as®b))
= R(a; ® agb + as ® (a1b + bay)) = 14 @ a1(azd) + 14 ® az(a1d) + 14 ® az(bay).

It is easy to check that the embedding
A—-T(A), a—a®lp, a€ A,

may be extended to a homomorphism of Rota-Baxter algebras Ugrp(A) — TI(A).
Suppose X is a linear basis of A and consider the following elements of Urp(A):

u= R (1R (xoR* (... R°" (21 R°" (24,)) . ..)), (7)
r, €X, 812>20, 89,...5,>0,n>1.

Images of these elements I (A) are linearly independent since the linear base of
preCom(A#) is given by z1(z2(... (zn_12n)...)), 7 € X U {14} [12]. On the
other hand, the set of (7) obviously span Urg(A). Therefore, (7) is a linear basis
of Urp(A) as well as of Uga(A) from Remark 2.5.

For nonzero weight, it is enough to replace preCom(A#) with postCom (A#)
(commutative tridendriform algebra, or CTD-algebra, [20]), and set B to be the
associated commutative algebra.

Remark 4.9. The statement of Theorem 4.5 also holds for algebras with a
Nijenhuis operator (see [4]), i.e., a linear map N such that

[N(x), N(y)] = N([N(2),9]) + N[z, N(y)]) — N*([z, y]).

The route of proof is completely similar to what is stated above. The key
computation of a composition is based on the following relation which is easy to
check by straightforward computation:

Jac (N(a), N(b),N(c)) = N(Jac (a, N(b), N(c)) + Jac (N(a),b, N(c))
+ Jac (N(a), N(b),c)) — N*(Jac (a,b, N(c)) + Jac (a, N (b), c)
+ Jac (N(a),b,c)) + N*(Jac (a,b,c)).



904

[10]

[11]

[12]

[13]

[14]

[15]

[16]

GUBAREV AND KOLESNIKOV

References

Baxter, G., An analytic problem whose solution follows from a simple algebraic
identity, Pacific J. Math. 10 (1960), 731-742.

Bokut, L. A., and Y.-Q Chen, Grobner-Shirshov bases and their calculation,
Bull. Math. Sci. 4 (2014), 325-395.

Bokut, L. A., Y.-Q. Chen, and J.-J. Qiu, Grobner—Shirshov bases for associa-
tive algebras with multiple operators and free Rota—Baxter algebras, J. Pure
Appl. Algebra 214 (2010), 89-100.

Carinena, J., J. Grabowski, and G. Marmo, Quantum bi-Hamiltonian systems,
Internat. J. Modern Phys. A 15 (2000), 4797-4810.

Chibrikov, E. S.; On free Lie conformal algebras, Vestnik Novosibirsk State
University 4 (2004), 65-83.

Connes A., and D. Kreimer, Renormalization in quantum field theory and
the Riemann-Hilbert problem. I. The Hopf algebra structure of graphs and the
main theorem, Comm. Math. Phys. 210 (2000), 249-273.

Duchamp, G., and D. Krob, The free partially commutative Lie algebra: Bases
and ranks, Adv. Math. 95 (1992), 92-126.

Ebrahimi-Fard, K., and L. Guo, Rota-Baxter algebras and dendriform alge-
bras, J. Pure Appl. Algebra 212 (2008), 320-339.

Gubarev, V. Yu., and P. S. Kolesnikov, Embedding of dendriform algebras
into Rota—Baxter algebras, Cent. Eur. J. Math. 11 (2013), 226-245.

Gao, X., and L. Guo, Rota’s Classification Problem, rewriting systems and
Grébner-Shirshov bases, J. Algebra 470 (2017), 219-253.

Guo, L., “An Introduction to Rota-Baxter Algebra,” International Press (US)
and Higher Education Press (China), 2012.

Loday, J.-L., Dialgebras, in: Loday J.-L., A. Frabetti, F. Chapoton, and F.
Goichot, Eds., “Dialgebras and related operads,” Lectures Notes in Mathe-
matics 1763, Springer, Berlin etc., 2001, 7-66,

Qiu, J., and Y. Chen, Grobner-Shirshov bases for Lie $2-algebras and
free Rota—Bazter Lie algebras, J. Algebra and its Appl., to appear,
arXiv:1604.06675.

Rota, G.-C., Baxter algebras and combinatorial identities I, II, Bull. Amer.
Math. Soc. 75 (1969), 325-329 and ibid. 75 (1969), 330-334.

Semenov-Tian-Shansky, M. A., What is a classical r-matriz?, Funct. Anal.
Appl. 17 (1983), 259-272.

Shirshov, A. I., On free Lie rings, Mat. Sb. 45 (1958), 113-122 (Russian).



GUBAREV AND KOLESNIKOV 905

[17) —, On a hypothesis of the theory of Lie algebras, Sibirsk. Mat. Zhurn. 3
(1962), 297-301 (Russian).

[18] —, Some algorithmic problem for Lie algebras, Sibirsk. Mat. Zhurn. 3 (1962),
292-296 (Russian).

[19] Newman, M. H. A., On theories with a combinatorial definition of “equiva-
lence”, Ann. of Math. 43 (1942), 223-243.

[20] Zinbiel G. W., Encyclopedia of types of algebras 2010, arXiv:1101.0267

[math.RA].
Vsevolod Gubarev Pavel Kolesnikov
Sobolev Institute of Mathematics Sobolev Institute of Mathematics
Akad. Koptyug prosp., 4 Akad. Koptyug prosp., 4
Novosibirsk, 630090,Russia Novosibirsk, 630090
and Russia
Novosibirsk State University pavelsk@math.nsc.ru

Pirogov str., 2
Novosibirsk, 630090, Russia
wsewolod89@gmail.com

Received March 3, 2016
and in final form February 2, 2017



