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Abstract. In 1994, Kac and Wakimoto suggested a generalization of Bern-
stein and Leites’ character formula for basic Lie superalgebras, and the natural
question was raised: to which simple highest weight modules does it apply?
In this paper, we prove a similar formula for a large class of finite-dimensional
simple modules over the Lie superalgebra gl(m|n), which we call piecewise dis-
connected modules, or PDC. The class of PDC modules naturally includes totally
connected modules and totally disconnected modules, the two families for which
similar character formulas were proven by Su and Zhang as special cases of their
general formula. This paper is part of our program for the pursuit of elegant
character formulas for Lie superalgebras.
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1. Introduction

It is well known that the theory of character formulas for simple finite-dimensional
modules over a Lie superalgebra is a nontrivial extension of the classical case. The
problem originates from the existence of the so called atypical roots. In the absence
of these roots, Kac proved in 1977 that the Weyl character formula generalizes
in a straightforward fashion to finite-dimensional basic classical Lie superalgebras
[K2,[K3]. In 1980, an elegant Weyl-type character formula was proven by Bernstein
and Leites [BL] for simple highest weight modules of atypicality 1 (see Section
over finite-dimensional basic classical Lie superalgebras. Let L (A) be a finite-
dimensional simple module of highest weight A and with atypical root 3, then

e/\er
epR -ch L (A) = Z (—l)l(w)w (m) s

weW
where R is the Weyl denominator. In 1988, this formula was generalized by Kac

and Wakimoto to a large class of modules over infinite-dimensional symmetrizable
Kac-Moody superalgebras [KW1].
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Great efforts were invested in generalizing this formula to all finite-dimen-
sional modules of gl (m|n). It was shown in [VHKT] that such a formula does
not hold for all modules but does hold for various families of modules, such as
the covariant and contravariant modules. In [KW2], Kac and Wakimoto stated
a similar formula for the case when all of the atypical roots are simple. This
was proven by the authors in |[CHR] for gl(m|n)- modules, and for modules
over other Lie superalgebras in |[CKI1l [GK]. In [SZ], Su and Zhang gave a closed
character formula for all finite-dimensional gl (m|n)-modules, based on the work
of Serganova [S1l, [S2] and Brundan [B]. However, this formula is rather intricate
and difficult to apply. For modules of atypicality r, the Su-Zhang formula consists
of an alternating sum of up to 7!- 27! terms, each of which resembles the Kac-
Wakimoto formula. Therefore, it is still a major goal to find classes of modules
which satisfy a simpler Weyl-type character formula.

In this paper, we present a class of gl (m|n)-modules for which we prove
a Weyl-type character formula. Our formula consists of only one Kac-Wakimoto
term. We call these modules piecewise disconnected, or PDC. This class of modules
naturally extends the two classes previously known to admit the Kac-Wakimoto
formula: the totally connected modules and totally disconnected modules (see [SZ,
Corollaries 4.13 ,4.15]). The PDC modules are the modules whose highest weight
splits into components, each of which resembles a totally connected module while
the relation between these components resembles a totally disconnected module
(see Definition [3.5)).

The class of totally connected modules includes the covariant and con-
travariant modules and was shown by the authors in [CHR] to be precisely the
same class of modules for which the Kac-Wakimoto formula was originally conjec-
tured in [KW2] Section 3], [KW3, Conjecture 3.6]. Totally connected modules and
totally disconnected modules were also studied over the queer Lie superalgebras in
[CK2] where closed character formulas for these classes were derived and proven.

Our main result is as follows. Let L (A) be a PDC gl(m|n)-module of
highest weight A with respect to the standard choice of simple roots. We prove
the following character formula for L (\):

(=1)| O =Nls, l )T
e’R-ch L(\) = —1)! )y , 1
(A) o u;y( ) Tses, (L +¢?) (1)

where Sy is a maximal orthogonal set of atypical roots; the weight (A\? )ﬂ is obtained
by adding certain atypical roots to A+ p; the exponent |(A\*)T—\?|g, is the number
of such roots added; and t, is a positive integer determined by the lengths of the
atypical components of A (see Definitions and .

When the defect of gl(m|n) (i.e. min{m,n}) is less than or equal to
2, then all modules are PDC and so the character formula above applies. This
follows from the fact that the defect is equal to the maximal possible atypicality
of a weight. The standard module of g = gl (m|n) is totally connected, and hence
PDC (see Example [3.10). If g = gl (m|n) has defect greater than or equal to 3,
then the non-trivial simple subquotient of the adjoint module of g is not PDC
(see Example . However, the module g ® g ® --- ® g obtained by tensoring
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n — 1 copies of the adjoint module contains a simple subquotient that is PDC but
is neither totally connected nor totally disconnected (see Example .

It is natural to ask about character formulas in other choices of simple roots.
Using the techniques of the authors from [CHR] for totally connected modules one
can use odd reflections on the right hand side of the character formula (|1}) to obtain
character formulas for other choices of simple roots.

Totally connected modules (also known as Kostant modules) admit charac-
ter formula , and these modules were shown to possess a BGG-type resolution
by Brundan and Stroppel in [BS2, BS4]. It would be interesting to determine
whether or not PDC modules possess a BGG-type resolution.

Our proof of the above character formula uses Brundan’s algorithm for
computing Kazhdan-Lusztig Polynomials [B] in the language of [BS1] and is based
on ideas from [SZ]. In particular, the right hand side of is expanded as a
geometric series parameterized using paths given by the algorithm of Brundan
and Stroppel. Unlike the totally connected and totally disconnected cases, for a
general piecewise disconnected weight A, the weight ()\p)TT appearing in formula
does not correspond to a highest weight vector for any choice of simple roots.

2. Preliminaries

2.1. The general linear Lie superalgebra.

Let g denote the general linear Lie superalgebra gl(m|n) over the complex
field C. As a vector space, g can be identified with the endomorphism algebra
End(V5 @ Vi) of a Zy-graded vector space Vi@ Vi with dim V5 = m and dim Vj =
n. Then g = gy @ g1, where

go = End(V5) ® End(Vi) and  g; = Hom(V5, Vi) ® Hom(V7, Vg).

A homogeneous element = € gz has degree 0, denoted deg(x) = 0, while = € gy
has degree 1, denoted deg(x) = 1. We define a bilinear operation on g by letting

[, y] = xy — (—1) 4B AWy

on homogeneous elements and then extending linearly to all of g.
By fixing a basis of V5 and Vj, we can realize g as the set of (m-+n)x (m+n)

matrices, where
A 0
90_{(0 B)lAEMm,mvBeMn,n}a

0 C
91—{(D 0)’C€Mm,n7D€Mn,m}u

and M, , denotes the set of r X s matrices.

2.2. Root space decomposition and choice of simple roots.
The Cartan subalgebra § of g is the set of diagonal matrices, and it has a
natural basis

{El,b ey Em,m7 Em+1,m+17 ey Em+n,m+n};
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where F;; denotes the matrix whose ¢j-entry is 1 and all other entries are 0. Fix
the dual basis {e1,...,em;01,...,0,} for h*. We define a bilinear form on h* by
(€i>€j) = 51']' = —((51,5]) and (Si,5j) =0.

Then g has a root space decomposition g = hd (®a€A6 ga> > (®a€A1 ga) )
where the set of roots of g is A = Aj U Aj, with

Ag={ei—¢;|1<i#j<m}U{o,—|1<k#Il<n},
A ={x(g; —0x) | 1 <i<m, 1 <k<n},

and g., ., = CEyj, 95,—5, = CEniimtts 9ei—6, = CEimir, 96—, = CEnpp

The Weyl group of g is W = Sym(m) x Sym(n), where Sym (k) denotes
the symmetric group of degree k. The group W acts on h* by permuting the
indices of the €’s and by permuting the indices of the ¢’s. In particular, the even
reflection s, ., interchanges the ¢ and j indices of the &’s and fixes all other
indices, while ss, 5, interchanges the k& and [ indices of the ¢’s and fixes all other
indices.

A set of simple roots m C A determines a decomposition of A into positive
and negative roots, A = AT UA™. There is a corresponding triangular decompo-
sition of g given by g = n* @ h @ n~, where n* = Goep+da. Let AT = AzN AT
for d € {0,1}. For the rest of the paper, we fix the standard choice of simple roots

™ = {61 —E€92,...,&Em—-1 —Em-HEm —(51,(51 _62---7671,—1 _511}
The corresponding decomposition A = AT U A~ is given by

Ag = {5i_5j}1§i<j§mu{6k_61}1§k<l§n and A% = {51—5k}1§z‘gm, 1<k<n- (2)

The standard choice of simple roots has the unique property that W fixes A{’.
Moreover, it contains a basis for Ag, which we denote by 7p.

Let p = %Z%Aga - %ZaeA% a. Then for a € m, we have (p,a) =
(o, 0) /2.

We define the root lattice as Q = _ .. Za and the positive root lattice
as Q" = . Na, where N = {0,1,2,...}. A partial order is defined on h* by
p>v when p—veQr.

2.3. Finite dimensional modules for g = gl(m|n).
For each weight A € bh*, the Verma module of highest weight A is the
induced module M (A) := Ind},  Cy,

M(X) :=Ind?

n+@bc)"

where C, is the one-dimensional module such that h € b acts by scalar multi-
plication of A(h) and n™ acts trivially. The Verma module M (\) has a unique
simple quotient, which we denote L(\).

For each A\ € h*, let Lg(\) denote the simple highest weight gg-module
with respect to m5. The Kac module of highest weight \ with respect to 7 is the
induced module

K(\):=Ind® L)

g()@n%'
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defined by letting nf := Dacatbo act trivially on the gg-module Lg(A). The
unique simple quotient of K(\) is L(\).

Let by = > ,c.Ra . A weight v € by is called integral (resp. dominant;
strictly dominant) if (X, a) € Z (resp. (A, o) > 0; (A, ) > 0) for all &« € A7,

where (\, a) = z(g\s))

For a proof of the following proposition see for example [M| 14.1.1]. Given
A € b*, we use the abbreviation A\ := \ 4 p.

Proposition 2.1. Let g = gl(m|n) and X € b*. Then, L(\) is a finite
dimensional g-module iff Lg(\) is a finite dimensional gg-module iff the Kac
module K(X) is a finite dimensional iff X\ is a dominant integral weight iff AP
18 a strictly dominant integral weight.

An element \ € hg" is called regular if (v,¢;) # (v,¢;) and (v,6;) # (v, 6;)
for all © # j. An element v € b} is regular if and only if there exists w € W such
that w(v) is strictly dominant.

2.4. Atypical modules.

Let L(A) be a finite dimensional g-module. We call § € Ag atypical
it (\,B) = (8,8) = 0. The atypicality of L(\) is the maximal number of
linearly independent roots fi, ..., 3, such that (8;,5;) = 0 and (A, ;) = 0 for
i,7=1,...,r. Such aset Sy ={5,...,05,} is called a A\ -mazimal isotropic set,
and we assume that the elements of Sy are ordered so that 3; = ¢,, — d, and
¢ < qit1- As in [KW2], we denote the atypicality of L(A) by atp(A\?) = r. The
module L(\) is called typical if this set is empty, and atypical otherwise. For the
standard choice of simple roots the set S) is uniquely determined.

Let P denote the set of integral weights, P the set of dominant integral
weights, and define

P*={p€ P | (ue)€Z, (in,0;) € Z}.

Remark 2.2. When studying the characters of simple finite dimensional atyp-
ical modules, we may restrict without loss of generality to the case that A € PT.

See Remark 8 in [CHR].

2.5. Weight diagrams and cap diagrams.

Diagrams encoding the weights of a module (among other things) were
introduced by Brundan and Stroppel in [BS1] and were shown to have numerous
applications to the representation theory of gl(m|n). In particular, Brundan
and Stroppel show that in some cases the corresponding Khovanov algebra gives
rise to a category equivalence with representations of G'L(m|n) [BS4]. Similar
diagrams for osp (m|2n) were used to study character formulas and give certain
decomposition numbers for SOSP(m|2n)-modules by Gruson and Serganova in
IGST) IGS2] and for OSP(m|2n)-modules by Ehrig and Stroppel in [ESI, [ES2].
These diagrams were also used in [CH| to classify indecomposable summands in
tensor powers of the standard OSP(m|2n)-module.
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Let us introduce the weight diagrams and cap diagrams from [BS1]. Let

A € P* and write . .
N = Zaigi - Z bjéj. (3)
i=1 j=1

On the Z-lattice, put V above t if t € {a;}N{b;}, put x above t if t € {a;}\ {b;},
and put o above t if t € {b;}\ {a;}. If t & {a;} U {b;}, then put A. We refer to
such a diagram as a weight diagram.

Note that each V corresponds to some atypical root ;. We number the
Vs left to right, and this is consistent our chosen ordering for the set S).

We obtain a cap diagram from a weight diagram as follows. Going from
right to left and starting with the rightmost V, we draw a cap connecting V to
the first A to its right which is “unmarked”, and we say that this A is marked by
V. By construction, the caps in our diagrams do not intersect.

Example 2.3. If \¢ = 10e1 + 952 + 883 +o5e4 + 485 — 51 — 452 — 6(53 — 854 — 1055,
then the corresponding cap diagram D) is

A\ A A
4 5 6 7 8 9 10 11 12

(4)

>

>
)

>

2.6. Characters and category O.

Let M be a module from the BGG category O [M, 8.2.3]. Then M has a
weight space decomposition M = @,¢cy- M,,, where

M, ={x € M | h.ax = p(h)z for all h € h*},

and the character of M is by definition ch M = Zueh* dim M, e*.

Denote by £ the algebra Q(e”, v € h*) of functions on b which are rational
in the variables e”. The group W acts on £ by mapping e” to e*). For 3 € A{,
we identify elements of the form Hﬁ with their expansion as geometric series in
the domain ’6*5‘ < 1. Since A%’ is fixed by W, expanding commutes with the
action of W'.

The Weyl denominator of g is defined to be

R = )
HaGA'{ (1 + e—a)

Then e’R is W -skew-invariant, i.e. w(e’R) = (—=1)"™e’R, and ch L(\) is W-
invariant for A € PT. The character of a Verma module M()\) with A € b* is
ch M()\) = e*R™!. The character of the Kac module K()\) with A\ € PT is
1 P
ch K()\) = (—1)! @y (e, (5)

e’R
weWw

For more details on character formulas see for example [M| Section 8.4].
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For X € &£, we define

weW

We shall use the following lemma (see for example [G] 4.1.1]).

Lemma 2.4. If v € b} is not reqular, then Fy (") =0.

2.7. Kazhdan-Lusztig polynomials and character formulas.

Generalized Kazhdan-Lusztig polynomials K , (¢) were introduced in [S1]
by Serganova to give an algorithmic character formula for finite-dimensional ir-
reducible representations of gl(m|n). Brundan gave a new algorithm in [B] for
computing the generalized Kazhdan-Lusztig polynomials for gl(m|n) which can be
described in terms of paths. This algorithm was made more explicit by Brundan
and Stroppel in [BS1] using the language of cap diagrams.

We begin by recalling the algorithm for computing K, (¢) using cap
diagrams. We define a right move map from the set of (labeled) weight diagrams
to itself in two steps.

Definition 2.5. Let D, be a weight diagram for p € P*. The right move R;
is defined by exchanging V,; with the A that it marks, that is, we switch V; with
the A to which it is connected to by a cap in the corresponding cap diagram of p.

Example 2.6. Let D, be the weight diagram for
1P = 8ey 4 Teg + 6eg + 264 + les — 207 — 50y — 703 — 894 — 905,

and consider the corresponding cap diagram:

Y - b )

AN AN ° A

-1 0 1 2 3 4 5 6 8 9 10 11 12

In this case, we see that V; marks 3, Vo, marks 11, and V3 marks 10. Hence
Rg (D“) is

Ve V2 Vi
A NA A AN A
—1 0 1 2 3 4 5 6 7 8 9 10 11 12
b)
Ry (D)) is
VA Vi \/2
AN A ° ANA A A A
—1 0 2 3 4 5 7 8 9 10 11 12
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Definition 2.7. Let A\, px € PT. Label the V’s in the diagram D, from left
to right with 1,...,r. A right path from D, to D, is a sequence of right moves
§ =R; 0---0R;, where i; < ... <14, and 6(D,) = Dy. The length of the path
is [(0) :=k.

Example 2.8.  Let D, be as in the previous example. Then RjoRj0R20R5(D,,)
is the diagram D, of Example 2.3 Note that after R3 was applied to D, Vs
marks 8 since the spot became empty.

Define a partial order on P by p? < A? if and only if A\ and p” have the
same typical entries, atp(\?) = atp(u”) and the i-th atypical entry of uf is less
than or equal to the i-th atypical entry of \?

Remark 2.9. For each u, A € P, there exists a path from D, to D, if and
only if u” < A [B].

Let Py, denote the set of paths from D, to D,. If P, is non-empty, it
contains a unique longest path, which sends the i-th V of u” to the location of
the i-th V of A?. We call this path the trivial path from D, to D, and denote
its length by [, .

Lemma 2.10 (Brundan, [B, Lemma 3.42]).  For all A\, € P* and 6 € Py,
L(0)=1y, (mod 2).

We are now ready to state the result of Brundan and Serganova.

Theorem 2.11 (Serganova [S1], Brundan [B]).  For each A € P,

ch L(N) =Y Ky, (—1)chL(n).

pePt

where

K)\JL (Q> = Z ql(e)

QEP,\,M

and Py, is the set of paths from D,, to Dy and () denotes the length of the path
0.

The following is a corollary of Theorem [2.11] Lemma [2.10] and Equation
(B)-

Corollary 2.12. Let X € P*, and let Py = {p € P | P\, is non-empty}.

Then
eRech L(A) =Y dy,- (1) Fyy (") (7)

HEPy

where dy ,, is the number of paths from D, to D).
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Remark 2.13.  Note that in [BSI, Formula 5.12] the notation d,, denotes the
dual Kazdhan-Lusztig coefficient.

3. Piecewise disconnected weights

3.1. Piecewise disconnected weights.

We will see that some simple highest weight modules have particularly nice
character formulas. In this section we characterize their highest weights.

The following definition is equivalent to that of [SZl Section 3.7].

Definition 3.1. A weight A € P* is called totally connected if in the weight
diagram Dy between any two V’s there is no A. A weight A € P* is called totally
disconnected if the diagram D), contains at least one A between any two V's.

Remark 3.2. The cap diagram for a totally connected weight looks like a
rainbow. In particular, a weight is totally connected if and only if its cap diagram
satisfies the property that if a cap A is below cap B, then all the caps that are
below B are either above or below A. Whereas, a weight is totally disconnected
if and only if its cap diagram satisfies the property that no cap is below another
cap.

Remark 3.3. A weight A\ € P is totally connected if and only if for every
p € PT the only possible path from D, to D, is the trivial path, whereas it is
totally disconnected if and only if there exists p € P* with r! paths from D, to
Dy, where r = atp(\?).

Definition 3.4. Let A € PT. We call a nonempty continuous subsection of the
weight diagram D, an atypical component if it contains an V, does not contain
any A’s and is maximal with this property. If V; and V; belong to the same
atypical component then we write j ~ k. Enumerate the atypical components of
Dy left to right Ty,...,Tx, and let t; be the number of V’s contained in 7; for
i=1,...,N. We define t) = t;!t5!---tn!.

Definition 3.5.  We call a weight A € P* and the corresponding weight diagram
Dy piecewise disconnected (or PDC) if t; < s;, where s; is the number of A’s
between T; and Ty, for i=1,..., N — 1.

Remark 3.6. A weight is piecewise disconnected if and only if its cap diagram
satisfies the property that whenever two caps A and B are both below the same
cap C, then either A is below B, or B is below A.

Remark 3.7. In the language of [HW) Section 14|, a weight is piecewise dis-
connected if and only if the forest of A is a disjoint union of lines. In this case, ¢,

is equal to the forest factorial.

Example 3.8. The weight diagram D, in Example is piecewise discon-
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nected, but is neither totally connected nor totally disconnected. It has two atyp-
ical components, namely, 77 = {4,5,6}, T5 = {8,9,10}, and ¢, = 1, t, = 2,
S1 = 1.

The following lemma is a corollary of the definition.

Lemma 3.9.  Any weight of atypicality 1 or 2 is either totally connected or
totally disconnected, and hence is piecewise disconnected.

Example 3.10. The highest weight A = &; of the standard module V of
gl(m|n) is totally connected, as is the highest weight A = —4¢,, of the dual module
V*. For example, for gl(3|3) we have that \* = 4e; 4 265 + leg — 107 — 205 — 303

and the cap diagram D), is
() )
1 2

3 4 5 6 7

-1 0

Example 3.11. The highest weight A of the non-trivial subquotient of the
adjoint module of gl(2]2) is totally disconnected. Indeed, \? = 3e1+ 1ey— 161 — 395
and the cap diagram D) is

A A\ A A
0 1 2 3 4 5

—1 6

7

Example 3.12. For n > 3, the highest weight A\ = ¢; — §,, of the non-trivial
subquotient of the adjoint module of gl(n|n) is not piecewise disconnected. For
example, for gl(3|3) we have that \* = 4ey + 2e9 + 1leg — 197 — 255 — 403 and the
corresponding cap diagram D) is

A T W

A
-1 0

If g = gl(n|n), then the adjoint module of g has a unique non-trivial simple
subquotient L(v). The highest weight v =&, — J,, is not piecewise disconnected.

Remark 3.13. It is known that the character of the simple quotient of the
adjoint module of gl(3|3) does not satisfy a Weyl-type character formula.

Example 3.14. If g = gl(n|n) then the module g ® g® ---® g obtained
by tensoring n — 1 copies of the adjoint module has a maximal weight u =
(n—1)v =(n—1)e; — (n — 1)d, and a simple subquotient L(u). The weight v is
piecewise disconnected, but is neither totally connected nor totally disconnected.
In particular if g = gl(3]3), then L(v) with v = 2¢; — 26,, is a simple subquotient
of the module g®g. So v = ey +2e9+ 1leg — 16; — 205 — 5d3 and the cap diagram
for D, is
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A A \{ D\ j\ m\ AN

-1 0 1 2 5 7

3.2. Definition of (\*)T .

The integral weight (A\?)T is a modification of \? which shall replace )\* in
the character formula (Theorem[L.1). Let A € P* and write A\* as in (3). We refer
to the coefficient a; (resp. b;) as the ¢;-entry (resp. §;-entry). If (e, —3;) € Si,
then we call the €, and 0; entries atypical. Otherwise, an entry is called typical.

Definition 3.15. If A\ € Pt is piecewise disconnected, we denote by (\°)"
the element obtained from M\ by replacing each atypical entry with the maximal
atypical entry in the atypical component to which it belongs.

Remark 3.16. If A € PT is totally disconnected then (\?)T = N\?, whereas if
A € PT is totally connected then all the atypical entries of (A?)T equal the maximal
atypical entry of \*.
Example 3.17. If ) is as in Example [2.3] then

()\p)TT = 1081 + 982 + 1083 -+ 584 -+ 485 — (51 — 452 — 6(53 — 10(54 — 10(55

Definition 3.18. If v € h* can be written as v =) |

Vg, = Z ke

aeS)y

acs, Ko, then we define

Observe that |[(A)T — M|, is a non-negative integer.

4. Main theorem

The main theorem of this paper is as follows.

Theorem 4.1.  Let A € Pt be a piecewise disconnected weight. Then

e()\p)ﬂ
> (=) (Hﬁesk o M)) . (8)

weWw

(1) =¥ls,
t

e’R-ch L(\) =

where ty = tilts! - -tn! (see Deﬁnition and Sy is the (unique) N\ -mazimal
1sotropic set of roots.

Remark 4.2. A totally connected weight A\ is piecewise disconnected with
N =1 and t, = r!. A totally disconnected weight A\ is piecewise disconnected
with N =7 and ¢, = 1. Here r = atp(\?).
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4.1. A map from the set of paths to Sym(r).

One of the ideas of the proof is to translate the character formula given in
terms of paths in to a formula in terms of the Weyl group. For each A\, u € P*,
we give an injective map from the set of paths Py, to Sym(r), where r is the
atypicality of A\. We shall later embed Sym(r) in W. We describe the image of
this map when A is piecewise disconnected. The image of such a map for general
A was described by Su and Zhang in [SZ, Section 3.8].

For A, € P*, number the V’s of D, left to right Vy,...,V, and number
the V’s of D, left to right Vq,...,V,. Then a path § € P,, determines uniquely
an element of Sym(r) given by the assignment

Vi — \V/Ug(k).

In this way, we define the map ©, , : Py, — Sym(r). The map ©, , is injective,
since a path is determined by this ordering. The image of the trivial path is the
identity element of Sym(r).

Example 4.3. Let D, be

VAT VA Vi
A N N A A JAN
-1 0 1 2 3 4 5 6 7
and let D, be
vV \V/ AV
A N N N N A
-1 0 1 2 3 4 5 6 7

There are two paths from D, to D,, namely, the trivial path and the path
R{R{R1RsRs Ry R3R3 which can be computed as follows.

1 2 3
RgRg(DM) = - K A V V x x \V4 A N
—1 0 1 2 3 4 5 6 7
RyRyRoRsRy (D)) = o N VP VL
-1 0 1 2 3 4 5 6 7
Dy = R\R\R\RyRyRyR3R;3(D,)
_ \/1 \/3 \/2
= A
-1 0 1 2 3 4 5 6 7

The image of this non-trivial path under the map ©, , is the cycle (23). There
are no other paths, because if positions 4 and 5 were filled before position 7, then
position 7 would be marked by the V in position 4, making the path impossible
to complete.

For an element v € P with atp (v) =r let S, = {em, — Onys- -1 Em, — On, }
be such that ny < .... < n,. We denote v; := (v,6,,). Then VvV, = (p*), and that
Vi = (A),.

In the following lemma we describe the image of ©,, for an arbitrary
piecewise disconnected weight.
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Lemma 4.4. If A € P is piecewise disconnected, then
Im ©,, = {0 c Sym(r) | o(u”) 2 N, and o' (j) <o ' (k) if j <k and j ~ k’} ,
where j ~ k when j and k label Vs from the same atypical component of \.

Proof. Let 6 € P,,. Since the V’s move in order from left to right to their
respective destinations, we have that Vv, < \7a9(k)~ This ensures that o(u”) < A°.
When an V reaches its destination, it marks the next A after it. Hence, the V’s
must go in order into each atypical component so that every spot can be filled, that
is, if j < k and j ~ k then o,'(j) < o, '(k). Hence, we always have inclusion.
When A is piecewise disconnected, these conditions on o € Sym(r) are sufficient
to define a path ¢ from D, to D, which satisfies Vj, > Vge(k). Indeed, the number
of A’s following an atypical component and preceding the next is greater than or
equal to the number of V’s in a given atypical component, so an V does not hold
an V spot. [

Remark 4.5.  If )\ is not piecewise disconnected then Lemma[4.4] does not hold.
See [SZ, Section 3.8] for a description of the image in the general case.

In the following lemma we change the defining conditions of the set from
Lemma by replacing A with (\* )ﬂ, and then we show that this does not change
the set.

Lemma 4.6. If \ € P is piecewise disconnected, then

Im ©,, = {O’ € Sym(r)

a(u?) = (W), and )
o G) <o (k) ifj<kandj~k]|

Proof. Let Ay, = LHS and B, = RHS. By Lemma [£.4 A,, C By,.
Now suppose towards a contradiction that o € Bj, \ Ay,. Choose s maximal
such that (M), < (1), < (Ap)g(s). By definition (Ap)g(s) = (M\*),, where k
is the index of the maximal atypical entry in the atypical component containing
(M), - Thus (u?), = (W), for some o(s) < j < k, since the atypical components
of A\? are connected and p” is regular with the same typical entries as A?. Thus
s < o Y(j) since o(s) ~ j. Then since uf is strictly dominant we have that
(A); = (W), < (W),-1(;- Note that we also have (p”),-1; < (Ap)? since
o € B),. This contradicts the maximality of s, since o7*(j) is larger and satisfies
the required properties. Hence Ay, = B, . |

4.2. A bijection of indexing sets.

In this section, we change the indexing set of the character formula in
from P, to a particular subset of (\» —NS,).

Fix A € P*. For each pu € Py, the W orbit of p” intersects (A — NS)).
We denote by i the unique maximal element of this intersection with respect to
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the standard order on h*. We define

Oy ={ne N —NSy | pe€P}.

Areg

Since Py C P, this defines a bijection between the sets Py and C}%5. Recall

that Sy = {f1,...,06,} is ordered so that §; = ¢,, — 0, and ¢ < giy1. For
ve (N)"—NS, and i =1,...,r, define

Vg, = (Vv 5611)
Lemma 4.7.  One has
Oy = {veXN —NSy | vg <wvg <...<vg and v is regular} .

Proof. Clearly we have C, since p” is strictly dominant. The reverse inclusion
follows from Remark since for regular v € \» — NS, and w € W with w(v)
strictly dominant, w(v) < A? by definition. ]

Definition 4.8.  For i € C}% | define dy; to be the number of paths from D,

to Dy, where p is the unique dominant element in the W orbit of [.

The following lemma is proven using techniques from [SZ Section 4.1].
Recall the definition of Fy, given in @

Lemma 4.9. One has

e’R-ch LN = > dyu (1) s Fyy (eF).
fe oy

Proof. By Corollary it suffices to show that for each u € P,
(_1)&,# Fur (eu") _ (_1)|>\’J—ﬁ|sA Fw (eﬁ) ]

Let w' € W such that w'(u”) = 1z. To complete the proof it is sufficient to show
that [N\ —Tilg =\, +1(w'). The number [N —Ti|g is the sum of the differences
between the atypical entries of \* and 7. This is equal to the number of moves
in the trivial path [, , plus the number of spots being skipped. We will show that
[ (w') is exactly the number of spots skipped in the trivial path.

The element w’ € W for which w'(u?) = @ can be described explicitly in
terms of the trivial path 6. Denote § = R;, o---0o R;,, then w' = wy - --- - wy
where each w; is defined as follows. Suppose that the move R;; moved the V at
n; to an A at n; + k; + 1, namely, it skipped over k; spots with x’s and o’s.
Then wj = s1----- Sk;—1 where s; is of the form s., ., if the i-th skip is over the
x of & and is of the form s;_5,,, if it is over the o of ¢;. It is easy to see that the
expression is reduced, so [ (w;) = k; is the number of spots skipped in the move
R;;. Also [ (w') = > 1 (w;), so [ (w') is exactly the number of spots skipped in the
trivial path. [ |
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4.3. Paths and permutations for piecewise disconnected weights.

In this section, we show that if A € P* is a piecewise disconnected weight,
then for each p € Py there exists a ¢, to 1 map from the set of paths from u to
A to a certain subset of the Weyl group. This is a crucial step in the proof of the
main theorem.

Let W, be the subgroup of W that permutes S,. Then W, = Sym(r) and
is generated by elements of the form s.,_., S6,—6, where ¢; — 6;r,e; — 05 € Sy. So
|W,| =r! and all w € W, have positive sign.

Fix XA € P, and recall the notation of Section [3] We define a subgroup of
W, that preserves the atypical components of A\*, that is,

W, (ty) = <55i,€j35i,,5j, i~ j>. (10)

So w € W,(tx) and Az € T; imply that A, € T;. Clearly,
W.(ty) = Sym(ty) V.-V Sym(ty)
and hence W, (t)) has cardinality ty.

Definition 4.10.  For each v € C}$), let

W,(\,v) = {w e W, |wv) e (M -NS,},
and let ¢, = [W,.(\,v)].
Then

Fw Z e’V | = cxy - Fur (€¥). (11)

weWr(Av)

Proposition 4.11.  Let A € PT be a piecewise disconnected weight. Then for
every p € Py, the number of paths from D, to D) equals %|WT()\,[L)|. Hence,

- d
for each v € CY¥4 _ we have that 2= = L.
,reg Cx,v tx

Proof. First, we observe that there is a natural bijection between the sets
W, (A, i) and
By, = {o € Sym(r) | o(pu”) = (M)},

since the bijective map Py — CY5,

defined by u” — 71 preserves the relative order
of the atypical roots. So we may in fact identify W, (A, ) with Ex,u under this
correspondence.

Now by Lemma dry = | Pyl equals the cardinality of the set in (9)),
which we denote by B, ,. We claim that there is a bijection of sets W,.(t\)V By, =
B}W defined by (w,o) — wo. Now by definition, ()J’)}T = (M) when A} and
A, belong to the same atypical component, that is, when j ~ k. Since W,(t,)
preserves each atypical component, the map is well-defined, that is, o(u?) < (\?)T
implies that wo(p?) < (A°)T for any w € W,.(t,).
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If o € B, ,, then the atypical entries of each atypical component of o(u”)
are in increasing order and distinct, since o € By, satisfies: o7 '(j) < o '(k)
when j < k and j ~ k. It is not difficult to show that the map defined above
is bijective. Indeed, given ¢’ € B, , there exists a unique w € W, () such that
the atypical entries of each atypical component of w™'¢’(u”) are in increasing
order, that is, such that w='¢’ € By,. Therefore, W,(t)) V By, = E/\,u and
iy - d>\,u =C\g- |

Example 4.12. If A\ € P' is not piecewise disconnected, then the ratio Ccli—’” is

not necessarily constant. Consider the weight A from Example [3.12} Tf u is the
weight from Example then dy; = 2 and cy; = 6, whereas, if 1 = A then
dyp=1and ¢\ = 2.

4.4. Enlarging the indexing set.
In this section, we enlarge the indexing set C’iﬁ’g; by adding non-regular
elements, namely, we define

C;\Jexi — {l/ c (Aﬂ)ﬂ —NS)\ | Vg, < Vg, < ... < Vﬁr}-

Lemma 4.13. [fv e C¥\ C’/%ﬁ’ég, then v is not reqular.

Proof.  Let j be such that Aj < g < ()\p)gj and v, < A for all i > j. By
definition of (A\?)T, all the integers between /\gj + 1 and ((A\*)")g, are entries of
AP, The typical entries of v are the same as of \¥ and there are r — j 4+ 1 atypical
entries which are strictly greater than )\gj. This implies that there must be equal
entries of the same type, and hence v is not regular. ]

Lemma 4.14. Let €, = {w(y) c ()\P)ﬂ ~ NS, |lweW,, ve C’/I\Jexi} and

Dy ={ve(M"—NS, | v # v foranyi#j}.

Then €\ = D, as multisets, and hence elements of (V)T — NS)) \ €\ are not
reqular.

Proof. Clearly we have €, C ©, as sets. Since there is a unique element in
the W, orbit of any v € CY* that satisfies v, < vz, < ... < vg,, the orbits
of distinct elements from CY** do not intersect. Hence, we have an inclusion of
multisets. For the reverse inclusion, suppose that v € ©,. Take ¢ € W, such that
o~ !(v) satisfies vg, ) < vg,, <---<vg,,,  Since

VB, iy < maX{Vﬁl? R Vﬁi} < ()‘p)gi

we have that o~ (v) € (\)T — NS,. Hence 0~'(v) € C¥ and v = 0 (07! (v)) €
Q:A . |
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4.5. Proof of the main theorem.

Proof of Theorem 4.1l By Lemma [4.9] we have that

eR-ch L) = Y dyy ()5 Fy ()

Lexi
v E nyreg

which by equals

(—1)0*-0ls, § Do (0"l T )

Chv
Lexi ’
v € Cx,reg

Then by Proposition the latter is equal to

(—plr-onts, 5 L plerm s g e

RO
v e ke weWr(Av)

and so by Lemma and Lemma [2.4) we have that it is equal to

(=1)IO)" =0,

Ty
. E (_1)|()‘p) |s>\ Fwv E 6w(V)
A

v e CLexi weW,(A\v)

Then Lemma and Lemma [2.4] it is equal to

(1) [09T=0)ls,
15

S s my e

v e (/\p)ﬂ—NS)\

which can be rewritten as

_)lont—0w)ls .
( ) XfW Z (_1)|(AP) |S>\ ey

v € ()\p)ﬂ—NS)\

(—1)/ AT =()ls, ( O )
= Fw .

HﬁesA (1+e?)
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