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Abstract.  The notion of M -sets has been introduced by the second author
to give an elementary construction for the Lie algebras of type Fg and F, and
the Chevalley groups Eg(K), Fy(K), and 2Eg(K) over fields K of characteristic
two. The aim of this article is to use the notion of M -sets to give an elementary
and self-contained construction of the maximal parabolic subgroup P; of Eg(K)
using Levi components and unipotent radical root subgroups of Eg(K).
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1. Introduction

The construction of the finite simple groups Eg(gq) and their triple covers (which
exist whenever ¢ = 1 mod 3) goes back over 100 years to the work of Dickson
[11]. It was only in the late 1980s, when the maximal subgroup problem came
to prominence, that there was renewed interest in Dickson’s work. Of particular
note are Magaard’s unpublished thesis [13] on maximal subgroups of Fj(g) in
characteristics at least 5, and the series of papers by Aschbacher [4], [5], [6]
and [7] on maximal subgroups of Fg(¢q). In these papers the 27-dimensional
representation of the generic covers reveals much more structure than the 78-
dimensional representation on the Lie algebra, and leads to strong restrictions on
the shape of a maximal subgroup.

The analysis of maximal subgroups of exceptional groups has a history
stretching back to the fundamental work of Dynkin [12], who determined the
maximal connected subgroups of the simple algebraic groups G of exceptional
type Gy, Fy, Eg, E7 or Eg over an algebraically closed field K of characteristic
zero. For more information about groups of Lie type, see [9].

It is remarkable to mention that most of the available literature on Lie
algebras and Chevalley groups does not deal with fields of characteristic two. Hence
this study aims to contribute in this aspect.

* The project was funded by Kuwait Foundation for the Advancement of Sciences under
project code: P115-16SM-01.
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Remark 1.1. It is remarkable to mention that the construction of the embed-
ding Fjoy < 2Ug(2) and the D-groups of 3-transpositions is mainly based on this
work, [1] and [2]. This will be the subject of a separate paper.

Notation and earlier results

Let V be a 6-dimensional vector space over the Galois field Fy, and @) be
a non-degenerate quadratic form on V' of minimal Witt index, ie., Q : V — Fy,
such that:

1. Q(tx) = t2Q(x).

2. The map (z]y) — Q(z+vy) — Q(x) — Q(y) is a non-degenerate bilinear form
on V.

3. f U<V and Q(u) =0, Yu € U, then dim(U) < 2, i.e., the totally singular
subspaces of V' are of dimension at most two. This type of quadratic forms
is of “=7 type.

As all quadratic spaces of “—”" type are isomorphic, we may take as a
representative V' = 3 considered as a 6-dimensional vector space over Fy, i.e.,

V:{(.Z‘,y,Z) ’ xayaZ€F4}

and define Q(z,y,2) = 2T + yy + 2Z = 22 4+ 3 + 23, where 7 = 22, ¥ = y? and
z =22, For (V,Q), define the automorphism group

W={geGL(V)| Q) = Q(z), Ve € V}.

By definition W' = G-(2) = Q4(2).2 = Us(2).2, a split extension following the
Atlas notation [10]. The pair (V,Q) corresponds to a combinatorial geometric
object (Q,.Z), where

Q={0#z€V|[Q(z) =0},
£ ={L <V |dim(L) =2 and Q(L) = 0}.

The elements of €2 are called points, €2 is called a quadric, and the elements of .Z
are called lines.

Observation 1.1 ([3]). || = 27.

Proof. Let z = (z1,%9,73) € V =TF}, where V is a 6-dimensional vector space
over Fy, and (@) is a quadratic form of “—” type on V as defined above. Then,
Q(z1, 9, 23) = 23+ 23 +123 as x; € Fy for i = 1,2, 3, this implies 2 = 1 if x; # 0
and x? = 0 if z; = 0. Hence Q(z) = 0 if and only if exactly two components
z; #0, e, x = (a,b,0),2 = (a,0,b), or x = (0,a,b) for a,b # 0 and hence the

claim. n

Corollary 1.2.  As || =27, then |{s € V| Q(s) # 0} = 36.
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Observation 1.2 ([3]). Let V be a 6-dimensional vector space over Fy, and
V =TF3%, endowed with a quadratic form Q of “—7 type. Then

1. FEach point of € is contained in exactly 5 lines L € £ .
2. | & =45.

Proof. Let v = (1,1,0) € Q and w € Q, w # 0,v such that (v,w) € Z.
Then, we consider the following cases:
Case 1. w = (a,b,0). This implies a,b € F4\Fy and hence

(v,w) ={(1,1,0), (a,b,0), (a + 1,b+ 1,0)},

where a is unique up to addition by 1. This yields two possibilities and hence two
lines.
Case 2. w = (0,a,b) where a,b # 0. This implies

{v,w,v+w} ={(1,1,0),(0,1,b),(1,0,b)},

which yields to three possibilities and hence three lines.
Case 3. w = (a,0,b). This case is covered by Case 2.
Hence v is contained in 5 lines. As the automorphism group W =
Aut(Q,.%) is transitive on 2, this holds for all points in €. This proves 1.
Counting pairs {(P,L) | P € L € £} in two ways, one obtains 27 -5 =
|-Z| - 3. This implies |.Z| = 45. Hence the claim. [

Observation 1.3 ([3]).  For (2, %Z) the “quadrangle” property holds, that is, if
L is a line, p a point, p & L, then there exists a unique point q € L, such that p
and q are collinear.

Proof. Let Le.Z,veQ and v ¢ L. Then L € v, as otherwise X = (L, v)
would be a totally singular subspace of dimension 3. This contradicts the fact
that @ has a minimal Witt index. Hence L ¢ v and this implies v+ N L is a
1-dimensional subspace, i.e., v* N L = (w) and (v,w) € Z. [

Definition 1.3. For each s € V with Q(s) = 1, we define an element of W,
the reflection o, : © — (x, (x]s)s).

Observation 1.4 ([3]). 1. The elements os with Q(s) =1 generate W .

2. The pair (2,.ZL) is called a generalized quadrangle and it is of type Og (2)
and has the following combinatorial properties.
(a) Any two lines intersect in at most one point.

(b) p € Q is collinear with exactly 10 points, as p is on 5 lines and not
collinear with 16 points.

(c) If p,q € Q, p # q are not collinear, i.e., (p,q) =1, then

{x € Q| z is not collinear with p,q}| = 5.
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Proof. It is an immediate consequence of the definition of the quadratic form
@, Observation 1.1, Observation 1.2, and Observation 1.3. [ |

For a vector space A over a field F, we denote by End(A) the Lie algebra
consisting of all linear transformations of A with Lie product [X,Y] = XY -Y X.

2. Lie algebras of type Ejg

The Lie algebras of type Fg(K) for fields K of characteristic two have been
constructed in [1]. To have a self contained paper we present here a brief description
of the construction.

Definition 2.1. A subset A C Q is called a E-set, if (z|y) = 1 for all distinct
xr,y € A.

Proposition 2.2 ([1]).
1. E-subsets of €2 have size at most six.

2. § contains exactly 72 E -subsets of size siz. W permutes them transitively
with stabilizer Sg.

Definition 2.3. FE-sets of size six are called M -sets.

Remark 2.4. If A isan M-set, then s =) _, « is a non-singular vector. We
say that s and o, correspond to A. Each non-singular vector, or each reflection,
corresponds to exactly two M -sets. This is obvious, as W is transitive on M -sets
and non-singular vectors. Also, if A corresponds to s and o, then AY corresponds
to s¥ and o9 for all g € W.

Proposition 2.5 ([1]). Let A be an M -set with corresponding non-singular
vector s and reflection o = o,. Let T # o be a reflection.

(1) The M -sets corresponding to s are A and A°;

AUA? ={z € Q] (z|s) =1}

(2) If [o,7] =1, then AT = A and A7 = A“.

(3) If ot has order 3, then ANA™ = ANCy(7) has size 3 and A° N AT = (),
ANA™ = ANCy(r9) has size 3 and A7 N A" = (). Hence also
ANAT=ANAT ={.

Corollary 2.6 ([1]). Let A, T' be two M -sets corresponding to two distinct
reflections o and 7. Then:

1. If [o,7] =1, then |ANT|=]ANT7| =1.
2. If [o,7] # 1, then |ANT| =3 and ANT? =0 or [ANT?| =3 and ANT = ().
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Let A be a 27-dimensional vector space over Fy with basis {e, | z € Q}.

For v € V', define H, € End(A) by
ellv = (z]v)e, (x € Q).
and for an M-set A with corresponding reflection o, define M(A) € End(A) by

M) _ ero, T EA | (5 €Q).
0, otherwise

Remark 2.7.  The group W acts on A by ey = e,qs. Obviously, H? = H,, and
M(A)Y = M(A9).

Remark 2.8. This approach can be generalized to arbitrary fields K. Here we
define A as a 27-dimensional vector space over K with basis e,, x € 2. For pairs

(x,A), x € A, A an M-set, we choose suitable structure constants e, » = £1

and define eX®) = €z ACz0, if £ € A, and eMB) - 0, otherwise.

Proposition 2.9 ([1]). Let A be an M -set with corresponding vector s and
reflection 0 = o,. In particular, x +x% = s for all x € A.

1. H={H,|lveV} is an Abelian Lie algebra of dimension 6.
2. [Hyy M(A)] = (slv)M(A).
3. [M(A), M(A?)] = Hy.

Let A; be M-sets with corresponding reflections o;, 1 = 1,2. Then

eM(Al)M(A2) _ {610102, T € Al N Agl (x c Q) (1)

‘ 0, otherwise

From this, we get:

Proposition 2.10 ([1]).  Let A; be M -sets with corresponding reflections o,
i1 =1,2, Ay # Ay, AT . In particular, oy # 09.

1. If [o1,09] =1, then [M(A;), M(Ay)] = 0.

2. If [o1,00] # 1, and AT # AT then M(A)M(Ay) = [M(Ay), M(Ay)] =0.

3. If [o1,09) # 1, and AJ* = AT? then [M(Aq), M(As)] = M(AT?).
Proposition 2.11 ([1]).  Let A; be M -sets with corresponding reflections o,
1=1,2. If 01 # 09, then:

1. M(A)M(Ay)M(A;) =05

2. [M(Ay), M(Ag)] = 0 or [M(A,), M(A3?)] = 0.
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Theorem 2.12 ([1]).  The transformations H,, v € V', together with the trans-
formations M(A), A an M -set in ), generate a Lie algebra E of dimension 78.
E is of type Eg. H is a Cartan subalgebra of E, the transformations M(A) form
a set of 72 roots.

The relations proved in Propositions 2.9, 2.10 and 2.11, show that E is in
fact a Lie algebra of type Eg with Weyl group W'.

3. The Chevalley group of type Eg(K)

Let K be afield of characteristic 2 and Ax be a vector space with basis {e, | x € Q},
so that A < Ak, and Ay is obtained from A by extending scalars to K .

The transformations M (A) and H, defined above induce K -linear trans-
formations of Ay .

Remark 3.1.  In the following, brackets [, | are used for commutators of group
elements and for Lie multiplication. The respective meaning is clear from the
context.

Definition 3.2.  Let I be the identity on Ax. For k € K and an M-set A the
corresponding root element ra (k) is defined as
ra(k) =1+ kM(A).
For an M-set A the corresponding root subgroup Ua is defined as
UA:{TA(k)‘kEK}gK.
The group generated by all root subgroups is denoted by F(K).

Proposition 3.3 ([2]).  Let A an M -set with corresponding reflection o. Then
(Ua, Uns) = SLy(K).

Proposition 3.4 ([2]). Let A; two M -sets with corresponding reflections o;
such that oy # oo. For k; € K, we have
rag(kika), if A7 = A7 = Ay,

1, otherwise.

[TA1 (k1)7TA2(k2>] = {

Lemma 3.5 ([2]). The group E(K) modulo its center is isomorphic to the
Chevalley group Eg(K).

4. Quadratic forms

Remark 4.1. The 27-dimensional vector space Agx over K with basis
{e; | v € 2} can be turned into a commutative, non-associative algebra. For
x,y €, set

oo euty, = Fyand (z|ly) =0,
i 0, otherwise.



ALAZEMI AND BANI-ATA 1113

and extend the multiplication of the basis elements linearly to Ax. Thus ab =

> wyeq Gebyese,, where a =3 aze, and b= 3 bye,.

Proposition 4.2.  Let A be an M -set with corresponding vector s and reflec-
tion 0 = os. Set M = M(A). In particular, M' = M(A?). For a, b € Ax we
have ab™ + aMb = (ab)M" .

Proof. It suffices to prove this relation for base elements a = e, , b = e, where
x,y € Q.

Suppose (ege,)™ # 0. Then L = {z, y, z + y} is a singular line and
r+y € A°. In particular, (s|z +y) = 1. We may assume wrong, that (s|z) =1
and (s|y) = 0. Hence e)f =0 and z € AUA?. As A? is an M-set containing
x4y # x, we find x € A. Hence, eiwey + exeé” = eﬁ‘c/ley = €p1sCy = Cpiyts =
(exey)Mt. Suppose (el,ey)Mt =0 and 2Me, # 0. In particular, L = {27, y,2° +y}
is singular and x € A.

If (sly) =0, then L = {x,y,x+y} and x+y € AUA?. Asz+y#z €A
and (z|z +y) = 0, this implies # +y € A% and (e,e,)™" # 0, a contradiction.

If (sly) =1, then y € AUA?. As 27 € A7 and (y|z7) = 0 it follows y € A.
Hence, ey ey = 690634 = €pqyts and ey ey + exefy = (exey)Mt. This completes the
proof. [ |

Definition 4.3. For x € Q, let (), be the uniquely determined quadratic form
defined on A, such that, for y, z € Q, Q.(ey) =0 and

1, {z,y,z} is a singular line,

Qz(ey+e,) = {

0, otherwise.

and let @ the quadratic map from Ag to Ag, defined as Q(a) = Y oveq @az(a)es.

Proposition 4.4.  Let A an M -set with corresponding reflection o. Set M =
M(A), so that M' = M(A?). For a, b € Ax we have:

1. Q(ex) =0, Vreq.

~

2. Qa+0b) =ab+Q(a) + Q(b).
3. Q(aM)=0.
4.

~

aa™ = Q(a)M".

Proof. (1) and (2) follow immediately from the definition. (2) implies (3), as
Q(ex) =eze, =0 for all z, y € A7, and a™ is a linear combination of such base
elements.

Let x € Q. Then e =0, as e =0 or (z]2°) = 1, if x € A. Let
a = e, +b. Then by Proposition 4.2, aa™ = e eM + e, bM + beM + bbM = e, bM +
bed! +bbM = (e,b)M +bb™ and Q(a)M" = (Q(e)+eb+Q(0)M" = (e,b+Q ()M
Using induction on the weight of a, the number of non-zero coefficients, we get
(4). n



1114 ALAZEMI AND BANI-ATA

Definition 4.5. For elements g € E(K) denote by ¢g* the transposed inverse
of g with respect to the basis {e, |z € Q}.

Proposition 4.6.  Let A an M -set with corresponding reflection o, and k € K .
Then ra(k)* = rac(k).

Proof. Root elements are self-inverse and the transposed of M(A) is M(A%). m

Proposition 4.7.  Let g € E(K) and a,b € Ax. Then a0 = (ab) and
Q(a%) = Qa)".

Proof. We may assume that g = ra(k) = I + kM(A) for an M-set A and
0# ke K, as F(K) is generated by root elements. Using linearity, we may also
assume that k=1 and a, b € Ax. Set M = M(A). Proposition 4.2 shows

Qa’) = Qa+a") = Q(a) + aa™ + Q(a™) = Q(a) + Q(@)™" = Q(a)”".
Hence the claim, as ab = Q(a + b) — Q(a) — Q(b). n

Remark 4.8. Let

Vi={U<A|dimU =i and Q(U) = 0},
E(K) = (ra(k) | Ais an M-set, k € K),
then:
1. Vi £ 0 if i <6;

2. E(K) is transitive on Vi, Vo, V3, Vi, Vs and has 2 orbits on Vs, namely
‘/5,+7 ‘/5,77 where

Vs+ ={U < V5 | U is contained in V' € Vs}, and
Vs ={U < V5| U is not contained in V" € V;}.
Proof.  See [§]. ]

Remark 4.9.  The elements of the Tits building of type Eg are the elements of
Vi, Va, V5, Vi, V5 and subspaces of the form aA for 0 # a € A with Q(a) =
and diagram

Ve
O O O O O
Vi Va Vs Vs {aA]Q(a) =0 # a}

The maximal parabolic subgroups of type Eg are the stabilizers of the sub-
spaces given in the diagram. The group E = E(K) acts on the spaces V; as
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follows. Let U € V;, g € E, then dimUY = i, and by Proposition 4.6, one has
Quf) =Q(u)? =09 =0 forall ue U.

Remark 4.10. The maximal parabolic subgroups of type FEjg are all semidirect
products H = X x L, where X = O,(H) is the largest normal 2-subgroup in H,
called the unipotent radical, and complement L, usually called Levi complement.
If H= Ng(U), U €V,, then H can be constructed as follows. We determine the

sets:
e x={A|ra(k) € H, Aisan M-set, k € K},
* xo={Aex|A"ex},
e xi={Aex[A"¢x}.

Then R = (ra(k) | A€ x1, k € K) = Oo(H), T = (ra(k) | A € xo, k € K).

5. The maximal parabolic subgroup P;

Let p € Q, U = (e,) € Vi, then the maximal parabolic subgroup P; is the
stabilizer H = Ng(U). From the above remark, we find x; = {A | p € A*},
Xo={A|p ¢ AUA*}. So we prove the following:

Proposition 5.1.  Let A be an M -set with corresponding non-singular vector
s = sa and reflection 0 = o3 = oa. If x € A and y € A*, then (z|ly) =0 or
r+y=s and (z|y) =1.

Proof. As A* = A = A+ s, then y = 2’ + s for some 2/ € A and
(z|ly) = (z]z') + 1. Hence (z]y) = 1 if and only if x = 2’ by the properties
of M -sets. [

The following lemma is needed.

Lemma 5.2.
1. |x1] = 16.

3. If A € x1 with corresponding non-singular vector s = sa and reflection
0 =05 = oa, then there is a unique v € A such that s =p+x, (plx) =1
and p° = x.

Proof. Let y € Q, then {A |y € A} = 25 = 16. Hence

xal = {A[pe A"} = 16.



1116 ALAZEMI AND BANI-ATA

This proves (1). As xo ={A |p ¢ AUA*} = {A | (p|s) = 0}, this implies that
[{s | Q(s) =1 and (p|s) = 0}] = 281> = 20, hence |xo| = 2-20 = 40. This proves
(2).

It is clear that p” = x, to prove the uniqueness. Assume y # x and
(ply) = 1. As p € A*, then p+ s = = # y by Proposition 5.1, and hence
(z|y) = 0. This implies that y ¢ A. This proves (3). [

Theorem 5.3. Let R = (ra(k) | A € x1, k € K) be the unipotent radical.
Then R = (K¢ +).

Proof. Let A= (e,) ® A1 ® Ay where
A1:<€$|p7él', (p|l’):1>,
Ay = <€:Jc \p%x, (p‘x) :0>=

dimA; = 16, and dimAy = 10. If A and I' are two M-sets in x;, then

p € A*NT* and [ra«(k), rr«(m)] = 1 for all k,m € K, by Proposition 3.4.

It follows that R is Abelian of exponent 2. By Lemma 5.2 (3), R can be written
)

as R = (ra(k) | p+sa € A and p € A*) and hence e;A(k =e, as p ¢ A and
e;ﬁgz) = €pysp T KepisaOn = €pysp +kep. If e, € Ay, y# p+sa, then y € A by

Lemma 5.2 (3), and ¢;** =¢,.
 From this argument it follows that R induces the full group of transvections
on U = (e,) ® Ay of dimension 17 with center (e,) and hence R~ (K' +). =

To construct the Levi component L, we need the following

Remark 5.4. Let p€ Q and Py = {z € Q| v # p, (z|p) = 0}, |P| = 10.
Then p lies on 5 lines {p, z;,y;}, i =1,2,...,5. Let

Ay = <€x17€y1> D <€x276y2> DD <ew5’€y5>-

For a =0, kies,+3 0 mye,, with k;, m; € K, if Q| 4, denotes the restriction on
Ay, it follows Q(a) = . (kim;)e,. Hence (A, Q|4,) is a non-singular orthogonal
space of dimension 10 of “+” type, i.e., there exist subspaces W of Ay of dimension
5 with Q(W) = 0. The orthogonal group of (Ay, Q|4,) contains root elements or
Siegel transformations, i.e., automorphisms =~ such that

ClAp, 7] = (a+a" | a € Ap)

is a totally singular subspace of dimension 2. We call the root elements belonging
to the subspaces (es;,€s;), (€y;,€y;), (€s,,€y,) for i # j the canonical root ele-
ments (canonical Chevalley generators). These canonical root elements generate a
subgroup isomorphic to Q7,(K), see [9].

Now we prove the following:

Theorem 5.5. Let A = (e,) ® Ay ® A1 where Ay and Ay are defined above.
Then the Levi component L induces (A, Q|a,) = Qio(K).
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Proof. Consider L = {ra(k) | A € xo, k € K}, then L = {ra(k) | (p|sa) = 0}.
Let A be an M -set with corresponding non-singular vector sx and reflection ox .
If (p|]sa) = 0, then it follows that g € (ra(k) | (p|sa) = 0) leaves A; and Ay
invariant as (p|z72) = (p|z), Vo € Q.

The 5 lines through p may be seen as {p, x;,y;}, i =1,2,...,5. If a € Ay,
then a = 320 kiey, + .0 mie,, where ki,m; € K, and Q(a) = 320, kimye, =
Qp(a)e,. Hence (Ao, Q]AO) is an orthogonal space of “+” type as

Ag = (€ay, €1 1p) © (Cans Capip) D @ (€as, Casip)-

This means that Q induces a non-degenerate quadratic form on Ay and ra(k)|a,
preserves @, as Q(a") = Q(a)” = (Qu(a)e,)” = Qpla)e) = Q,(a)e,, where
r denotes ra(k) € L. Furthermore 7|y, preserves Q|a, and induces a Siegel
transformation on Ay as (p|sa) = 0 implies that sx = z+y = z+p+y+p for z, y
with (z|p) = (y|p) = 0 and (z|y) = 1. This implies {z,y+p} C A and {y,z+p} C
A* and for all e, € Ap\{es, €y, €xtp, €ytp}, (2/5a) = 0 and hence e, = e, +ke, and
€hip = €yrp T Keayp. So ra(k) induces a Siegel transformation (see Remark 5.4)

and all Siegel transformations for the hyperplane basis {e;,, ex,4p [i=1,2,...,5}
can be thus obtained. This implies L = Qf(K), which acts faithfully on Ay.
Hence (R, L) is a semidirect product K¢ x Qf(K). ]
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