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Abstract. Let K be an algebraically closed field of characteristic zero and
A an integral K-domain. The Lie algebra Der i (A) of all K -derivations of A
contains the set LND(A) of all locally nilpotent derivations. The structure of
LND(A) is of great interest, and the question about properties of Lie algebras
contained in LND(A) is still open. An answer to it in the finite dimensional
case is given. It is proved that any subalgebra of finite dimension (over K)
of Der i (A) consisting of locally nilpotent derivations is nilpotent. In the case
A = Klz,y|, it is also proved that any subalgebra of Der x(A) consisting of
locally nilpotent derivations is conjugate by an automorphism of K|z,y] with a
subalgebra of the triangular Lie algebra.
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1. Introduction

Let K be an algebraically closed field of characteristic zero and A an associative
commutative K-algebra that is a domain. A derivation D : A — A is called locally
nilpotent if for any element a € A there exists a positive integer n = n(a) such that
D"™(a) = 0. The study of locally nilpotent derivations is an important problem in
differential algebra because the exponents of such derivations are automorphisms
of the associative algebra A and they carry information about A. Many papers and
a few monographs are devoted to locally nilpotent derivations (see, for example,
[10], [4], [7], [9], [3], [6], etc). Ome of unsolved problems is to describe all Lie
algebras contained in the set LND(A) of all locally nilpotent derivations on the
algebra A (see Problem 11.6 in [4]). In this paper, it is proved that every finite
dimensional (over K) subalgebra of the Lie algebra Derg(A) consisting of locally
nilpotent derivations is nilpotent (Theorem 2.5). In the case A = Klz,y|, the
polynomial ring in two variables, it is proved that every subalgebra L C LND(A)
of Derg(A) is conjugated with a subalgebra of the triangular Lie algebra us(K)
by an automorphism of K[z,y]. By Rentschler’s Theorem [10], the structure of
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LND(K]|z, y]) is as follows:

IND(K[z,y)) = | Oua(K)6".

0 Aut(K[z,y])

It is proved that every Lie algebra lying in LND(K[z,y]) is contained entirely in
at least one of subalgebras conjugated with ug(K) (Theorem 3.11).

We use standard notations. The ground field K is algebraically closed of
characteristic zero. The quotient field of the integral domain A under consideration
is denoted by R. The set of all locally nilpotent derivations of A is denoted by
LND(A). Any derivation D of A can be uniquely extended to a derivation of
R by the rule: D(a/b) = (D(a)b — aD(b))/b?. If F is a subfield of the field R
and rq,...,r, € R, then the set of all linear combinations of these elements with
coefficients in F' is denoted by F(ry,...,rs); it is a subspace of the F'-space R.
The set Derg(A) of all K-derivations of A is a Lie algebra over K relative to the
Lie bracket: [Dy, Dy] = D1Dy — DyDy for Dy, Dy € Derg(A). The Lie algebra
Derg(A) is also an A-module in a natural way: given a € A, D € Derg(A), the
derivation aD sends any element z € A to a- D(x). In case A = Klz,y], we
denote the Lie algebra Derg (Klz, y]) by Wa(K), any element D € W5(K) is of the
form D = f(x,y)a% + g(x,y)a% for some f, g € K|z, y].

The triangular subalgebra uy(K) of the Lie algebra W5(K) consists of
all the derivations on the ring K[z,y| of the form D = O‘a% + B(x)a%, where
a € K, B(z) € K[z] (about properties of triangular Lie algebras see [1]). Recall
that a subalgebra B of an associative commutative algebra A is factorially closed
in A if the relations ajas € B,a; # 0,ay # 0, imply a; € B and a; € B. A
polynomial a = a(z,y) € K[z,y] is called coordinate if there exists a polynomial
b = b(x,y) € K[z,y| such that K[z, y] = K[a,b]. Then the polynomials a and b
form a coordinate pair (a,b). If f € K[z, y], then f induces the Jacobian derivation
Dy of the ring Kz, y] by the rule: D¢(h) = det J(f, h) for any h € K|z, y|, where
det J(f,h) is the Jacobian determinant of the polynomials f and h. For any
derivation D = fa% + ga% € Der(K[x,y]) we denote by div D the divergence of

D: divD =%+ g—z. The Lie algebra W5(K) is a free module over the ring Kz, y]

(of rank 2), so for any subalgebra L C W5(KK) one can define rank of L over the
ring Kz, y].

2. Finite dimensional Lie algebras consisting of locally nilpotent
derivations

Throughout this section, A denotes an integral K-domain and R the field of
fractions for the algebra A. Recall that a Lie algebra L over a field K is locally
finite (or locally finite dimensional) if every its finitely generated subalgebra is of
finite dimension over K. A Lie algebra L is locally nilpotent if every its finitely
generated subalgebra is nilpotent. We need also some properties of locally nilpotent
derivations, they are pointed out in the next two lemmas.

Lemma 2.1.  Let D be a locally nilpotent derivation of the algebra A and 0 its
extension on the fraction field R of A. Then:
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(a) [4, Principle 1] Ker D is a factorially closed subring of A.
(b) [4, Corollary 1.23] Ker § = Frac(Ker D).

(¢) [4, Principle 11(e)] Transcendence degree of the field R over the subfield
Kerd equals 1.

(d) [4, Corollary 1.20] If D(a) = ab for some a,b € A, then D(a) =0.

Lemma 2.2. [/, Principle 12] Let Dy, Dy be locally nilpotent derivations of the
algebra A such that Ker D1 = Ker Dy = B. Then there exist nonzero elements
a,b € B such that aDy; = bD,.

Lemma 2.3.  (see, for example, [5], p.54). Let L be a finite dimensional Lie
algebra over an algebraically closed field K. Then the algebra L is nilpotent if and
only if every two-dimensional subalgebra of L is abelian.

Lemma 2.4. Let Dy, Dy € Derg A and a,b € R. Then
(a) [CLDl, bDQ] = ab[Dl, Dg] + CLDl(b)DQ — bDQ((I)Dl .

(b) If a,b € KerD; NKerD,, then [aD;,bDs] = ab[Dy, Ds].
Proof.  Straightforward check. [ |

Theorem 2.5. Let K be an algebraically closed field of characteristic zero and
A an integral K-domain. If L is a finite dimensional (over K) subalgebra of the
Lie algebra Derg A and every element of L is a locally nilpotent derivation on A,
then the Lie algebra L s nilpotent.

Proof. Let M be any two-dimensional subalgebra of the Lie algebra L. Our
aim is to prove that M is abelian. Suppose this is not the case and choose a basis
{D1, Dy} of the non-abelian subalgebra M such that [Dy, Dy] = Ds. Let us show
that Ker D; C Ker D,. Take any element f € Ker D;. Then

Dy(f) = [D1, D2](f) = (D1D2—DaD1)(f) = Di(D2(f))—Da2(D1(f)) = Di(D2(f)),

because Do(D1(f)) = D2(0) = 0. Since Dy € LND(A) and Dy (D2(f)) = Do(f),
then Dy(f) =0 (by Lemma 2.1(d)) and f € Ker Dy. But then Ker D; C Ker Dy,
because the element f € Ker D; is arbitrarily chosen.

Let 61, 62 be extensions of derivations D; and D, respectively on the
fraction field R = Frac(A), and let R;, R be subfields of constants for §; and dy
respectively in R. The nonzero derivations D;, Dy are locally nilpotent on A, so
by Lemma 2.1(b) we get equalities Frac(Ker D;) = Ry and Frac(Ker Dy) = R,.
The inclusion Ker D; C Ker D, implies Ry C Ry. Note that by Lemma 2.1(a,c)
the subfields R;, Ry are algebraically closed in the field R and tr.deggp R =
tr.degg, R = 1. Then one can easily show that R, = R, and therefore Ker D; =
Ker Dy. Denote B = Ker Dy = Ker D,. Using Lemma 2.2, we see that there exist
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nonzero elements a,b € B such that aD; = bDy. But then we get
[CLDl, bDQ] = CLb[Dl, DQ] = CLbDQ =0

by Lemma 2.4(b). Since Dy # 0 we have ab = 0. This is impossible, because
A is an integral domain. This contradiction shows that every two-dimensional
subalgebra of the finite dimensional Lie algebra L is abelian. Therefore, L is
nilpotent by Lemma 2.3. [ |

Corollary 2.6.  Let L be a locally finite subalgebra of the Lie algebra Derg(A).
If L CLND(A), then the Lie algebra L is locally nilpotent.

3. On subalgebras of W5(K) consisting of locally nilpotent
derivations.

In this section, A = K]z, y] is the polynomial ring in two variables over the field
K and R = K(z,y), the field of rational functions. W5(K) denotes the Lie algebra
Derg A of all K-derivations of A.

Lemma 3.1.  (/4/, Corollary 4.7) Let D be a derivation of the ring A = K]z, y].
Then D s locally nilpotent if and only if D = Dy = f'(a)D, for a coordinate
polynomial a € A and some f € K[t].

Lemma 3.2. Let Dy, D, be Jacobian derivations of the ring A = K[z, y].
Then [Dy, Dy] = Dy g, where [f,g] = det J(f,g) is the Jacobian determinant of
polynomials f,g € A.

Proof.  Straightforward check. [ |

Corollary 3.3. Let L be a subalgebra of the Lie algebra Wo(K). If L C
LND(A), then L satisfies the Engel condition, i.e. for any Dy, Dy € L there
exists an integer k > 1 (depending on Dy, Dy ) such that [Dy, Ds, ..., Ds] =0.

k

Proof. Take arbitrary Dy,Ds € L. Since D;, Dy € LND(A), Lemma 3.1
implies Dy = Dy and Dy = D,, for some f,g € A. It follows from Lemma 3.2 that
(D1, Ds] = Dyp g = —Dgy(f), where [f, g] = det J(f, g) is the Jacobian determinant

of f,g € A. Further,
[D17D27"‘7D2 :Dhu

k

where h = ... |[f,9l,9],---,9 = 1|f,9,9,...,9|. It is easy to check that
L. [lf.gl9)- 9l =1f99--.9 y

k k
£.9:9,-.g) = (~1)FDA(f).
k
Since D, is locally nilpotent, we get D’;( f) = 0 for a sufficiently large k. The

latter means that [Dy, Do, ..., Dy] = 0. n

k



PETRAVCHUK AND SYSAK 1061

Recall that the Lie algebra W5(K) = Derg(K|x,y]) being a vector space
over the field K is also a K[z, y|-module. So we may say about linear dependence
over K[z,y] for elements of W5(K) and about rank rksL over A = K[z, y| for
any subalgebra L C W5(K) (we consider L as a set of elements of the A-module
W3 (K)).

Lemma 3.4.  Let Dy, Dy be locally nilpotent derivations of the ring A = K|z, y].

(1) If Dy and Do are linearly dependent over A, then there exists a coordinate
polynomial a € A such that Dy = Dy, Dy = Dy for some f,g € K[t].

(2) If Dy and Dy are linearly independent over A and [Dq, Ds] = 0, then there
exists a coordinate pair (a,c) such that Dy = D,, Dy = D..

Proof. Since D; € LND(A), Lemma 3.1 implies that D = Dy, for a coordi-
nate pair (a,b) and some f € KJt]. Similarly, since Dy € LND(A), there exists a
coordinate pair (c,d) such that Dy = Dy for some g € K[t].

(1) Let r1Dy+4719Dy = 0 for some 11,79 € A, and at least one of 71, 9 is nonzero.
Without loss of generality, one can assume that D; # 0 and Dy # 0. Then
it obviously holds the equality Ker D; = Ker D,. Since Ker D; = K[a] and
Ker Dy = K]¢], we get K[a] = K[¢]. Then ¢ = p(a) for some ¢ € K[t], and
Dy = Dy(e) = Dy(p(a)) = Dga(a)-

(2) Let Dy, Dy € LND(A) be linearly independent over A and [Dy, Dy = 0. By
Lemma 3.2, we have

[Dh D2] = [Df(a)v Dg(C)] = D[f(a),g(C)] =0,

where [f(a),g(c)] = det J(f(a),g(c)). It is easy to check that [f(a),g(c)] =
f'(a)g'(¢)[a,c]. Then we get

Dif(a)g(e) = Dyrayg )ad = 0,
and hence f’(a)g'(c)[a, ] € K.

Let us show that f'(a)g’(c)[a, c] € K*. Indeed, if f'(a)¢'(c)[a, ] = 0 then [a,c] =0,
because f'(a) # 0, ¢'(c) # 0 (note that deg f > 1 and degg > 1). The equality
[a,c] = 0 implies that D, and D, are linearly dependent over A (see [9, Corollary
7.2.10]). This contradicts our assumption.

Therefore, f'(a)g'(c)[a,c] € K* and especially [a,c] € K*. Since (a,b) is a
coordinate pair, there exists a polynomial p(u,v) € K[u,v] such that ¢ = p(a,b).
It follows

0.6) = [a.p(a, )] = - (pla,b))la.b] € K.

Thus, 2 (p(a,b) € K*. This implies that ¢ = p(a,b) = ub+ ¢(a) for some p € K*
and ¢ € K[t]. Since the polynomials a and ub + ¢(a) form a coordinate pair in
A = K[z, y], we get that (a,c) is also a coordinate pair in A. Furthermore, from

the relation f'(a)g'(c)[a,c] € K* we get deg f = degg = 1. Write f(t) = at + 3,
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g(t) =~t+6 for o, 8,7,0 € K, a,7 # 0. Then Dy = Dygyp and Dy = Dopys.
Clearly, ca+ 3 and vb+§ form a coordinate pair in A. Without loss of generality,
we may denote awa + 5 by a, vb+ 9 by ¢, and get D, = D,, Dy = D,., where
(a,c) is a coordinate pair in A. ]

Lemma 3.5. Let L be an abelian subalgebra of the Lie algebra W5(K) (not
necessarily finite dimensional over K). If L C LND(A), then L is one of the
following algebras:

(1) L = K{{fi(a)Do}ier), where {fi(t) € K[t],i € I} is a finite or a countable
finite set of polynomials that are linearly independent over K, and a € A is a
coordinate polynomial.

(2) L =XK(D,, Dy), where (a,b) is a coordinate pair in A.

Proof. Let rkyL =1 and D € L be nonzero. By Lemma 3.1, there exists a
coordinate polynomial a € A such that D = Dy = f'(a)D, for some f € K[t].
Take an arbitrary Dy € L. Then D; and D are linearly dependent over A. By
Lemma 3.4(1), there exists g € K[t] such that Dy = Dyuy = ¢'(a)D,. Thus,
L C Kla]D,. Since Kla]D, has a countable basis over K, we can find a finite or
a countable infinite basis {f;(a)D,}icr of the Lie algebra L. We see that L is of
type 1).

Now let tky L = 2. Take arbitrary Dy, Dy € L that are linearly independent
over A. Since the Lie algebra L is abelian, [D;, D3] = 0. By Lemma 3.4(2), there
exists a coordinate pair (a,b) € A such that Dy = D,, Dy = D;,. Then for every
D= fD,+ gD, € L, where f,g € A, we have

0 = [Da, D] = Da(f)Da + Da(g) De,

0 = [Dy, D] = Dy(f)Da + Dy(g) Dy

Since D, and D, are linearly independent over A, we have D,(f) = D,(g) = 0
and Dy(f) = Dy(g) = 0. These equalities imply that f, g € Ker D, N Ker D, = K.
Therefore, L = K(D,, Dy). ]

Lemma 3.6.  Let L be a subalgebra of the Lie algebra Wo(K) with tkaL = 2. If
L C LND(A), then there exist linearly independent (over A) elements Dy, Dy € L
such that [Dy, Ds] = 0. Moreover, there exists a coordinate pair (a,b) € A such
that D1 = Da7 DQ = Db-

Proof. Take any elements D, Dy € L that are linearly independent over A.
Consider inductively defined elements Dy, = [Dy,D;] € L for k > 2. By
Corollary 3.3, there exists the least number s, s > 2, such that D,y = 0. If
Dy and Dy are linearly independent over A, then we denote D, by Dy and all
is done. Assume that D;, D, are linearly dependent over A. By Lemma 3.4(1),
there exists a coordinate polynomial a € A such that Dy = Dy, Ds = Dy
for some f,h € K[t]. Since Ds_; € LND(A), Lemma 3.1 implies that there
exists a coordinate polynomial ¢ € A such that Dy = Dy, for some g € K[t].
Note that D; and D,_; are linearly independent over A. Indeed, in the opposite
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case Dy = Dy, (g and D,_; = Dy, (q) for some coordinate polynomial d € A and
fi1,91 € K[t] (see Lemma 3.4). By Lemma 3.2,

[Dgyays D) = Dy @ia.a = 0;

and thus [D,_q, D1] = Dy, = 0. This contradicts our choice of Dj.
It follows from linear independence of Dy and D,_; that detJ(a,c) =
la,c] # 0 (see, for example, [9, Corollary 7.2.10]). Further, we have

Dy = [Ds-1, D1] = [Dy(cy, Dsa)] = Dig(e).f(a)) = Do) f'(a)lc.als

and since Dy = D) we get
g'(c)f(a)le, a] = h(a) + . (1)
for some v € K. The field K is algebraically closed, so we have
h(a) +v=pla—ay)(a—az)...(a—ay),

where p € K* and ay,q0,...,q, are all the roots of the polynomial h(a) + .
Rewrite the equality (1) in the form

§()f (@)le,a] = pla— ar)(a —as)... (a — ay). (2)

The polynomial «a is coordinate and thus all the polynomials a —a;, 1 =1,2,...,k
are irreducible.

Let us show that [c,a] € K*. It was mentioned above that [c,a] # 0.
Assume that [c,a] € Klz,y] \ K. It follows from (2) that [c,a] is divided by
some a — «;, assume by a —ay. Then [c,a] = D.(a) = (a — a;)u(z,y) for some
u(z,y) € Klz,y]. It is obvious that D.(a — o1) = (a — a;)u(z,y) and hence
D.(a —ay) =0 = [c,a] (see, Lemma 2.1(d)). Contradiction. Thus [c,a] € K*. It
follows from this relation that [D., D,] = Dj.q = 0 and D, and D, are linearly
independent over A. By Lemma 3.4, we see that (a,c) is a coordinate pair for
A =Kz, yl.

We now find an element D such that D,_; and D are linearly independent
over A and [D, Ds_4] = 0. It follows from the equality (2) that ¢’(c) is a nonzero
constant, because p(a — ag)(a — ag)...(a — ag) is divided by ¢’(c) and the
polynomials a,c are algebraically independent over K. Thus g(c¢) = ¢ + o for
some € K*, 0 € K and D,y = Dy) = Dgeyo. Without loss of generality, we
may assume that D;_; = D, and [a,c] = 1. Denote deg f(t) by m (recall that
Dy = Dy(qy ). Then put

D= [Dl, D, 4,... ’Ds_ll] = Df(?nfl)(a)[aﬁ} €L,

-~
m—1

where f(m~V(t) is the (m — 1)-th derivative of f(¢). Since deg f(t) = m, we get
D = Ds,ir for some 6 € K*, 7 € K and may assume that D = D, . Therefore,
D,y and D are linearly independent over A. Moreover, [5,D3,1} = Ds = 0.
Thus by the denoting D = D and Dy = D, 1, we get desired derivations, and
(a,c) is the desired coordinate pair in A. n
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Lemma 3.7.  Let L be a subalgebra of the Lie algebra Wo(K) with tkaL = 2.
If L CLND(A) and dimg L > 3, then there exists an automorphism 6 of the ring
A such that OLO7' contains the elements (%, (%,xa%.
Proof.  The Lie algebra L contains elements D,, D,, for a coordinate pair (a,b),
by Lemma 3.6. These elements are linearly independent over A and [D,, D,] = 0.
Define an automorphism ¢ € Aut(A) by the rule: ¢(a) = z,¢(b) = y. Then ¢
induces an automorphism ¢ of the Lie algebra W5(K), namely: ¢(D) = nggo‘l

for any D € Wy(K) (see, for example, [1]). One can easily see that Do~ ay

and @Dy~ ! = —a%. Denote L; = @pLe~!. It is a subalgebra of the Lie algebra
W5(K). The Lie algebra L; consists of locally nilpotent derivations of the ring
A and 2 ,8@ € L;. Let us show that L; contains an element D of the form
D = p(x y)ax + q(x,y)a% with degp < 1,degq < 1 and at least one of these
polynomials is nonconstant. Take any element D; € L; \ K<8w’ om ) (such an
element does exist because dimg L > 3). Let Dy = u(z,y)Z + v(z, y)aay, where
u(z,y),v(r,y) € Klz,y]. Without loss of generality we may assume that degu >
degv and degu > 1. Using the following relations

) o 0 0 0,0
[G_m’Dl] uma_+ ray [a—y =

one can easily show that for some s,k, s > k we have

0°u 24_ 0°v EEL
Oxkys—k 0z~ Oxkys—F Oy b

where the polynomial # is of degree 1 and #}_k is of degree < 1. Thus,
one may assume that L; contains an element D = p(x Y) ai + q(z, y)da , where

degp <1, degg < 1 and D ¢ K( € Ly, this element D can
be chosen in the form

Since

8x’6y> Bm’ay

D = (an iz + 0412?/)6% + (a1 + ozzzy)a%,

where a1, a2, a1, o € K and at least one of them is nonzero.
The locally nilpotent derivation D has zero divergence (see, for example,

[4, Corollary 3.16]), so we have ajq; + aag = divD =0 . Then

D = (ana + aisy) g + (anr — any)y;
and hence D = D, for the polynomial h = ag2?/2 — a2y — a12y?/2. There
exists (by Lemma 3.1) a coordinate polynomial ¢ € A such that h = g(c) for some
polynomial ¢(t) € K[t]. If degg = 1, then h is a coordinate polynomial. This is
impossible, because h is reducible as a homogeneous polynomial in two variables.
Hence degg = 2 and degc = 1. A straightforward check shows that there exist
u,v € K such that h = (ux + vy)?. Choose a polynomial uyx + 11y (py, vy € K)
in such a way that puv; — v = 1. The polynomials ux + vy, pix + v, form a
coordinate pair in K[z, y], and thus there exists an automorphism 1 of the ring
A defined by the rule: ¥ (ux + vy) = z,¢(u1xr + v1y) = y. Denote Ly = L.
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One can easily check that

_ 0 _ 0
wDyx+l/y¢ t= 3_y7 1/)Du1a:+1/1y1/} b= _%‘
Since Dzivy, Dyratny € L1, we obtain that aaswag € Ly It follows from the

equality Dy~ = 225 a that z-2 € Ly. Thus Ly = 0L~ Uand {Z >ay> a%} C
Lo, where 0 = ¢ € AutA [

Lemma 3.8.  Let L be a subalgebra of the Lie algebra Wo(K) such that L C
LND(A). If {86;, aay’ 9 } C L, then every element D = p(x, y)ai —i—q(x,y)a% of L

with max{degp, deg q} < 1 belongs to the Lie subalgebra K<8x’ By x%).
Proof. Since 8%,% € L, one can assume, without loss of generality, that

D = (anzr + oqu)a% + (o + omy)a%, where aqp, s, an1, 00 € K and at
least one of them is nonzero. The derivation D is locally nilpotent, so we have
divD = aq1 + age = 0 (see [4, Corollary 3.16]). Then

0 0 0 0
—,D| = — —y—)—2 — € L.
[x(‘?y ] au(x(‘?m y@y) O‘”‘”ay
Since xd@ € L we get app(r2 — yaa) € L. But (:Ea% — 6) ¢ LND(A) and
therefore a9 = 0. Thus D = 0411( ya )+ 0421:63 and by the same reason,
we have a7 = 0. Hence D = 01211’ and D e K((%, %,x%>. [

Lemma 3.9. Let L be a subalgebra of the Lie algebra Wo(K) such that L C
LND(A). If {Z, Z,2£} C L, then for any D = p(x,y) % + q(x,y) L € L with
max{degp,degq} > 1 the following is true:

1) degp < degq.

2) the highest homogeneous component of the polynomial q¢ = q(x,y) de-
pends only on x.

Proof.  Suppose there exists D = p(z, y) ~+q(z, y)Z oy € L satisfying conditions
of the lemma such that degp > degg. Denote m = degp, then m > 1 by
conditions of the lemma. Since

0 0 0 0 0 0
—, D] = — € L and D] = — e,
(55 Pl =rog +qxa €L an [ay | =¥y52 +qya S
it is easy to show that for any nonnegative integers k, s, k < s, we have
dop 0 0°q 0

— 7+t —-—€L.

Ox*dys—F dx  OxFOysF Ay

Denote by p,,(z,y) the highest homogeneous component of the polynomial p(z, y).
Let pp(x,y) = Doty Qim—iz'y™ " for a;; € K and let, for example, ay,—r # 0.
First, let £ > 0. Then as above

amflp ) 8m71q ]

Dy = D10y F o + Drh—10ym—k 9y

€L,
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and D; is of the form D; = (ayx + f1y + 71)89: (017 + 1y + V1)—y with all the
coefficients in K. Since ay - 7# 0, we have a; # 0. The latter is impossible by
Lemma 3.8. Further, if £ =0, i.e. ag,, # 0, we get

am—lp o am—lq o
Dy=2 P97 99 p
2 Gyl ox * oy™m—1 dy ’
Dy is of the form Dy = (a2x+ﬁ2y+72)ax (52x—|—,u2y+yg) 95 with all the coefficients
in K, and ay # 0 because «y,, # 0. This is also impossible by the same reason.
Therefore degp < deg g for any derivation D = p(«x, y)a% + q(z, y)a% e L.

Denote n = degq(z,y) and let ¢,(z,y) be the highest homogeneous com-
ponent of the polynomial ¢q. Suppose deg, qn(x,y) =1 > 1. Then as above

o P 0y o

Ox"—toy!=1 0z~ Qanloyl—1 Qy
and D3 is of the form D3 = Oz% + (Br + vy + 5)% with v # 0 because
deg, g, = [. Since {aw By a%} C L we get ?/a% € L. The latter is impossible
because ya—y ¢ LND(A). The obtained contradiction shows that deg, g,(z,y) =0
and therefore ¢, = g,(x).

Lemma 3.10. Let L be a subalgebra of the Lie algebra W5(K) such that L
LND(A). If {£,2 50T 8} C L, then every element D € L is of the form D

al +q(z)2 S where a € K and ¢(t) € K[t].

I

Proof. Suppose L contains elements D of the form D = p(z, y)a‘i + q(x, y) 88y

with p(az y) € K[z, y]\K. Choose among such elements an element D = p(z, y) =+
q(z, y) with a minimum deg ¢. Let us show that p(z,y) is a polynomial only in
x. Suppose to the contrary that p)(z,y) # 0. Then

) a o o, 0 )

[xa_yv D] = [xﬁ_y’p% + qa—y] = TPy5 +(=p+ $Qy)8_y

D1 =
and D; € L. Since zp], # const, we have that deg(—p+xq,) > degq by the choice
of the polynomial ¢. By Lemma 3.9(1), degp < deggq, and by Lemma 3.9(2),
deg q; < degq— 2. Thus deg(—p+ xq;) < degq. This contradicts our choice of D
and therefore p; = 0, i.e. p=p(z).

Further 5 5 5
—. D €L
[6:1: | = pxa + ¢, (x, y>ay

and degq,<degq. By the choice of D, we get p/€K. Since p(z) € K|z,y] \ K,
we have p(z) = az + (3 for some a e K+ g ek Without loss of generality, one
can assume that § =0 because 5- € L. We have D = ax —+q(z,y) 5 8 . Then

9 o, 0
[%7‘D] - a%+qz(x7y)a_y S
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and hence ¢, (z, y)a% € L. The inclusion L C LND(A) implies that every element

of L has zero divergence and therefore ¢, (7,y) = 0. One can easily show that

q(z,y) = u(y) + r(x) for some univariate polynomials u(t),r(¢) € K[t]. The latter
)

means that D = oz + (u(y) + r(x))a% and since divD = a + u/(y) = 0, we
)

get u(y) = —ay + § for some § € K. Since 3y € L, we may assume that

0 = 0. Thus D = a(xa% — ya%) + r(:v)a%. By Lemma 3.1, D = D_ppyts(a)
where s(x) is a polynomial such that s'(x) = r(z). By the same lemma, we have
—azy+s(x) = f(a) for a coordinate polynomial a = a(z,y) and some f(t) € K[t].
Note that a,(z,y) # 0 because in the other case o = 0 which contradicts the
hypothesis on « (recall a € K*).

Since this fact, if deg f(t) > 2, then we get deg, f(a) > 2. The latter is
impossible because of equality f(a) = —axy + s(z). Therefore, deg f(t) = 1 and
f(a) = axy+s(z) is a coordinate polynomial of the ring K[z, y]. Denote by sq the
constant term of the polynomial s(x). We see that f(a) — so = —azy — s(z) — so
is also a coordinate polynomial. But the polynomial axy — s(x) — so divides by z
and thus is reducible. The obtained contradiction shows that every element D € L
is of the form D = oc% —i—q(m,y)a%, a € K. Since divD = ¢, (z,y) = 0, we get that

g depends only on z. Therefore, D = a% + q(x)a%. [

Theorem 3.11.  Let L be a subalgebra of the Lie algebra Wo(K). If L consists of
locally nilpotent derivations of the ring K[x,y], then there exists an automorphism
¢ : Klz,y] — Klx,y] such that Ly = Lo~ is a subalgebra of the triangular Lie
algebra uq(K).

Proof. If L is abelian, then the statement of the theorem follows from Lemma
3.5. Let L be nonabelian. Then rky(L) = 2 and dimg L > 3. By Lemma
3.7, there exists an automorphism ¢ of the polynomial ring K[z,y| such that
the Lie algebra L; = ¢Ly~! contains the elements 6%, a%, ma%. By Lemma 3.10,
every element D € L; is of the form D = a2 + q(x)a%. The latter means that
L1 Q U (K) [

Corollary 3.12.  Every mazximal (by inclusion) subalgebra of the Lie algebra
W(K) which is contained in the set LND(K[z,y]) is either us(K) or one of its
conjugated by automorphisms of K|z, y] subalgebras.

Remark 3.13. By the known Miyanishi’s Theorem [8] and a result of D.
Daigle [2], every nonzero D € LND(K]xz,y, 2]) is of the form D = hD,;), where
a,b € Klz,y, 2] such that Ker D = Kla,b], Dz is a jacobian derivation and
h € Ker D = K]|a, b]. Unfortunately, this fact does not enable to prove that every
Lie algebra L C LND(K][z,y, z]) is Engelian (as in the case LND(K]z,y]), in
Corollary 3.3).
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