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Abstract. In this paper, we study representations of hom-right symmetric
algebras, especially the trivial representation and the right and left adjoint
representations are studied in detail. We are interested in the understanding
of these notions in the setting of the ‘operadic’ presentation for a multiplicative
hom-right symmetric algebra. Derivations, deformations, central extensions of
hom-right symmetric algebras are also studied as an application.
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1. Introduction

An algebra (g, µ) over a field K of 0 characteristic is called right symmetric algebra,
if for any x , y , z ∈ g , the following right symmetric identity holds:

µ(x, µ(y, z))− µ(µ(x, y), z) = µ(x, µ(z, y))− µ(µ(x, z), y),

see [MS] and the references therein.
Any associative algebra is a right symmetric algebra. For instance, gln , with usual
multiplication of matrices is a right symmetric algebra. The algebra of vector fields
on Rn , equipped with the multiplication µ(u∂i, v∂j) = v∂j(u)∂i gives a less trivial
example of a right symmetric algebra.

The notion of hom-algebras was introduced by Hardwig, Larsson, and Sil-
vestrov in [HLS], as a tool for the study of deformations of Witt an Virasoro
algebras. A hom-right symmetric algebra is a vector space g equipped whith a
bilinear product µ , but the right symmetric identity is twisted by a linear map α .
An algebra (g, µ, α) is called hom-right symmetric algebra, if for any x , y , z ∈ g ,
the hom-right symmetric identity holds:

µ(α(x), µ(y, z))− µ(µ(x, y), α(z)) = µ(α(x), µ(z, y))− µ(µ(x, z), α(y)).

If α is a morphism for the product µ , the algebra is a multiplicative hom-right
symmetric algebra. If moreover α is invertible, the hom-right symmetric algebra
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is regular.

Consider now an arbitrary vector space M , and an arbitrary linear trans-
form A from M to M . A representation of the multiplicative hom-right symmetric
algebra (g, µ, α) on the vector space M with respect to the linear map A is char-
acterized by two linear maps R,L : g → gl(M). Given a representation (R,L)
of g on M allows to build a new multiplicative hom-right symmetric algebra, the
semi-direct product g+ of g by M . This algebra characterizes the representation
(R,L). Each representation gives rise to a sequence of representations (Rs, Ls),
just by replacing R by Rs = R ◦ αs and L by Ls = L ◦ αs . In particular,
the trivial representation is defined by M = K , R = L = 0, and A = id ; the
adjoint representation is defined by the right and left actions (R,L) on M = g
(R(x)y = µ(y, x) = L(y)x), and A = α .

In this paper, we are interested by an understanding of these notions in
the setting of an ‘operadic’ presentation of a multiplicative hom-right symmetric
algebra. More precisely, we are considering here a sequence of comultiplications ∆r

in the space g[1]⊗S(g[1]). A multiplication µ is thus exactly a bilinear coderivation
Q of ∆1 . As usual, the commutator of two coderivations is a coderivation, and the
initial multiplication µ is satisfying the hom-right symmetric identity if and only
if [Q,Q] = 0. This is the hom-right symmetric structure equation in this setting.
A natural generalization is the notion of up to homotopy hom-right symmetric
algebra, for which we do not impose to Q to be bilinear.

A representation (R,L) of g on M allows to build a new multiplicative
hom-right symmetric algebra, the semi-direct product of g by M . The up to ho-
motopy hom-right symmetric structure equation for g+ is [Q(Rs,Ls), Q(Rs,Ls)] = 0.
It is easy to refind the hom-right symmetric cohomology by using the coboundary
operator ds : ϕ 7→ [Q(Rs,Ls), ϕ] .

2. hom-right symmetric algebras

Recall that a hom-right symmetric algebra is a triple (g, µ, α) where g is a vector
space on a field K with characteristic 0, µ is a bilinear map from g × g into g ,
and α is a linear map from g to g , such that for all x , y , z ∈ g the hom-right
symmetric identity holds:

µ(α(x), µ(y, z))− µ(µ(x, y), α(z)) = µ(α(x), µ(z, y))− µ(µ(x, z), α(y)) (1)

Let (x, y, z)α = µ(α(x), µ(y, z)) − µ(µ(x, y), α(z)) be the hom-associator
of elements x , y , z ∈ g . In terms of hom-associators the hom-right symmetric
identity is

(x, y, z)α = (x, z, y)α, ∀x, y, z ∈ g.

The algebra is called hom-left symmetric algebra, if the hom-left symmetric
identity

(x, y, z)α = (y, x, z)α

is holding. In both cases, hom-left or right symmetric, the commutator

[x, y] = µ(x, y)− µ(y, x)
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is a hom-Lie bracket: it satisfies the hom-Jacobi identity:

[[x, y], α(z)] + [[y, z], α(x)] + [[z, x], α(y)] = 0.

A graded hom-right symmetric algebra is a graded vector space g equipped
with a degree 0, graded bilinear map µ , and a degree 0 linear map α , such that
the graded hom-right symmetric relation holds, i. e. the relation (1) holds with
the usual Koszul sign rule: each permutation of letters (here y and z ) implies
multiplication by the sign of the corresponding graded permutation. In the present
setting, the graded relation (1) means µ(α(x), µ(y, z))− µ(µ(x, y) =

α(z)) = (−1)deg(y) deg(z)
(
µ(α(x), µ(z, y))− µ(µ(x, z), α(y))

)
.

Such an algebra (g, µ, α) is multiplicative if α is a morphism for the multi-
plication µ . A multiplicative hom-right symmetric algebra (g, µ, α) is said to be
regular if α is invertible.

Exemple 2.1. The simplest example is given by twisted right symmetric alge-
bras. If (g, µ) is a right symmetric algebra, and α a morphism for the multiplica-
tion µ , then for gα = g , and the multiplication

µα(x, y) = α(µ(x, y)) = µ(α(x), α(y)),

(gα, µα, α) is a multiplicative hom-right symmetric algebra.

Conversely each regular hom-right symmetric algebra (g, µ, α) is the twist
of the right symmetric algebra (g, µα−1) by α (see [Y]).

Here are two classical examples:

Exemple 2.2. Recall the usual multiplication µ for the matrix algebra gln .
This associative algebra is a right symmetric algebra. For any invertible matrix
A , put α(x) = A−1xA . By twisting through α , this gives rise to the multiplicative
µα = α ◦ µ , ((gln)α, µα, α) is a multiplicative hom-right symmetric algebra.

Exemple 2.3. Let C[t, t−1] the space of Laurent polynomials. The Witt algebra
W is the space of derivations of C[t, t−1] , with basis {Ln = tn d

dt
, n ∈ Z} , it is

the right symmetric algebra with multiplication µ(Ln,Lm) = nLn+m−1 .

Fix now q ∈ C \ {0, 1} . The q -derivation of f ∈ C[t, t−1] is defined by:

(∂tf)(t) =
f(t)− f(qt)

1− q
.

Putting Ln = tn∂t the basis q -derivation, we get now the q -deformed Witt algebra,
with multiplication

µq(Ln, Lm) = {n}qLn+m,
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where the numbers {n}q are:

{n}q =
1− qn

1− q
.

The q -deformed Witt algebra (Wq, µq) is no more a right symmetric algebra but
it is a hom-right symmetric algebra with the map α by

α(Ln) = (1 + qn)Ln.

This hom-right symmetric algebra is not multiplicative.

3. Derivation of hom-right symmetric algebras

Let (g, µ, α) be a multiplicative hom-right symmetric algebra. For any non neg-
ative integer k , we denote by αk the k -times composition of α . If (g, µ, α)
is regular, we denote by α−k the k -times composition of α−1 . Denote also by
α : ⊗kg→ ⊗kg the map:

α(x1 ⊗ · · · ⊗ xn) = α(x1)⊗ · · · ⊗ α(xn).

Definition 3.1. For any non negative integer k , a linear map D : g → g is
called an αk -derivation of the multiplicative hom-right symmetric algebra (g, µ, α),
if

D ◦ α = α ◦D,
and, for each x , y in g ,

D(µ(x, y)) = µ(D(x), αk(y)) + µ(αk(x), D(y)).

For a regular hom-right symmetric algebra, an α−k -derivation is similarly
defined.

Denote by Derαk(g) the space of αk -derivation of (g, µ, α).

Let (g, µ, α) be a multiplicative hom-right symmetric algebra. For any x
in g , satisfying α(x) = x , define Dk : g→ g by:

Dk(x)(y) = [x, αk(y)], (y ∈ g).

Thus Dk ◦ α = α ◦Dk . Moreover:

Dk(x)(µ(y, z)) = µ(α(x), µ(αk(y), αk(z)))− µ(µ(αk(y), αk(z)), α(x)

= µ(µ(x, αk(y)), αk+1(z)) + µ(α(x), µ(αk(z), αk(y)))− µ(µ(x, αk(z)), αk+1(y))

− µ(αk+1(y), µ(αk(z), x)) + µ(αk+1(y), µ(x, αk(z)))− µ(µ(αk(y), x), αk+1(z)))

= µ(Dk(x)y, αk+1(z)) + µ(αk+1(y), Dk(z)) + (x, αk(z), αk(y))α.

Therefore if x is such that the associator (x, y, z)α vanishes for all y , z in
g , then Dk(x) is an αk+1 -derivation, which we call an inner αk+1 -derivation.

Denote Innαk(g) the space of inner αk -derivations.
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Lemma 3.2. Define the commutator [D,D′] of two derivations, D ∈ Derαk(g)
and D′ ∈ Derαk′ (g), by [D,D′] = D ◦ D′ − D′ ◦ D . Then [D,D′] is a αk+k

′
-

derivation, more precisely, [D,D′] ∈ Derαk+k′ (g).

Proof. Since D ◦ α = α ◦D , D′ ◦ α = α ◦D′ , clearly [D,D′] ◦ α = α ◦ [D,D′] .

Now, for any x , y ∈ g ,

[D,D′](µ(x, y)) = D ◦D′(µ(x, y))−D′ ◦D(µ(x, y))

=D
(
µ(D′(x), αk

′
(y))+µ(αk

′
(x), D′(y))

)
−D′

(
µ(D(x), αk(y))+µ(αk(x), D(y))

)
= µ(D ◦D′(x), αk

′+k(y)) + µ(αk(D′(x)), D(αk
′
(y))) + µ(D(αk

′
(x)), αk(D′(y)))

+ µ(αk
′+k(x), D ◦D′(y)))− µ(D′ ◦D(x), αk+k

′
(y))− µ(αk

′
(D(x)), D′(αk(y)))

− µ(D′(αk(x)), αk
′
(D(y)))− µ(αk+k

′
(x), D′ ◦D(y)).

Since D ◦ αk′ = αk
′ ◦D , and D′ ◦ αk = αk ◦D′ , this is:

[D,D′](µ(x, y)) = µ([D,D′](x), αk+k
′
(y)) + µ(αk+k

′
(x), [D,D′](y)).

Put
Der(g) = ⊕k≥0Derαk(g).

Proposition 3.3. With the above notation, Der(g) is a Lie algebra for the
commutators of derivations are given by [D,D′] = D ◦D′ −D′ ◦D .

Similarly, for a regular hom-right symmetric algebra, the space ⊕k∈ZDerαk(g)
is a Lie algebra for the commutators [D,D′] .

Proof. Let D ∈ Derαk(g), D′ ∈ Derαk′ (g) and D′′ ∈ Derαk′′ (g). By definition,
the commutators of derivations satisfy:

[[D,D′], D′′] = (D ◦D′) ◦D′′ − (D′ ◦D) ◦D′′ −D′′ ◦ (D ◦D′) +D′′ ◦ (D′ ◦D),

[[D′, D′′], D] = (D′ ◦D′′) ◦D − (D′′ ◦D′) ◦D −D ◦ (D′ ◦D′′) +D ◦ (D′′ ◦D′)

and

[[D′′, D], D′] = (D′′ ◦D) ◦D′ − (D ◦D′′) ◦D −D′ ◦ (D′′ ◦D) +D′ ◦ (D ◦D′′).

Since the operator ◦ is associative, then after adding the three last equations, we
get the desired result.

4. Up to homotopy hom-right symmetric algebras

The definition of up to homotopy hom-right symmetric algebras needs the realiza-
tion of hom-right symmetric algebra structure equation as a self commutator of a
coalgebra codifferential Q .
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More precisely, given the graded vector space (g, deg) and the degree 0
linear map α , consider g[1] ⊗ S(g[1]) =

∑
k≥1 g[1] ⊗ Sk−1(g[1]), where S(g[1]) is

the graded symmetric algebra on the graded vector space (g[1], | |), i. e. the space
g with a shift of -1 on the degree: for each x ∈ g :

|x| = deg(x)− 1.

Remark that if g is not graded, we put deg(x) = 0 for each x , and g[1]⊗ S(g[1])
is simply the space g ⊗

∧
g with the degree

|x0 ⊗ (x1 ∧ · · · ∧ xk−1)| = −k.

Recall the notion of shuffle permutation. A permutation σ is a (p−1, 1, k−p−1)-
shuffle (σ ∈ Sh(p − 1, 1, k − p − 1)) if it is a permutation of {1, . . . , k − 1} such
that σ(1) < · · · < σ(p− 1), and σ(p+ 1) < · · · < σ(k − 1).

For each natural number r , extend αr to g[1]⊗ S(g[1]) by putting

αr(x0 ⊗ x1 . . . xk−1) = αr(x0)⊗ αr(x1) . . . αr(xk−1).

Define also the comultiplication ∆r on g[1]⊗ S(g[1])by: ∆r(x0 ⊗ x1 . . . xn−1)∑
1≤k≤n−2

σ∈Shk−1,1,n−k−1

αr(x0 ⊗ xσ(1) . . . xσ(k−1))
⊗

αr(xσ(k) ⊗ xσ(k+1) . . . xσ(n−1)).

(as usual, the Koszul’s sign rule is understood in this formula). For instance, if g
is not graded, this reads: ∆r(x0 ⊗ x1 . . . xn−1) =∑

1≤k≤n−1
σ∈Shk−1,1,n−k−1

ε(σ)αr(x0 ⊗ xσ(1) . . . xσ(k−1))
⊗

αr(xσ(k) ⊗ xσ(k+1) . . . xσ(n−1)).

where ε(σ) is the sign of the permutation σ .

This comultiplication is hom-permutative with respect to αr , that is the
relation:

(αr
⊗

∆r) ◦∆r = (∆r

⊗
αr) ◦∆r = (αr

⊗
τ ◦∆r) ◦∆r,

where τ is the twist: τ(X
⊗

Y ) = Y
⊗

X , holds.

Now a (multiplicative) degree q coderivation Q of ∆r (Q ∈ Coder(∆r)) is
a map Q : g[1]⊗ S(g[1])→ g[1]⊗ S(g[1]), such that:

Q ◦ α = α ◦Q and (Q
⊗

αr + αr
⊗

Q) ◦∆r = ∆r ◦Q.

Any such coderivation is characterized by its Taylor expansion. More precisely,
let p be the projection on g[1] parallel to

∑
k>0 g[1]⊗Sk−1(g[1]), ik the canonical

injection of g[1]⊗Sk−1(g[1]) into g[1]⊗S(g[1]). For any coderivation Q , consider
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the sequence of maps Qk = p ◦Q ◦ ik . Each Qk extends to a map Q̃k defined on
g[1]⊗ S(g[1]) by:

Q̃k(x0 ⊗ x1 . . . xn−1) =
n∑
k=1

∑
σ∈Shk−1,n−k

Qk(x0 ⊗ xσ(1) . . . xσ(k−1))⊗ αr(xσ(k) . . . xσ(n−1))

+
n∑
k=1

∑
σ∈Sh1,k−1,n−k−1

(−1)qαr(x0)⊗Qk(xσ(1) ⊗ xσ(2) · · ·xσ(k)).αr(xσ(k+1) · · ·xσ(n−1)).

(2)
Then Q =

∑
k Q̃k . Conversely, each sequence of maps (Qk : g[1] ⊗ Sk−1(g[1]) →

g[1]) (k > 0) defines through extension and sum a coderivation Q =
∑

k Q̃k .

Lemma 4.1. Let Q ∈ Coder(∆r) and Q′ ∈ Coder(∆r′). Then the commutator
[Q,Q′] = Q ◦ Q′ − (−1)qq

′
Q′ ◦ Q (with the Koszul’s rule) is a degree q + q′

coderivation:

[Q,Q′] ∈ Coder(∆r+r′).

Proof. It is enough to prove this for Q = Q̃k and Q′ = Q̃′k′ . For I =
{i1 < · · · < ik−1} , put xI = xi1 . . . xik−1

. With this notation, for each n ≥ k ,

Q(x0⊗x[1,n−1]) =
∑

ItJ=[1,n−1]
#I=k−1

Qk(x0⊗xI)⊗αr(xJ)+
∑

{j}tItJ=[1,n−1]
#I=k−1

(−1)qαr(x0)⊗Qk(xj⊗xI).αr(xJ).

For simplicity, in the following computation, the cardinality of subsets in [1, n−1]
are not indicated: in each expression, this cardinality is evident. Thus

Q ◦Q′(x0 ⊗ x[1,n−1]) =
∑

ItJtK=[1,n−1]

Qk(Q
′
k′(x0 ⊗ xI)⊗ αr

′
(xJ))⊗ αr+r′(xK)

+
∑

{j}tItJtK=[1,n−1]

(−1)qk
′+qq′αr(Q′k′(x0 ⊗ xI))⊗Qk(α

r′(xj ⊗ xJ)).αr+r
′
(xK)

+
∑

{j}tItJtK=[1,n−1]

(−1)q
′kQk(α

r′(x0 ⊗ xJ))⊗ αr(Q′k′(xj ⊗ xI)).αr+r
′
(xK)

+
∑

{j}tItJtK=[1,n−1]

(−1)q
′
Qk(α

r′(x0)⊗Q′k′(xj ⊗ xI).αr
′
(xJ))⊗ αr+r′(xK)

+
∑

{j}tItJtK=[1,n−1]

(−1)q+q
′
αr
′+r(x0)⊗Qk(Q

′
k′(xj ⊗ xI)⊗ αr

′
(xJ)).αr+r

′
(xK)

+
∑

{j}tItJtK=[1,n−1]

(−1)q+q
′
αr
′+r(x0)⊗Qk(α

r′(xj ⊗ xJ)).αr(Q′k′(xj ⊗ xI)).αr+r
′
(xK)

+
∑

{j}t{s}tItJtK=[1,n−1]

(−1)q+q
′+q′αr

′+r(x0)⊗Qk(α
r′(xj)⊗Q′k′(xs ⊗ xI)αr

′
(xJ)).αr+r

′
(xK).

Since αr(Q′k′(xI)) = Q′k′(α
r(xI)), some terms disappear in the commutator
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and there remains:

[Q,Q′](x0 ⊗ x[1,n−1]) =
∑

ItJtK=[1,n−1]

Qk(Q
′
k′(x0 ⊗ xI)⊗ αr

′
(xJ))⊗ αr+r′(xK)

−
∑

ItJtK=[1,n−1]

(−1)qq
′
Q′k(Qk(x0 ⊗ xJ)⊗ αr′(xI))⊗ αr+r

′
(xK)

+
∑

{j}tItJtK=[1,n−1]

(−1)q
′
Qk(α

r′(x0)⊗Q′k′(xj ⊗ xI).αr
′
(xJ))⊗ αr+r′(xK)

−
∑

{j}tItJtK=[1,n−1]

(−1)qq
′+qQ′k′(α

r(x0)⊗Qk(xj ⊗ xJ).αr(xI))⊗ αr+r
′
(xK)

+
∑

{j}tItJtK=[1,n−1]

(−1)q+q
′
αr
′+r(x0)⊗Qk(Q

′
k′(xj ⊗ xI)⊗ αr

′
(xJ))⊗ .αr(xI))⊗ αr+r

′
(xK)

−
∑

{j}tItJtK=[1,n−1]

(−1)qq
′+q+q′αr

′+r(x0)⊗Q′k′(Qk(xj ⊗ xJ)⊗ αr′(xJ))⊗ .αr(xI))⊗ αr+r
′
(xK)

+
∑

{s}t{j}tItJtK=[1,n−1]

(−1)q+q
′+q′αr

′+r(x0)⊗Qk(α
r′(xj)⊗Q′k′(xs ⊗ xI)αr

′
(xJ)).αr+r

′
(xK)

−
∑

{s}t{j}tItJtK=[1,n−1]

(−1)qq
′+q+q′+qαr

′+r(x0)⊗Q′k′(αr(xj)⊗Qk(xs ⊗ xJ)αr(xI)).α
r+r′(xK).

Put thus k′′ = k + k′ − 1, with the convention that the cardinality of subsets I ,
J , K are well chosen in each term [Q,Q′]k′′(x0 ⊗ xL) =∑

ItJ=L

Qk(Q
′
k′(x0 ⊗ xI)⊗ αr

′
(xJ))− (−1)qq

′
Q′k(Qk(x0 ⊗ xJ)⊗ αr′(xI))

+
∑

{j}tItJ=L

(−1)q
′
Qk(α

r′(x0)⊗Q′k′(xj ⊗ xI).αr
′
(xJ))

− (−1)qq
′+qQ′k′(α

r(x0)⊗Qk(xj ⊗ xJ).αr(xI)).

Then:

[Q,Q′](x0 ⊗ x[1,n−1]) =
∑

LtK=[1,n−1]

[Q,Q′]k′′(x0 ⊗ xL)⊗ αr+r′(xK)

+
∑

{j}tLtK=[1,n−1]

(−1)q+q
′
αr+r

′
(x0)⊗ [Q,Q′]k′′(xj ⊗ xL).αr+r

′
(xK).

This relation proves that [Q,Q′] is a coderivation of ∆r+r′ .

Corollary 4.2. Define the coderivation space as Coder = ⊕r≥0Coder(∆r).
Equipped with the commutator, this space is a graded Lie algebra.

Let µ be a multiplicative bilinear map on g , with degree 0. Put Q2(x, y) =
µ(x, y). Then Q2 is a degree 1 map g[1] ⊗ g[1] → g[1], and if r = r′ = 1, and
Q = Q̃2 ,

[Q,Q]3(x0 ⊗ x1.x2) = 2
(
µ(µ(x0 ⊗ x1)⊗ α(x2))− µ(µ(x0 ⊗ x2)⊗ x1)
− µ(α(x0)⊗ µ(x1 ⊗ x2)] + µ(α(x0)⊗ µ(x2 ⊗ x1))

)
.
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In other words, (g, µ, α) is a multiplicative hom-right symmetric algebra if
and only if the structure equation: [Q,Q] = 0 holds.

Definition 4.3. A up to homotopy hom-right symmetric algebra (g, Q, α) is
a (graded) vector space g , a degree 0 linear map α : g → g and a degree 1
coderivation Q ∈ Coder(∆1) of g[1]⊗ S(g[1]) such that:

[Q,Q] = 0.

Exemple 4.4. The usual example is a differential multiplicative hom-right
symmetric algebra. Let (g, µ, α) be a multiplicative hom-right symmetric algebra.
A differential d of this algebra is a map d : g→ g such that:

d (µ(x, y)) = µ(d(x), α(y)) + µ(α(x), d(y)), d ◦ d = 0, d ◦ α = α ◦ d.

Putting Q1 = d , Q2(x, y) = µ(x, y), Q = Q̃1 + Q̃2 gives that (g, µ, α, d) is a
differential multiplicative hom-right symmetric algebra if and only if (g, Q, α) is a
up to homotopy hom-right symmetric algebra.

5. Representations, semi-direct products and cohomology

In this section we study the representations of multiplicative hom-right symmetric
algebras, the cohomology of these algebras with value in a module, and give the
corresponding coboundary operators. We also prove that one can form semi-direct
products of multiplicative hom-right symmetric algebras. Please see [Dz] for more
details about right symmetric algebras and their cohomology. Let (g, µ, α) be a
multiplicative hom-right symmetric algebra and M an arbitrary vector space. Let
A ∈ gl(M) be an arbitrary linear transformation from M to M .

Definition 5.1. A representation of the multiplicative hom-right symmetric
algebra (g, µ, α) is defined by two linear maps R,L : g → gl(M), such that, for
each x , y ∈ g ,

R(α(x)) ◦ A = A ◦R(x), L(α(x)) ◦ A = A ◦ L(x),

and
R([x, y]) ◦ A−R(α(y)) ◦R(x) +R(α(x)) ◦R(y) = 0,

and

R(α(y)) ◦ L(x)− L(α(x)) ◦R(y)− L(µ(x, y)) ◦ A+ L(α(x)) ◦ L(y) = 0.

Observe that, for any r = 0, 1, 2, . . . , if Rr = R ◦ αr , Lr = L ◦ αr , (Rr, Lr)
is also a representation of (g, µ, α). If α is invertible, the same result holds for
r = −1,−2, . . . .
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An example of representation is the trivial representation: put M = K ,
R = L = 0, A = id , then (K, 0, 0, id) is a representation of (g, µ, α).

Exemple 5.2. A fundamental example is the α0 -adjoint representation of
(g, µ, α): choose M = g , R0(x)y = µ(y, x), L0(x)y = µ(x, y), A = α , then
(R0, L0) is a representatation of (g, µ, α). As above, for each natural number,
denote by Rr(x), Lr(x) the maps Rr(x) = R0(α

r(x)), Lr(x) = L0(α
r(x)), then

(g, Rr, Lr, α) is the αr -adjoint a representatation of (g, µ, α).

Lemma 5.3. Let (g, µ, α) be a multiplicative hom-right symmetric algebra. Let
M be a vector space, R , L two linear maps R,L : g → gl(M) and A ∈ gl(M).
Put:

µ(R,L)

(
(x, u), (y, v)

)
= (µ(x, y), L(x)v +R(y)u), (α + A)(x, u) = (α(x), Au).

Then (g×M,µ(R,L), α+A) is a multiplicative hom-right symmetric algebra if and
only if (M,R,L,A) is a representatation of (g, µ, α).

Proof. First observe that (α + A) ◦ µ(R,L) = µ(R,L) ◦ (α + A)⊗ (α + A) if and
only if

R(α(x)) ◦ A = A ◦R(x), and L(α(x)) ◦ A = A ◦ L(x).

On the other hand, the hom-right symmetric identity with product µ(R,L) is
equivalent to the identities

R([x, y]) ◦ A−R(α(y)) ◦R(x) +R(α(x)) ◦R(y) = 0,

and

R(α(y)) ◦ L(x)− L(α(x)) ◦R(y)− L(µ(x, y)) ◦ A+ L(α(x)) ◦ L(y) = 0.

In the situation of this Lemma, we say that (g ×M,µ(R,L), α + A) is the
semi-direct product of g by M .

Definition 5.4. Let (M,R,L,A) be a representation of a multiplicative hom-
right symmetric algebra (g, µ, α). A n-cochain C , with value in M , is a n-linear
map C : g⊗∧n−1g→M such that A ◦C = C ◦ α . Denote Cn(g,M) the space of
n-cochains C .
A 0-cochain is a vector m ∈M such that

A(m) = m, and R(α(y)) ◦R(x)m = R(µ(x, y))m

for all x, y ∈ g .

Fix a natural number n ≥ 1, the n-coboundary operator is the map dn
from Cn(g,M) into Cn+1(g,M) defined by:

(dnC)(x0 ⊗ x1, . . . , xn) =
n∑
i=1

(−1)i−1(dinC)(x0 ⊗ x1, . . . , xn)
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and:

(dinC)(x0 ⊗ x1, . . . , xn) = L(αn(x0))C(xi ⊗ x1, . . . ı̂ . . . , xn)

+R(αn(xi))C(x0 ⊗ x1, . . . ı̂ . . . , xn)

− C(µ(x0, xi)⊗ α(x1), . . . ı̂ . . . , α(xn))

+
∑
i<j

C(α(x0)⊗ α(x1), . . . , ı̂, . . . , α(xj−1), [xi, xj], . . . , α(xn)).

Let m be a 0-cochain , the 0-coboundary operator is the map (d0m)(x) =
L(x)m−R(x)m .

Let m be a 0-cochain

d1 ◦ d0(m)(x0 ⊗ x1) = L(α(x0))(d0m)(x1) +R(α(x1)(d0m)(x0)− (d0m)(µ(x0, x1))

= L(α(x0)) ◦ L(x1)m− L(α(x0)) ◦R(x1)m+R(α(x1)) ◦ L(x0)m

−R(α(x1)) ◦R(x0)m+R(µ(x0, x1))m− L(µ(x0, x1))m.

Since A(m) = m , and R(α(y)) ◦ R(x)m = R(µ(x, y))m for all x, y ∈ g , it
follows that d1 ◦ d0 = 0.

In light of Lemma (5.3), we can define the multiplicative hom-right symmet-
ric algebra (g×M,µ(R,L), α+A) and its coalgebra ((g×M)[1]⊗S((g×M)[1]),∆n).
Then, for each n ≥ 1, there is a natural bijection ψn from Cn(g,M) onto a sub-
space of Coder(∆n), namely: let C ∈ Cn(g,M),

1. Consider C as a n-degree map C : (g × M)[1] ⊗ Sn−1((g × M)[1]) →
(g×M)[1], vanishing if one of the argument is in M .

2. Extend this map to C̃ ∈ Coder(∆n) as in (2). Put ψn(C) = C̃ .

Conversely, for each coderivation Γ ∈ Coder(∆n) vanishing if one of its argument
is in M , and with values in M , there is Cn ∈ Cn(g,M), such that Γ = ψn(Γ),
namely:

Cn(x0 ⊗ x1 . . . xn−1) = ψ−1n (Γ)(x0, . . . , xn−1) = Γn((x0, 0), . . . , (xn−1, 0)).

Proposition 5.5. Let Q(R,L) ∈ Coder(∆1) the coderivation defined by Q(R,L) =
µ(R,L) . Then ψ−1n+1([Q(R,L), ψn(C)]) = (−1)ndnC .

Proof. By definition, the commutator C ′ = [Q(R,L), ψn(C)] is vanishing if one
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of its argument is in M and it is explicitly given by:

C ′(x0 ⊗ x1 . . . xn) = (Q(R,L) ◦ C − (−1)(n)·1C ◦Q(R,L))(x0 ⊗ x1 . . . xn)

=
∑

σ∈Sh(n−1,1)

εσR(αn(xσ(n)))C(x0 ⊗ xσ(1) . . . xσ(n−1))+

+ (−1)n
∑

σ∈Sh(1,n−1)

εσL(αn(x0))C(xσ(1) ⊗ xσ(2) . . . xσ(n))−

− (−1)n
∑

σ∈Sh(n−1,1)

εσC(µ(x0, xσ(1))⊗ α(xσ(2)) . . . xσ(n))

+ (−1)n
∑

σ∈Sh(1,1,n−2)

εσC(α(x0)⊗ µ(xσ(1), xσ(2)).α(xσ(3)) . . . α(xσ(n)))

= (−1)n
∑
i

(−1)i−1(dinC)(x0 ⊗ x1, . . . , xn).

This proves the proposition.

Since the commutator of coderivations is a Lie bracket and [Q(R,L), Q(R,L)] = 0,

Corollary 5.6. The operators dn satisfy:

dn+1 ◦ dn = 0.

Putting Zn
(R,L) = {C ∈ Cn(g,M), dnC = 0} the space of closed n-cochain, and

Bn
(R,L) = dn−1(Cn−1(g,M)) the space of exact n-cochain , and H0(g,M) = Z0

(R,L) ,

Hn(g,M) = Zn
(R,L)/B

n
(R,L) the space of n-cohomology, this defines the cohomolo-

gies of (g, µ, α), with value in the module (M,R,L,A).

6. The trivial Representation

In this section we study the trivial representation (R, 0, 0, id) of a multiplicative
hom-right symmetric algebra (g, µ, α). As above, the cohomology associated to
this representation is defined on cochains, elements of C0(g,R) = R , or Cn(g,R) =
{C : g⊗ ∧n−1g→ R, C = C ◦ α} (n ≥ 1).

For instance, H0(g,R) = Z0 = R , and for any C ∈ C1(g,R), C is closed if
and only if C(µ(x0, x1)) = 0, and there is no non trivial exact cochain. Thus

H1(g,R) = {C ∈ C1(g,R), C(µ(x0, x1)) = 0}.

Let us now prove that the second cohomology group classifies the central
extensions of (g, µ, α).

Let (g, µ, α) be a multiplicative hom-right symmetric algebra. A central
extension of (g, µ, α) is a multiplicative hom-right symmetric algebra (g+, µ+, α+)
with g+ = g⊕R , µ+

(
(x, s), (y, k)

)
= (µ(x, y), C(x, y)) and α+(x, s) = (α(x), s).
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Proposition 6.1. Let C be a 2-cochain. Put g+ = g⊕R, α+(x, s) = (α(x), s)
and µ+

(
(x, s), (y, k)

)
= (µ(x, y), C(x, y)). Then (g+, µ+, α+) is a central exten-

sion of (g, µ, α) if and only if d2C = 0.

It is a direct computation:

µ+
(
µ+((x, s), (y, r)), α+(z, t)

)
− µ+

(
α+((x, s)), µ+((y, r)), (z, t))) =

= (µ(µ(x, y), α(z))− µ(α(x), µ(y, z)), C(µ(x, y), α(z))− C(α(x), µ(y, z))).

Thus (g+, µ+, α+) is a hom-right-symmetric algebra if and only if

C(µ(x, y), α(z))− C(α(x), µ(y, z))) = C(µ(x, z), α(y))− C(α(x), µ(z, y))),

which exactly means that d2C(x⊗ y.z) = 0.

Two central extensions (g+1 , µ
+
1 , α

+
1 ) and (g+2 , µ

+
2 , α

+
2 ) are isomorphic if

there is a hom-right symmetric algebras isomorphism f+ : g+1 → g+2 , of the form
f+(x, s) = (x, s+ f(x)), with f : g→ R .

Proposition 6.2. For C1 , C2 ∈ Z2 , the two coresponding central extensions
(g+1 , µ

+
1 , α

+
1 ) and (g+2 , µ

+
2 , α

+
2 ) are isomorphic if and only if C1 − C2 is exact.

The cochains C1 and C2 differs by an exact cochain if and only if there is
f : g→ R such that

C1(x⊗ y)− C2(x⊗ y) = d1f(x⊗ y) = −f(µ(x, y)).

This is equivalent to say that f+(x, s) = (x, s + f(x)) is a hom-right-symmetric
algebra isomorphism.

7. The α0 -adjoint representation

Let (g, µ, α) by a multiplicative hom-right-symmetric algebra. Consider now
the α0 -adjoint representation of g on itself, defined by R0(x)y = µ(y, x) and
L0(x)y = µ(x, y), A(y) = α(y).

Then the spaces of 0 and 1-cochains are by definition:

C0 = {y ∈ g, α(y) = y, µ(y, µ(x, z)) = µ(µ(y, x), α(z)),∀x, z ∈ g},
C1 = {f : g→ g, α ◦ f = f ◦ α}.

Each 0-cochain y defines an α-derivation D of (g, α, µ), by D(x) = [x, y] . Such
a derivation is called inner. Denote by Innα(g) the space of inner derivations.
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Proposition 7.1. The first cohomology groups of the α0 -adjoint representation
are

H0 = {y ∈ C0, [y, x] = 0,∀x ∈ g},

and

H1 = Derα(g)/Innα(g).

Since d0y(x) = [x, y] = 0, the first point is clear.

For any 1-cochain f ,

d1f(x, y) = µ(α(x), y) + µ(x, α(y))− f(µ(x, y)).

Therefore, the set of closed 1-cochain is exactly the space Derα(g). Furthermore,
an exact 1-cochain has the form f(x) = d0y(x) for some 0-cochain y . Thus
H1 = Derα(g)/Innα(g).

8. The α−1 -adjoint Representation

Let (g, µ, α) be a regular multiplicative hom-right-symmetric algebra. Consider
now the α−1 -adjoint representation of g on itself, with A = α , R−1(x)y =
µ(y, α−1(x)) and L−1(x)y = µ(α−1(x), y).

Then the spaces of 0 and 1-cochains are as above:

C0 = {y ∈ g, α(y) = y, µ(y, α−1(µ(x, z))) = µ(µ(y, α−1(x)), z),∀x, z ∈ g}
= {y ∈ g, α(y) = y, µ(y, µ(x, z)) = µ(µ(y, x), α(z)), ∀x, z ∈ g},

C1 = {f : g→ g, α ◦ f = f ◦ α}.

Each 0-cochain y defines an α0 -derivation D of (g, α, µ), by D(x) = [α−1(x), y] .
Such a derivation is called inner. Denote by Innα0(g) this space of inner deriva-
tions.

Proposition 8.1. The first cohomology groups of the α−1 -adjoint representa-
tion are

H0 = {y ∈ C0, [α−1(x), y] = 0, ∀x ∈ g} = {y ∈ C0, [x, y] = 0, ∀x ∈ g}.

And

H1 = Derα0(g)/Innα0(g).

The proof is the same as the one of Proposition (7.1), and will be omitted.

Recall that an infinitesimal deformation of the regular multiplicative hom-
right-symmetric algebra (g, µ, α), is a one-parameter family of multiplications
t 7→ µt of the form

µt(x, y) = µ(x, y) + tC(x, y),
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such that C is a 2-cochain and the hom-right-symmetric relation:

µt(α(x), µt(y, z))− µt(µt(x, y), α(z))− µt(α(x), µt(z, y)) + µt(µt(x, z), α(y)) = 0

holds modulo terms in t2 . If the hom-right-symmetric relation holds for any t , the
hom-right-symmetric algebra (g, µt, α) is called a true deformation of (g, µ, α).

Since C commutes with α , α is a morphism for each product µt . Now:

µt(α(x), µt(y, z))− µt(µt(x, y), α(z))− µt(α(x), µt(z, y)) + µt(µt(x, z), α(y)) =

= td2C(x, y, z)+

+ t2 [C(α(x), C(y, z))− C(C(x, y), α(z))− C(α(x), C(z, y)) + C(C(x, z), α(y))] .

Therefore, µt is an infinitesimal deformation of µ if and only if C is a closed
cochain, and a true deformation if furthermore C itself is a hom-right symmetric
algebra structure on g .

An infinitesimal deformation µt is trivial if there is a linear map θ ∈ C(g)
such that ϕt(x) = x+ tθ(x) satisfies

µ(ϕt(x), ϕt(y)) = ϕt(µt(x, y))

modulo terms in t2 . This condition is equivalent to C = d1θ . Thus, we say that
(g, µ, α) is infinitesimally rigid if the second cohomology space of the α−1 -adjoint
representation vanishes.

For any invertible n×n matrix A , define α : gln → gln by α(x) = A−1xA .
Let us now study the natural hom-right symmetric algebra ((gln)α, µα, α) defined
by the twisting of usual matrix multiplication through α .

Theorem 8.2. The twisted hom-right symmetric algebra ((gln)α, µα, α) is not
rigid.

The claim follows from the observation that α is invertible. Let C be a
2-cochain the coboundary d2C is

d2C(x, y, z) = µα(α(x), C(y, z)) + µα(C(x, z), α(y))− C(µα(x, y), α(z))

+ C(α(x), [y, z]α)− µα(C(x, y), α(z))− µα(α(x), C(z, y))

+ C(µα(x, z), α(y))

= α2
[
µ(x, α−1 ◦ C(y, z)) + µ(α−1 ◦ C(x, z), y)− α−1 ◦ C(µ(x, y), z)

+ α−1 ◦ C(x, [y, z])− µ(α−1 ◦ C(x, y), z)− µ(x, α−1 ◦ C(z, y))

+ α−1 ◦ C(µ(x, z), y)
]

= α2(d′2(α
−1 ◦ C)(x, y, z)).

therefore, the set of closed 2-cochains is exactly Ker(d2) = α(Ker(d′2)).
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Let C be a 1- cochain the cobondary

d1C(x, y) = µα(x,C(y)) + µα(C(x), y)− C(µα(x, y))

=α
[
µ(x,C(y)) + µ(C(x), y)− C(µ(x, y))

]
=α(d′1(C)(x, y)).

Therefore, the set of exact 2-cochains is exactly Im(d1) = α(Im(d′1)).

Let a be an arbitrary matrix which commute with A . Consider now the
2-cochain

f(x, y) = tr(y).[x, a]

By direct computation, we obtain

d′2f(x, y, z) = x.f(y, z) + f(x, z).y − f(x.y, z) + f(x, [y, z])

− f(x, y).z − x.f(z, y) + f(x.z, y)

= tr(z).x.[y, a] + tr(z).[x, a].y − tr(z).[x.y, a] + tr([y, z]).[x, a]

− tr(y).[x, a].z − tr(z).x.[z, a] + tr(y).[x.z, a]

= tr(z).(x.[y, a] + [x, a].y − [x.y, a])

− tr(y).(x.[z, a] + [x, a].z − [x.z, a])

= 0,

thus f is a closed cochain.

If f were exact, there would be a linear map c such that:

f(x, y) = d′1c(x, y) = xc(y)− c(xy) + c(x)y.

But, in this case, f is an usual Hochschild coboundary. Thus:

0 = d′Hf(x, y, z) = x.f(y, z)− f(x.y, z) + f(x, y.z)

− f(x, y).z

= [a, x].(tr(y)z − tr(yz)In + tr(z)y).

But this is impossible: if y = z = In and a 6= In , then d′Hf(x, In, In) = n[a, x] is
not nul. We conclude that the hom-right symmetric algebra ((gln)α, µα, α) is not
rigid.
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References

[AAC] Aloulou, W., D. Arnal, and R. Chatbouri, Algèbres et cogèbres de Gersten-
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