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1. Introduction

Let k£ be an algebraically closed field of characteristic p > 0. Let G be a connected,
simply connected and semisimple algebraic group over k which is split over the
finite field F,, of order p.

The representation theory of G is closely related to that of the r-th Frobe-
nius kernel G,.. For example, all simple modules for GG, can be lifted to some simple
modules for G. In addition, the projective indecomposable modules (PIMs) for
G, can be lifted to some modules for G if p is not too small. So it is impor-
tant to construct PIMs for G, in order to know the structure of some important
G-modules.

On the other hand, the representation theory of G can be identified with
the locally finite representation theory of the corresponding (infinite-dimensional)
k-algebra U which is called the hyperalgebra of G, and the representation theory
of GG, can be identified with that of the corresponding finite-dimensional hyperal-
gebra U,.. If we have a decomposition of the unity 1 € U, into a sum of pairwise
orthogonal primitive idempotents, we can construct the PIMs for i,.. Unfortu-
nately, it seems that such a decomposition where each primitive idempotent is
explicitly described is not known except when G is of type A; (i.e. G =SL(2,k))
and r = 1, in this case the decomposition is given in Seligman’s paper [Sel03].

In this paper we shall generalize Seligman’s result. More concretely, when
G = SL(2, k), we construct pairwise orthogonal primitive idempotents whose sum
is the unity 1 explicitly in U, for an arbitrary positive integer r.
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The main result is given in Section 5. In Section 4 we first construct the
primitive idempotents in U; using Seligman’s method. Next, in Section 5 we
construct primitive idempotents in U, for r > 2 using the primitive idempotents
in U; given in the previous section. There we use a linear map constructed in
[GK11], which ’splits’ the Frobenius map on ¢. Finally we also determine the
PIMs for U, which the idempotents generate. For convenience, this result will be
given more generally for a larger algebra U, ,» (r’ > r) in Theorem 5.8.

2. Preliminaries

From now on, let G = SLy(k). Let

=(50) r=(18) m=(5 %)

be the standard basis in the simple complex Lie algebra gc = sl5(C). We define
a subring Uy of the universal enveloping algebra Uc of ge generated by X (™ =
X™/m! and Y™ =Y™/m! with m € Zsq. For 2 = H or —H in Uy, set

(z—l—c) _GEtdlEte—1)-(z+c—m+1)

m)!

for ¢ € Z and m € Z>(, which also lies in Uz. Then the elements

ym (H yom)
n

with m,m/,n € Z>, form a Z-basis of Uy. The k-algebra Uy @z k is denoted by
U and called the hyperalgebra of G, which is equipped with a structure of Hopf
algebra over k. We use the same notation for the images in U of the elements in
Uz . In the following propositions we shall give some well-known formulas, which

are repeatedly used to carry out calculations in U (for example, see [Grol2, §3],
[GK15, §4], [Hab80, §5], [Hum?72, §26], [Jan03, I. ch. 7]).

Proposition 2.1.  For m,n € Z>o and s,t € Z, the following holds in U :

min(m,n)
H—m— 21 .

mln(mn .
m)X Z X n—i (_H - m._ n+ 21) Y(mfz) 7

1

(i) (H + s) X(”) _ xm (H + s+ Qn) ’ (H + S) v _ y (H +s— 2n> ;

m m m m
n n

@ ()= % 6
o (-2

1=
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Proposition 2.2. Let m,m',n,n’ € Z with n’ > 0 and 0 < m,n < p— 1.

Then
m+m'p\ _ [(m\ [m/
(o) = () G)

a b aP bP
Fr: G — G, <C d)'_)(cp dp>
be the geometric Frobenius map. This map induces the k-algebra endomorphism
Fr : U — U which is defined by

e XU iy | m,
Fr(X' )):{ 0 ing(m

Then we also have . ‘
By H _ (m/p) if p | m, .
m 0 ifptm

Let U* (resp. U~) be the subalgebra of U generated by X @) (resp. Y ")
with 7 € Zs , and let U° be the subalgebra of U generated by (g) with ¢ € Z>y.
The elements Y (™) (Z)X(m/) with m,m/,n € Zso form a k-basis of U and we
have a triangular decomposition U = U UUT. We say that an element z € U
has degree d if it is a k-linear combination of the elements Y (™ (IZ)X (M) with
m,m',n € Z>y and m’ —m = d. For a positive integer r € Zo, let U, be
the subalgebra of U generated by X®) and Y®) with 0 < ¢ < r — 1. This
is a finite-dimensional algebra of dimension p®" which has Y (™ (Z)X (M) with
0 <m,m',n <p" —1 as a basis, and it can be identified with the hyperalgebra
of the r-th Frobenius kernel G, = Ker(Fr") of G. Let U (resp. U, ) be the
subalgebra of U generated by X (resp. Y®)) with 0 <i <r —1, and U°
the subalgebra of U generated by (f) with 0 < ¢ <r — 1. Then we define four
subalgebras U= U= Y= and U=C as

U= =uut, U='=u"u’, U =u’Ut and U="=u U’

YR i p | m,

nd FY(Y(m)):{ 0 ifptm

In dealing with the subalgebra U, it is often convenient to consider the larger
subalgebras U, = U UUF generated by X Y®) and (Z) with 0 <i<r—1
and | € Zso, and U,,w = U UM generated by X#) Y and (Z) with
0<i<r—1land0<{<¢ —1for s >r. Then the elements Y™ () x(
with 0 <m,m’ <p"—1 and n € Z>( (resp. 0 < n < P — 1) form a k-basis of
U, (resp. Uy, ).

Consider the k-linear map Fr’ : i/ — U defined by

y(m) (H ) )y mp) (H ) S (m'p)

n np

Clearly we have Fro Ftr’ = idy. Let Fr'" (resp. Fr'",Fr Fr'’2°, Fr'<") be the
restriction of Fr' to U™ (resp. U™, U°,U=", U=P). These five restriction maps are
homomorphisms of k-algebras, whereas Fr’ is not (see [GK11, 1.2]).
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In this paper, the symbol ® is assumed to mean a tensor product over k.

Proposition 2.3.  For n,n’ € Z~y with n’ > n, the multiplication map
U, ® Fr'" (Un/_n) — Uy

1 a k-linear isomorphism.

Proof.  The linearity is clear. Since both the k-vector spaces U, @ Fr"" (U, )
and U, have dimension p*', it is enough to show that the map is injective. Let
z be a nonzero element of U, @ Fr""(U,_,). Note that

y(m) (H ) X0 y(mzp")< H ) K (mim)
ny n2pn

with 0 < mqy,ny,m) < p" —1 and 0 < mg, ng, m) < p" " — 1 form a k-basis of

U, @ Fr'""(U,s_,). Moreover, by using the formulas in Propositions 2.1 and 2.2 we
easily see that such a basis vector is mapped to

y (m1) (H) X(mﬁ)y(mzp")( H >X(m’zpn) - y(m1+mw”)< H >X(m’1+m'zp")+u’

ny nap" ny + nap™

where u is a k-linear combination of some basis vectors of the form Y (") ( 711{3 )X (m3)
with 0 < mg,ng, my < p" —1 and ms+ng+mh < my+ny +m) + (mg+ng+mh)p™.
Therefore, if we take a 6-tuple

(ma, n1, my, ma, ng, my) where my+ni+mi+(ma+not+mi)p™
is the largest integer with the coefficient of Y (1) (ﬁ)X (m) & Y(m”’n)( H )X (m3p™)

nap”
in the expression of z as a k-linear combination of the basis vectors of the vector

space U,, @ Fr'""(U,,_,) being nonzero, then the coefficient of

Y(m1+m2P")( H )X(m’ﬁm’zpn)
ni+nap”

in the expression of the image of z as a k-linear combination of the basis vectors
of U, is also nonzero. This shows that the multiplication map is injective, and
the proposition follows. [ ]

Remark. These multiplication maps U,, @ Fr"™" (U _,) — Uy (0 >n > 0) induce
the multiplication maps U, @ Fr""(U) — U and @), Fr"(Us) — U (for the natural
ordering of Zx), all of which are k-linear isomorphisms.

For later use, let A be the subalgebra of ¢/ which is generated by U° and
the elements Y P) X ") with i € Z,.
Proposition 2.4.  The following holds.
(i) A is commutative.

(ii) A s the centralizer of U° in U, consisting of all the elements of degree 0
n U.
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(iii) A is free over U° of basis XY™ m € Zsq, and also of basis Y™ X (™)
m € Zzo .

Proof. (i) Let s,t € Z>(. Since

<H> y®) x @) — <H N QP) ')
P’ P’

S

p t
— vy (T H O\ o
=0 U p —
pS
—2p"\ (H + 2p*
— y®) x®)
Z Z ps — Z

=0

— y®) x®) (H)7
pS

each Y®) X®) commutes with all elements of &°. On the other hand, we have

y @) x )y ") x (@)

)
_ Z v - (H pP=p +21)X<ps—z’>X<pf>

1

mm(pg,pt) s . s . S .
= > (p - %) (p +p' = ") y@p'—i) (H o 22) X
ot 7 ’

S
=0 p

which is symmetrlc with respect to p* and pt. Therefore, Y®)X®") also commutes
with Y x®"),

(i) It is easy to see that A consists of all the elements of degree 0 in U.
Let Cyy(UY) be the centralizer of U° in U. Clearly A C Cyy(U), and we have to
show that A D Cy(U°). Let z be an element of Cy(U°). Then z can be written

uniquely as
5 Yz X0

m,m/€Z>q

with all z(, ) € U°, almost all equal to 0. To show that z € A, it is enough to
show that z(, ) = 0 for each pair (m,m') with m # m’. For s € Z and t € Z>,,

we have 5
H+ s H+s—2m /
( ; )z = E Y < . )z(mm/)X ,

m,m/€Z>g

H+s H+s—2m )
_ § : (m) (m')
Z( " ) = Y ( " )2(m’m/)X .

m,m/€Z>g

Since (H:rs)z = z(H;r

((H—l—s—Qm) <H+s—2m’)>
- Z(mm) =0
t t

8), for each pair (m,m’), we must have
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for any s € Z and t € Z>(. Take unique integers ¢ € Z>, and d € Z such that
2(m’ —m) = p°d and p does not divide d. Then if we take s = 2m’ and t = p°,
we have

(1) < ()
IGEARE
- ()4

Since d # 0 in F,, we must have z(,;, ;) = 0 and hence z € A.
(iii) It is easy from the fact that X (™) (Z)Y(m) with m,n € Z>q as well as
y (m) (I:)X(m) with m,n € Z>( form a k-basis of A. [

For r,r" € Z~o with 7’ > r, we write A, (resp. A, A, ) for the subalgebra
of U, (vesp. U,, U, ) generated by U (resp. U, L{O) and the elements Y ®) X (")
with 0 < ¢ < r—1. Clearly we have A, = ANU,., A Amu and A, ,» = ANU, .
We also see that A, (resp. A,, A, ) is the centralizer of U° (resp. U°, U%) in
U, (resp. Z;{vr, U,, ) and is free over U? (resp. U, US) of basis X (m)y (m)
0<m<p" —1, and also of basis Y™ X 0<m<p —1.

The following proposition will be used in Section 5.

Proposition 2.5. Let n € Zso. Then X™ and Y") commute with all
elements in A .

Proof. We may assume that n > 0. Then

XmWyX = YX"X 4+ (H—-np+1)XmP-UX

Y XX
and
X H = (H — 2np)X™) = gx ™),
Similarly we have Y XY ) = Y)Y X and Y H = HY ") | as desired. |

3. Representation theory of U

We describe some elementary facts on the representation theory of & and some
subalgebras.

In this paper, all modules we consider are assumed to be finite-dimensional
left modules. The category of finite-dimensional U- (resp. U,.-) modules is identi-
fied with that of finite-dimensional (rational) G- (resp. G,-) modules.

For a nonzero U°-module V and an integer \ € Z, set

i foev | (Do (Do om ez
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This is a U%-submodule of V. If Vy # 0, then we call it the U°-weight space of
(U°-) weight X\. A nonzero element of V) is called a U°-weight vector of weight
X. Any U-module M can be written as a direct sum of its U°-weight spaces:
M= rez M. For A € Z, let ky be a one-dimensional U"-module which is also
a U°-weight space of weight .

As in the case of U°-modules, we can define a notion of weights for 4°-
modules. For an integer p € Z, we consider the subspace V|, ,) of a nonzero
U°-module V consisting of the vectors v € V' which satisfy (i)v = (jjl )’U for all
integers m with 0 < m < p" — 1. If V[, ) # 0, then we call it the U?-weight
space of U-weight . If v = p (mod p"), then we have V,,) = V() since
(:1) = (::L) (mod p) for all m with 0 < m < p" — 1. Therefore, a U°-weight p € Z
can be regarded as an element of Z/p"Z and a U°-module V is decomposed as
V = ’::_01 Vi) = D czjprz Vi - Moreover, if M is a U-module, then the
U -weight space M,y of U -weight p € Z is decomposed as M, ) = @, M,
where A runs through the integers with A = p (mod p").

For a U-module M and i € Zsg, let MU be another U-module defined as
follows: it is equal to M as a k-vector space and the action of z € U on M is
induced by that of Fr’(z) on M. Therefore, if v/l is the corresponding element
in MU for v € M, then zoll = (Fr'(z)v) " for 2 € Y. The U-module M is
called the i-th Frobenius twist of M. If an element v € M has U°-weight A,
the corresponding element vl € MU has U°-weight A\p*. Moreover, if i > r,
MU is isomorphic to a direct sum of dim,M copies of the trivial module k as a
U,.-module. If M and M’ are U-modules, the tensor product M ® M’ is again a
U-module via the comultiplication on U

=0

and
m

Y™y @) = Z YDy @ Y m=i,y/
i=0
for m € Z>o, ve M and v' € M'.

Let V(M) be a simple Uc-module with highest weight A € Z~(. For a fixed
highest weight vector vy € Vi (A), the U-module V(N\) = k ®z (Uzv,) is called
the Weyl (U -) module with highest weight A. For an element of Uzv,, we use the
same notation for its image in V(\). The vectors Y@y, with 0 < ¢ < X have
weight A — 24 and form a basis of V(). Each Weyl module V(\) has a unique
maximal submodule, and the quotient L(\) of V(A) by the submodule is a simple
U-module. Then all L(\) with A € Z>o form the set of non-isomorphic simple
U-modules. For A € Z>( and its p-adic expansion A\ = Z:.:Ol \ip’, we have by
Steinberg’s tensor product theorem that

L(A) = L(X) ® L()\l)[l] R ® L()\n_l)[n—l}

as U-modules. For i € Zsq, the simple module L(p' — 1) is called the i-th
Steinberg module and often denoted by St;. The trivial ¢/-module £ is isomorphic
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to L(0), and the r-th Steinberg module St, is projective as a U,.-module. If
0 <A< p —1, then L()\) is also simple as a U,-module, and any simple U, -
module can be obtained in this way. For an integer A with 0 < A < p" — 1,
let Q.(\) be the projective cover of the simple U,.-module L(\). It is known
that these U,.-modules @,(\) can be extended to U-modules for any r € Zg
in this situation G = SLy(k) (see [Jan80, 4.5 Corollar] or [Jan03, II. 11.11]). If
0 <A <p-—2,then Q1(A) is a uniserial «-module with

Q1(A)/rady Q1 (A) = L(A),
rady Q1 (\)/socy@Q1(N) =2 L(2p—2 — \)

and

socy@1(A) = L(X),
whereas Q1(p — 1) = L(p — 1) = Sty. As in the simple U -modules, for \ € Z>g
and its p-adic expansion A = 321" \;p', we have

Qn(A) = Ql()\o) X Ql(/\1>[1] R ® Ql()\n_l)[n—l}

as U-modules. The highest U°-weight in @, (\) is 2p™ —2 — X and the lowest one
is —2p™ + 2+ A (see [Don93, (2.2) Example 1]).

For later use we also consider some modules for ﬁr and U, ,» for an integer
r’ greater than r. Let XN, A’ € Z be integers with 0 < X < p” — 1 and set

= XN + X'p". The simple U-module L()\) is also simple as a Z/N{T—module, and

then L,(\) = L(N) ® kynyr is a simple U,-module with highest U°-weight A,
where the one-dimensional U°-module kyr,- is regarded as a U, -module by the
trivial action of U, . Then we see that L,(\) 2 L(N) as U,-modules. Similarly, set
Qr(A) = Q(N) @ ke for the above A = X + \'p". This is the projective cover
of the simple U,-module L,()\), and we have Q,(\) = Q-(\') as U,-modules. The
simple U, -modules Zr(u) with v € Z are simple as U, ,»-modules, and all simple
U, ,»-modules can be obtained in this way. Since ZT(I/l) = ZT(VQ) as U, ,.-modules
if and only if v; = v, (mod p'), all non-isomorphic simple U,.,,-modules can be
written as L,(v), 0 < v < p” — 1. Then the simple U, ,~-module L,(v) has Q,(v)
as its projective cover.

The following proposition will be used later to determine the PIMs for U, ,/
(hence for U, ) which the idempotents given there generate.

Proposition 3.1.  Let 1’ be an integer which is greater than r. Let A be an
integer with 0 < X\ < p” —1, and let v be a US, ~weight vector of US -weight v with
0<r < pT/ — 1 which is also a generator of the projective indecomposable U, -
module @T()\). Let t be the largest integer n with X™v #0 and 0 <n < p" —1.
Then if we write X = N + XN'p" and v = V' + V'p" for some unique integers
NN VU with 0 < N,/ <p' —1 and 0 < N, v < p’'—" — 1, the following
holds:

) t=p —1—=WN+V)/2 and " =V" if v/ +2t <2p" — 2,

(ii) t = 3p" /2—1—(N+1")/2 and N = V"+1 if V' +2t > 2p"—2 and V" # p" " —1,
i) t=3p"/2—1—(N+v an =0V +2t>2p" =2 and V' =p" " —1.
3 2=1—(N+1)/2 and X' =0 if V' +2t > 2p" =2 and v = p" " —1
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Proof. Recall that the highest ¢/°-weight in @r(/\) is 2p" —2 — XN + \'p" and
the lowest one is —2p" + 2 + X + X"p" if we extend the U, ,,-module @, ()) to a
U,-module. Hence v has the U°-weight space decomposition

vV =vV_1+ v+ V1,

where v; € @T()\)V Lip’ - Since v generates @T()\), v does not lie in rady, , ér()\) =
radgrér(/\). Note that @T(A)/rad@@r(/\) ~ T,.(\) and that any U°-weight y of
ZT()\) satisfies —\N 4+ N'p" < v < XN + X'p". Since v + p” is not a U°-weight of
L,(\), we have v, € radarér()\). Therefore, we see that v_; or vy does not lie in
radgr@r(/\).

Suppose that v_; ¢ radgrér()\). Then since —N+N'p" < v—p” < N+4N'p",
we must have N’ =0 and v — p” > —\. Therefore, since

l/ZpT/_)\’>2(p7'_1)_)\/:2<p7‘_1)_)\/+A// r,

we have vg = v; = 0 and v = v_;. Note that the inequality v > P — N also
implies v = p”' =" — 1. Since v ¢ rady @,(A), there exists an element z € U, such
that zv is a highest U°-weight vector in Q,(\) (with U°-weight 2p" —2— X +\"p").
Moreover, since v has U°-weight v — p, the element z can be taken as a linear
combination of some elements of the form

y (m1)p, x (m2)
with h € U°, 0 < my,me <p" — 1 and
my—my= 20" —2-=N+Np —(w—p")))2=3p"/2-1—- (N +1)/2

This implies that zv is proportional to X @P"/2=1=(+v/2)) and that t = 3p" /2 —
1 — (N +v)/2. In this case we also see that v/ 4+ 2t =3p" —2 — X > 2p" — 2.

Finally suppose that vy ¢ radu@r(/\). Then —XN + XN'p" < v < XN+ \N'p".
Since v — p” < =2(p" — 1) + N +Np" and v +p” > 2(p" — 1) = N + N'p", we
must have v; = v_; =0 and v = vg. Moreover, A’ must be equal to v” or "/ +1
since =X <V 4+ (V" = X')p" < N. As in the last paragraph, we see that \" ="
if and only if

t=020@ -1 -N+XNp —v)2=p"—1-(N+1)/2,

and in this case we have v/ + 2t = 2p" — 2 — X < 2p” — 2. Similarly, we see that
AN ="+ 1 if and only if

b= Q0 —1) =N+ NP —0)/2=3p/2—1— (N +1/)/2,

and in this case we have v # p” " —1 and v/ +2t = 3p" —2 — XN > 2p" — 2.
Therefore, the proposition is proved. [ |
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4. Primitive idempotents in U;

We shall construct primitive idempotents in U, following Seligman’s method
[Sel03].

For a € Z, set

o= ()R G ()

(2

Then p, = p if and only if @ = b (mod p). Therefore, the integer a in the symbol
fo can be regarded as an element of I, = Z/pZ. Then we obtain by Wilson’s
theorem that

(H—a—-1)(H—-a—-2)---(H—a—p+1)
(p—1)!
= —(H-a—-1)(H-a—-2)---(H—a—p+1)

- _ H (H — ).

v€Fp—{a}

Ma =

It is easy to check the following facts (see [GK15, §4]).

Proposition 4.1. (i) For a € Z, we have Hu, = ap,. Therefore, 1, is a
UY -weight vector of weight a in the UY -module UY .

(ii) The elements p, with a € F, are pairwise orthogonal primitive idempotents
in U whose sum is 1 € UY.

(iil) paX™ = Xy, 9n and Y™ =Y ™ 1y 0n, for a € Z and m € Zsg.
To construct primitive idempotents in U;, we need some lemmas.

Lemma 4.2. For m € Z+, and a € F,, we have

m—1

paY "X =[] (1Y X —i(i +a+1))
1=0
and
m—1
L XY = H (XY —i(i —a+1))
=0

m L[l.
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Proof. It is clear when m = 1, and we may assume m > 2. Then we have
HaY X
= pY™lyxmlx
= pY" XY 4+ (m—-1)X"(—H —m+2))X
= pY" XY X + (m— Dp YL XN (—H —m)
= pY" ' X" X + (m = VDpe(—H —m)Y™ 1 Xx™ !
= Y™ I XY X+ (m—1)(—a — m)p YT X™!
= pY" ' X" (Y X — (m —1)(a+m)).

By induction on m, this is equal to

m—2 m—1

(Y X —i(i+a+1)) (Y X — (m—1)(a+m)) H 1Y X —i(i+a+1)).
i=0 1=0
Similarly we can check that u, X™Y™ = [/ (e XY —i(i —a+1)). ]

If pisodd,set S={ie€F,|i=0,1,---,(p—1)/2}. Then we define
polynomials ¢g (), ¥ () € Fylz] for a € F, and m € Z> as

(pa,O(x) =1,
n—1
Gan(x) = (x—i(i+a+1))
=0
if n >0, and
) =[@-?) == ] @-@)?
i€lyp ieS—{0}

Lemma 4.3.  Suppose that p is odd and let a € F,,. Then the following holds.

() v(2+ ((a+1/2)°) = puyla).
(ii) Qoa,p<ru’aYX> = (Pfa,p(:U’aXY) =0.

Proof. (i) Set y =z + ((a + 1)/2)2. We have

pap(@) = ][ (@ —ili+a+1)

i€F,

= 1] (x—i— ((a+1)/2)* = (i + (a + 1)/2)2)

iR,

=TI (- G+ @+1)/2))

i€F,

= [[w-

i€F,
= P(y).

(ii) It is immediate from Lemma 4.2 since X? =Y? =0 in Y. ]
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If p is odd, we define (p + 1)/2 polynomials ¢o(z) and v¢;(x) with j €

S —{0} as
po(x) =[G = J] @-)?

i€Fy ieS—{0}
and

Yi(r) =22z +4%) ] @-®) =22+ ][] (-7

i€Fy —{j,p—3} i€S—{0,j}

Lemma 4.4.  Suppose that p is odd. The following holds in Fp[z] (6, denotes
Kronecker’s symbol).

(1) Djes ¥ilz) = 1.
(i) Y (2) () = Snthm () <m0d (¢(x))) for mn €.

Proof. (i) Set ®(x) = . g%i(x) — 1. Then we have

%: Yo 2@-1) ] @-2)?

teS—{0} ieS—{0,t}
and
dip; 2 212 2 2 212
%:2(2x+3 ) H (x —1°)" +2z(x + j°) Z 2(x —t°) H (x — %)

for j € S — {0}. Suppose that &(z) # 0 in F,[z]. If s € S — {0} we have
O(s?) = Y wy(s?) -1
i€S
= 77Z)s(32) —1
= 25%(s* + %) H (s —i?) -1
i€Fy —{s,p—s}

= 4s* H (s+i)(s—1)—1

i€F,; —{s,p—s}

—at(C I een)( I e-a) -

iEF;—{s,p—s} jEIF;f —{s,p—s}

= 4s4<§ 1T (gﬂ'))(% 1T (s—j))—l

i€Fp—{p—s}

()

P Jelp
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whereas

O(0) =) i(0) —1=1(0) 1= [[ (=) —1=1-1=0.

€S i€Fy
Therefore, ®(z) contains each linear polynomial x — s* with s € S as a factor.
di
49; =0if j € S and s € § — {0}.

L |p=s2
Clearly the equality holds if j = 0 or if 7 # 0 and s # j. So we only have to show

We would like to claim that

dib
that% =0for j€S—{0}. If j € S— {0}, we have
T | _ s
z=j
dl/’j 672 2 22 4 g4 (72 — 42 2 2)\2
2 2 I =2+ D> 20— [ *-)
v=J? i€S—{0,5} teS—{0,5} i€5—{0,5,t}
2
_ 2 4 2 9\2
= (6] +4j E ‘j2—t2>,Hl(] — %)
tes—{0,j} i€S—{0,5}
But since

2
Z j2—t2

teS—{0,5}

1 2
- § Z j2—t2

teFy —{j,p—j}

1 1 1
5.2 ()

1 1 1 1 1 1 1
= 2—< Z Tt——.—;—i- m——.—?>
I \ter,—5 7 1 7
1 11 11
2J Jo2) Jo2)
_ _3
= g5
di; . .
we conclude that I = 0, and the claim follows. Therefore, we obtain
o
dd
ol 0 for s € S~ {0} and the polynomial ®(x) has z [[;cs () (z —%)* as

a factor. So the degree of the polynomial ®(x) is greater than p — 1, which is a
contradiction. Therefore, ®(z) must be zero and (i) is proved.

(ii) By the definition of t;(z), clearly we have ,,(z)¢,(z) € (¥(z)) for
m # n. Combining this with (i) the result follows. [

Set P=F, xS if p is odd, and P = {(0,1/2),(1,0), (1,1)} C Fo x (1/2)Z
if p=2.
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If p is odd, for a pair (a,j) € P we set
. 2
E(a, j) = (uaYX+ ((a+1)/2) ) ‘ Ha-

This element also can be written as E(a, j) = 1; <uaXY + ((a—1)/2) 2) g If
p = 2, for each pair (a,j) € P we define E(a,j) as follows:

Clearly all E(a,j) lie in A;.

Proposition 4.5.  For a fized element a € F,, the elements E(a,j) with
(a,j) € P are pairwise orthogonal primitive idempotents in U, whose sum is fi, .
Thus, all the elements F(a,j) with (a,j) € P are pairwise orthogonal primitive
idempotents in Uy whose sum is 1.

Proof. If p =2, then the claim but primitivity is clear. Consider the case when
p is odd. Then note that P =T, x §. For a fixed a € F,,, we have by Lemma 4.4
(i) that

Y E(a,j) = (Z% (uaYX + ((a+ 1)/2)2)> Ha = Ha-

jes jes
On the other hand, it follows from Lemma 4.4 (ii) and Lemma 4.3 (i) and (ii)

that the elements F(a,j) with j € S are pairwise orthogonal idempotents in U; .
Moreover, we also see that

ZZE(CL7.]>: Z,uazl

a€lFy jES aclF,

and
E(a,j)E(d,j') = b(aj).@.0n E(a, j)
since flgfter = 0q.a'fte by Proposition 4.1 (ii).

It remains to show that each idempotent FE(a,j) is primitive when p is
arbitrary. Recall that the non-isomorphic simple U -modules are L(\) with 0 <
A < p—1 and that dimyL(\) = A+ 1. Hence the number of summands in a
decomposition of 1 € U; into pairwise orthogonal primitive idempotents must be

+1
1+2+"'+p:%.

On the other hand, the number of all E(a,j) with (a,j) € P is also equal to
p(p + 1)/2. Therefore, each idempotent F(a,j) must be primitive (see [CR62,
(54.5) Theorem]). ]

If p is odd and (a,j) € P, we define n(a,j) as the largest non-negative
integer n satisfying @q.(z) | ¥; (a: + ((a + 1)/2)2). (Recall that ¢,o(x) = 1.

Thus n(a,j) =0 if xhﬁj(x%— ((a+ 1)/2)2> ) If p=2, set

n(0,1/2) =0, n(1,0) =1, n(1,1) =0.
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With respect to each pair (a,j) € P, we consider the following four cases,
regarding a and j as the corresponding integers with 0 < a < p — 1 and
0<j<(p—1)/2if pisodd:

(A)aisevenand (p—a+1)/2<j<(p—1)/2if pis odd

(B) aisevenand 0 < j < (p—a—1)/2if pisodd, or (a,j) = (0,1/2) if p =2
(C) aisoddand 0 < j < (a—1)/2if pisodd, or (a,j)=(1,0) if p=2

(D) aisodd and (a+1)/2<j<(p—1)/2if pisodd, or (a,j) = (1,1) if p =2

Lemma 4.6.  Let (a,j) € P. The following holds.

i) If (a,j) satisfies (A), then n(a,j)=(p—a—1)/2+.

i) If (a,j) satisfies (B), then n(a,j)=(p—a—1)/2—j.

i) If (a,j) satisfies (C), then n(a,j) = (2p—a—1)/2—j.
iv) If (a,7) satisfies (D), then n(a,j) =7 — (a+1)/2.

On the right-hand side of each equality, a and j are regarded as the corresponding
integers with 0 < a<p—1 and 0 < j < (p—1)/2 except for j when p=2.

Proof. It is clear if p = 2, so we may assume that p is odd. We have

[[@-ii+at))=(z+(@+1/2)°) [ (o4 (@+1)/2)"=m?)

i€Fy meS—{0}

2

since @, () = ¢<x+ ((a+ 1)/2)2) . Hence each factor z—i(i+a+1) with i € F,,
on the left-hand side has the form z + ((a + 1)/2)2 — 1? with t € S. Since

O(et (@t 0/2)?) = 2(e+ (@t 0/2)7) (2 + (@t 1/2)" + )
< I (o4 Gos 0y )

meS—{0,5}
if 7 # 0, whereas

e+ (@+1/2)?) = T (o4 ((@+1)/2)" = m?)

meS—{0}

2

if j =0,itisonly 2+ ((a+ 1)/2)2 — j2 among the linear polynomials x +
((a+ 1)/2)2 —t? with t € S that does not appear as a factor of the polynomial
V; (3: + ((a+ 1)/2)2) . Moreover, since

z—n(n+a+1)| ¢j(x+ ((a+ 1)/2)2)

for any non-negative integer n with n < n(a,j) and since

x —n(a, j)(n(a,j) +a+1) {1 (x + ((a+ 1>/2)2>
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by the definition of n(a, j), the factor  —n(a, j)(n(a, j) +a+1) must be equal to
x+ ((a + 1)/2)2 — j2. Therefore, we see that n(a,j) is the smallest non-negative
integer n satisfying n(n+a+ 1) = ((a+1)/2)2 —j% in F,. Note that this implies
(n(a,j) + (a+ )/2) 2 in F, and hence n(a,j) =+j — (a+1)/2 in F,.

Suppose that the pair (a,7) satisfies the condition (A). Then we see that
n(a,j)=((p—a—1)/24j or 3p—a—1)/2—j since n(a,j) =+j+(p—a—1)/2
(mod p) and (p —a+1)/2 < j < (p—1)/2. By the minimality of n(a,j) we
obtain n(a,j)=(p—a—1)/2+ 7.

Suppose that the pair (a,j) satisfies the condition (B). Then we see that
n(a,j) = (p—a—1)/2—j or (p—a—1)/2+j since n(a,j) = £j+(p—a—1)/2 (mod p)
and 0 < j < (p—a —1)/2. By the minimality of n(a,j) we obtain n(a,j) =
(p—a—1)/2—].

Suppose that the pair (a,j) satisfies the condition (C). Then we see that
n(a,j) = (2p—a—1)/2—j or (2p—a—1)/2+j since n(a,j) = +j—(a+1)/2 (mod p)
and 0 < j < (a — 1)/2. By the minimality of n(a,j) we obtain n(a,j) =
2p—a—1)/2—3j.

Suppose that the pair (a,j) satisfies the condition (D). Then we see that
n(a,j) =j—(a+1)/2 or 2p—a—1)/2—j since n(a,j) = +j—(a+1)/2 (mod p)
and (a+1)/2 <j < (p—1)/2. By the minimality of n(a,j) we obtain n(a,j) =
j—(a+1)/2. -

For a pair (a,j) € P, we set fi(a,j) = n(—a,j) if p is odd, and
7(0,1/2) =0, @(1,0)=0, a(1,1) =1
if p=2.
Lemma 4.7.  Let (a,j) € P. The following holds.
i) If (a,j) satisfies (A), then n(a,j) = (—p+a—1)/2+ 7.
ii) If (a,j) satisfies (B), then i(a,j) = (p+a—1)/2—7.
i

iii) If (a,7) satisfies (C), then n(a,j) =(a—1)/2—j.
iv) If (a,7) satisfies (D), then n(a,j) =7+ (a—1)/2.

—~

On the right-hand side of each equality, a and j are regarded as the corresponding
integers with 0 < a<p—1 and 0 < j < (p—1)/2 except for j when p = 2.

Proof. It is clear if p = 2, so we may assume that p is odd. If a = 0, the
lemma holds by Lemma 4.6 (ii) since each (0,7) € P satisfies (B). So we may
assume a # 0. Then the element —a € I, corresponds to p — a in the set of
integers {0,1,--- ,p—1}. Set ' =p —a.

Suppose that the pair (a, j) satisfies the condition (A). Then (da/, j) satisfies

(D) and so we have n(—a,j) =n(da’,j) =j — (p —a+1)/2 by Lemma 4.6 (iv).
Suppose that the palr (a,7) satlsﬁes the condition (B). Then (a’, j) satisfies
(C) and so we have n(—a,j) =n(d',j) = (p+a—1)/2 —j by Lemma 4.6 (iii).
Suppose that the palr (a,7) atlsﬁes the condition (C). Then (a’, j) satisfies
(B) and so we have n(—a,j) =n(a’,j) = (a —1)/2 — j by Lemma 4.6 (ii).
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Suppose that the pair (a, j) satisfies the condition (D). Then (a', j) satisfies
(A) and so we have n(—a,j) =n(d’,j) = (a —1)/2+ j by Lemma 4.6 (i). [

Lemma 4.8. Let (a,j) € P. Then the primitive idempotent E(a,j) can be
written as

p—1 p—1

E(a,j)=pa > Y X" =py Y XY™

m=n(a,j) m=n(a,j)
for some ¢, Gy € Fy with cpe ) # 0 and Cua,j) # 0.

Proof. It is clear when p = 2, so we may assume that p is odd. By the
definition of n(a,j) we can write

Y; <a: + ((a + 1)/2)2) =7 (x + ((a+ 1)/2)2> “ Pan(a) (T) (%)

for some 7;(z) € F,[z]. Then

Blaj) = (Y X+ ((a+1)/2)°) -
= T (uaYX + ((a+1)/ 2)2> “Pan(ag) (HaY X) - i

Since

M(Jyﬂ(aJ)Xn(aJ) Y X
= YR () (1 ) + a -+ 1)y X0,

we see that E(a,j) can be written as E(a,j) = pia >0 Crn Y™ X™ for some

m=n(a,j)
¢m € Fp with n(a,j) < m < p—1. Note that 7, (I + ((a + 1)/2)2> is a product
of some linear polynomials, but = — n(a, j) (n(a,j) +a+ 1) does not appear as a

factor of it. Thus we conclude that ¢, ) # 0, and the first equality in the lemma
is proved.

Similarly, we obtain
E(a,j) _ NaXn(—a,j)Yn(—a,j) -7 (MaXY + ((CL o 1)/2)2>7

using the equality (%) where a is replaced by —a. Then a similar argument in the
last paragraph shows the second equality in the lemma. [ ]

The projective indecomposable U;-module generated by FE(a,j) will be
determined in Theorem 5.8 as the result for » =1 there.
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5. Primitive idempotents in U,

To construct primitive idempotents in U, for r > 2 we need the k-linear map
Fr’ : U — U which was introduced in Section 2. Recall that the linear map Fr’ is

defined by
v (H\ yom)  yrom) () o)
n np

for m,m',n € Z>y.
First we construct primitive idempotents in U°. For a € Z, define an

) H—-a-1
fo = -
pr—1
(1)

We have pe’ = p,, and ,uELT) = ,uér) if and only if @ = b (mod p"). Then the
following holds.

element p” € U° as

Proposition 5.1. (i) Suppose that v > 2. Then for an integer a = ag + a'p
with 0 < ag < p—1 and ' € Z, we have pi"” = /LaOFI‘/(/Lg_l)). In particular, u<
is a U -weight vector of UY -weight a.

(ii) The elements uflr) with a € Z/p"Z are pairwise orthogonal primitive idem-
potents in UY whose sum is 1 € UY.

(iii) MSJ)X“") = X(m),u@Zm and ,uEf)Y(m) = Y(m),u((;sz for a € Z and m € Z>.

a

For details, see 4.7 and 4.8 in [GK15] if p is odd, but the proposition also holds
for p = 2.

If a pair (a,j) € P satisfies (A) or (C), set s(a,j) = (p—a+1)/2 if p is
odd and a is even, s(a,j) = (p—a)/2 if p is odd and a is odd, and s(a,j) =1 if
p = 2, regarding a as the corresponding integer with 0 <a <p—1.

The following lemma will be used later.

Lemma 5.2. (i) Let a,b € Z with 0 <a<b<p—1. Then
1Y (20)Fr (29) XP = o Fr' (2129) X°
forany z1,20 € U.

(ii) Suppose that a pair (a,j) € P satisfies (A) or (C). Let m,n € Zsy with
n(a,j) < m < p—1. Then X" and Y commute with p,Y™X™ @)

whereas
~(H H H .
e (2)- () e
np np (n—1)p

if we define (H) =0 fort<0.

t
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Proof. (i) Without loss of generality we may assume that z; = Y (™) (f )X (m3)
J

with mj, m},n; € Zso and j € {1,2}. For simplicity we set m = my, m’ = mj,

Y = ym) X = X, H = () and Hy = (]). Then we can write

n2

21 = YH; X™) and 2z, = Y™H,X. For each [ € Zs there exist Hy;, Hy; € U°
such that H;Y® = Y(l)HLl and XWH, = H27ZX(l). Then we have

o Fr' (2129) X°
= Y (YH, XY m™WH,X)X"
min(m,m’) .
(H—m—m'+2 -
_ ,uaFr’<YH1 Z Y(m—z)( m .m + Z)X(m ‘Z)HQX)XI’
i=0

]

]

. H—m-—m'+2i "
- X uaFr’<YY<m—l>H1,m_i( mem Z)HW_Z»X““—”X)XI’.

On the other hand, we have

oFT (21 )T (29
paFr' (21)Fr' (22) X
= YT ()P0 (H) B (X)) B (V) RO (H ) By (X) XY
L Fr' ™ (Y)Fr0(Hy ) X Py (mP) Ry (HL ) Fr' (X)X
min(mp,m’p) .
N H — ! 2
_ Z 0% (Y)FI/O(Hl) . Iuay(mp—z) ( (m +‘m )p + Z)
{

=0
x X M PR (H, ) Fr' ™ (X) X

In this sum we consider the i-th summand. Choose a unique integer i’ satisfying
i =i (mod p) and 0 < ¢ < p—1. Then we can write i = i’ + "p for some
i" € Z>¢. Suppose that i’ # 0. We have p,Y (™7~ (H_(erZ.m )p+2l)

. (H + (m — m')p) v (mp—i)
1

B

=0

1!

— ((m—mp\( H (mp—i
— . y (mp %)
! ; < Ip i—lp

()
- ; <(m _lpm/)p) (?’) ((i” Ijl)p) v

On the other hand, if we choose Hy € U° such that X ™P=0F'0(H,) = Hy X (™7~
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then

XPRO(Hy) ' (X)XP = Ha X7 R (X)X
H;Fr'* (X)X (m'P=9) xb

Y Y, L
_ <(m i );H—b Z>H3F1"/+(X)X(m p—i+h).

But either a < i’ or b > ¢’ holds since a < b, and so either j,Y P~ (H _(m+im/)p+2i)

or X P00 (Hy)Fr'"(X)X? must be zero. Therefore, the i-th summand in the
equality of p Fr'(21)Fr'(22)X? is zero if p does not divide i and we have

oY (20)Fr/ (2) X°
min(mp,m’p) H , 9
_ Z Fr' (Y)FI‘/O(Hl) . Iuay(mp—i) < - (m +m )p + Z)
l
i=0
x X PO (H, ) Fr'+ (X)X
min(m,m’)
C(H—
= > BC(YRCH) -y ( |
i=0
x X MP=i) pr0 (H,)Fr't (X) X°.

m+m' — 2i)p
ip

It is easy to see that

(H ~(m ot Qi)p) _ Fr,(]((H— (m ') + 27,))
ip i

by using Proposition 2.1 (v). Recall also that the restriction maps Fr'=%, Fr'<? Fr® Fr'*
and Fr'~ are homomorphisms of k-algebras. Therefore, we obtain

uaFr'(zl)Fr'(ZQ)Xb

mm mm

= Z B (Y)Y (H) R (V) Ry ( (H —(m + m') + 22))

]

xFr’+(X<m “D)FO(Hy) Fr' T (X)X
min(m,m’)

N H — "+ 2i "
_ Z 1, /<0 (YHly(m—z) ( (m +m ) + z) ) Fr/20( X ('~ H, X ) X
i

mm mm

- H— "+ 2i
= 2w (YYW—”Hl,m_Z-( )+ Z))

]

X FI'/>O (Hz’mlfiX(mlii)X)Xb
min(m,m’)

' H — ! 21
_ Z Ja Y (YY) Y0 <H1,m—i ( (m + m') + Z) ) FyO(Hy )
—0

1

xFrH (XM =IX) x?
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min(m,m’) .
. H — "+ 2
— Z IuaFrlf (Yy(m—z))FrIO (Hl,m—i ( (m + m ) + Z) H2’m,_i>
1=0
xFr't (X=X x°
min(m,m’)

. H- )+ 2i -
= Y (YY(m‘Z)HLm_i ( (m +m') + Z) Hy i X" ")X) Xt
=0

The last sum is equal to p,Fr'(2122) X?, and (i) is proved.

(ii) It is easy for p = 2, since p,Y™X™*(@7) = ;1Y in this situation. So
we may assume that p is odd. Set s = s(a,j). It is clear if n = 0, so we may
assume that n > 0. We have

X(np)luamem—s _ IuaX(np)Yme—s

- ~(H—np—m+2: ,
= Wi Y(m—l) X(np—z)Xm—s
e (T

_ m!lj,a Z (H — np + m) Y(m*i)X(np*i)mes

- 1
=0

= mipe Y (“ - "f T m) y i) xm—s x (np—i)

1=0

where the last equality follows from ¢ < p — 1. Consider a summand for i # 0
of this sum. Since X™~*X P~ = (;m — s)!(m_s;ff_i)X(m_H”p_“, we must have
i>m—s if XmsXx i) # 0. On the other hand, we must have a +m —p > i if
(“‘”f“”) # 0 in F,, since p < a+m < 2p —2. But the inequalities ¢ > m — s and
a+m —p > i do not hold simultaneously since (a+m —p)—(m—s)=a+s—p
is not positive. Therefore, each summand for ¢ # 0 must be zero and we obtain
X0y ymxm=s =, ymxm-sx )

In turn, we have

/Laymxmfsy(np) — E (m . S)!luaymy(np—i) (l-—} —np — m + s+ 2Z>X(msz)
1
=0

However, on the right-hand side, only the summand for ¢ = 0 survives. Indeed, if
m > s, we see that

ymy (np=i) — 1 (m —it np) y (m—itnp) _

m

for 1 <i<m — s, since (m_f:”p) =0 in F,. Therefore, we obtain

“amem—sy(np) — Naymy(np)Xm—s
Y(np)luamem—s'
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Finally, observe that

H H+2
“amem—s (np) = Uy ( + 3) ymxm=s

Since 2s < p — 1, we have

SO0 -0
)

But it is easy to see that Zf:—ll (215) (p‘jl) =1 1in F,, and we obtain

i 9 (0 R )

the proof is complete. [ |

Now we shall construct primitive idempotents in U,.. Suppose that r > 2.
Recall from Lemma 4.8 that each primitive idempotent E(a,j) in U; can be
written as

p—1 p—1
E(aaj) = Ha Z CmYme = Ua Z EmeYm
m=n(a,j) m=m(a,j)

for some c,,, ¢, € Fp with cp) # 0 and Gia5) # 0. For each z € U, using the
above notation we define an element Z (z; (a,j )) € U as follows.

- If the pair (a,j) satisfies (A) or (C), then

p—1
Z(25(0) =t Y em¥ " XTOIRY () XD,

m=na,j)
- If the pair (a,j) satisfies (B) or (D), then
Z(z; (a,j)) = F'(2)E(a, j).
Lemma 5.3.  For a pair (a,j) € P and a nonzero element z € U, there exists

a nonzero element 2’ € U such that Z(z;(a,7)) = Fr'(2')E(a,j) = E(a,j)F'(Z).
Moreover, if z € A, then Z(z;(a,7)) also lies in A.
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Proof. Since F(a,j) € A;, the commutativity of Fr'(z’) and E(a,j) follows
immediately from Propositions 2.4 (i) and 2.5. So we have to show the first equality
in the lemma. There is nothing to do if the pair (a,j) satisfies (B) or (D). So we
may assume that (a,j) satisfies (A) or (C). Set s = s(a, j). It is enough to show
the first equality for z = Y (™) (Tg)X(”3) with ny,ng, n3 € Z>¢. By Lemma 5.2 (ii)
we have

H
Z (Y(”l) (m) X (aJ))

p—1

H
= Ug Z Cmmemsy(mp)( )X(n3p)Xs
j nap
m=n(a,j)
p—1
y (mp) (( H ) 4 ( H >)X(”3p),ua Z . YmX™
nap (ng — 1)p

m=n(a,j)

L OREN RN

as required. Moreover, if Y("l)(i)X("B) lies in A (i.e. ny = ng), clearly
Y("l)((i) + (nil))X(“ﬂ) and Z(Y("l)(Z)X("?’); (a,7)) also lie in A. [

Proposition 5.4. (i) For z € U and (a,j) € P, we have E(a,j)Z(z; (a,j)) =
Z(zi(a,j)) = Z (2 (a,5)) E(a, j).

(ii) For a pair (a,j) € P, the map Z(—;(a,j)) U - U, 2 — Z(z;(a,j))
induces an injective k-algebra homomorphism from U to E(a,jUE(a,j).

(iii) Let 21,20 € U and (a1, 1), (az,j2) € P. If (a1,51) # (az,J2), then we have
Z (215 (a1, 1)) Z (223 (a2, j2)) = 0.

(iv) Let u be an element of the subalgebra of U generated by X®) gnd Y
with i > 1. Then, for z € U, we have uZ(z; (a,j)) = Z(Fr(u)z; (a,j)).

Proof. (i) There exists 2/ € A such that Z(z;(a,j)) = F'(¢)E(a,j) =
E(a, j)Fr'(z') by Lemma 5.3. Since E(a,j) is an idempotent, the claim follows.
(ii) By (i), clearly all Z(2;(a,j)) lie in E(a,j)UE(a,j). The linearity of
the map is also clear and the injectivity follows from Lemma 5.3 and Proposi-
tion 2.3. Note also that Z(1;(a,j)) = E(a,j). So we only have to show that
Z(zl; (a,j))Z(zg; (a,j)) = Z(leg; (a,j)) for all z1, 2o € U. Suppose that the pair
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(a,j) satisfies (B) or (D). Then

Z(z13(a,5)) Z (223 (a,5)) = F'(z1)E(a, j)FY (22) E(a, j)
= B (21)FY(22) E(a, j)
p—1
= Z Conta FY (21)FY' (20) XY™
m=n(a,j)
p—1
- Z CmpaFr (2122) XY™ (by Lemma 5.2 (i))
m=n(a,j)
p—1
= Fr'(212) Z Confla XY™

m=n(a,j)
= Fr’(21z2)E(a,j)
= Z(2122; (aaj))‘

Next, suppose that the pair (a,j) satisfies (A) or (C). Set s = s(a,j). Then
Z (215 (a,§)) Z (223 (a, 5))
p—1

p—1
= (ua Z chme_SFr'(zl)Xs)-(ua Z cm/Ym/Xm/_sFr’(ZZ)X‘S)

—— —
p—1 p—1

= [l Z Y X pgaasFY (21) Z C XY™ X TR (25) X
m=n(a,j) m'=n(a,j)
p—1 p—1

= fa Y YXTT ST XY X o B () FY (22) X
m=n(a,j) m/=n(a,j)

Note that a +2s = 0 or 1 in F,, and hence that pa25Fr'(21)Fr'(22) X5 =
farosFr'(2122) X® by Lemma 5.2 (i). Therefore, the last term in the above equalities
is equal to

p—1
E(a,j) Z Cm’Ym/XmLs‘Ma+25FY/(2122)X5
m/=n(a,j)
p—1
= Ea,j) - g Z Cn Y X TR (2125) X°
m/=n(a,j)
= E(a,5)Z (2122 (a, 7))
= Z(z122;(a,7)),

where the last equality follows from (i), and the claim follows.

(iii) We know that E(aq,71)E(ag,j2) = 0 if (a1,71) # (az,72). Then the
claim easily follows from Lemma 5.3.

(iv) Tt is enough to show the equality for v = X®) and u = Y®) with
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¢ > 1. Using Lemma 5.2 we have

X02(21(0,4)) = BY(XO)R()Ea, )

p—1
= > Y (XET)R ()XY
m=ii(a,j)
p—1
= > (X)) XY™
m=i(a,5)
p—1
= B/(XU2) Y Gup XY™
m=(a,j)
= F(X% 2)E(a,j)
= Z(Fr(X(pi))z;(a,j))
if the pair (a,j) satisfies (B) or (D), and
p—1
X®Z(z(a,j)) = X@i)(ug > chmmeFr’(z)XS>
m=n(a,j)
p—1
= 12 Z CnY XX PR (2) X0
m=n(a,j)
p—1
= fa Y Y "X g Y (XPT)RY () X
m=n(a,j)
p—1
= Y Z chme_S,uaJrgsFr/(X(piil)Z)XS
m=n(a,j)
p—1
= p2 ) enY"XTTUR(XPT )X
m=n(a,j)

= Z(Fr(X®)z;(a,5))

if the pair (a,j) satisfies (A) or (C), where s = s(a,j).
Similarly we obtain Y#")Z(z; (a,j)) = Z(Fr(Y®))z; (a,j)) for i > 1, the
proof is complete. [ |

For n pairs (a;,7;) € P, 0 <1 < n—1, define E((ao, s 1), (Joo e ,jn—1))
inductively as
E((ao), (jo)) = E(ao, jo)

and
B(ao, s an ), Gor+ vn 1) = Z(E((an, @), G s n 1)) a0, o))

for n > 2. Note that all E((ao, e an—1), (Jo, o ,jn_l)) liein A, .
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Proposition 5.5.  For r pairs (a;,j;) € P, 0 <i <r—1, the following holds.
(i) We have

M(XT:)::—OI bipiE((am T arfl)ﬂ (j(): e 7.7'1“71)) = E((CLOa T ar71)> (j[): Tt ,jrfl)),

where

b — a; —p Zf (a’ujl) S(lt’l;SﬁeS (A) or (C)7

S if (a;,7;) satisfies (B) or (D)
regarding each a; as the corresponding integer with 0 < a; < p— 1. In particular,
E((ao,+ ,ar-1), (o, »jr—1)) is a US-weight vector of UL -weight Z::_é bip' .

(ii) Suppose that r > 2. Then

Z E((a()?.” ’aT—1)7(j07"' 7j7”—1)> :E((Io,jo).

(ai,ji)€P, 1<i<r—1

(iii) The elements E((ag, -, ar—1), (jo, - ,Jr—1)) with (a;, j;) € P, 0 <i<r—1
are pairwise orthogonal primitive idempotents in U, whose sum s 1.

Proof.  We use induction on r. (i) and (iii) for » = 1 follow immediately from
the definition of F(ao, jo) and Proposition 4.5. Suppose that r > 2.

: (r) N (r=1) . :
(i) We see that MZ:;&bipiE(a7]) = Z<”z{;}b¢pi—l’(ao’jo))‘ Indeed, by

Proposition 5.1 (i) and (iii) we have

r—1 : r—1 .
7 (:u(z::‘:—jl bipifl; ((107 jO)) = Fr/('U(Z:::_I)l bypi-1 )E(ao, ]0)

r—1 .
= (il o Elao, o)
- 0 :
- 'uaoJrZZ;llbipiE(ao’jO)

- ,u(i);r;ol bipiE(a/O7 jo)

if the pair (ao, jo) satisfies (B) or (D), and

p—1
(r-1) . . _ 2 mym—s (r—1) s
Z<ME::_11 bypi—17 (aoajo)) = Hg, (Z . )CmY X Fr/<’uzz’:_11 bipifl)X
m=n(ao,jo
p—1

mym—s r—1 S
= Hag Z Y X Mao+2sFr/(N(Zr:1)l bipi—1 )X
m=n(ao,jo) -

p—1
_ m m—s (7“) S
= Hao Z CmY X /Lao—l—Zs—p—&—Z;;ll bipiX
m=n(aojo)
p—1

— (r) . mym
= Hagpayitlogpi Hao Z em¥Y X

m=n(ao,jo)

= /‘Lg:):;()l bipiE(a’O?jO)
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if the pair (ao, jo) satisfies (A) or (C), where s = s(ag, jo). Then using Proposition
5.4 (i) and (ii) we have

M(z)’“ 1B (@0 ), oy Ge)
= 0Oy Z(B((a, - a), G ) (a0, o)
M(z),_l b iE(ozoajo)Z(E((a17 e ar), (i, 7jr—1)); (ao,j0)>
— Z(/Lgl)lb i 17(a0>]0))Z<E((a1,... car ), (s 2 den))s (ao,jo))

r—1 .
— Z([L(z::;l)l b,'p"—lE((alv e 7a7"_1>, (]1’ . ,]r 1)) ((1,0,]0)>
By induction, we have

:u(zrzgzil)lbipiflE(<a’l7'” 7a7“71>7(j17"' 7.7.7"71)) = E((a’h'” 7a7“71>7(j17"' 7,].7”71)),

and the claim follows.
(ii) By Proposition 5.4 (ii) and induction, we have

S B((aoa), Goo o dee))

(ai,ji)€P, 1<i<r—1

— Z Z(E((al,--- sar_1), (J1, - 7jr—1));(a'07j0)>

(ai,ji)EP, 1<i<r—1

-7 Z E((a1, -+ ar-1), (1, 2 Jre1)); (aoJo))

(ai,ji)€P, 1<i<r—1
= Z(1; (a0, jo))
= E<a07j0),

as desired.
(iii) If (o, jo) # (ag, j;), we have by Proposition 5.4 (iii) that

E((a'()7 e 7ar—1)7 (jOa e 7jT—1))E((aE)7 RN ¢ 1) (307 e aj:«—l)) = 07
so we may assume that (ao, jo) = (ag,j5). Then

E((a07 e 7a7"—1)’ (j07 e 7jr—1))E<(a67 e 7a:*—1)7 (](,)’ Y 7j;—1))
= Z(E((ah T ,Gr—1)> (jl, T ajrfl)); (%Jo))

<Z(E((ah- i), (i i) (a0, o))
= Z(E((a’h"' ’aT—1)7(j1"" 7jT—1))E(<a,17"'7 Q,._ 1) (]17" 7]r 1)) (aO,]O)>

by Proposition 5.4 (ii). By induction, this is equal to

Z(B((ar, - ar), G+ s de))i (a0 o) ) = B((ao, -+ a1), Gos - 5 G-1)
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if (a;,j;) = (a},7;) for all i with 1 <i <r —1, and to
Z(0; (ag, jo)) =0

otherwise. Therefore, we conclude that all E((ag, e ar—1), (Jo, ,jr,l)) are
pairwise orthogonal idempotents. The fact that a sum of these idempotents is 1
follows from (ii) and Proposition 4.5. It remains to show that these idempotents
are primitive. Consider an integer A with 0 < A < p”—1 and its p-adic expansion
A= ZZ:& \ipt. Tt follows from Steinberg’s tensor product theorem that

r—1 r—1
dimy L(A) = [ [ dimeL(A) = JJ (A + 1).
=0 =0

Therefore, the number of the summands in a decomposition of 1 € U, into pairwise
orthogonal primitive idempotents is

(Aos+ s Ar—1)€{0,1,-+ ,p—1}7

= ﬁ (g()\ﬁl))

- T+ 1/2)

= (pp+1)/2)"

On the other hand, the number of the elements E((ao, sy ar—1), (Jo, e ,jr_l))
is (p(p +1)/ Z)T as well. Therefore, these idempotents must be primitive. [

Remark. Note that any idempotent in &/ must have degree 0, namely, it must
lie in A. Since the subalgebra A (hence A, ) is commutative, (iii) gives a unique
decomposition of 1 into a sum of primitive idempotents in U, (see [NT89, ch. 1.
Theorem 4.6]).

We can also give primitive idempotents in U, (7’ > r).

Proposition 5.6.  For v’ > r, the elements

E<(a0’ o ,CLT_1>’ (jOa T 7jr—1))FI',T (:U“,(Z/J_r))

with (a;,§;) €P, 0<i<r—1and 0 < d <p'~" —1 are pairwise orthogonal
primative idempotents in U, ,» whose sum is 1.

Proof. By Proposition 5.5 (iii), all E((ao, s ar—1), (Jo, o ,jr,l)) are pair-
wise orthogonal primitive idempotents in A, whose sum is 1. On the other hand,
(r'=r)

by Proposition 5.1 (ii), all Fr" (g, ") (with 0 < o < p”~" — 1) are pairwise
orthogonal primitive idempotents in the k-algebra Fr'(U4Y_,) whose sum is 1.
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Note that the multiplication map A, @ Fr'" (U _,) = A, is not only a k-linear
isomorphism (see Proposition 2.3) but also a k-algebra isomorphism since A is
commutative. Therefore, all

E((ao’ ... 7ar—1); (jO’ R 7jr—1))Fr,T (Iug;/,r))

are pairwise orthogonal primitive idempotents in A, ,» whose sum is 1. But these
are primitive also in U, ,» since any idempotent in U lies in A. |

The following lemma is used to determine the PIMs generated by the
primitive idempotents.

Lemma 5.7.  Let (a;,j;) € P, 0 <i <r—1, and let t is the largest integer
n with X™E((ag, - ,ar-1), (Jo, . jr—1)) # 0 and 0 < n < p" — 1. Then

t=3"1" (p—1—n(aj))p"

Proof. If r =1, the result follows from Lemma 4.8. Suppose that r > 2. We
use induction on 7. Let n be an integer with 0 < n < p"—1 and write n = ng+n'p
for some integers ng,n’ with 0 <ng<p—1and 0 <n’ <p"~! —1. Then

X(n)E(<a0a e 7a7"—1)a (jOv e 7.j7’—1))
X(no)X(n/p)Z<E((a17 T 7ar71>7 (jla T 7]‘7“71)); (a07j0)>

= X("O)Z<X("/)E((CL1, . 7(@71)’ (jh .. ,,jrfl)); (ao,j0)>
by Proposition 5.4 (iv). By induction the largest integer n’ with
X(n/)E<(a’17 T 7a7"—1)7 (jh T ;jr—l)) 7é 0

and 0 <n' <p~!-1is Z:;ll (p -1- ﬁ(ai,ji))pifl. Then, by Lemma 5.3, there
is a nonzero element z’ € U such that

X0 Z(XWB (a1, ap), G+ 5 de1)); (a0,o) ) = X Bao, jo) B'())

Hence the largest integer ng where this term does not vanish is p — 1 — fa(ao, jo)
by Lemma 4.8. Thus we obtain

t = (p—1—n(ao,jo)) +pZ (p—1—n(a;ji))p""

r—

1
=0

1=

and the lemma follows. ]

Now we describe the main result.
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Theorem 5.8. For 0 <:<r—1, let (a;,);) € P, and set

[ p—24i—1 if(a;,j) satisfies (B) or (C),
Bi= 27, — 1 if (a;, ;) satisfies (A) or (D)

and

po—J @GP if (ai, Ji) satisfies (A) or (C),

o a if (a;, ;) satisfies (B) or (D)
regarding a; and j; as the corresponding integers with 0 < a; < p — 1 and
0 < g < (p—1)/2 except for j; when p = 2. Moreover, let o’ € Z with

0<d < pr/_r — 1. Then the element
E((ao’ ... 7ar71)7 (jO’ R 7]‘7“71))1:\1,/7" (,UEZ; *T))

genemtes a U, -module isomorphz’c to QT(Z:_S Bipt —i— a’p”) provided that
Yoo “bipt >0, and to QT(Z " Bipt + (d! + p") if Zl o bip® < 0. In particular,

the element E((ao, Cee L Qpet), (]0, +++,jr_1)) generates a U, -module isomorphic to

(Zz oﬁzp)

Proof. Since E((ao, s ar—1), (Jo, o ,jr_l))Fr'T (uﬁj,”"”)) is a primitive idem-
potent in U, ,» by Proposition 5.6, it generates a projective indecomposable U, ,-
module isomorphic to @T(A’ + \'p") for certain integers A and A\’ with 0 < X <
p"—1and 0 < X <p”~" —1. The element

E((GOa"' 7ar—1>a(j07"' 7'].7"_1))Fr/r( (T T))

hasL{ Welght 210 '+ a'pt i YT bipt > 0, and 210 '+ p +ap if
S bp < 0, since

E((a07"' aa'r—l)a(jﬂf" 7jr—1)>F (,U((;: T))
D CI(CTSSRA N RS ) ML 4 )
i typsay B (@0 ), Goy o)) 5 b’ >0,

") : : el '
MZZ Obp-l-p +a'pr E((a07"' 7ar71)7<]0>"' 7]r71)) if Zizo bzp <0

By Lemma 4.7, we see that

‘ YN p— 1425 if (a;, ;) satisfies (B) or (C),
bit2(p— 1= fai i) = { 2p — 1 —2j; if (a;, i) satisfies (A) or (D)

= 2(p—1) -6

Moreover, by Lemma 5.7, the largest integer t satisfying 0 < ¢t < p" — 1 and
X(t)E((Goy © oy Q- 1) (.]07 7]r 1)) 7é 0 is Z ( —1- n(aw.]z)) Z'
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Suppose that Z:;Ol bip' > 0. Then we have

r—1 r—1
Zbipi—FQt = Z <b¢+2(p— 1_ﬁ(aiaji))>pi
i=0 i=0
r—1 '
= > Q2p-1)-8)p
i=0
S 2pT__2’
and hence N = a’ and
r—1 ' r—1 4 r—1 '
N=2p" —2— (Zbip’+2t) =2 —2-> (2p—-1)—-p)p' =D _ B
i=0 i=0 i=0

by Proposition 3.1 (i).
Finally, suppose that ') b;p’ < 0. Then we have

r—1

r—1
(Zbipi +p7“> +2t=> (2p—1)=B)p +p >2p —2.
i=0 =0
If  #p”~" —1, then N =d +1 and

r—1
No= 3p”—2—< bipi+pr+2t>
0

— .

r—

= 3p =2 (2-1)-8)p—p"

r—1 )
= Z ﬁz‘pi
=0

by Proposition 3.1 (ii). If o/ = p" " — 1, tlr}ven AN =0 and N = Z;;& Bip*t by

Proposition 3.1 (iii), but @r(zz;é Bip') =2 Q. Bip' + (d + 1)p") as Uyi-
modules since

[en]

r—1 r—1 r—1
Z pip' = Z Bip' +p" = Z Bip' + (@ + 1)p" (mod p’).
=0 =0 =0

Thus the first statement is proved. The second statement is clear. [ |
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