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1. Introduction

Let k be an algebraically closed field of characteristic p > 0. Let G be a connected,
simply connected and semisimple algebraic group over k which is split over the
finite field Fp of order p .

The representation theory of G is closely related to that of the r -th Frobe-
nius kernel Gr . For example, all simple modules for Gr can be lifted to some simple
modules for G . In addition, the projective indecomposable modules (PIMs) for
Gr can be lifted to some modules for G if p is not too small. So it is impor-
tant to construct PIMs for Gr in order to know the structure of some important
G-modules.

On the other hand, the representation theory of G can be identified with
the locally finite representation theory of the corresponding (infinite-dimensional)
k -algebra U which is called the hyperalgebra of G , and the representation theory
of Gr can be identified with that of the corresponding finite-dimensional hyperal-
gebra Ur . If we have a decomposition of the unity 1 ∈ Ur into a sum of pairwise
orthogonal primitive idempotents, we can construct the PIMs for Ur . Unfortu-
nately, it seems that such a decomposition where each primitive idempotent is
explicitly described is not known except when G is of type A1 (i.e. G = SL(2, k))
and r = 1, in this case the decomposition is given in Seligman’s paper [Sel03].

In this paper we shall generalize Seligman’s result. More concretely, when
G = SL(2, k), we construct pairwise orthogonal primitive idempotents whose sum
is the unity 1 explicitly in Ur for an arbitrary positive integer r .
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The main result is given in Section 5. In Section 4 we first construct the
primitive idempotents in U1 using Seligman’s method. Next, in Section 5 we
construct primitive idempotents in Ur for r ≥ 2 using the primitive idempotents
in U1 given in the previous section. There we use a linear map constructed in
[GK11], which ’splits’ the Frobenius map on U . Finally we also determine the
PIMs for Ur which the idempotents generate. For convenience, this result will be
given more generally for a larger algebra Ur,r′ (r′ > r) in Theorem 5.8.

2. Preliminaries

From now on, let G = SL2(k). Let

X =

(
0 1
0 0

)
, Y =

(
0 0
1 0

)
, H =

(
1 0
0 −1

)
be the standard basis in the simple complex Lie algebra gC = sl2(C). We define
a subring UZ of the universal enveloping algebra UC of gC generated by X(m) =
Xm/m! and Y (m) = Y m/m! with m ∈ Z≥0 . For z = H or −H in UZ , set(

z + c

m

)
=

(z + c)(z + c− 1) · · · (z + c−m+ 1)

m!

for c ∈ Z and m ∈ Z≥0 , which also lies in UZ . Then the elements

Y (m)

(
H

n

)
X(m′)

with m,m′, n ∈ Z≥0 form a Z-basis of UZ . The k -algebra UZ ⊗Z k is denoted by
U and called the hyperalgebra of G , which is equipped with a structure of Hopf
algebra over k . We use the same notation for the images in U of the elements in
UZ . In the following propositions we shall give some well-known formulas, which
are repeatedly used to carry out calculations in U (for example, see [Gro12, §3],
[GK15, §4], [Hab80, §5], [Hum72, §26], [Jan03, I. ch. 7]).

Proposition 2.1. For m,n ∈ Z≥0 and s, t ∈ Z, the following holds in U :

(i) X(m)Y (n) =

min(m,n)∑
i=0

Y (n−i)
(
H −m− n+ 2i

i

)
X(m−i) ,

Y (m)X(n) =

min(m,n)∑
i=0

X(n−i)
(
−H −m− n+ 2i

i

)
Y (m−i) ,

(ii)

(
H + s

m

)
X(n) = X(n)

(
H + s+ 2n

m

)
,

(
H + s

m

)
Y (n) = Y (n)

(
H + s− 2n

m

)
,

(iii) X(m)X(n) =

(
m+ n

n

)
X(m+n) , Y (m)Y (n) =

(
m+ n

n

)
Y (m+n) ,

(iv)

(
H

m

)(
H

n

)
=

min(m,n)∑
i=0

(
n+m− i

m

)(
m

i

)(
H

n+m− i

)
,

(v)

(
H + s+ t

m

)
=

m∑
i=0

(
s

m− i

)(
H + t

i

)
.
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Proposition 2.2. Let m,m′, n, n′ ∈ Z with n′ ≥ 0 and 0 ≤ m,n ≤ p − 1.
Then (

m+m′p

n+ n′p

)
≡
(
m

n

)(
m′

n′

)
(mod p).

Let

Fr : G −→ G,

(
a b
c d

)
7→
(
ap bp

cp dp

)
be the geometric Frobenius map. This map induces the k -algebra endomorphism
Fr : U → U which is defined by

Fr(X(m)) =

{
X(m/p) if p | m,

0 if p - m and Fr(Y (m)) =

{
Y (m/p) if p | m,

0 if p - m .

Then we also have

Fr

((
H

m

))
=

{ ( H
m/p

)
if p | m,

0 if p - m
.

Let U+ (resp. U− ) be the subalgebra of U generated by X(pi) (resp. Y (pi) )
with i ∈ Z≥0 , and let U0 be the subalgebra of U generated by

(
H
pi

)
with i ∈ Z≥0 .

The elements Y (m)
(
H
n

)
X(m′) with m,m′, n ∈ Z≥0 form a k -basis of U and we

have a triangular decomposition U = U−U0U+ . We say that an element z ∈ U
has degree d if it is a k -linear combination of the elements Y (m)

(
H
n

)
X(m′) with

m,m′, n ∈ Z≥0 and m′ − m = d . For a positive integer r ∈ Z>0 , let Ur be
the subalgebra of U generated by X(pi) and Y (pi) with 0 ≤ i ≤ r − 1. This
is a finite-dimensional algebra of dimension p3r which has Y (m)

(
H
n

)
X(m′) with

0 ≤ m,m′, n ≤ pr − 1 as a basis, and it can be identified with the hyperalgebra
of the r -th Frobenius kernel Gr = Ker(Frr) of G . Let U+

r (resp. U−r ) be the
subalgebra of U generated by X(pi) (resp. Y (pi) ) with 0 ≤ i ≤ r − 1 , and U0

r

the subalgebra of U generated by
(
H
pi

)
with 0 ≤ i ≤ r − 1. Then we define four

subalgebras U≥0,U≤0,U≥0r and U≤0r as

U≥0 = U0U+, U≤0 = U−U0, U≥0r = U0
rU+

r and U≤0r = U−r U0
r .

In dealing with the subalgebra Ur it is often convenient to consider the larger
subalgebras Ũr = U−r U0U+

r generated by X(pi) , Y (pi) and
(
H
pl

)
with 0 ≤ i ≤ r− 1

and l ∈ Z≥0 , and Ur,r′ = U−r U0
r′U+

r generated by X(pi) , Y (pi) and
(
H
pl

)
with

0 ≤ i ≤ r − 1 and 0 ≤ l ≤ r′ − 1 for r′ > r . Then the elements Y (m)
(
H
n

)
X(m′)

with 0 ≤ m,m′ ≤ pr − 1 and n ∈ Z≥0 (resp. 0 ≤ n ≤ pr
′ − 1) form a k -basis of

Ũr (resp. Ur,r′ ).
Consider the k -linear map Fr′ : U → U defined by

Y (m)

(
H

n

)
X(m′) 7→ Y (mp)

(
H

np

)
X(m′p).

Clearly we have Fr ◦ Fr′ = idU . Let Fr′+ (resp. Fr′−,Fr′0,Fr′≥0 , Fr′≤0 ) be the
restriction of Fr′ to U+ (resp. U−,U0,U≥0 , U≤0 ). These five restriction maps are
homomorphisms of k -algebras, whereas Fr′ is not (see [GK11, 1.2]).
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In this paper, the symbol ⊗ is assumed to mean a tensor product over k .

Proposition 2.3. For n, n′ ∈ Z>0 with n′ > n, the multiplication map

Un ⊗ Fr′n(Un′−n)→ Un′

is a k -linear isomorphism.

Proof. The linearity is clear. Since both the k -vector spaces Un ⊗ Fr′n(Un′−n)
and Un′ have dimension p3n

′
, it is enough to show that the map is injective. Let

z be a nonzero element of Un ⊗ Fr′n(Un′−n). Note that

Y (m1)

(
H

n1

)
X(m′1) ⊗ Y (m2pn)

(
H

n2pn

)
X(m′2p

n)

with 0 ≤ m1, n1,m
′
1 ≤ pn − 1 and 0 ≤ m2, n2,m

′
2 ≤ pn

′−n − 1 form a k -basis of
Un ⊗ Fr′n(Un′−n). Moreover, by using the formulas in Propositions 2.1 and 2.2 we
easily see that such a basis vector is mapped to

Y (m1)

(
H

n1

)
X(m′1)Y (m2pn)

(
H

n2pn

)
X(m′2p

n) = Y (m1+m2pn)

(
H

n1 + n2pn

)
X(m′1+m

′
2p

n)+u,

where u is a k -linear combination of some basis vectors of the form Y (m3)
(
H
n3

)
X(m′3)

with 0 ≤ m3, n3,m
′
3 ≤ pn

′−1 and m3+n3+m′3 < m1+n1+m′1+(m2+n2+m′2)p
n .

Therefore, if we take a 6-tuple
(m1, n1,m

′
1,m2, n2,m

′
2) where m1+n1+m

′
1+(m2+n2+m

′
2)p

n

is the largest integer with the coefficient of Y (m1)
(
H
n1

)
X(m′1)⊗Y (m2pn)

(
H

n2pn

)
X(m′2p

n)

in the expression of z as a k -linear combination of the basis vectors of the vector
space Un ⊗ Fr′n(Un′−n) being nonzero, then the coefficient of

Y (m1+m2pn)
(

H
n1+n2pn

)
X(m′1+m

′
2p

n)

in the expression of the image of z as a k -linear combination of the basis vectors
of Un′ is also nonzero. This shows that the multiplication map is injective, and
the proposition follows.

Remark. These multiplication maps Un⊗Fr′n(Un′−n)→ Un′ (n′ > n > 0) induce
the multiplication maps Un⊗Fr′n(U)→ U and

⊗
i≥0 Fr′i(U1)→ U (for the natural

ordering of Z≥0 ), all of which are k -linear isomorphisms.

For later use, let A be the subalgebra of U which is generated by U0 and
the elements Y (pi)X(pi) with i ∈ Z≥0 .

Proposition 2.4. The following holds.

(i) A is commutative.

(ii) A is the centralizer of U0 in U , consisting of all the elements of degree 0
in U .
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(iii) A is free over U0 of basis X(m)Y (m) , m ∈ Z≥0 , and also of basis Y (m)X(m) ,
m ∈ Z≥0 .

Proof. (i) Let s, t ∈ Z≥0 . Since(
H

ps

)
Y (pt)X(pt) = Y (pt)

(
H − 2pt

ps

)
X(pt)

= Y (pt)

ps∑
i=0

(
−2pt

i

)(
H

ps − i

)
X(pt)

= Y (pt)X(pt)

ps∑
i=0

(
−2pt

i

)(
H + 2pt

ps − i

)
= Y (pt)X(pt)

(
H

ps

)
,

each Y (pt)X(pt) commutes with all elements of U0 . On the other hand, we have

Y (ps)X(ps)Y (pt)X(pt)

= Y (ps)

min(ps,pt)∑
i=0

Y (pt−i)
(
H − ps − pt + 2i

i

)
X(ps−i)X(pt)

=

min(ps,pt)∑
i=0

(
ps + pt − i

ps

)(
ps + pt − i

pt

)
Y (ps+pt−i)

(
H − ps − pt + 2i

i

)
X(ps+pt−i),

which is symmetric with respect to ps and pt . Therefore, Y (pt)X(pt) also commutes
with Y (ps)X(ps) .

(ii) It is easy to see that A consists of all the elements of degree 0 in U .
Let CU(U0) be the centralizer of U0 in U . Clearly A ⊆ CU(U0), and we have to
show that A ⊇ CU(U0). Let z be an element of CU(U0). Then z can be written
uniquely as

z =
∑

m,m′∈Z≥0

Y (m)z(m,m′)X
(m′)

with all z(m,m′) ∈ U0 , almost all equal to 0. To show that z ∈ A , it is enough to
show that z(m,m′) = 0 for each pair (m,m′) with m 6= m′ . For s ∈ Z and t ∈ Z≥0 ,
we have (

H + s

t

)
z =

∑
m,m′∈Z≥0

Y (m)

(
H + s− 2m

t

)
z(m,m′)X

(m′),

z

(
H + s

t

)
=

∑
m,m′∈Z≥0

Y (m)

(
H + s− 2m′

t

)
z(m,m′)X

(m′).

Since
(
H+s
t

)
z = z

(
H+s
t

)
, for each pair (m,m′), we must have((

H + s− 2m

t

)
−
(
H + s− 2m′

t

))
z(m,m′) = 0
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for any s ∈ Z and t ∈ Z≥0 . Take unique integers c ∈ Z≥0 and d ∈ Z such that
2(m′ −m) = pcd and p does not divide d . Then if we take s = 2m′ and t = pc ,
we have(

H + s− 2m

t

)
−
(
H + s− 2m′

t

)
=

(
H + pcd

pc

)
−
(
H

pc

)
=

pc∑
i=0

(
pcd

i

)(
H

pc − i

)
−
(
H

pc

)
=

(
H

pc

)
+ d−

(
H

pc

)
= d.

Since d 6= 0 in Fp , we must have z(m,m′) = 0 and hence z ∈ A .

(iii) It is easy from the fact that X(m)
(
H
n

)
Y (m) with m,n ∈ Z≥0 as well as

Y (m)
(
H
n

)
X(m) with m,n ∈ Z≥0 form a k -basis of A .

For r, r′ ∈ Z>0 with r′ > r , we write Ar (resp. Ãr , Ar,r′ ) for the subalgebra

of Ur (resp. Ũr , Ur,r′ ) generated by U0
r (resp. U0 , U0

r′ ) and the elements Y (pi)X(pi)

with 0 ≤ i ≤ r−1. Clearly we have Ar = A∩Ur , Ãr = A∩Ũr and Ar,r′ = A∩Ur,r′ .
We also see that Ar (resp. Ãr , Ar,r′ ) is the centralizer of U0

r (resp. U0 , U0
r′ ) in

Ur (resp. Ũr , Ur,r′ ) and is free over U0
r (resp. U0 , U0

r′ ) of basis X(m)Y (m) ,
0 ≤ m ≤ pr − 1, and also of basis Y (m)X(m) , 0 ≤ m ≤ pr − 1.

The following proposition will be used in Section 5.

Proposition 2.5. Let n ∈ Z≥0 . Then X(np) and Y (np) commute with all
elements in A1 .

Proof. We may assume that n > 0. Then

X(np)Y X = Y X(np)X + (H − np+ 1)X(np−1)X

= Y XX(np)

and
X(np)H = (H − 2np)X(np) = HX(np).

Similarly we have Y XY (np) = Y (np)Y X and Y (np)H = HY (np) , as desired.

3. Representation theory of U

We describe some elementary facts on the representation theory of U and some
subalgebras.

In this paper, all modules we consider are assumed to be finite-dimensional
left modules. The category of finite-dimensional U - (resp. Ur -) modules is identi-
fied with that of finite-dimensional (rational) G- (resp. Gr -) modules.

For a nonzero U0 -module V and an integer λ ∈ Z , set

Vλ =

{
v ∈ V

∣∣∣∣ (Hm
)
v =

(
λ

m

)
v, ∀m ∈ Z≥0

}
.
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This is a U0 -submodule of V . If Vλ 6= 0, then we call it the U0 -weight space of
(U0 -) weight λ . A nonzero element of Vλ is called a U0 -weight vector of weight
λ . Any U -module M can be written as a direct sum of its U0 -weight spaces:
M =

⊕
λ∈ZMλ . For λ ∈ Z , let kλ be a one-dimensional U0 -module which is also

a U0 -weight space of weight λ .

As in the case of U0 -modules, we can define a notion of weights for U0
r -

modules. For an integer µ ∈ Z , we consider the subspace V(r,µ) of a nonzero

U0
r -module V consisting of the vectors v ∈ V which satisfy

(
H
m

)
v =

(
µ
m

)
v for all

integers m with 0 ≤ m ≤ pr − 1. If V(r,µ) 6= 0, then we call it the U0
r -weight

space of U0
r -weight µ . If ν ≡ µ (mod pr), then we have V(r,ν) = V(r,µ) since(

ν
m

)
≡
(
µ
m

)
(mod p) for all m with 0 ≤ m ≤ pr− 1. Therefore, a U0

r -weight µ ∈ Z
can be regarded as an element of Z/prZ and a U0

r -module V is decomposed as
V =

⊕pr−1
µ=0 V(r,µ) =

⊕
µ∈Z/prZ V(r,µ) . Moreover, if M is a U -module, then the

U0
r -weight space M(r,µ) of U0

r -weight µ ∈ Z is decomposed as M(r,µ) =
⊕

λMλ

where λ runs through the integers with λ ≡ µ (mod pr).

For a U -module M and i ∈ Z≥0 , let M [i] be another U -module defined as
follows: it is equal to M as a k -vector space and the action of z ∈ U on M [i] is
induced by that of Fri(z) on M . Therefore, if v[i] is the corresponding element

in M [i] for v ∈ M , then zv[i] =
(
Fri(z)v

)[i]
for z ∈ U . The U -module M [i] is

called the i-th Frobenius twist of M . If an element v ∈ M has U0 -weight λ ,
the corresponding element v[i] ∈ M [i] has U0 -weight λpi . Moreover, if i ≥ r ,
M [i] is isomorphic to a direct sum of dimkM copies of the trivial module k as a
Ur -module. If M and M ′ are U -modules, the tensor product M ⊗M ′ is again a
U -module via the comultiplication on U

X(m)(v ⊗ v′) =
m∑
i=0

X(i)v ⊗X(m−i)v′

and

Y (m)(v ⊗ v′) =
m∑
i=0

Y (i)v ⊗ Y (m−i)v′

for m ∈ Z≥0 , v ∈M and v′ ∈M ′ .

Let VC(λ) be a simple UC -module with highest weight λ ∈ Z≥0 . For a fixed
highest weight vector vλ ∈ VC(λ), the U -module V (λ) = k ⊗Z (UZvλ) is called
the Weyl (U -) module with highest weight λ . For an element of UZvλ , we use the
same notation for its image in V (λ). The vectors Y (i)vλ with 0 ≤ i ≤ λ have
weight λ − 2i and form a basis of V (λ). Each Weyl module V (λ) has a unique
maximal submodule, and the quotient L(λ) of V (λ) by the submodule is a simple
U -module. Then all L(λ) with λ ∈ Z≥0 form the set of non-isomorphic simple
U -modules. For λ ∈ Z≥0 and its p-adic expansion λ =

∑n−1
i=0 λip

i , we have by
Steinberg’s tensor product theorem that

L(λ) ∼= L(λ0)⊗ L(λ1)
[1] ⊗ · · · ⊗ L(λn−1)

[n−1]

as U -modules. For i ∈ Z≥0 , the simple module L(pi − 1) is called the i-th
Steinberg module and often denoted by Sti . The trivial U -module k is isomorphic
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to L(0), and the r -th Steinberg module Str is projective as a Ur -module. If
0 ≤ λ ≤ pr − 1, then L(λ) is also simple as a Ur -module, and any simple Ur -
module can be obtained in this way. For an integer λ with 0 ≤ λ ≤ pr − 1,
let Qr(λ) be the projective cover of the simple Ur -module L(λ). It is known
that these Ur -modules Qr(λ) can be extended to U -modules for any r ∈ Z>0

in this situation G = SL2(k) (see [Jan80, 4.5 Corollar] or [Jan03, II. 11.11]). If
0 ≤ λ ≤ p− 2, then Q1(λ) is a uniserial U -module with

Q1(λ)/radUQ1(λ) ∼= L(λ),

radUQ1(λ)/socUQ1(λ) ∼= L(2p− 2− λ)

and
socUQ1(λ) ∼= L(λ),

whereas Q1(p − 1) = L(p − 1) = St1 . As in the simple U -modules, for λ ∈ Z≥0
and its p-adic expansion λ =

∑n−1
i=0 λip

i , we have

Qn(λ) ∼= Q1(λ0)⊗Q1(λ1)
[1] ⊗ · · · ⊗Q1(λn−1)

[n−1]

as U -modules. The highest U0 -weight in Qn(λ) is 2pn− 2−λ and the lowest one
is −2pn + 2 + λ (see [Don93, (2.2) Example 1]).

For later use we also consider some modules for Ũr and Ur,r′ for an integer
r′ greater than r . Let λ′, λ′′ ∈ Z be integers with 0 ≤ λ′ ≤ pr − 1 and set
λ = λ′ + λ′′pr . The simple U -module L(λ′) is also simple as a Ũr -module, and

then L̃r(λ) = L(λ′) ⊗ kλ′′pr is a simple Ũr -module with highest U0 -weight λ ,

where the one-dimensional U0 -module kλ′′pr is regarded as a Ũr -module by the

trivial action of Ur . Then we see that L̃r(λ) ∼= L(λ′) as Ur -modules. Similarly, set

Q̃r(λ) = Qr(λ
′) ⊗ kλ′′pr for the above λ = λ′ + λ′′pr . This is the projective cover

of the simple Ũr -module L̃r(λ), and we have Q̃r(λ) ∼= Qr(λ
′) as Ur -modules. The

simple Ũr -modules L̃r(ν) with ν ∈ Z are simple as Ur,r′ -modules, and all simple

Ur,r′ -modules can be obtained in this way. Since L̃r(ν1) ∼= L̃r(ν2) as Ur,r′ -modules
if and only if ν1 ≡ ν2 (mod pr

′
), all non-isomorphic simple Ur,r′ -modules can be

written as L̃r(ν), 0 ≤ ν ≤ pr
′ − 1. Then the simple Ur,r′ -module L̃r(ν) has Q̃r(ν)

as its projective cover.

The following proposition will be used later to determine the PIMs for Ur,r′
(hence for Ur ) which the idempotents given there generate.

Proposition 3.1. Let r′ be an integer which is greater than r . Let λ be an
integer with 0 ≤ λ ≤ pr

′−1, and let v be a U0
r′ -weight vector of U0

r′ -weight ν with
0 ≤ ν ≤ pr

′ − 1 which is also a generator of the projective indecomposable Ur,r′ -
module Q̃r(λ). Let t be the largest integer n with X(n)v 6= 0 and 0 ≤ n ≤ pr − 1.
Then if we write λ = λ′ + λ′′pr and ν = ν ′ + ν ′′pr for some unique integers
λ′, λ′′, ν ′, ν ′′ with 0 ≤ λ′, ν ′ ≤ pr − 1 and 0 ≤ λ′′, ν ′′ ≤ pr

′−r − 1, the following
holds:

(i) t = pr − 1− (λ′ + ν ′)/2 and λ′′ = ν ′′ if ν ′ + 2t ≤ 2pr − 2,
(ii) t = 3pr/2−1−(λ′+ν ′)/2 and λ′′ = ν ′′+1 if ν ′+2t > 2pr−2 and ν ′′ 6= pr

′−r−1,
(iii) t = 3pr/2−1− (λ′+ν ′)/2 and λ′′ = 0 if ν ′+2t > 2pr−2 and ν ′′ = pr

′−r−1.
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Proof. Recall that the highest U0 -weight in Q̃r(λ) is 2pr − 2− λ′ + λ′′pr and

the lowest one is −2pr + 2 + λ′ + λ′′pr if we extend the Ur,r′ -module Q̃r(λ) to a

Ũr -module. Hence v has the U0 -weight space decomposition

v = v−1 + v0 + v1,

where vi ∈ Q̃r(λ)ν+ipr′ . Since v generates Q̃r(λ), v does not lie in radUr,r′ Q̃r(λ) =

radŨrQ̃r(λ). Note that Q̃r(λ)/radŨrQ̃r(λ) ∼= L̃r(λ) and that any U0 -weight γ of

L̃r(λ) satisfies −λ′ + λ′′pr ≤ γ ≤ λ′ + λ′′pr . Since ν + pr
′

is not a U0 -weight of

L̃r(λ), we have v1 ∈ radŨrQ̃r(λ). Therefore, we see that v−1 or v0 does not lie in

radŨrQ̃r(λ).

Suppose that v−1 6∈ radŨrQ̃r(λ). Then since −λ′+λ′′pr ≤ ν−pr′ ≤ λ′+λ′′pr ,

we must have λ′′ = 0 and ν − pr′ ≥ −λ′ . Therefore, since

ν ≥ pr
′ − λ′ > 2(pr − 1)− λ′ = 2(pr − 1)− λ′ + λ′′pr,

we have v0 = v1 = 0 and v = v−1 . Note that the inequality ν ≥ pr
′ − λ′ also

implies ν ′′ = pr
′−r− 1. Since v 6∈ radŨrQ̃r(λ), there exists an element z ∈ Ũr such

that zv is a highest U0 -weight vector in Q̃r(λ) (with U0 -weight 2pr−2−λ′+λ′′pr ).
Moreover, since v has U0 -weight ν − pr′ , the element z can be taken as a linear
combination of some elements of the form

Y (m1)hX(m2)

with h ∈ U0 , 0 ≤ m1,m2 ≤ pr − 1 and

m2 −m1 = (2pr − 2− λ′ + λ′′pr − (ν − pr′))/2 = 3pr/2− 1− (λ′ + ν ′)/2.

This implies that zv is proportional to X(3pr/2−1−(λ′+ν′)/2)v and that t = 3pr/2−
1− (λ′ + ν ′)/2. In this case we also see that ν ′ + 2t = 3pr − 2− λ′ > 2pr − 2.

Finally suppose that v0 6∈ radUQ̃r(λ). Then −λ′ + λ′′pr ≤ ν ≤ λ′ + λ′′pr .
Since ν − pr′ < −2(pr − 1) + λ′ + λ′′pr and ν + pr

′
> 2(pr − 1) − λ′ + λ′′pr , we

must have v1 = v−1 = 0 and v = v0 . Moreover, λ′′ must be equal to ν ′′ or ν ′′ + 1
since −λ′ ≤ ν ′ + (ν ′′ − λ′′)pr ≤ λ′ . As in the last paragraph, we see that λ′′ = ν ′′

if and only if

t = (2(pr − 1)− λ′ + λ′′pr − ν)/2 = pr − 1− (λ′ + ν ′)/2,

and in this case we have ν ′ + 2t = 2pr − 2 − λ′ ≤ 2pr − 2. Similarly, we see that
λ′′ = ν ′′ + 1 if and only if

t = (2(pr − 1)− λ′ + λ′′pr − ν)/2 = 3pr/2− 1− (λ′ + ν ′)/2,

and in this case we have ν ′′ 6= pr
′−r − 1 and ν ′ + 2t = 3pr − 2 − λ′ > 2pr − 2.

Therefore, the proposition is proved.
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4. Primitive idempotents in U1

We shall construct primitive idempotents in U1 , following Seligman’s method
[Sel03].

For a ∈ Z , set

µa =

(
H − a− 1

p− 1

)
=

p−1∑
i=0

(
−a− 1

p− 1− i

)(
H

i

)
∈ U0

1 .

Then µa = µb if and only if a ≡ b (mod p). Therefore, the integer a in the symbol
µa can be regarded as an element of Fp = Z/pZ . Then we obtain by Wilson’s
theorem that

µa =
(H − a− 1)(H − a− 2) · · · (H − a− p+ 1)

(p− 1)!

= −(H − a− 1)(H − a− 2) · · · (H − a− p+ 1)

= −
∏

γ∈Fp−{a}

(H − γ).

It is easy to check the following facts (see [GK15, §4]).

Proposition 4.1. (i) For a ∈ Z, we have Hµa = aµa . Therefore, µa is a
U0
1 -weight vector of weight a in the U0

1 -module U0
1 .

(ii) The elements µa with a ∈ Fp are pairwise orthogonal primitive idempotents
in U0

1 whose sum is 1 ∈ U0
1 .

(iii) µaX
(m) = X(m)µa−2m and µaY

(m) = Y (m)µa+2m for a ∈ Z and m ∈ Z≥0 .

To construct primitive idempotents in U1 , we need some lemmas.

Lemma 4.2. For m ∈ Z>0 and a ∈ Fp , we have

µaY
mXm =

m−1∏
i=0

(
µaY X − i(i+ a+ 1)

)

and

µaX
mY m =

m−1∏
i=0

(
µaXY − i(i− a+ 1)

)
in U1 .
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Proof. It is clear when m = 1, and we may assume m ≥ 2. Then we have

µaY
mXm

= µaY
m−1Y Xm−1X

= µaY
m−1(Xm−1Y + (m− 1)Xm−2(−H −m+ 2)

)
X

= µaY
m−1Xm−1Y X + (m− 1)µaY

m−1Xm−1(−H −m)

= µaY
m−1Xm−1Y X + (m− 1)µa(−H −m)Y m−1Xm−1

= µaY
m−1Xm−1Y X + (m− 1)(−a−m)µaY

m−1Xm−1

= µaY
m−1Xm−1(µaY X − (m− 1)(a+m)

)
.

By induction on m , this is equal to

m−2∏
i=0

(
µaY X − i(i+ a+ 1)

)(
µaY X − (m− 1)(a+m)

)
=

m−1∏
i=0

(
µaY X − i(i+ a+ 1)

)
.

Similarly we can check that µaX
mY m =

∏m−1
i=0

(
µaXY − i(i− a+ 1)

)
.

If p is odd, set S = {i ∈ Fp | i = 0, 1, · · · , (p − 1)/2} . Then we define
polynomials ϕa,m(x), ψ(x) ∈ Fp[x] for a ∈ Fp and m ∈ Z≥0 as

ϕa,0(x) = 1,

ϕa,n(x) =
n−1∏
i=0

(
x− i(i+ a+ 1)

)
if n > 0, and

ψ(x) =
∏
i∈Fp

(x− i2) = x
∏

i∈S−{0}

(x− i2)2.

Lemma 4.3. Suppose that p is odd and let a ∈ Fp . Then the following holds.

(i) ψ
(
x+

(
(a+ 1)/2

)2)
= ϕa,p(x).

(ii) ϕa,p(µaY X) = ϕ−a,p(µaXY ) = 0.

Proof. (i) Set y = x+
(
(a+ 1)/2

)2
. We have

ϕa,p(x) =
∏
i∈Fp

(
x− i(i+ a+ 1)

)
=

∏
i∈Fp

(
x+

(
(a+ 1)/2

)2 − (i+ (a+ 1)/2
)2)

=
∏
i∈Fp

(
y −

(
i+ (a+ 1)/2

)2)
=

∏
i∈Fp

(y − i2)

= ψ(y).

(ii) It is immediate from Lemma 4.2 since Xp = Y p = 0 in U .
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If p is odd, we define (p + 1)/2 polynomials ψ0(x) and ψj(x) with j ∈
S − {0} as

ψ0(x) =
∏
i∈F×p

(x− i2) =
∏

i∈S−{0}

(x− i2)2

and

ψj(x) = 2x(x+ j2)
∏

i∈F×p −{j,p−j}

(x− i2) = 2x(x+ j2)
∏

i∈S−{0,j}

(x− i2)2.

Lemma 4.4. Suppose that p is odd. The following holds in Fp[x] (δm,n denotes
Kronecker’s symbol).

(i)
∑

i∈S ψi(x) = 1.

(ii) ψm(x)ψn(x) ≡ δm,nψm(x)
(

mod
(
ψ(x)

))
for m,n ∈ S .

Proof. (i) Set Φ(x) =
∑

i∈S ψi(x)− 1. Then we have

dψ0

dx
=

∑
t∈S−{0}

2(x− t2)
∏

i∈S−{0,t}

(x− i2)2

and

dψj
dx

= 2(2x+ j2)
∏

i∈S−{0,j}

(x− i2)2 + 2x(x+ j2)
∑

t∈S−{0,j}

2(x− t2)
∏

i∈S−{0,j,t}

(x− i2)2

for j ∈ S − {0} . Suppose that Φ(x) 6= 0 in Fp[x] . If s ∈ S − {0} we have

Φ(s2) =
∑
i∈S

ψi(s
2)− 1

= ψs(s
2)− 1

= 2s2(s2 + s2)
∏

i∈F×p −{s,p−s}

(s2 − i2)− 1

= 4s4
∏

i∈F×p −{s,p−s}

(s+ i)(s− i)− 1

= 4s4
( ∏
i∈F×p −{s,p−s}

(s+ i)

)( ∏
j∈F×p −{s,p−s}

(s− j)
)
− 1

= 4s4
(

1

2s2

∏
i∈Fp−{p−s}

(s+ i)

)(
1

2s2

∏
j∈Fp−{s}

(s− j)
)
− 1

= 4s4
(

1

2s2

∏
i∈F×p

i

)(
1

2s2

∏
j∈F×p

j

)
− 1

= 4s4 ·
(
− 1

2s2

)2

− 1

= 0,
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whereas

Φ(0) =
∑
i∈S

ψi(0)− 1 = ψ0(0)− 1 =
∏
i∈F×p

(−i2)− 1 = 1− 1 = 0.

Therefore, Φ(x) contains each linear polynomial x− s2 with s ∈ S as a factor.

We would like to claim that
dψj
dx

∣∣∣∣
x=s2

= 0 if j ∈ S and s ∈ S − {0} .

Clearly the equality holds if j = 0 or if j 6= 0 and s 6= j . So we only have to show

that
dψj
dx

∣∣∣∣
x=j2

= 0 for j ∈ S − {0} . If j ∈ S − {0} , we have

dψj
dx

∣∣∣∣
x=j2

= 6j2
∏

i∈S−{0,j}

(j2 − i2)2 + 4j4
∑

t∈S−{0,j}

2(j2 − t2)
∏

i∈S−{0,j,t}

(j2 − i2)2

=

(
6j2 + 4j4

∑
t∈S−{0,j}

2

j2 − t2

) ∏
i∈S−{0,j}

(j2 − i2)2.

But since ∑
t∈S−{0,j}

2

j2 − t2

=
1

2

∑
t∈F×p −{j,p−j}

2

j2 − t2

=
1

2j

∑
t∈F×p −{j,p−j}

(
1

j − t
+

1

j + t

)

=
1

2j

( ∑
t∈Fp−{j}

1

j − t
− 1

j
− 1

2j
+

∑
t∈Fp−{p−j}

1

j + t
− 1

j
− 1

2j

)

=
1

2j

(
0− 1

j
− 1

2j
+ 0− 1

j
− 1

2j

)
= − 3

2j2
,

we conclude that
dψj
dx

∣∣∣∣
x=j2

= 0, and the claim follows. Therefore, we obtain

dΦ

dx

∣∣∣∣
x=s2

= 0 for s ∈ S −{0} and the polynomial Φ(x) has x
∏

i∈S−{0}(x− i2)2 as

a factor. So the degree of the polynomial Φ(x) is greater than p − 1, which is a
contradiction. Therefore, Φ(x) must be zero and (i) is proved.

(ii) By the definition of ψi(x), clearly we have ψm(x)ψn(x) ∈
(
ψ(x)

)
for

m 6= n . Combining this with (i) the result follows.

Set P = Fp×S if p is odd, and P = {(0, 1/2), (1, 0), (1, 1)} ⊂ F2× (1/2)Z
if p = 2.
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If p is odd, for a pair (a, j) ∈ P we set

E(a, j) = ψj

(
µaY X +

(
(a+ 1)/2

)2) · µa.
This element also can be written as E(a, j) = ψj

(
µaXY +

(
(a − 1)/2

)2) · µa . If

p = 2, for each pair (a, j) ∈ P we define E(a, j) as follows:

E(0, 1/2) = µ0, E(1, 0) = µ1Y X = µ1(XY +1), E(1, 1) = µ1XY = µ1(Y X+1).

Clearly all E(a, j) lie in A1 .

Proposition 4.5. For a fixed element a ∈ Fp , the elements E(a, j) with
(a, j) ∈ P are pairwise orthogonal primitive idempotents in U1 whose sum is µa .
Thus, all the elements E(a, j) with (a, j) ∈ P are pairwise orthogonal primitive
idempotents in U1 whose sum is 1.

Proof. If p = 2, then the claim but primitivity is clear. Consider the case when
p is odd. Then note that P = Fp×S . For a fixed a ∈ Fp , we have by Lemma 4.4
(i) that ∑

j∈S

E(a, j) =

(∑
j∈S

ψj

(
µaY X +

(
(a+ 1)/2

)2)) · µa = µa.

On the other hand, it follows from Lemma 4.4 (ii) and Lemma 4.3 (i) and (ii)
that the elements E(a, j) with j ∈ S are pairwise orthogonal idempotents in U1 .
Moreover, we also see that∑

a∈Fp

∑
j∈S

E(a, j) =
∑
a∈Fp

µa = 1

and
E(a, j)E(a′, j′) = δ(a,j),(a′,j′)E(a, j)

since µaµa′ = δa,a′µa by Proposition 4.1 (ii).

It remains to show that each idempotent E(a, j) is primitive when p is
arbitrary. Recall that the non-isomorphic simple U1 -modules are L(λ) with 0 ≤
λ ≤ p − 1 and that dimkL(λ) = λ + 1. Hence the number of summands in a
decomposition of 1 ∈ U1 into pairwise orthogonal primitive idempotents must be

1 + 2 + · · ·+ p =
p(p+ 1)

2
.

On the other hand, the number of all E(a, j) with (a, j) ∈ P is also equal to
p(p + 1)/2. Therefore, each idempotent E(a, j) must be primitive (see [CR62,
(54.5) Theorem]).

If p is odd and (a, j) ∈ P , we define n(a, j) as the largest non-negative

integer n satisfying ϕa,n(x) | ψj
(
x +

(
(a + 1)/2

)2)
. (Recall that ϕa,0(x) = 1.

Thus n(a, j) = 0 if x - ψj
(
x+

(
(a+ 1)/2

)2)
.) If p = 2, set

n(0, 1/2) = 0, n(1, 0) = 1, n(1, 1) = 0.
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With respect to each pair (a, j) ∈ P , we consider the following four cases,
regarding a and j as the corresponding integers with 0 ≤ a ≤ p − 1 and
0 ≤ j ≤ (p− 1)/2 if p is odd:

(A) a is even and (p− a+ 1)/2 ≤ j ≤ (p− 1)/2 if p is odd
(B) a is even and 0 ≤ j ≤ (p− a− 1)/2 if p is odd, or (a, j) = (0, 1/2) if p = 2
(C) a is odd and 0 ≤ j ≤ (a− 1)/2 if p is odd, or (a, j) = (1, 0) if p = 2
(D) a is odd and (a+ 1)/2 ≤ j ≤ (p− 1)/2 if p is odd, or (a, j) = (1, 1) if p = 2

Lemma 4.6. Let (a, j) ∈ P . The following holds.

(i) If (a, j) satisfies (A), then n(a, j) = (p− a− 1)/2 + j .
(ii) If (a, j) satisfies (B), then n(a, j) = (p− a− 1)/2− j .
(iii) If (a, j) satisfies (C), then n(a, j) = (2p− a− 1)/2− j .
(iv) If (a, j) satisfies (D), then n(a, j) = j − (a+ 1)/2.

On the right-hand side of each equality, a and j are regarded as the corresponding
integers with 0 ≤ a ≤ p− 1 and 0 ≤ j ≤ (p− 1)/2 except for j when p = 2.

Proof. It is clear if p = 2, so we may assume that p is odd. We have∏
i∈Fp

(
x− i(i+ a+ 1)

)
=
(
x+

(
(a+ 1)/2

)2) ∏
m∈S−{0}

(
x+

(
(a+ 1)/2

)2 −m2
)2

since ϕa,p(x) = ψ
(
x+
(
(a+1)/2

)2)
. Hence each factor x− i(i+a+1) with i ∈ Fp

on the left-hand side has the form x+
(
(a+ 1)/2

)2 − t2 with t ∈ S . Since

ψj

(
x+

(
(a+ 1)/2

)2)
= 2

(
x+

(
(a+ 1)/2

)2)(
x+

(
(a+ 1)/2

)2
+ j2

)
×

∏
m∈S−{0,j}

(
x+

(
(a+ 1)/2

)2 −m2
)2

if j 6= 0, whereas

ψj

(
x+

(
(a+ 1)/2

)2)
=

∏
m∈S−{0}

(
x+

(
(a+ 1)/2

)2 −m2
)2

if j = 0, it is only x +
(
(a + 1)/2

)2 − j2 among the linear polynomials x +(
(a + 1)/2

)2 − t2 with t ∈ S that does not appear as a factor of the polynomial

ψj

(
x+

(
(a+ 1)/2

)2)
. Moreover, since

x− n(n+ a+ 1) | ψj
(
x+

(
(a+ 1)/2

)2)
for any non-negative integer n with n < n(a, j) and since

x− n(a, j)
(
n(a, j) + a+ 1

)
- ψj
(
x+

(
(a+ 1)/2

)2)
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by the definition of n(a, j), the factor x−n(a, j)
(
n(a, j)+a+1

)
must be equal to

x+
(
(a+ 1)/2

)2 − j2 . Therefore, we see that n(a, j) is the smallest non-negative

integer n satisfying −n(n+a+1) =
(
(a+1)/2

)2−j2 in Fp . Note that this implies(
n(a, j) + (a+ 1)/2

)2
= j2 in Fp and hence n(a, j) = ±j − (a+ 1)/2 in Fp .

Suppose that the pair (a, j) satisfies the condition (A). Then we see that
n(a, j) = (p− a− 1)/2 + j or (3p− a− 1)/2− j since n(a, j) ≡ ±j+ (p− a− 1)/2
(mod p) and (p − a + 1)/2 ≤ j ≤ (p − 1)/2. By the minimality of n(a, j) we
obtain n(a, j) = (p− a− 1)/2 + j .

Suppose that the pair (a, j) satisfies the condition (B). Then we see that
n(a, j) = (p−a−1)/2−j or (p−a−1)/2+j since n(a, j) ≡ ±j+(p−a−1)/2 (mod p)
and 0 ≤ j ≤ (p − a − 1)/2. By the minimality of n(a, j) we obtain n(a, j) =
(p− a− 1)/2− j .

Suppose that the pair (a, j) satisfies the condition (C). Then we see that
n(a, j) = (2p−a−1)/2−j or (2p−a−1)/2+j since n(a, j) ≡ ±j−(a+1)/2 (mod p)
and 0 ≤ j ≤ (a − 1)/2. By the minimality of n(a, j) we obtain n(a, j) =
(2p− a− 1)/2− j .

Suppose that the pair (a, j) satisfies the condition (D). Then we see that
n(a, j) = j− (a+1)/2 or (2p−a−1)/2− j since n(a, j) ≡ ±j− (a+1)/2 (mod p)
and (a+ 1)/2 ≤ j ≤ (p− 1)/2. By the minimality of n(a, j) we obtain n(a, j) =
j − (a+ 1)/2.

For a pair (a, j) ∈ P , we set ñ(a, j) = n(−a, j) if p is odd, and

ñ(0, 1/2) = 0, ñ(1, 0) = 0, ñ(1, 1) = 1

if p = 2.

Lemma 4.7. Let (a, j) ∈ P . The following holds.

(i) If (a, j) satisfies (A), then ñ(a, j) = (−p+ a− 1)/2 + j .
(ii) If (a, j) satisfies (B), then ñ(a, j) = (p+ a− 1)/2− j .
(iii) If (a, j) satisfies (C), then ñ(a, j) = (a− 1)/2− j .
(iv) If (a, j) satisfies (D), then ñ(a, j) = j + (a− 1)/2.

On the right-hand side of each equality, a and j are regarded as the corresponding
integers with 0 ≤ a ≤ p− 1 and 0 ≤ j ≤ (p− 1)/2 except for j when p = 2.

Proof. It is clear if p = 2, so we may assume that p is odd. If a = 0, the
lemma holds by Lemma 4.6 (ii) since each (0, j) ∈ P satisfies (B). So we may
assume a 6= 0. Then the element −a ∈ Fp corresponds to p − a in the set of
integers {0, 1, · · · , p− 1} . Set a′ = p− a .

Suppose that the pair (a, j) satisfies the condition (A). Then (a′, j) satisfies
(D) and so we have n(−a, j) = n(a′, j) = j − (p− a+ 1)/2 by Lemma 4.6 (iv).

Suppose that the pair (a, j) satisfies the condition (B). Then (a′, j) satisfies
(C) and so we have n(−a, j) = n(a′, j) = (p+ a− 1)/2− j by Lemma 4.6 (iii).

Suppose that the pair (a, j) satisfies the condition (C). Then (a′, j) satisfies
(B) and so we have n(−a, j) = n(a′, j) = (a− 1)/2− j by Lemma 4.6 (ii).
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Suppose that the pair (a, j) satisfies the condition (D). Then (a′, j) satisfies
(A) and so we have n(−a, j) = n(a′, j) = (a− 1)/2 + j by Lemma 4.6 (i).

Lemma 4.8. Let (a, j) ∈ P . Then the primitive idempotent E(a, j) can be
written as

E(a, j) = µa

p−1∑
m=n(a,j)

cmY
mXm = µa

p−1∑
m=ñ(a,j)

c̃mX
mY m

for some cm, c̃m ∈ Fp with cn(a,j) 6= 0 and c̃ñ(a,j) 6= 0.

Proof. It is clear when p = 2, so we may assume that p is odd. By the
definition of n(a, j) we can write

ψj

(
x+

(
(a+ 1)/2

)2)
= τj

(
x+

(
(a+ 1)/2

)2) · ϕa,n(a,j)(x) (∗)

for some τj(x) ∈ Fp[x] . Then

E(a, j) = ψj

(
µaY X +

(
(a+ 1)/2

)2) · µa
= τj

(
µaY X +

(
(a+ 1)/2

)2) · ϕa,n(a,j)(µaY X) · µa

= µaY
n(a,j)Xn(a,j) · τj

(
µaY X +

(
(a+ 1)/2

)2)
.

Since

µaY
n(a,j)Xn(a,j) · µaY X

= µaY
n(a,j)+1Xn(a,j)+1 + n(a, j)

(
n(a, j) + a+ 1

)
µaY

n(a,j)Xn(a,j),

we see that E(a, j) can be written as E(a, j) = µa
∑p−1

m=n(a,j) cmY
mXm for some

cm ∈ Fp with n(a, j) ≤ m ≤ p − 1. Note that τj

(
x +

(
(a + 1)/2

)2)
is a product

of some linear polynomials, but x− n(a, j)
(
n(a, j) + a+ 1

)
does not appear as a

factor of it. Thus we conclude that cn(a,j) 6= 0, and the first equality in the lemma
is proved.

Similarly, we obtain

E(a, j) = µaX
n(−a,j)Y n(−a,j) · τj

(
µaXY +

(
(a− 1)/2

)2)
,

using the equality (∗) where a is replaced by −a . Then a similar argument in the
last paragraph shows the second equality in the lemma.

The projective indecomposable U1 -module generated by E(a, j) will be
determined in Theorem 5.8 as the result for r = 1 there.
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5. Primitive idempotents in Ur

To construct primitive idempotents in Ur for r ≥ 2 we need the k -linear map
Fr′ : U → U which was introduced in Section 2. Recall that the linear map Fr′ is
defined by

Y (m)

(
H

n

)
X(m′) 7→ Y (mp)

(
H

np

)
X(m′p)

for m,m′, n ∈ Z≥0 .

First we construct primitive idempotents in U0
r . For a ∈ Z , define an

element µ
(r)
a ∈ U0

r as

µ(r)
a =

(
H − a− 1

pr − 1

)
.

We have µ
(1)
a = µa , and µ

(r)
a = µ

(r)
b if and only if a ≡ b (mod pr). Then the

following holds.

Proposition 5.1. (i) Suppose that r ≥ 2. Then for an integer a = a0 + a′p

with 0 ≤ a0 ≤ p− 1 and a′ ∈ Z, we have µ
(r)
a = µa0Fr′(µ

(r−1)
a′ ). In particular, µ

(r)
a

is a U0
r -weight vector of U0

r -weight a.

(ii) The elements µ
(r)
a with a ∈ Z/prZ are pairwise orthogonal primitive idem-

potents in U0
r whose sum is 1 ∈ U0

r .

(iii) µ
(r)
a X(m) = X(m)µ

(r)
a−2m and µ

(r)
a Y (m) = Y (m)µ

(r)
a+2m for a ∈ Z and m ∈ Z≥0 .

For details, see 4.7 and 4.8 in [GK15] if p is odd, but the proposition also holds
for p = 2.

If a pair (a, j) ∈ P satisfies (A) or (C), set s(a, j) = (p − a + 1)/2 if p is
odd and a is even, s(a, j) = (p− a)/2 if p is odd and a is odd, and s(a, j) = 1 if
p = 2, regarding a as the corresponding integer with 0 ≤ a ≤ p− 1.

The following lemma will be used later.

Lemma 5.2. (i) Let a, b ∈ Z with 0 ≤ a ≤ b ≤ p− 1. Then

µaFr′(z1)Fr′(z2)X
b = µaFr′(z1z2)X

b

for any z1, z2 ∈ U .

(ii) Suppose that a pair (a, j) ∈ P satisfies (A) or (C). Let m,n ∈ Z≥0 with
n(a, j) ≤ m ≤ p − 1. Then X(np) and Y (np) commute with µaY

mXm−s(a,j) ,
whereas

µaY
mXm−s(a,j)

(
H

np

)
=

((
H

np

)
+

(
H

(n− 1)p

))
µaY

mXm−s(a,j)

if we define
(
H
t

)
= 0 for t < 0.



Yoshii 1013

Proof. (i) Without loss of generality we may assume that zj = Y (mj)
(
H
nj

)
X(m′j)

with mj,m
′
j, nj ∈ Z≥0 and j ∈ {1, 2} . For simplicity we set m = m2 , m′ = m′1 ,

Y = Y (m1) , X = X(m′2) , H1 =
(
H
n1

)
and H2 =

(
H
n2

)
. Then we can write

z1 = YH1X
(m′) and z2 = Y (m)H2X . For each l ∈ Z≥0 there exist H1,l , H2,l ∈ U0

such that H1Y
(l) = Y (l)H1,l and X(l)H2 = H2,lX

(l) . Then we have

µaFr′(z1z2)X
b

= µaFr′(YH1X
(m′)Y (m)H2X)Xb

= µaFr′
(
YH1

min(m,m′)∑
i=0

Y (m−i)
(
H −m−m′ + 2i

i

)
X(m′−i)H2X

)
Xb

=

min(m,m′)∑
i=0

µaFr′
(
YY (m−i)H1,m−i

(
H −m−m′ + 2i

i

)
H2,m′−iX

(m′−i)X

)
Xb.

On the other hand, we have

µaFr′(z1)Fr′(z2)X
b

= µaFr′−(Y)Fr′0(H1)Fr′+(X(m′))Fr′−(Y (m))Fr′0(H2)Fr′+(X)Xb

= µaFr′−(Y)Fr′0(H1)X
(m′p)Y (mp)Fr′0(H2)Fr′+(X)Xb

=

min(mp,m′p)∑
i=0

Fr′−(Y)Fr′0(H1) · µaY (mp−i)
(
H − (m+m′)p+ 2i

i

)
×X(m′p−i)Fr′0(H2)Fr′+(X)Xb.

In this sum we consider the i-th summand. Choose a unique integer i′ satisfying
i ≡ i′ (mod p) and 0 ≤ i′ ≤ p − 1. Then we can write i = i′ + i′′p for some
i′′ ∈ Z≥0 . Suppose that i′ 6= 0. We have µaY

(mp−i)(H−(m+m′)p+2i
i

)
= µa

(
H + (m−m′)p

i

)
Y (mp−i)

= µa

i∑
l=0

(
(m−m′)p

l

)(
H

i− l

)
Y (mp−i)

= µa

i′′∑
l=0

(
(m−m′)p

lp

)(
H

i− lp

)
Y (mp−i)

= µa

i′′∑
l=0

(
(m−m′)p

lp

)(
H

i′

)(
H

(i′′ − l)p

)
Y (mp−i)

= µa

i′′∑
l=0

(
(m−m′)p

lp

)(
a

i′

)(
H

(i′′ − l)p

)
Y (mp−i).

On the other hand, if we choose H3 ∈ U0 such that X(m′p−i)Fr′0(H2) = H3X
(m′p−i) ,
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then

X(m′p−i)Fr′0(H2)Fr′+(X)Xb = H3X
(m′p−i)Fr′+(X)Xb

= H3Fr′+(X)X(m′p−i)Xb

= b!

(
(m′ − i′′)p+ b− i′

b

)
H3Fr′+(X)X(m′p−i+b).

But either a < i′ or b ≥ i′ holds since a ≤ b , and so either µaY
(mp−i)(H−(m+m′)p+2i

i

)
or X(m′p−i)Fr′0(H2)Fr′+(X)Xb must be zero. Therefore, the i-th summand in the
equality of µaFr′(z1)Fr′(z2)X

b is zero if p does not divide i and we have

µaFr′(z1)Fr′(z2)X
b

=

min(mp,m′p)∑
i=0

Fr′−(Y)Fr′0(H1) · µaY (mp−i)
(
H − (m+m′)p+ 2i

i

)
×X(m′p−i)Fr′0(H2)Fr′+(X)Xb

=

min(m,m′)∑
i=0

Fr′−(Y)Fr′0(H1) · µaY (mp−ip)
(
H − (m+m′ − 2i)p

ip

)
×X(m′p−ip)Fr′0(H2)Fr′+(X)Xb.

It is easy to see that(
H − (m+m′ − 2i)p

ip

)
= Fr′0

((
H − (m+m′) + 2i

i

))
by using Proposition 2.1 (v). Recall also that the restriction maps Fr′≥0,Fr′≤0,Fr′0,Fr′+

and Fr′− are homomorphisms of k -algebras. Therefore, we obtain

µaFr′(z1)Fr′(z2)X
b

=

min(m,m′)∑
i=0

µaFr′−(Y)Fr′0(H1)Fr′−(Y (m−i))Fr′0
((

H − (m+m′) + 2i

i

))
×Fr′+(X(m′−i))Fr′0(H2)Fr′+(X)Xb

=

min(m,m′)∑
i=0

µaFr′≤0
(
YH1Y

(m−i)
(
H − (m+m′) + 2i

i

))
Fr′≥0(X(m′−i)H2X)Xb

=

min(m,m′)∑
i=0

µaFr′≤0
(
YY (m−i)H1,m−i

(
H − (m+m′) + 2i

i

))
×Fr′≥0(H2,m′−iX

(m′−i)X)Xb

=

min(m,m′)∑
i=0

µaFr′−(YY (m−i))Fr′0
(
H1,m−i

(
H − (m+m′) + 2i

i

))
Fr′0(H2,m′−i)

×Fr′+(X(m′−i)X)Xb
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=

min(m,m′)∑
i=0

µaFr′−(YY (m−i))Fr′0
(
H1,m−i

(
H − (m+m′) + 2i

i

)
H2,m′−i

)
×Fr′+(X(m′−i)X)Xb

=

min(m,m′)∑
i=0

µaFr′
(
YY (m−i)H1,m−i

(
H − (m+m′) + 2i

i

)
H2,m′−iX

(m′−i)X

)
Xb.

The last sum is equal to µaFr′(z1z2)X
b , and (i) is proved.

(ii) It is easy for p = 2, since µaY
mXm−s(a,j) = µ1Y in this situation. So

we may assume that p is odd. Set s = s(a, j). It is clear if n = 0, so we may
assume that n > 0. We have

X(np)µaY
mXm−s = µaX

(np)Y mXm−s

= m!µa

m∑
i=0

Y (m−i)
(
H − np−m+ 2i

i

)
X(np−i)Xm−s

= m!µa

m∑
i=0

(
H − np+m

i

)
Y (m−i)X(np−i)Xm−s

= m!µa

m∑
i=0

(
a− np+m

i

)
Y (m−i)Xm−sX(np−i),

where the last equality follows from i ≤ p − 1. Consider a summand for i 6= 0
of this sum. Since Xm−sX(np−i) = (m− s)!

(
m−s+np−i

np−i

)
X(m−s+np−i) , we must have

i > m− s if Xm−sX(np−i) 6= 0. On the other hand, we must have a+m− p ≥ i if(
a−np+m

i

)
6= 0 in Fp since p ≤ a+m ≤ 2p− 2. But the inequalities i > m− s and

a+m− p ≥ i do not hold simultaneously since (a+m− p)− (m− s) = a+ s− p
is not positive. Therefore, each summand for i 6= 0 must be zero and we obtain
X(np)µaY

mXm−s = µaY
mXm−sX(np) .

In turn, we have

µaY
mXm−sY (np) =

m−s∑
i=0

(m− s)!µaY mY (np−i)
(
H − np−m+ s+ 2i

i

)
X(m−s−i).

However, on the right-hand side, only the summand for i = 0 survives. Indeed, if
m > s , we see that

Y mY (np−i) = m!

(
m− i+ np

m

)
Y (m−i+np) = 0

for 1 ≤ i ≤ m− s , since
(
m−i+np

m

)
= 0 in Fp . Therefore, we obtain

µaY
mXm−sY (np) = µaY

mY (np)Xm−s

= Y (np)µaY
mXm−s.
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Finally, observe that

µaY
mXm−s

(
H

np

)
= µa

(
H + 2s

np

)
Y mXm−s

= µa

np∑
l=0

(
2s

l

)(
H

np− l

)
Y mXm−s.

Since 2s ≤ p− 1, we have

µa

np∑
l=0

(
2s

l

)(
H

np− l

)
= µa

p−1∑
l=0

(
2s

l

)(
H

np− l

)

= µa

((
H

np

)
+

p−1∑
l=1

(
2s

l

)(
H

p− l

)(
H

(n− 1)p

))

= µa

((
H

np

)
+

p−1∑
l=1

(
2s

l

)(
a

p− l

)(
H

(n− 1)p

))
.

But it is easy to see that
∑p−1

l=1

(
2s
l

)(
a
p−l

)
= 1 in Fp , and we obtain

µaY
mXm−s

(
H

np

)
=

((
H

np

)
+

(
H

(n− 1)p

))
µaY

mXm−s,

the proof is complete.

Now we shall construct primitive idempotents in Ur . Suppose that r ≥ 2.
Recall from Lemma 4.8 that each primitive idempotent E(a, j) in U1 can be
written as

E(a, j) = µa

p−1∑
m=n(a,j)

cmY
mXm = µa

p−1∑
m=ñ(a,j)

c̃mX
mY m

for some cm, c̃m ∈ Fp with cn(a,j) 6= 0 and c̃ñ(a,j) 6= 0. For each z ∈ U , using the
above notation we define an element Z

(
z; (a, j)

)
∈ U as follows.

· If the pair (a, j) satisfies (A) or (C), then

Z
(
z; (a, j)

)
= µa

p−1∑
m=n(a,j)

cmY
mXm−s(a,j)Fr′(z)Xs(a,j).

· If the pair (a, j) satisfies (B) or (D), then

Z
(
z; (a, j)

)
= Fr′(z)E(a, j).

Lemma 5.3. For a pair (a, j) ∈ P and a nonzero element z ∈ U , there exists
a nonzero element z′ ∈ U such that Z(z; (a, j)) = Fr′(z′)E(a, j) = E(a, j)Fr′(z′).
Moreover, if z ∈ A, then Z(z; (a, j)) also lies in A.
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Proof. Since E(a, j) ∈ A1 , the commutativity of Fr′(z′) and E(a, j) follows
immediately from Propositions 2.4 (i) and 2.5. So we have to show the first equality
in the lemma. There is nothing to do if the pair (a, j) satisfies (B) or (D). So we
may assume that (a, j) satisfies (A) or (C). Set s = s(a, j). It is enough to show
the first equality for z = Y (n1)

(
H
n2

)
X(n3) with n1, n2, n3 ∈ Z≥0 . By Lemma 5.2 (ii)

we have

Z

(
Y (n1)

(
H

n2

)
X(n3); (a, j)

)
= µa

p−1∑
m=n(a,j)

cmY
mXm−sY (n1p)

(
H

n2p

)
X(n3p)Xs

= Y (n1p)

((
H

n2p

)
+

(
H

(n2 − 1)p

))
X(n3p)µa

p−1∑
m=n(a,j)

cmY
mXm

= Fr′
(
Y (n1)

((
H

n2

)
+

(
H

n2 − 1

))
X(n3)

)
E(a, j),

as required. Moreover, if Y (n1)
(
H
n2

)
X(n3) lies in A (i.e. n1 = n3 ), clearly

Y (n1)
((

H
n2

)
+
(

H
n2−1

))
X(n3) and Z

(
Y (n1)

(
H
n2

)
X(n3); (a, j)

)
also lie in A .

Proposition 5.4. (i) For z ∈ U and (a, j) ∈ P , we have E(a, j)Z
(
z; (a, j)

)
=

Z
(
z; (a, j)

)
= Z

(
z; (a, j)

)
E(a, j).

(ii) For a pair (a, j) ∈ P , the map Z
(
−; (a, j)

)
: U → U , z 7→ Z

(
z; (a, j)

)
induces an injective k -algebra homomorphism from U to E(a, j)UE(a, j).

(iii) Let z1, z2 ∈ U and (a1, j1), (a2, j2) ∈ P . If (a1, j1) 6= (a2, j2), then we have
Z
(
z1; (a1, j1)

)
Z
(
z2; (a2, j2)

)
= 0.

(iv) Let u be an element of the subalgebra of U generated by X(pi) and Y (pi)

with i ≥ 1. Then, for z ∈ U , we have uZ
(
z; (a, j)

)
= Z

(
Fr(u)z; (a, j)

)
.

Proof. (i) There exists z′ ∈ A such that Z
(
z; (a, j)

)
= Fr′(z′)E(a, j) =

E(a, j)Fr′(z′) by Lemma 5.3. Since E(a, j) is an idempotent, the claim follows.

(ii) By (i), clearly all Z
(
z; (a, j)

)
lie in E(a, j)UE(a, j). The linearity of

the map is also clear and the injectivity follows from Lemma 5.3 and Proposi-
tion 2.3. Note also that Z

(
1; (a, j)

)
= E(a, j). So we only have to show that

Z
(
z1; (a, j)

)
Z
(
z2; (a, j)

)
= Z

(
z1z2; (a, j)

)
for all z1, z2 ∈ U . Suppose that the pair
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(a, j) satisfies (B) or (D). Then

Z
(
z1; (a, j)

)
Z
(
z2; (a, j)

)
= Fr′(z1)E(a, j)Fr′(z2)E(a, j)

= Fr′(z1)Fr′(z2)E(a, j)

=

p−1∑
m=ñ(a,j)

c̃mµaFr′(z1)Fr′(z2)X
mY m

=

p−1∑
m=ñ(a,j)

c̃mµaFr′(z1z2)X
mY m

(
by Lemma 5.2 (i)

)
= Fr′(z1z2)

p−1∑
m=ñ(a,j)

c̃mµaX
mY m

= Fr′(z1z2)E(a, j)

= Z
(
z1z2; (a, j)

)
.

Next, suppose that the pair (a, j) satisfies (A) or (C). Set s = s(a, j). Then

Z
(
z1; (a, j)

)
Z
(
z2; (a, j)

)
=

(
µa

p−1∑
m=n(a,j)

cmY
mXm−sFr′(z1)X

s

)
·
(
µa

p−1∑
m′=n(a,j)

cm′Y
m′Xm′−sFr′(z2)X

s

)

= µa

p−1∑
m=n(a,j)

cmY
mXm−s · µa+2sFr′(z1)

p−1∑
m′=n(a,j)

cm′X
sY m′Xm′−sFr′(z2)X

s

= µa

p−1∑
m=n(a,j)

cmY
mXm−s

p−1∑
m′=n(a,j)

cm′X
sY m′Xm′−s · µa+2sFr′(z1)Fr′(z2)X

s.

Note that a + 2s = 0 or 1 in Fp , and hence that µa+2sFr′(z1)Fr′(z2)X
s =

µa+2sFr′(z1z2)X
s by Lemma 5.2 (i). Therefore, the last term in the above equalities

is equal to

E(a, j)

p−1∑
m′=n(a,j)

cm′Y
m′Xm′−s · µa+2sFr′(z1z2)X

s

= E(a, j) · µa
p−1∑

m′=n(a,j)

cm′Y
m′Xm′−sFr′(z1z2)X

s

= E(a, j)Z
(
z1z2; (a, j)

)
= Z

(
z1z2; (a, j)

)
,

where the last equality follows from (i), and the claim follows.

(iii) We know that E(a1, j1)E(a2, j2) = 0 if (a1, j1) 6= (a2, j2). Then the
claim easily follows from Lemma 5.3.

(iv) It is enough to show the equality for u = X(pi) and u = Y (pi) with
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i ≥ 1. Using Lemma 5.2 we have

X(pi)Z
(
z; (a, j)

)
= Fr′(X(pi−1))Fr′(z)E(a, j)

=

p−1∑
m=ñ(a,j)

c̃mµaFr′(X(pi−1))Fr′(z)XmY m

=

p−1∑
m=ñ(a,j)

c̃mµaFr′(X(pi−1)z)XmY m

= Fr′(X(pi−1)z)

p−1∑
m=ñ(a,j)

c̃mµaX
mY m

= Fr′(X(pi−1)z)E(a, j)

= Z
(
Fr(X(pi))z; (a, j)

)
if the pair (a, j) satisfies (B) or (D), and

X(pi)Z
(
z; (a, j)

)
= X(pi)

(
µ2
a

p−1∑
m=n(a,j)

cmY
mXm−sFr′(z)Xs

)

= µ2
a

p−1∑
m=n(a,j)

cmY
mXm−sX(pi)Fr′(z)Xs

= µa

p−1∑
m=n(a,j)

cmY
mXm−sµa+2sFr′(X(pi−1))Fr′(z)Xs

= µa

p−1∑
m=n(a,j)

cmY
mXm−sµa+2sFr′(X(pi−1)z)Xs

= µ2
a

p−1∑
m=n(a,j)

cmY
mXm−sFr′(X(pi−1)z)Xs

= Z
(
Fr(X(pi))z; (a, j)

)
if the pair (a, j) satisfies (A) or (C), where s = s(a, j).

Similarly we obtain Y (pi)Z
(
z; (a, j)

)
= Z

(
Fr(Y (pi))z; (a, j)

)
for i ≥ 1, the

proof is complete.

For n pairs (ai, ji) ∈ P , 0 ≤ i ≤ n−1, define E
(
(a0, · · · , an−1), (j0, · · · , jn−1)

)
inductively as

E
(
(a0), (j0)

)
= E(a0, j0)

and

E
(
(a0, · · · , an−1), (j0, · · · , jn−1)

)
= Z

(
E
(
(a1, · · · , an−1), (j1, · · · , jn−1)

)
; (a0, j0)

)
for n ≥ 2. Note that all E

(
(a0, · · · , an−1), (j0, · · · , jn−1)

)
lie in An .
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Proposition 5.5. For r pairs (ai, ji) ∈ P , 0 ≤ i ≤ r − 1, the following holds.

(i) We have

µ
(r)∑r−1

i=0 bip
iE
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
= E

(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
,

where

bi =

{
ai − p if (ai, ji) satisfies (A) or (C),
ai if (ai, ji) satisfies (B) or (D)

,

regarding each ai as the corresponding integer with 0 ≤ ai ≤ p− 1. In particular,
E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
is a U0

r -weight vector of U0
r -weight

∑r−1
i=0 bip

i .

(ii) Suppose that r ≥ 2. Then∑
(ai,ji)∈P, 1≤i≤r−1

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
= E(a0, j0).

(iii) The elements E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
with (ai, ji) ∈ P , 0 ≤ i ≤ r−1

are pairwise orthogonal primitive idempotents in Ur whose sum is 1.

Proof. We use induction on r . (i) and (iii) for r = 1 follow immediately from
the definition of E(a0, j0) and Proposition 4.5. Suppose that r ≥ 2.

(i) We see that µ
(r)∑r−1

i=0 bip
iE(a, j) = Z

(
µ
(r−1)∑r−1

i=1 bip
i−1 ; (a0, j0)

)
. Indeed, by

Proposition 5.1 (i) and (iii) we have

Z
(
µ
(r−1)∑r−1

i=1 bip
i−1 ; (a0, j0)

)
= Fr′(µ

(r−1)∑r−1
i=1 bip

i−1)E(a0, j0)

= Fr′(µ
(r−1)∑r−1

i=1 bip
i−1)µa0E(a0, j0)

= µ
(r)

a0+
∑r−1

i=1 bip
iE(a0, j0)

= µ
(r)∑r−1

i=0 bip
iE(a0, j0)

if the pair (a0, j0) satisfies (B) or (D), and

Z
(
µ
(r−1)∑r−1

i=1 bip
i−1 ; (a0, j0)

)
= µ2

a0

p−1∑
m=n(a0,j0)

cmY
mXm−sFr′(µ

(r−1)∑r−1
i=1 bip

i−1)X
s

= µa0

p−1∑
m=n(a0,j0)

cmY
mXm−sµa0+2sFr′(µ

(r−1)∑r−1
i=1 bip

i−1)X
s

= µa0

p−1∑
m=n(a0,j0)

cmY
mXm−sµ

(r)

a0+2s−p+
∑r−1

i=1 bip
iX

s

= µ
(r)

a0−p+
∑r−1

i=1 bip
i · µa0

p−1∑
m=n(a0,j0)

cmY
mXm

= µ
(r)∑r−1

i=0 bip
iE(a0, j0)
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if the pair (a0, j0) satisfies (A) or (C), where s = s(a0, j0). Then using Proposition
5.4 (i) and (ii) we have

µ
(r)∑r−1

i=0 bip
iE
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
= µ

(r)∑r−1
i=0 bip

iZ
(
E
(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
= µ

(r)∑r−1
i=0 bip

iE(a0, j0)Z
(
E
(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
= Z

(
µ
(r−1)∑r−1

i=1 bip
i−1 ; (a0, j0)

)
Z
(
E
(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
= Z

(
µ
(r−1)∑r−1

i=1 bip
i−1E

(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
.

By induction, we have

µ
(r−1)∑r−1

i=1 bip
i−1E

(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
= E

(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
,

and the claim follows.

(ii) By Proposition 5.4 (ii) and induction, we have∑
(ai,ji)∈P, 1≤i≤r−1

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
=

∑
(ai,ji)∈P, 1≤i≤r−1

Z
(
E
(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
= Z

( ∑
(ai,ji)∈P, 1≤i≤r−1

E
(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
= Z

(
1; (a0, j0)

)
= E(a0, j0),

as desired.

(iii) If (a0, j0) 6= (a′0, j
′
0), we have by Proposition 5.4 (iii) that

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
E
(
(a′0, · · · , a′r−1), (j′0, · · · , j′r−1)

)
= 0,

so we may assume that (a0, j0) = (a′0, j
′
0). Then

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
E
(
(a′0, · · · , a′r−1), (j′0, · · · , j′r−1)

)
= Z

(
E
(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
×Z
(
E
(
(a′1, · · · , a′r−1), (j′1, · · · , j′r−1)

)
; (a0, j0)

)
= Z

(
E
(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
E
(
(a′1, · · · , a′r−1), (j′1, · · · , j′r−1)

)
; (a0, j0)

)
by Proposition 5.4 (ii). By induction, this is equal to

Z
(
E
(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
= E

(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
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if (ai, ji) = (a′i, j
′
i) for all i with 1 ≤ i ≤ r − 1, and to

Z
(
0; (a0, j0)

)
= 0

otherwise. Therefore, we conclude that all E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
are

pairwise orthogonal idempotents. The fact that a sum of these idempotents is 1
follows from (ii) and Proposition 4.5. It remains to show that these idempotents
are primitive. Consider an integer λ with 0 ≤ λ ≤ pr−1 and its p-adic expansion
λ =

∑r−1
i=0 λip

i . It follows from Steinberg’s tensor product theorem that

dimkL(λ) =
r−1∏
i=0

dimkL(λi) =
r−1∏
i=0

(λi + 1).

Therefore, the number of the summands in a decomposition of 1 ∈ Ur into pairwise
orthogonal primitive idempotents is

pr−1∑
λ=0

dimkL(λ) =
∑

(λ0,··· ,λr−1)∈{0,1,··· ,p−1}r
(λ0 + 1) · · · (λr−1 + 1)

=
r−1∏
i=0

( p−1∑
λi=0

(λi + 1)

)

=
r−1∏
i=0

(
p(p+ 1)/2

)
=

(
p(p+ 1)/2

)r
.

On the other hand, the number of the elements E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
is
(
p(p+ 1)/2

)r
as well. Therefore, these idempotents must be primitive.

Remark. Note that any idempotent in U must have degree 0, namely, it must
lie in A . Since the subalgebra A (hence Ar ) is commutative, (iii) gives a unique
decomposition of 1 into a sum of primitive idempotents in Ur (see [NT89, ch. 1.
Theorem 4.6]).

We can also give primitive idempotents in Ur,r′ (r′ > r).

Proposition 5.6. For r′ > r , the elements

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
Fr′r
(
µ
(r′−r)
a′

)
with (ai, ji) ∈ P , 0 ≤ i ≤ r − 1 and 0 ≤ a′ ≤ pr

′−r − 1 are pairwise orthogonal
primitive idempotents in Ur,r′ whose sum is 1.

Proof. By Proposition 5.5 (iii), all E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
are pair-

wise orthogonal primitive idempotents in Ar whose sum is 1. On the other hand,

by Proposition 5.1 (ii), all Fr′r
(
µ
(r′−r)
a′

)
(with 0 ≤ a′ ≤ pr

′−r − 1) are pairwise
orthogonal primitive idempotents in the k -algebra Fr′r(U0

r′−r) whose sum is 1.
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Note that the multiplication map Ar ⊗ Fr′r(U0
r′−r) → Ar,r′ is not only a k -linear

isomorphism (see Proposition 2.3) but also a k -algebra isomorphism since A is
commutative. Therefore, all

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
Fr′r
(
µ
(r′−r)
a′

)
are pairwise orthogonal primitive idempotents in Ar,r′ whose sum is 1. But these
are primitive also in Ur,r′ since any idempotent in U lies in A .

The following lemma is used to determine the PIMs generated by the
primitive idempotents.

Lemma 5.7. Let (ai, ji) ∈ P , 0 ≤ i ≤ r − 1, and let t is the largest integer
n with X(n)E

(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
6= 0 and 0 ≤ n ≤ pr − 1. Then

t =
∑r−1

i=0

(
p− 1− ñ(ai, ji)

)
pi .

Proof. If r = 1, the result follows from Lemma 4.8. Suppose that r ≥ 2. We
use induction on r . Let n be an integer with 0 ≤ n ≤ pr−1 and write n = n0+n′p
for some integers n0, n

′ with 0 ≤ n0 ≤ p− 1 and 0 ≤ n′ ≤ pr−1 − 1. Then

X(n)E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
= X(n0)X(n′p)Z

(
E
(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
= X(n0)Z

(
X(n′)E

(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
by Proposition 5.4 (iv). By induction the largest integer n′ with

X(n′)E
(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
6= 0

and 0 ≤ n′ ≤ pr−1− 1 is
∑r−1

i=1

(
p− 1− ñ(ai, ji)

)
pi−1 . Then, by Lemma 5.3, there

is a nonzero element z′ ∈ U such that

X(n0)Z
(
X(n′)E

(
(a1, · · · , ar−1), (j1, · · · , jr−1)

)
; (a0, j0)

)
= X(n0)E(a0, j0)Fr′(z′).

Hence the largest integer n0 where this term does not vanish is p − 1 − ñ(a0, j0)
by Lemma 4.8. Thus we obtain

t =
(
p− 1− ñ(a0, j0)

)
+ p

r−1∑
i=1

(
p− 1− ñ(ai, ji)

)
pi−1

=
r−1∑
i=0

(
p− 1− ñ(ai, ji)

)
pi,

and the lemma follows.

Now we describe the main result.
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Theorem 5.8. For 0 ≤ i ≤ r − 1, let (ai, ji) ∈ P , and set

βi =

{
p− 2ji − 1 if (ai, ji) satisfies (B) or (C),
2ji − 1 if (ai, ji) satisfies (A) or (D)

and

bi =

{
ai − p if (ai, ji) satisfies (A) or (C),
ai if (ai, ji) satisfies (B) or (D)

regarding ai and ji as the corresponding integers with 0 ≤ ai ≤ p − 1 and
0 ≤ ji ≤ (p − 1)/2 except for ji when p = 2. Moreover, let a′ ∈ Z with
0 ≤ a′ ≤ pr

′−r − 1. Then the element

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
Fr′r
(
µ
(r′−r)
a′

)
generates a Ur,r′ -module isomorphic to Q̃r

(∑r−1
i=0 βip

i + a′pr
)

provided that∑r−1
i=0 bip

i ≥ 0, and to Q̃r

(∑r−1
i=0 βip

i + (a′+ 1)pr
)

if
∑r−1

i=0 bip
i < 0. In particular,

the element E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
generates a Ur -module isomorphic to

Qr

(∑r−1
i=0 βip

i
)

.

Proof. Since E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
Fr′r
(
µ
(r′−r)
a′

)
is a primitive idem-

potent in Ur,r′ by Proposition 5.6, it generates a projective indecomposable Ur,r′ -
module isomorphic to Q̃r(λ

′ + λ′′pr) for certain integers λ′ and λ′′ with 0 ≤ λ′ ≤
pr − 1 and 0 ≤ λ′′ ≤ pr

′−r − 1. The element

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
Fr′r
(
µ
(r′−r)
a′

)
has U0

r′ -weight
∑r−1

i=0 bip
i + a′pr if

∑r−1
i=0 bip

i ≥ 0, and
∑r−1

i=0 bip
i + pr + a′pr if∑r−1

i=0 bip
i < 0, since

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
Fr′r
(
µ
(r′−r)
a′

)
= E

(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
µ
(r)∑r−1

i=0 bip
iFr′r

(
µ
(r′−r)
a′

)
=


µ
(r)∑r−1

i=0 bip
i+a′pr

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
if
∑r−1

i=0 bip
i ≥ 0,

µ
(r)∑r−1

i=0 bip
i+pr+a′pr

E
(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
if
∑r−1

i=0 bip
i < 0

.

By Lemma 4.7, we see that

bi + 2
(
p− 1− ñ(ai, ji)

)
=

{
p− 1 + 2ji if (ai, ji) satisfies (B) or (C),
2p− 1− 2ji if (ai, ji) satisfies (A) or (D)

= 2(p− 1)− βi.

Moreover, by Lemma 5.7, the largest integer t satisfying 0 ≤ t ≤ pr − 1 and
X(t)E

(
(a0, · · · , ar−1), (j0, · · · , jr−1)

)
6= 0 is

∑r−1
i=0

(
p− 1− ñ(ai, ji)

)
pi .
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Suppose that
∑r−1

i=0 bip
i ≥ 0. Then we have

r−1∑
i=0

bip
i + 2t =

r−1∑
i=0

(
bi + 2

(
p− 1− ñ(ai, ji)

))
pi

=
r−1∑
i=0

(
2(p− 1)− βi

)
pi

≤ 2pr − 2,

and hence λ′′ = a′ and

λ′ = 2pr − 2−
( r−1∑

i=0

bip
i + 2t

)
= 2pr − 2−

r−1∑
i=0

(
2(p− 1)− βi

)
pi =

r−1∑
i=0

βip
i

by Proposition 3.1 (i).

Finally, suppose that
∑r−1

i=0 bip
i < 0. Then we have

( r−1∑
i=0

bip
i + pr

)
+ 2t =

r−1∑
i=0

(
2(p− 1)− βi

)
pi + pr > 2pr − 2.

If a′ 6= pr
′−r − 1, then λ′′ = a′ + 1 and

λ′ = 3pr − 2−
( r−1∑

i=0

bip
i + pr + 2t

)

= 3pr − 2−
r−1∑
i=0

(
2(p− 1)− βi

)
pi − pr

=
r−1∑
i=0

βip
i

by Proposition 3.1 (ii). If a′ = pr
′−r − 1, then λ′′ = 0 and λ′ =

∑r−1
i=0 βip

i by

Proposition 3.1 (iii), but Q̃r(
∑r−1

i=0 βip
i) ∼= Q̃r(

∑r−1
i=0 βip

i + (a′ + 1)pr) as Ur,r′ -
modules since

r−1∑
i=0

βip
i ≡

r−1∑
i=0

βip
i + pr

′
=

r−1∑
i=0

βip
i + (a′ + 1)pr (mod pr

′
).

Thus the first statement is proved. The second statement is clear.
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