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Abstract. We consider, for each smooth manifold M, the set IM of all
primary ideals of C*°(M) which are closed and whose radical is maximal. The
classical Lie theory of jets (jets of submanifolds) must be extended to M in
order to have nice functorial properties. We will begin with the purely algebraic
notions, referred always to the ring C*°(M). Subsequently, the differentiable
structures on each jet space of a given type will be introduced. The theory of
contact systems, which generalizes the classical one, has a purely algebraic part
and another one which depends on the differentiable structures.
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Introduction

Jet spaces appear in the work of S. Lie. The “elements” of his contact transforma-
tions are 1-jets of hypersurfaces. In the theory of differential invariants (see [13],
volume 1, §130, for example) each group of transformations is prolonged from the
base manifold to all spaces of jets of submanifolds, in order to obtain all the differ-
ential invariants of the group. Without stop to formalize the theory, it is clear that
Lie thinks of jets as points and spaces of jets of a given type as “prolongations”
of the given base-manifold. Even the notation he uses for the coordinates is the
current one.

Since the 1950s jet spaces are used systematically, their elements considered
as jets of morphisms of manifolds and, more particularly, as jets of sections of fiber
bundles ([25], for example). Although frequently this view is convenient in many
applications, facilitating calculations in coordinates, we think that the point of
view of Lie (jets of submanifolds) is preferred when we want to take the theory
to its most general form, giving priority to what the structure asks for, over its
applications.

Given a smooth manifold M, a closed submanifold X of dimension m and
a point p € X, the jet of order £ of X at p is the ideal I(X)+ mit of C=(M)
(we have denoted by I(X) the ideal of functions vanishing on X, and by m,, the
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one consisting of functions null at p). The factor ring of C>°(M) by the mentioned
ideal is isomorphic with RY = R[z}, ... 2™]/(z!, ..., ™) the ring of Taylor
expansions in m variables truncated at order ¢, and the law which associates with
each f € C®(M) its factor class in RY is the Taylor expansion of order £ of f|x
at p (with respect to a choice of coordinates depending on the chosen isomorphism
between the factor ring and R? ). If we denote by IM?, the set of ideals of C>°(M)
whose quotient rings are isomorphic to RY | M’ is identified with the set of jets
of order ¢ of m-dimensional submanifolds of M, in the sense of Lie.

The assignment M ~» MY is not functorial. This is the first reason
why a good general theory of jets must take into consideration not only jets of
submanifolds (the “classical” jets of Lie), but, at least, all the primary ideals of
C>°(M) which are closed for the topology of that ring and have maximal radical.
That set, M, is not a manifold, but the union of disjoint manifolds, one for each
“Weil algebra” (= local, rational and finite dimensional, as a R-vector space, R-
algebra). The assignation M ~~ M is already functorial

In [27) Weil introduced a notion which generalizes that the point of a
manifold: for each manifold M and each Weil algebra A, an A-point of M is
a morphism p?: C*(M) — A. In particular, when A = R, the R-points are
the usual points of M; for A = R}, the A-points are the tangent vectors; when
A =R! (n = dimM) the “regular” A-points (exhaustive morphisms) are the
frames on the T,M . In general, in the currently usual terminology, R’ -points are
jets of order £ of differentiable maps from R™ to M: JYR™, M) = M{,, in Weil
notation.

For each Weil algebra A, the set of A-points of M is a manifold M4,
and we have a canonical map M4 — MM, which takes each A-point p? to its
kernel p = Kerp?. If we denote by M# the set of those p* which are exhaustive,
its image M# in M is another manifold, and the canonical map M* — M4,
pd +— p = Kerp?, is a principal fiber bundle whose structure group is Aut A.

The relationship between Weil A-points and primary ideals of C*(M) is
the same as the existent between points of algebraic manifolds in the classical [26]
and the current Grothendieck schemes (whose germinal idea is already in the work
of Dedekind ([9] supplement XI,[8]), contemporary of Lie).

In this work we present first the algebraic aspects of jets theory and, sub-
sequently, the differentiable structures. In principle, all notions refer to C*(M).
After introducing the differentiable structure on each jet space IM#, the new mani-
folds can play the role of the initial M (for example, in the prolongation of systems
of partial differential equations).

In the bibliography there are cited a collection of papers where the consid-
eration of jets of M as ideals of C*°(M) has been applied to several problems,
most of them related to works of Lie.

In order to make the exposition self-contained we have detailed some results
included in previous publications (in particular, [1], [5], [27])
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0. Review on ideals of C>*(M)

Let M be a second contable Hausdorff manifold of dimension n. The ring C*(M)
(real valued functions) is endowed with the uniform convergence of the functions
and all their derivatives on compact subsets of M .

For each point p € M, we will denote by m,, the ideal of C>°(M) which
consists of the functions vanishing at p.

Theorem 0.1. In the mazimal spectrum Spec
characterized by any of the following properties

C®(M), the ideals m, are

max

1. my, is closed for the topology of C*°(M).
2. The residue field C>*(M)/m, is R.

Proof. It is obvious that an ideal of the form m, satisfy properties 1) and 2) in
the statement. We have to prove that every maximal ideal m which is not of the
form m, is a dense subset of C>°(M) and, in addition, the residue field C*(M)/m
is strictly greater than R.

If m # m, for all p € M, we can choose for each p, a function f € m
such that f(p) # 0; and so, f%(p) # 0; a partition of unity argument shows that
every function in C*°(M) with compact support belongs to m; if we denote by
P (M) the ideal of C*°(M) consisting of all compact supported functions, it holds
P(M) C m; it is clear that Z(M) is dense in C*(M), so that m is dense in
C>(M) (when M is compact, Z(M) equals C>°(M) and the reasoning gives the
contradiction m = C*(M)).

In order to prove that the residue field of m is other than R, we will we see
that, if C*°(M)/m = R, then m is one of the m,. The straightest way is to use
the Whitney immersion theorem: M is a closed submanifold of some RY, hence,
C>®(M) is a quotient of C*°(RY); in particular, m is the image of an ideal m of
C>(RY) whose residue field is R; on RY it is immediately derived that m = m,,,
for some appropriate p € RY, which must lie in the submanifold M (because all
f € C>°(RY) vanishing on M, also vanishes at p). n

Theorem 0.2.  Any ideal my, is finitely generated.

Proof. When M is an open subset of R™, the result is elementary (applying
Taylor theorem). In the general case, we take a neighborhood U, coordinated by
functions vanishing at p and which are restriction of functions in C*°(M); next,
we choose ¢ € C*®(M) which is identically 0 on a neighborhood of p and 1 on
a neighborhood of CU; now, any f € m, equals the sum ¢f + (1 — ¢)f, where
¢ €m, and (1 —¢)f belongs to the ideal generated by the coordinates. u

Remark 0.3. If we substitute C*°(M) by C*(M), with k < oo, Theorem 0.2
does not apply: in C¥(M) there are not finitely generated closed ideals [15].

By definition, a jet of M is an ideal p of C>(M) such that the quotient
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C>(M)/p is a finite dimensional (as an R-vector space), rational and local R-
algebra; in short, a Weil algebra.

Theorem 0.4.  Let p be an ideal of C*°(M). Then, C*(M)/p is a Weil algebra
iof and only iof p 1s primary, closed and its radical is a maximal ideal.

Proof. Let A:=C>(M)/p a Weil algebra. If my, is the maximal ideal of A,
then A/my = R; the kernel of the morphism C>*(M) — R which results from
composing quotient by p and then by my, is an ideal of the form m, C C*(M)
(Theorem 0.1) whose image into A is my. It is derived that, if ¢ is the order of
A, then mf,“ C p; that is to say, p is a primary ideal with radical m,. As miH

P
is closed in C®(M), C®(M)/m‘*! is Hausdorff and finite dimensional, therefore,

p/mlt! s closed in that ring anl()i p is closed in C®(M).

Conversely, if p is closed in C*(M), p is contained into some m,, (otherwise
it will be dense, by the argument used in 0.1). If, in addition, p is primary and
has a maximal radical m, it must be m C m,,, so that m = m,,. Since m,, is finitely
generated, also being the radical of p, there exists a power such that mf,“ C p;

therefore, C**(M)/p, quotient of C>(M)/mit! is a Weil algebra. n

Remark 0.5.  The rings C>*(M) and C(M) have the same spectrum of closed
maximal ideals, M , which is also their R-spectrum. Their total maximal spectra
are again the same: indeed, Theorem 13 in [22], when applied on C*(M) and
C(M), joint to the fact that all bounded continuous functions on M, are uniform
limits of bounded smooth functions, shows that Spec,,.. C*(M) = Spec,,.. C(M) =
Spec,ax B(M), where B(M) denotes the ring of bounded continuous functions on
M. But Spec,,,, B(M) is the Stone-Cech compactification of M. The primary
spectrum, the jets theory, already distinguishes them, and it must be taken on
C>(M), by the structural reason mentioned in 0.3.

1. Jet spectrum of a manifold

General notions. We will denote by IM the set of all jets of the manifold M and
call it jet spectrum of C*°(M) or, shortly, jet spectrum of M.

Given a morphism of manifolds ¢: M — N, the morphism induced on the
rings ¢*: C°(N) — C*(M) determines a map, denoted again by ¢: M — IN|
which assigns to the jet p € M the ideal p(p) = ¢*!(p) of C>*(N), which is
also a jet, because C®(N)/p(p) is injected by means of ¢* as a subalgebra of
C(M)/p.

The composition of morphisms of manifolds corresponds to the composition
of maps between jet spectra. Therefore, the assignation M ~-» IM is a covariant
functor from the category of manifolds to the category of sets.

Each point p € M determines a maximal ideal m,, of C>*(M): the ideal of
the f € C®(M) such that f(p) = 0; it holds C>°(M)/m, = R. The converse is a
classical result: every maximal ideal of C*°(M) whose residue field is R comes from
a point p € M. In this way, the manifold M is recoverable as the R-spectrum of
C>(M). The topology of M is that of Zariski as a part of the maximal spectrum



ALONSO-BLANCO AND MUNOZ-DiAZ 919

of C*(M).

Let p be an arbitrary jet of M; the quotient C>*(M)/p is a Weil algebra,
whose maximal ideal has the form m/p, where m is a maximal ideal of C*(M)
whose residue field is R; for this reason, m is of the form m, for some p € M.
The jet p is contained in (a unique) maximal ideal of the form m,, with p € M.
Following the terminology suggested by that of Weil [27], we will say that p is a jet
near p or a jet at p. Thus, we have a canonical map M — M, (p — p|m, D p),
which induces the identity on M C M.

If A is a Weil algebra, an A-point of M is a morphism of R-algebras
pt: C®(M) — A (Weil [27]). If m, is the maximal ideal of A, then A/m4 = R.
The composition of the morphism p# with the morphism quotient by m, gives a
morphism C*(M) — R, and so a point p € M. We will say that the A-point p*
1S near p.

Given a Weil algebra A, the powers of its maximal ideal m, define a
decreasing sequence of finite dimensional R-vector spaces; such a sequence must be
stationary: for some index ¢ is m%™ = m%™?. Then, by the “lema of Nakayama”,
m’™ = (0). The first ¢ for which m‘™ = (0) is called order of A. The dimension
of the R-vector space my/m?% is named width of A. The width of A is the
minimum number of generators of A as an R-algebra.

For each jet p of M, the order of p and the width of p will be those of the
Weil algebra C*(M)/p.

Given an ideal I of C>*°(M) and a point p € M such that I C m,, we will
call the ideal I + mf,“ jet of order ¢ of I at p; such an ideal consists of the set
of f € C®(M) whose Taylor expansions of order ¢ at p coincide with the one of
some function in the ideal I. The classical theorem of Whitney (Corollary 1.7,
Chap. II, in [14]) can be stated by saying that each ideal I which is closed in the
topology of C*°(M) is the intersection of all the jets containing it. The converse is
immediate: the powers m’; are closed ideals of finite codimension in C*(M), from
which all jets and their intersections are also closed.

Denote by R’ the Weil algebra R[z!,... z™]/(z},...,2™) . If X is a
non singular, closed submanifold of dimension m in M, and p € X, we can take
local coordinates (z',... 2™, y',...,y") in a neighborhood of p in M in such a
way that the local equations of X will be y* = 0,...,y" = 0. We see, then, that
C®(M)/I(X) + mit! ~ R . The jets p € M whose quotient rings C*(M)/p
are isomorphic to algebras R’ will be called classical jets. They are the jets of
arbitrary order of closed (or locally closed) submanifolds of M. In particular, if
m: M — N is a regular projection, for each section o: N — M, the image (V)
is a closed submanifold of M whose jet of order ¢ at each p = o(q) is usually
named jet of order ¢ of the section o at the point ¢, and denoted by jg(a). They
are the classical jets of sections of fiber bundles.

Jets of order 1. If A is a Weil algebra of order 1, we have m} =0 and A ~ R} |
where m is the width of A. Hence, each jet p of order 1 of the manifold M is of the
form 1(X) +m12?, where X is a submanifold of M which passes through the point p
and whose dimension equals the width of p. The quotient p/m> C m,/m? ~ T*M
is called contact system of M at p and completely characterizes the jet p. The
subspace L, C T),M annihilated by the contact system is the space tangent to X
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at p. In this way, the jets of order 1 of M are conceivable as the subspaces of the
tangent spaces of M at each one of its points. Given the subspace L, C T),M , the
ideal p of C>(M) is the set of functions f such that f(p) =0 and D,f = 0 for
all D, € L,.

The definition of the contact system at every point p € MM is one of the
objectives of this work.

Terminology and notation. When an ideal I of C*°(M) is contained in a jet p,
we will say that I passes trough p. When I = I(X) is the ideal of a submanifold
(singular or not) and I(X) C p, we will say that the manifold X passes through
p.

If A is a Weil algebra and C*(M)/p ~ A, we will say that p is a jet of type
A. The set of all jets of M of type A will be denoted by M# and also J4(M),
when this notation is more handy. The set of jets of type R’ will be denoted by
M¢ or J:(M). When it is convenient to indicate that a jet is of type A, we will
denote it by a superindex p# or p’ , in the cases of classical jets.

The set of all A-points of M will be denoted by M“4. When A = R’ | we
will put MY .

For each Weil algebra A we have the canonical map M4 — M, p4 — p =
ker pA. In general, the morphism p# is not exhaustive, so that its kernel p is not
of type A, but will always be of type “a subalgebra of A”.

When p?: C®(M) — A is exhaustive, we will say that p? is a regular A-
point; in such a case, p* = ker p? is a jet of type A. We will denote by M* the
set of regular A-points M. The canonical map M4 5T M sends M4 onto MA.

For a given Weil algebra A, each morphism of manifolds ¢: M — N
induces canonically a map of sets (same notation) ¢: M4 — N, defined by
©o(p?) = pt o p*. The assignation M ~» M# is a covariant functor from the
category of manifolds to the category of sets (at this moment, we do not have
available a differentiable structure for M4 yet) and the diagrams

MA_‘)D)NA

ker\j lker

are commutative.

Obviously, each morphism of Weil algebras a: A — B determines maps
a: M4 — MP. Fixing the manifold M, the assignation A ~ M? is a covariant
functor from the category of Weil algebras to the category of sets (in fact, to
that of manifolds, when we will have available the above mentioned differentiable
structures).

Let us suppose that « is exhaustive; put I = kera. Let p4 € M4 and
p? = kerp? € M4, The image of p? by « is the B-point p? = o o p?, whose
kernel is p? = (pA)~'I which, in general, depends on p*, and not only on p*.
For this reason, in general, the map M# — MP canonically associated to the
morphism o, does not project on a map M# — IMZ. Let us see which is the
condition for the existence of such a projection: every regular A-point p*, with
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the same jet as p?, is of the form p* = g o p?, for some g € Aut A. Its image
under « is pP = aogop?, whose jet is p° = (p*) (¢~ '), in such a way that the
condition to be p” = p? is (since p? is exhaustive) to have g(I) = I. Therefore,
the condition for the map M* — MP? to go down to level of jets, completing and
making commutative the diagram

NA e gipP
kerj lker
MA - - ~ MB

is that the ideal I = ker a be stable under the action of the group Aut A. In such
a case, we have a canonical group morphism Aut A — Aut B, whose kernel is the
group G, = {g € Aut A|aog=a}.

2. Tangent and cotangent modules at a jet

The justification of the following definitions will appear when we study the differ-
entiable structures on jet spaces.

Definition 2.1.  For a given p € M we will call tangent module to the manifold
M at p, and we denote it by T,M, the quotient

T,M := Der (C*(M),C>(M)/p)/Der (C=(M)/p,C>(M)/p)

Let us denote TM := {T,M |p € M}.

Let a: A — B be an exhaustive morphism of Weil algebras, whose kernel 1
is stable under the group Aut A. The Lie algebra of this group is Der (A4, A). We
deduce that, for every derivation 6: A — A, it holds 0/ C I, so that ¢ projects
onto a derivation 6: B — B.

On the other hand, by considering A = C®(M)/p?, via a p* € M* whose
kernel is p, and analogously for B, via p® = aop?, we see that the natural map

Der ,a(C*(M), A) — Der ,5(C* (M), B),
Dya — ao Dya

sends Der (A, A) to Der (B, B), so that it passes to the quotient, giving T,a M —
T, M.
P

Terminology and notation. Let us denote by D(M) the C*°(M)-module of all
tangent fields on M. When there is no risk of confusion, we will put D instead of
D(M).

For each D € D and each p € M, we will denote by D, the derivation from
C>(M) to C*(M)/p which is the composition of the derivation D with the pass
to the quotient. We will call D, the value of the field D at the jet p. The class of
D, in the quotient module T,M will be denoted by D,; so, the derivation D, is
a representative of the tangent vector D,.
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For each ideal I of C*>°(M) (in particular, for each jet) we will put D(I) =
{D € D|D(I) C I}. Fields D € D(I) will be said to be tangent to I. When I
is the ideal of a manifold X, the tangent fields to I(X) will be said to be tangent
to X.

We will say that a field D € D is tangent to the ideal I at the jet p when
I passes through p and, in addition, DI C p. When [ is the ideal of a manifold
X and D is tangent to I at p, we will say that D s tangent to X at p.

According to the Whitney theorem (Corollary 1.7, Chap. II, in [14]), the
field D is tangent to the closed ideal I if and only if it is tangent to I at every
jet through which it passes.

Proposition 2.2.  Fvery derivation C*°(M) — C*(M)/p is the value at p of
a field D € D. Deriwations from C*(M)/p to itself are of the form D,, for an
appropriate D € D(p). The module tangent to M at p is

T,M =D(M)/D(p).
Proof. Let ¢ be the order of p, n the dimension of M, p € M the point

that p is nearby. Then, C**(M)/p is a quotient of C**(M)/mit! ~ RL | and each

derivation C*(M) — C>(M)/p sends mi*? to 0, so it is a a derivation from

C®(M)/ml*? ~ R to a quotient of R, Tt is easy to see that this derivation
comes from a derivation of R[z!,... x"] to itself, which gives the first point of the
statement. The remainder is a consequence of it. |

Each f € p determines a morphism which we will denote by d, f:
dpf: T,M — C*(M)/p, Dy Dyf,

where D, is an arbitrary representative of D,. If D,f = 0 for all f € p, then
D, = 0, according to definitions, hence the collection

{dpf | f € p} € Homeo(ar) (T, M,C (M) /p)

distinguishes points in T,M .
The condition for d,f = 0 is that Df € p for all tangent field D.

Notation. For each jet p, we will put:
p={fep|VDeD,Df €p} =Kerd,.
It is clear that p is an ideal of C*°(M) and that
p>CpCy,
therefore p is also a jet, at the same point p as p.
Definition 2.3.  We will call module cotangent to M at p to
Ty M = p/p C Homeo (a) (T, M, C* (M) /p).

The inclusion assigns to the class [f]noap the dyf. In general, that inclusion is
not exhaustive.
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The higher order cotangent spaces example. In the simplest case, when
p = my, it is clear that T,M = T,M and t, = m?, so that T;'M = m,/m? = T M.

Now let p = mi™'. It is easy to see that D(p) = m,D in this case. Then
T,M = D/m,D = T,M again. But now, Ty M does not coincide with T7M, as
we will see later.

It is easily checked that p = m[*?, so that Ty M = mi*! /m/*? ~ {homo-
geneous forms of degree ¢ 4+ 1 in the local coordinates around p}. Each one of
these forms F'(z!,...,2") determines the morphism from T, M to C>(M)/p which
sends each D, (class of the field D) to [DF] e+1, value that depends only on

mod my,

the vector D, € T,M . The correspondence M — M:, ps mf)“, is bijective and
when we study the differentiable structures on jet spaces, we will prove that it is
an isomorphism of manifolds. The tangent spaces are identified; by seeing only the
structures of manifold, also the respective cotangent spaces at the corresponding
point, are identified. However, the degree ¢ distinguishes between those that we

have called cotangent modules.

Tangent map to a morphism at a jet. Let ¢: M — N be a morphism of
manifolds and ¢*: C*°(N) — C*(M) the corresponding morphism between their
rings of functions. For each jet p € M, if q := ¢(p) € N denotes its image by ¢,
we have an injection of rings ¢*: C*(N)/q — C>®(M)/p, by means of which we
consider the first ring as a subring of the second one.

For each tangent field D on M and each p € IM we define the derivation
of C*°(N)-modules

0Dy := Dy o p*: C*(N) = C*(M)/p.

When this derivation takes values in the subring C®(N)/p(p), we will say that
there exists the map tangent to ¢ at p, and we consider ¢, D, as a derivation from

Co(N) to C*(N)/p(p).

Proposition 2.4.  The necessary and sufficient condition for the existence of a
map tangent to the morphism @ at the jet p is that, for all tangent field D on M,
it holds

Dp*C*(N) C ¢"C™(N) + p.
Proof. Immediate. ]

Let us suppose that there exists a map tangent to ¢ at p. Let D be a field
on M such that D, = 0; then D maps p to p, and so, it applies ¢*(¢(p)) C p
into p, and ¢.D, sends ¢(p) to (0). Therefore, the class of ¢, D, in Ty, N is 0.
From here it is derived the:

Proposition 2.5.  [f there exists a map tangent to morphism ¢ at the jet p,
such a map canonically induces a morphism of C*(N)-modules
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Condition 2.4 for the existence of tangent map obviously holds when the
sum @*C*>°(N) + p is the whole of ring C*>°(M), this is to say, when the morphism
of taking quotient C*(M) — C>(M)/p restricted to the subring ¢*C*(N) is
exhaustive. That holds, for example, when M is a submanifold of N, and also
when ¢ is a regular projection and p is the jet of a section of it.

For brevity, we will say that a jet is proper or reqular for a subring A C
C>(M) when A+p = C>*(M). Hence, given a morphism ¢: M — N, there exists
a map tangent to ¢ at any jet p € M regular for p*C* (V).

Dual of a tangent map. Assume the existence of a map tangent to the morphism
@ at the jet p. Put q = ¢(p).

If f e q, for every tangent field D on M it must be (p.D,)f = 0, so
that Dyp*f = 0, from which we get ¢*f € p. It follows that ©*q C p, that is to
say, § C ¢*'p = p(p). Tt is derived that the morphism of rings, ¢*, induces a
morphism of C®(N)-modules p*: q/§ — p/p.

For each f € q and each tangent vector D, € T, M, we have (¢.D,, du) f) =
(Dy, dop* ) (= Dpp* f, for any representative D, de D, ), by taking into account
the identification of C*(N)/¢(p) with its image in C*(M)/p.

3. The contact system on M
For each pair of jets p C p’ of M and each f € p let us define the map
dyf: TyM — C®(M)/p'
by putting
(dyf; Dy) = Dy flmody-
We will call the module
Qppry = {4y [ ] € p} © Homese ) (T, M, C* (M) /p"),

contact system of the pair (p,p’).

Remark 3.1. Each f € p defines dy f € Homeeo(ar)(Tyy M,C*(M)/p’) and, for
each given field D, it holds

<dp’f7 1DP'> = <d]/3f7 IDP>7

however, the datum D, does not determines, in general, D,/ , because the map
between the tangent spaces T,M — T,M associated to taking the quotient
C>®(M)/p — C>(M)/p" might not exist; such a map exists when D(p) C D(p’),
which, in general, is not the case. Therefore, it must to distinguish dj, from dy .

The contact system on IM is defined by assigning to each jet p another one
p’ which contains it, as we will see now.

Definition 3.2.  Let A =C>(M)/p be a Weil algebra of order ¢ and width m.
We define the Cartan system at p to be the submodule C, of T, M generated by
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the tangent fields on M which are tangent to some m-dimensional submanifold
X of M passing through p. Next, let us define the ideal p’ derived of p to be:

p':=p+ (Dp|D, €C,)
and the contact system at p to be:

Q= Q) = {d,f | f € p} € Homeoe (ay (T, M, C(M) /p').

Order 1 jets example. (Compare with Section 1 - Jets of order 1) A jet of order
1 and width m is the jet of order 1 of a submanifold X of dimension m at one of
its points p. Let us take local coordinates around p in M, (z',... 2™ y', ... y"),
adapted to X in such a way that I(X) = (y',...,y"),sothat p = (y',...,y")+m>.
The local equations of an m-dimensional submanifold of M passing trough p are
of the form y/ = f/(z',...,2™) with f/ € m>. The local expression of a vector
field tangent to that submanifold is a linear combination of

o afi d
g T og

a=1,...,m).

It is derived that p’ = m,,. For each f € p, d, f maps each D, to [D flmedp = Dy f,
where D is an arbitrary field representative of the tangent vector D, € T,M . It
follows that dj f = d,f, the differential of f at p. Hence, €}, is the set of all d,f,
with f € p, this is to say, p/mﬁ. The subspace of T,M which annihilates €2, is,
therefore, the set of all D, € T,M whose projection D, on T,M annihilates the
ideal p; that projection is the subspace L, C T,M of Section 1 (Jets of order 1).

The preimage of L, in T, M contains the Cartan subspace C, because the
latter one is annihilated by ,. Right away, we will see that C, is exactly the
preimage of L,; that is a corollary of the following proposition:

Proposition 3.3.  C, is the submodule of T,M annihilated by €.

Proof. We can take local coordinates for M around p, {z!,... 2™ y' ... y"}
in such a way that:

p= (y17 s ’yr) +m£+l + (Qh(x)) >

where the Q" are suitable polynomials in the z’s of degrees > 2 and < ¢ (in
case £ = 1, the Q" are 0). An m-dimensional submanifold X of M passing
through p also passes through (y',...,y") + mf), from which we see that it is
locally parameterized by the coordinates x. Its local equations must be of the
form

yi= fiat, . 2™ 4+ Pt ™), i=1,..

where fi € (Q"(x)) and F' € m{™. Fields tangent to X are combinations of the

9 (afi aFi)a
-~ +

Ox® Ox>  Ox ) Oyt
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Deriving the elements of p by these fields we have

. h
P =p+m, +<8Q> <ylv'-~’yr)+m§+(Qh)+<g%)'

Let D, € T,M; let D, be a derivation representative of D,. If D, is killed
by €, D, sends p to p’; in the local expression

0 , 0
D =a" —+V —
@Y G V@G5
that condition is equivalent to be &/ € p’ (j=1,...,7).
By subtracting from &’ some terms in p (which just give fields tangent to
p), we can assume that each &’ is a polynomial in the z belonging to the ideal
¢+ (3Qh / 81:0‘) , and also that the term in mf, is homogeneous of degree ¢ in the
x.
Let us study separately each term of D:
The m fields 9/9z® are tangent to the manifold having as ideal (y!,...,y"),
which passes through p.

Let f(x!',...,2™) homogeneous of degree £; let F(z', ..., z™) homogeneous
of degree £+1 with OF/dz' = f. The field 0/8:1:1—1—f(:1:1, ,2™)0/0y’ is tangent
to the manifold of equations y* =0,..., v/ = F(z!,... ,xm), ..., y" =0; so that

its value at p belongs to Cp; thus, also f0/9y’ does.
Finally, let v/ € (QQh / 6ma) ; by deriving products and eliminating terms in
p, we can assume that v/ = OH'®/0x® with H'* € p. The field

o OH' 9

D=2 & 9
! 8x1+ oxl Oyl

is tangent to the manifold of equations 3/ = H'(z,....2™) (7 =1,...,7). It
follows that (OH’!/0xz')d/dy’ belongs to Cy,. Analogously, when z! is replaced
by other coordinates x. Finally we conclude that D is the sum of fields whose
values at p belong to C,, so that D, € C,. [ |

Proposition 3.4. D(p) C D(p'). In consequence, there exists a tangent map
T,M — Ty M associated to the inclusion p C p'.

Proof. Let us take local coordinates for M around p like in the previous proof.
A field D = a®9/0x* + bY9/0y’ is tangent to p if and only if ¥/ € p,
a® € m, and a®9Q"/dx* € p. Subtracting some terms in p, we can assume that
the a® are polynomials in the x’s.
In order to see that D maps p’ into p’ we have to check that D (8@"/8:1:“) €
P
D

oQr .0 0Q" 9 8Qh _ 0a® Q"
oxh 8330‘ 027~ 928 \" Qo 0xP Oz’
Since a®0Q"/9z* € p NR[z',... 2" € m ' + (QF), it follows that

D (9Q"/0z*) € /. .
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Proposition 3.5.  If the width of p' equals that of p, the map T,M — T,y M
sends Cy into Cy .

Proof. Every m-dimensional manifold passing through p, also passes through

p. [

Proposition 3.6. Let p € M of width m. For each m-dimensional manifold
X which passes through p we have

Tp/X — W*Cp,

where m,: Ty,M — T,y M s the canonical projection.

Proof. The tangent map 7,X — T,M (2.5) identifies 7T, X with the submodule
of T,M comprised by the values at p of the tangent fields on M which are tangent
to X. By definition of the Cartan system we get, thus, 7,X C C,, so that
.1, X C m.Cy; from Proposition 3.4 and the inclusion p C p’, it follows that
m 1, X = Ty X . Therefore, T,y X C m(C,. On the other hand, if D, € C,, for any
field D representative of D, it holds Dp C p’, so that DI(X) C p’, which means
that Dy is tangent to X at p’. [

Theorem 3.7. Let p € M of width m. FEvery m-dimensional manifold X
passing through p has at p’ the same tangent space, namely, 7.C,. In addition,

Cp == W;I(Tp/X) .

Proof. The first point is 3.6. It remains to show that the kernel of =, is
contained in Cy: such a kernel is the set of values at p of the fields which map p’
into p’; these fields send p to p’, so that their classes in 7, M are annihilated by
(2, thus 3.3 implies that they belong to C,. u

Theorem 3.8. Let p € M of width m. If ]37 C p, a manifold X of dimension
m that passes through p’, but not through p, has at p' a tangent space different of
mCp. In consequence, if p,q € M are different, of width m and pA’ Cyp, CT’ Cq,
the spaces m,C, and m,.Cq are different.

Proof. Again, let us take local coordinates around p in M in such a way that

p=(y )+ (QN (),

and let X be an m-dimensional manifold passing through p’, but not through
p. The local equations of X take the form o/ = fi(z',...;2™) (j = 1,...,r),
where at least one of the f7’s is out of p. The manifold Y given by equations
yt = 0,...,y" = 0 passes through p, and the field 9/dz“ is tangent to Y,
hence [0/0x%], is into TyY = m.C, (by 3.6). If [0/0z%], € TyX it follows
(0/0z%) I(X) Cp', and then (9f7/0z%) € p’. If this is true for all « = 1,...,m,
then it would be f7 € E’ C p, against the hypothesis. In this way, T,y X # 7.C,.
The second point in the theorem is a consequence of the first one and the
fact that each jet p of width m, as an ideal of C*°(M), is the sum of all the ideals
of m-dimensional submanifolds passing through p. ]
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Definition 3.9. The map IM — Grass(TM) sending p to 7,.C, will be called
Taylor map. Its restriction to the set of jets which satisfy p’ C p will be named
Taylor injection.

Remark 3.10. Classical jets, p’ , fulfill the condition g’ C p. In the classical
case, the Taylor injection assigns to each system of partial differential equations
of order ¢ with m variables and n — m unknowns (= submanifold of M’ , when
we have differentiable structures) a system of partial differential equations of first
order with m independent variables and (n — m) (mffb_l) unknowns (system of
equations in IM‘~1 | of first order, with m independent variables: submanifold of
Grass,,(TM51)).

4. A-points manifold

Terminology and notation. Let A be a Weil algebra, M a manifold. An A-
point of M is a morphism of R-algebras p*: C*(M) — A; the image of f by p*
will be denoted by pA(f) or f(p?). The set of all of the A-points of M will be
denoted M#; the subset of the reqular or proper A-points (exhaustive morphisms),
M*. For cases A = R’ we will put M!, instead of MEn . The composition of
morphism p# with the quotient map A —+ A/my = R is a point p € M ; following
Weil, we will say that p is an A-point near p.

Each f € C*(M) determines the function (same notation) f: M4 — A, by:
f(p?) = pA(f). If {a} is a basis of A as an R-vector space, each f determines
real functions f,: M4 — R by the rule f(p?) = fo(p*)a®. Such f,’s will be
called real components of f with respect to the basis {a®}.

Theorem 4.1. M4 admits an structure of differentiable manifold by requiring
the following condition: for each f € C*(M), the real components f,: M4 — R
are in the class C°. For that structure, M# is either the empty set or a dense
open set of M4 .

Proof. Let U be an open set in M coordinated by functions !, ..., 2", which
we can assume in C*(M) by reducing U if necessary. As a function U4 — A
we have x' = 2! a®, once chosen the basis of A. For each f € C*(M) and each
p € U, the Taylor expansion gives us:

f= Z DAf ) (z — z(p))* mod m‘gJrl
\A|<€ !

where ¢ =order of A, A= (Aq,...,\,), [N\ =X+ -\, ete.

Taking values in p, near p:

o)=Y 5 (0N 6 (Zxa Ja —x<p>) =3 fswh)a’.

A< B8

Expanding the terms into brackets, applying the multiplication table of A and,
finally, equating coefficients of each a® in both members of the equation, we get
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fs as a polynomial in the z?’s with coefficients in C*°(M), which are expressible
as linear combinations, with constant coefficients, in the derivatives of f of orders
< [, these combinations being the same for all f.

On the other hand, a morphism R[z!,...,2"] — A can be defined by
assigning arbitrary values in A to each variable z¢. If these values are attributed
in such a way that, when composed with taking quotient A — A/my = R,
(x1,...,2™) goes to a point in U, we obtain a morphism p#: C®(U) — A near a
point p € U. Thus, it can be seen that U4 ~ U x (m4)*" as sets. This one-to-
one correspondence allows us to transport till U4 the differentiable structure of
U x (mq)*™. The z'’s are coordinates and each f € C®(M) is a differentiable
map U — A. The uniqueness of the differentiable structure on U4 is assured by
that condition.

Given two coordinated subsets U, V, the manifolds U4, V4, induce on
(UNV)4 the same differentiable structure, which gives for M4 the existence and
uniqueness of the differentiable structures as set out in the statement.

In the previous notation, for p4 € U4 to be a regular A-point it is necessary
and sufficient that the values at p? of the functions z' — 2%(p) (i = 1,...,n)
generate m4/m?. Therefore, the fact of p? being not regular is translated into a
system of algebraic equations between the real components z!, of the z°. From
here, we derive that M# is either empty or dense. |

Functoriality. Each morphism of manifolds ¢: M — N gives a map (same
notation) ¢: M4 — N4, by ¢(p?) = p? o p*. Translated into real components,
we see that ¢*(f.) = (¢*f)a, from which it follows that ¢: M4 — N4 is a
differentiable map for the structures given in Theorem 4.1. It results that the
assignation M ~s M# is a covariant functor from the category of manifolds to
itself.

Given a morphism a: A — B of Weil algebras, the canonical map M4 —
ME (p" — pP = aop?) is smooth, as it is seen immediately by expressing « in
terms of basis of A, B as R-vector spaces. In this way, the assignation A ~» M%
is a covariant functor from the category of Weil algebras to that of manifolds.

Tangent module at an A-point. For each p* € M# and each tangent field D
on M, we will call the map Dya: C*(M) — A, Dyaf := (Df)(p*) the value of
D at p* . This map is a derivation from the ring of functions C*(M) with values
in A, which is considered as a C°>°(M)-module by means of the morphism p*.

Each derivation from C>®(M) to A at the point p? comes in this fashion
from a field D on M ; the proof is performed by means of an argument similar to
the one we used in the proof of 2.2.

We will denote by T,4M the C*(M)-module of derivations from C*(M)
to A, at the point p*. We will call it tangent module to M at the point p*. It is
a locally free A-module of rank = dim M, and basis (9/9z'),a,..., (0/0x™)a,

in local coordinates z', ..., 2", for M.

Theorem 4.2.  Tangent module T,aM and tangent space TpAMA to the mani-
fold M# at the point p? are canonically isomorphic R-vector spaces: to the deriva-
tion Dpa it corresponds the tangent vector Dya such that Dyaf, = (Dpaf)a, for
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each f € C*°(M) and each basis {a®} chosen in A.

Proof. Chosen a basis of A as an R-vector space, multiplication table in A
is of the form a%a® = cﬁﬁcﬂ, with the ¢’s in R. For each pair f, g, it follows
that (f-g), = c;“ﬁ fags. If Dya € T,aMA, the rules of derivation for sums and
products give that the map D,a: C*(M) — A defined by Dyaf = (Dpafo)a® is
a derivation at p*. The assignation 519,4 — Dya from T,aM 4 to T,aM is an
injective morphism of vector spaces with the same dimension, n-dim A, and then,
an isomorphism. [ |

Corollary 4.3. Let a: A — B be an exhaustive morphism of Weil algebras.
For each manifold M, the corresponding morphism of tangent spaces T,a M 4

T,s M5B (p? = aop? ) is exhaustive. As a consequence, if the functions Fy, ..., F}, €
C>(MPB) are functionally independent, so are their images o*(Fy),...,a*(Fy) in
= (314

Proof.  For each tangent field D on M it holds D,s = a,D,a, and we conclude
from the above theorem. ]

Theorem 4.2 is a particular case of the following one.

Theorem 4.4 (Weil [27]).  For an arbitrary manifold M and Weil algebras A,
B, we have a canonical isomorphism of manifolds:

(MA)B ~ MA®B_
Proof. Each f € C®(M) defines the function f: M4 — A, which determines
a ring morphism
C¥(M) — C®(M*Y) @r A, [+ faa®,
in the notation we are used previously. We have consecutive morphisms of rings
C¥(M) — C®*(MYH @ A — C®(MY)P)oBo A
which give, by composition, the morphism
C®(M) ——=C*((MM)P) @ B A——=C*(MMP)2 A2 B
f———faa® = (fa)s b’ @ a® —— (fa)p ® a® @ b’

For each point (p1)? € (M4)B | “to take values at (p*)?” is a morphism
from C*®°((M*)P) to R, which gives, by composition with the previous one, a
morphism C*(M) — A® B, which is an A® B-point p“®? on M. By the above

computation, for each f € C°(M) is (fa)s((p")?) = fap(p?®P) (taking {a*® %}
as a basis in A ® B), and so the proof is complete. |

Theorem 4.2 is a particular case of Weil theorem. When B = R} =
R[z]/(z*), a B-point is a map f — f(p}) = f(p) + €D, f, where f(p) and D,f
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are real numbers and € = [Z]y0d(;2). This map being a morphism of R-algebras
means that p is a point in M and D, is a vector tangent to M at p. Thus,
M} = TM is the tangent bundle of M.

In the same way, it can be seen that, if A is an arbitrary Weil algebra,
an A ® Ri-point of M is a pair (pA,DpA) where p4 is an A-point and D,a is a
derivation of C**(M) at p* (valuated in A). On the other hand, a point of (M#)}
is a p? € M4 and a derivation of C*°(M*) (valuated in R) at p™.

In this way, Weil theorem gives 4.2 as the particular case when B = R1.

Cartesian product of A-points. Prolongatons of Lie groups and associ-
ated fiber bundles. Let M and N be smooth manifolds and let A be a Weil
algebra. Given A-points p? in M, ¢* in N, we have a morphism

pAegd

C>(M) ®r C*(N) A®A

which can be composed with the morphism “multiplication” A® A — A so giving
a morphism C*(M) @g C*(N) — A.

This morphism can be prolonged by continuity (or, simply, according to its
Taylor expansion) to a morphism:

C*(MxN)— A

which we will denote by p? x ¢* € (M x N)#, and will be called cartesian product
of the A-points p*, ¢*. That A-point is the only one on M x N which, when
restricted to the subrings C®(M), C®(N) of C*(M x N) coincide with p#, ¢*,
respectively.

When A =R, p x ¢ is the couple (p,q) € M x N.

When an “action” of M on N is given, that is to say, a morphism M x N —
N (for instance, when N is a principal fiber bundle with structural group M),
such an action can be lifted to the spaces of A-points by means of the cartesian
product:

MA x N*— N4 (p*,¢") = p* x ¢* = p* - ¢,

where p? - ¢ is the image of p* x ¢* € (M x N)# under the morphism
Mx N— N.

In particular, if G is a Lie group, G4 is also a Lie group. The identity map
of G# is the morphism “to take values at the unity e € G”, f — f(e). Indeed, for
each A-point g4 € G4, the A-point in G x G which coincides with g in the first
factor (in C*(G) ® 1) and coincides with “to take values at e” in the second one,
say e, has as product g#-e” the A-point of G which assigns to each f € C*(G)
the value of f(g-e) = f(g) at g*; so, g* - et = g*.

The inverse element of ¢g# is its image by the morphism of manifolds
“inversion”: G — G.

An example: the tangent group of a Lie group. Let G be a Lie group as
above. Its tangent bundle TG = G} is also a Lie group, whose group law will be
detailed now.
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Let us denote by ®: G x G — G the morphism of manifolds given by the
multiplication rule. In local coordinates, the image of (z,y) = (z',..., 2™y, ..., y")
is 2 = ®(x,y). Let p} = (p,D,), ¢t = (¢, D,) be points of G}. The morphism
pi - qi sends the coordinate 2* to

B (a(p}),y(ah)) = ¥'(2(p) + Dy, y(a) + Dyy)
= 2'(2(p) y(9)) |
O ) @)Dt + O k

=2'(p,q) +e [Rqu + Lpbq} 2

+e€

where R, is the right translation by ¢ and L, is the left translation by p on G.
Therefore the multiplication operation on G1 is

(pv Dp) ’ ((LEQ) - (p g, RQDP + LPEQ)'

The identity element for the multiplication is (e,0). The inverse element
of (p,Dy) is: (p, Dp>71 = (p~ ', —Ly1Ry1Dy).

Let us use that G is parallelizable by means of left translations: each
D, € T,G is the value at p of a (unique) vector field D of the Lie algebra of
G: D, = L,, with § = D, € T.G. The inverse element of (p, D,) is, then,

(p, Dp)il = (pilj —Ly1Ry-1L,0) = (p,1, —L,-1(Adp)(9))

By identifying each vector tangent to GG at a point with its associated vector
field in the Lie algebra, we have

(p.6) =", — (Adp)9)
(p,0) - (0,0) = (p-q,(Adg™") 6 +7).

In other words, TG = G1 is the semidirect product £(G) x G, where L(G) = T.G
denotes the Lie algebra of G and the action of G in its Lie algebra is the adjoint
action.

5. Differentiable structures on the A-jet spaces

Let A be a Weil algebra of order ¢ and width m. For arbitrary n > m there
exist exhaustive morphisms a: RY — A; for instance, if al, ..., a™ are elements of
m, whose classes modm? are linearly independent, and x!,... z" are elements
chosen in R’ as above, we can define a by the rule a(z?) = a' (i = 1,...,m),

n’

a(z™) =0 (j=1,...,n—m).

Lemma 5.1.  Once chosen a: R — A, any other epimorphism 3: RY — A is
of the form B = a o g, where g is a certain automorphism of RE .

Proof. Let us take for a the notation as above. Let y!,...,y™ € R such that
B(y") = a'. The classes of y',...,y™ modm2, are linearly independent because
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so are their images in m,/m?%. We can add elements y™*! ... y" in mpe which,
joint to y',...,y™ give a generating system of R’ ; by subtracting from each y™*J
a polynomial in y!,... y™ we can get that B(y™ ™) =0 (j=1,...,n—m). Next,
we define g: RS — R’ by the rule g(y’) = 2'. We have 8 =aog. n

The differentiable structure of M“. Let M be a smooth manifold of dimension
n > m. The choice of an epimorphism a: RY — A determines a map

Ty Mﬁ — M4, Wa(pf;) = OzOpf;,

which is exhaustive. In fact, a regular A-point factorizes into the composition of
passing to the quotient C*°(M) — C>~(M)/mi™ and the exhaustive morphism
pt: C®(M)/mitt — A. Once chosen any pf, € MY, the composition p? o
(pfl)fl : R — A is, by Lema 5.1, of the form a o g, with g € AutR’. It follows
that p* = aogop, = m.(gopf).

Two points p’,p!, € Mﬁ over the same p € M are related in the form
P, = gopl, with ¢ € AutR’, univocally determined by the pair (pf,p"). We
have 7, (p%) = a o g o pf,, and, being p’ exhaustive, the necessary and sufficient
condition for 7,(pf,) = ma(pl) is that aog = a.

Let us denote by G the group AutRY, G, the subgroup comprised by
those g € G such that @« o g = a. Then, we have shown that the projection
Ta: MY — M* is exhaustive and its fibers are the orbits of the subgroup G, of
G when it acts on M.

When M! and M4 are endowed with the structure of smooth manifold

by Theorem 4.1, the projection m, is a differentiable map and has maximal rank
(Corollary 4.3).

Let U be an open subset of M coordinated by functions x!,...,2". For
each p € U, the classes 2’ — z'(p)modm/t! are generators of C(M)/m{t!,

The choice of these generators establishes an isomorphism between the algebras
C®(M)/mf™ and RY,. When p runs over U, the choice of coordinates gives us
a section of the fiber bundle Uqf — U, precisely the section which sends p € U
to £(p): C°(U) — R’ where £(p) is the composition of the pass to the quotient
with the isomorphism C*(U)/m/t! ~ R}, established by the choice of coordinates,
as said above.

Each point p!, € U! is of the form p’ = g o &(p), for certain g € G. Thus,
it is established a biunivocal correspondence

Ul ~U x G,

which is a differentiable isomorphism (we can take as coordinates on G the func-
tions whose value at g € G is 2% (go&(p)), i=1,...,n, 0 < |a| < ¥).

The projection 7, : Mﬁ — M# puts in biunivocal correspondence M4 with
the set of orbits of G, when it acts on M¢. In the open set U:

UA ~ U x G/Gaa pA A (p> [g}modGa) = (p, Ga : g)

by means of the choice of coordinates in U and the Weil algebras morphism «:

pt =aogof(p).
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We must check that both, U# own smooth structure given in Theorem 4.1,
and the one given by the isomorphism of sets U# ~ U x G/G, coincide. Indeed,
in the projection Uﬁ — UA, the smooth functions on U# lift to Uf:i as smooth
functions which are invariants under the action of the group G, ; therefore, they
are smooth functions on the space of orbits U x G/G,. In addition, a family of
such functions in U4 being functionally independent will remain so when lifted to
U¢ (Corollary 4.3) and we get the statement.

Let us consider the A-point p* = aopf € MA4; its kernel is the jet
pA = Kerp? = (pf)"}(Ker ). Any other regular A-point in the same p € M is
of the form p* = a0 gop’, with g € G. The jet of p* is p* = (p!) "¢~ (Kera).
The necessary and sufficient condition for EA = p# is that g7'(Kera) = Kera,
that is to say, that the automorphism g of RY transforms the ideal Kera into
itself. Let us denote I = Ker «v and let G; C GG be the subgroup comprised by the
g € G such that g(I) = I. We have the inclusions

Go. C Gy CG=AutR.

Each ¢ € G transforms pairs of congruent elements mod [ into pairs
of congruent elements mod I/, and therefore, it projects as an automorphism of
A =RY/I. The condition for g to be projected to the identity is a0 g = a, that
is to say, g € G,. Thus, we have a morphism of groups G; — Aut A whose kernel
is G, . We derive that G, is a normal subgroup of G, and we get an injection

G1/Go < Aut A.

Let us see that the previous injection is an isomorphism: let g € Aut A and
put 5 :=goa. By Lemma 5.1, there exists a g € G such that goa =aog:

R¢ 9. R¢

n

afll_~>,£a

g

Obviously, we have g € Gy, and the image of g in Aut A is g.

Since two A-points p4 = aop’, p* = a o P!, have the same jet if and only
if p! = gop’ for a suitable g € G, the set of jets of type A in M, M4, is the
set of orbits of the group G acting on Mﬁ It is also the set of orbits of Aut A
acting on M4,

Let us return to consider the open set U of M, coordinated by z',... z".
The choice of coordinates and the morphism « give sections ¢ of UL — U and aof
of U4 — U. By taking the kernel of the last one, we have a section Ker oo ¢ of
JA(U) — U. By means of the local sections, the maps Mﬁ — M4 — M4, restrict

themselves, on the open set U, to:
UlcUxG—U~UxG/Gy — JNU) ~U x G/G.

We can transport to J4(U) the differentiable structure of U x G/G;; with
that, the smooth functions on J4(U) are the smooth functions on Uf that are
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invariants under the action of Gy, which is a closed subgroup of G. Such functions,
since they are invariants under the subgroup G, of Gy, are functions on U#,
invariants under the action of the group G;/G, = Aut A.

By taking a covering of M by coordinated open sets, we obtain the differ-
entiable structure on IM4.

It is classical that (for arbitrary Lie group G and its closed subgroup Gy)
the morphism of manifolds G — G /G admits local sections which locally trivialize
the fibration. Each one of these sections, composed with «, give a local section
for U4 — JAU, that makes of U# a principal fiber bundle with structural group
Aut A = G;/G, and base manifold JAU. Being it so for each coordinate open U
of M, M* — M* is a principal fiber bundle with structural group Aut A. We
can state:

Theorem 5.2.  For each Weil algebra A and each smooth manifold M of
dimension > width of A, M* and M# have a smooth manifold structure. That of
MA s that described in Theorem 4.1. That of M? is determined by the structure
of M and the canonical projection Ker: M4 — M4, which makes of M* a
principal fiber bundle with base manifold M? and structural group AutA.

Once chosen an ezhaustive morphism a: R — A, on each coordinate open
set U of M, we have sections & of Uﬁ — U, aoé of UN 5 U, Keroaoé& of
JAU) — U which establish isomorphisms of fiber bundles on U :

Ul~UxG, U'~UxG/G,, JYU)~UxG/Gy,

where G = AutA, G, ={g9 € G|laocg=a}, Gr={ge G|g(I) =1}, I = Kera
and G1/Gy = AutA.

The projection of manifolds M# — IM# gives epimorphisms of tangent
spaces TPAMA — TPAMA, where p? = Ker(p?); vectors in the kernel of that
epimorphism are those tangent to the fiber of p#, which are the derivations
€ TpAM A that annihilate all the functions € C*(M*) vanishing on the fiber;
these functions are those of the ideal generated by the real components of the
functions f € p4. From that and Theorem 4.2 it is derived the:

Theorem 5.3.  The space TpAMA and the module T,aM are canonically iso-
morphic as R-vector spaces.

For each p € IM#, it holds C>®(M)/p ~ A, and the value at p of the tangent
space to p, D(p), is identified with the space Der (A, A), which is the Lie algebra
of the group Aut A. Because M is the space of orbits of Aut A acting on M4,
T,aM# is the quotient of T,aM# by Der(A, A), and we obtain what was stated
by 5.3.

For analogous reasons, a Weil algebra morphism a: A — B which de-
termines a morphism ¢&: M4 — MP (necessarily, o is exhaustive) passes to
M4 — MP? when the ideal I = Kera of A is invariant under the action of
the group Aut A, hence, any derivation 6: A — A verifies §(I) C I. For example,
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that occurs when A = RY, and B = R% 1. More in general, when p is any jet in
M, A=C>*(M)/p and B =C>(M)/p" (Definition 2.1 and Proposition 3.4).

Prolongation of ideals. Let M be a manifold and A a Weil algebra. Fixed
a basis {a®} of A as R-vector space, for each f € C®(M) we define the real
components of f: M4 — A by f(p?) = fu(p*)a®. Given an automorphism g
of A, expressed in coordinates by g(a®) = cgaﬂ, the action of g on M# gives
flg(p™)) = fa(p?)cga®, so that g*(fs) = c§fa. Therefore the ideal of C*(M™)
generated by the real components of f is invariant under the group Aut A.

Let us consider the principal fiber bundle M4 — M4 (5.2). By taking a
local section, the specialization to it of the ideal generated by the real components
of f is transported to an ideal of the ring of functions of the open set of IM4
where such a section is defined; this ideal is independent of the chosen section.
It follows that the ideals defined by two local sections determine the same ideal
on the intersection of the respective open sets where these sections are defined.
Therefore, there exists an ideal of C*°(IM#) that generates in C(M*) the same
ideal as the ideal of real components of f.

Given an arbitrary ideal I of C*°(M), the previous process, when applied to
each f € I, determines in C>®(IM#) an ideal, which will be called prolongation of
I to C>(IM*). This ideal is characterized by the fact that it generates in C>°(M4)
the same ideal as the collection of all the real components of all the f € I.

Functions do not prolong from M to M# in the sense that they do to
MA. But, where appropriate, we can use local sections of M4 — M4 in order
to talk about “real components” of f on M#, and we will handle them in local
computations.

Prolongation of jets. Relationship with the contact system. As an ideal,
a jet p can be prolonged to each manifold IM4. For example, if p is of type A, its
prolongation to C>°(IM“) is m,, the maximal ideal of the point p € M4. That is
a tautology, by taking into account that the fiber of M* — M4 on p consists of
the points p* € M# where all the f € p vanish, and no one f € C®(M) out of p
has this property.

Now let us consider a jet p’, of type A’, such that p C p’ and a projection
a: A — A’ such that Ker o remains stable under Der(A, A). Then, there exists a

map of tangent modules T,M — T,y M and the contact system (2, consists of
the submodule {dy f | f € p} = dyp:

Theorem 5.4. Let p C p' be jets of types A, A" such that Der(A, A) leaves
stable the kernel of the projection A — A'. Then, the contact system
considered as a subspace of Tp*,]l\/IA,, coincides with the space of differentials at
p’ of the prolongation of p to p'. In particular, if p’' is the derived ideal of p,

the real components of ), are the differentials at p’ of the real components of the
prolongation of p to C*(M*) (we have put A =C>(M)/p, A" =C>(M)/p’).
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6. Differentiable structure of the contact system

Theorem 6.1. 1. Let A, A" be Weil algebras, o: A — A" an epimorphism
such that the group AutA leaves stable the ideal Kera. Let m,: M4 — M4
be the morphism of manifolds associated with o. For each p € M2, let
p' = map) and Qqpy C TyM. The real components of Qp ), lifted to
Tp*]MA constitute, when p runs over M? | a Pfaff system of class C* on M.
In particular, the contact system ) on M has class C*° on each manifold
MA. The rank of Q on M4 is the codimension of XA en M4, where X is
any submanifold of dimension = width of A on M.

2. If the jets of type A fulfill the condition ' C p, the manifolds X4 are
solutions of mazimal dimension of the contact system Q in M.

3. In the conditions of item 2), the Pfaff system Q) es irreducible on M4,

4. In the conditions of item 2), in the Taylor map M* — JL(MY) (p =
dim X4, for dimX = m), the contact system on J;(]MA/) specializes to
M4 as the contact system on IM#.

Proof.  We proceed through the proofs of each section of the theorem.

1. By taking into account Theorem 5.4, the problem reduces itself to prove
that, locally on M4, there is a finite family of polynomials P,(z?,...,2")
in the local coordinates x° of M, with coefficients in C*°(IM“) such that,
when their numerical values are fixed at each p, it is obtained a collection
of generators of p as an ideal of C>*(M).

Let us consider the generic polynomial P(A,z) of degree = the order of
A, where X is the set of undetermined coefficients of the monomials in
the z!,...,2". Given a point p4 € M*, the condition for the assignation
of numerical values \(p?) to the coefficients of P to give P(A(p?), ) at
p = Ker(p?) is that the coefficients \(p?) satisfy a system of linear equations
(one for each a® of a given basis of A as R-vector space) whose coefficients
are given polynomials in the % (p?) with constant coefficients. The rank of
this system on M# is constant, equal to dim A. For that reason, the solutions
A(p?) are (rational ) functions of class C* in the z¢ , linearly depending of a
finite number of parameters which, when fixed, give each element of a basis
of p as an R-vector space. Such functions are, obviously, invariant under
Aut A, so that they are functions on M4, and we conclude the argument.

2. If we go back to the definitions we see that a jet p € X is a jet of M
such that X passes trough p (Section 1); a tangent vector D, € T,X is a
vector D, € T, M which is tangent to X at p (Section 2 - Terminology and
notation); and 7, X is contained in the Cartan system C, for any jet of width
= dim X (Definition 3.2). Therefore, X* is a solution of the contact system
Q of M, for arbitrary Weil algebras A of width m = dim X (Definition 3.2).

Let Z C M# be a solution of  that contains X#. For each p € X4
it holds T,Z C C,; thus, in the projection 7.: T,M — Ty M, we have
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m A2 C m.Cy =T, p/XA/ (we use the identification of T,M with TP]MA given
in 5.3 and we have put A" = C>®(M)/p’). As the converse inclusion holds,
because X4 C Z, we have 11,7 = Tp/XA'. Therefore, in a neighborhood
of p in Z, the rank of m, at each T;Z is > dim X4 so that = dim X#
by Proposition 3.6. Then, 7,7;7Z has constant dimension in a neighborhood
of p. By the rank theorem, 77 (in a neighborhood of p’) is a manifold of
dimension equal to that of X#', then 7Z = X4 in that neighborhood.

Let us assume that (in the considered open set) there exists a q € Z out of
XA, Tts image in X# would be a point q’ image of some q € X#. Then, the
manifold X passes trough ¢ but not through q; thus, by Theorem 3.8 and
Proposition 3.6, it should be Ty X # 7.C; = 7. Z5, against what we proved
before. That contradiction finishes the proof.

. It is classical (Cartan) that the manifolds which are solutions of maximal

dimension of a Pfaff system are generated by manifold-solutions of the char-
acteristic system. Then, in order to see that € is irreducible on M%, it is
enough, then, to see that the solutions of maximal dimension of {2 passing
through a given p have the zero vector as the only common tangent vector.
Then, by item 2), it is sufficient to show that, given a manifold X of dimen-
sion m passing through p, for each tangent field D on M being tangent
to X at p, with D, # 0, there exists a manifold ¥ of dimension m which
passes through p but such that D, is not tangent to Y. For that, we take
local coordinates z!,...,2™,y',...,y" on M adapted to X, in such a way
that 7(X) = (y',...,y"), and p is of the form (y',...,y") +m ™" + (Qu(x)).
By eliminating terms vanishing on 7, M, a field D tangent to X at p can be
written locally as a linear combination of the 9/0z® whose coefficients are
polynomial in the z’s. If D, # 0, there exists f € p such that Df ¢ p. The
manifold defined by equations y* = f,4> = 0,...,y" = 0 passes through p
and so D is not tangent to Y at p.

. From 3.3 and 3.7, Q on M“ is, at each p € M*, the lifting, by “pull-

back” of the forms on IM#" which annihilate Ty X A" for any m-dimensional
submanifold X of M passing through p. The same occurs in the image of
p in JL(M*) with the contact system of that manifold (Section 1 - Jets of
order 1), and thus we conclude. [

7. Final remarks

Rings C*(M) (0 < k < oo) have the same spectrum of closed maximal ideals, M
which is also the R-spectrum of all of them. Also the total maximal spectra are
coincident, M, the Stone-Cech compactifiaction of M. When we replace R by
a Weil algebra A (local, rational, finite dimensional R-algebra), the distinction
between them emerges: in C(M), for each p € M, the maximal ideal m, of the
functions vanishing at p, verifies m, = mﬁ, so that the only morphism C(M) — A
sending m, into my (the maximal ideal of A) is “to take values at p”, whose
image is included into R C A and then it never can be exhaustive if A # R; as
a consequence, there are no “proper” morphisms for the ring C(M). In the ring
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C> (M), the ideals which give Weil algebras under factor map (the “jets” of general
type), are exactly the closed primary ideals and of maximal radical; the set of all
of them, M, is a disjoint union of smooth manifolds, one for each Weil algebra of
width lower or equal than dim M. For C¥(M), with 0 < k < co nothing definite
is known, because the ideals m, are not finite generated, in these cases, and the
arguments used for the jets theory in the C*> case do not apply now.

We have not explored anything about the possible topological structure of
M. Certain correspondences between manifolds components of IM have clarified
some works of S. Lie about reduction of PDE systems to first order systems
[11, 12, 10] and it would be worthwhile to think of the suggestions of the master
(on these reduction problems) in his last memoirs.
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