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Abstract.  Minimal affinizations introduced by Chari form a class of modules
of quantum affine algebras. In this paper, we introduce a system of equations
satisfied by the g-characters of minimal affinizations of type G5 which we call the
M-system of type Ga2. The M-system of type G5 contains all minimal affiniza-
tions of type G2 and only contains minimal affinizations. The equations in the
M-system of type G2 are three-term recurrence relations. The M-system of type
G is much simpler than the extended T-system of type G2 obtained by Mukhin
and the second author. We also interpret the three-term recurrence relations in
the M-system of type G2 as exchange relations in a cluster algebra constructed
by Hernandez and Leclerc.
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1. Introduction

Let g be a simple Lie algebra and U,g the corresponding quantum affine alge-
bra. Minimal affinizations are simple modules of U,g which were introduced by
Chari in [I]. The family of minimal affinizations contains the celebrated Kirillov-
Reshetikhin modules. Minimal affinizations are studied intensively in recent years,
see for example, [3], [2], [16], [20], [21], [22], [23], [24], [25], [26], [27], [28].

The aim of this paper is to study three-term recurrence relations satisfied by
the g-characters of minimal affinizations of type Gs5. The set of minimal affiniza-
tions of type G can be divided into two sets X7, X5 according to their highest
[-weights. The minimal affinizations in X; have highest [-weight monomials of
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the form (see Section

k-1 -1
Tlg,sl) = (H 1s+6i) <H 25+6k+2j+1>
i=0 Jj=0

and the minimal affinizations in X, have highest [-weight monomials of the form

-1 k—1
= <H 236k2i1> <H 1s6j) .
i=0 Jj=0

We introduce a system of equations which we call the M-system of type
GG and prove that the equations in the M-system of type (G5 are satisfied by the
g-characters of minimal affinizations.

The equations in the first part of the M-system of type G5 are three-term
recurrence relations:

TS = T JITE + [Tl (k€ Zsr 1€ {1,2,3}),  (1.1)
TENTED) = T T + T O T sl (k1€ Zs1),(1.2)

see Theorem 3.1} They are satisfied by the g-characters of the minimal affinizations
in X;. Here we use 7T to denote a module with highest [-weight T'.

The equations in the second part of the M-system of type G5 are three-term
recurrence relations:

[7;[ ][7; (5+0) ] = [7;4—&-1 O] [7;4 S+6)] [T(3k+l] (k € Z217l € {17 27 3})7
TANTED) = T T + T N T ohass] (k1€ Zsy),

see Theorem [3.2] They are satisfied by the g-characters of the minimal affinizations
in XQ .

The extended T-system of type G5 obtained by Mukhin and the second
author in [20] contains all minimal affinizations of type G2 and some other modules
which are not minimal affinizations. The M-system of type G2 also contains all
minimal affinizations of type G2. But unlike the extended T-system of type G,
the M-system of type G5 contains only minimal affinizations of type G5. The
M-system of type (G5 is much simpler than the extended T-system of type Gs.

The equations the M-system of type G2 can be interpreted as exchange
relations in a certain cluster algebra ./ constructed by Hernandez and Leclerc in
[19], see Section {4 In the paper [19], the equations in the usual T-systems are
interpreted as exchange relations in some cluster algebras. The T-system of type
G5 and the M-system of type G, are special cases of exchange relations in the
cluster algebra o7 .

We also used the M-system of type G5 to compute the decomposition of a
minimal affinization of type G as a U,g-module into simple U,g-modules. This
helps us to obtain the general decomposition formula in [21].

We show that the modules associated to the summands on the right hand
side of each equation in the M-system are simple.
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The paper is organized as follows. In Section 2, we give some background
information about finite-dimensional representations of quantum affine algebras
and cluster algebras. In Section 3] we describe the M-system of type Gy. In
Section [4, we interpret the equations in the M-system of type G5 as exchange
relations. In Section [f] and [6] we prove Theorem [3.1] In Section [7}, we prove
Theorem [3.2]

2. Background

2.1. The quantum affine algebra of type G-.

In this paper, we take g to be the complex simple Lie algebra of type G,
and b a Cartan subalgebra of g. Let I = {1,2}. We choose simple roots a, as
and scalar product (-,-) such that

(alaal) = 67 (0517a2) = _37 <0527a2) =2.

Therefore oy is the long simple root and «ay is the short simple root. Let {ay, o }
and {wy,ws} be the sets of simple coroots and fundamental weights respectively.
Let C = (Cjj)ijer denote the Cartan matrix, where C;; = 2(;“’—;’)) Let v, =
3,ro =1, D =diag(ry,r3) and B = DC. Then

2 -1 6 —3
(% 7) (5 )

Let @ (resp. Q1) and P (resp. P1) denote the Z-span (resp. Zsq-span)
of the simple roots and fundamental weights respectively. Let < be the partial
order on P in which A < X if and only if N — X € Q7.

Let g denote the untwisted affine algebra corresponding to g. Fixa ¢ € C*,
not a root of unity. Let ¢; = ¢",i = 1,2. Let P the free abelian multiplicative
group of monomials in infinitely many formal variables (Y; 4)ieraec -

The quantum affine algebra U,g in Drinfeld’s new realization, see [9], is
generated by z;, (i€ I,n € Z), k' (i € I), hiy (i € I,n € Z\{0}) and central

elements ¢*1/2

, subject to certain relations.

The quantum affine algebra U,g contains two standard quantum affine
algebras of type A;. The first one is UqlﬁA[g generated by wlin (n € Z), ki,
hi, (n € Z\{0}) and central elements ¢=*/2. The second one is Ug,sly generated
by 23, (n€Z), ky', hay (n € Z\{0}) and central elements ¢*=/2.

The subalgebra of U,g generated by (ki)ics, (xfo)ie ; is a Hopf subalgebra
of U,g and is isomorphic as a Hopf algebra to U,g. Therefore U,g-modules restrict
to Uyg-modules.

2.2. Finite-dimensional representations of U,g and ¢-characters. In this
section, we recall the standard facts about finite-dimensional U,g-modules and
g-characters of these representations, see [5], [6], [11], [24].

A representation V of U,g is of type 1 if 172 acts as the identity on V
and

V=W, Va={veV:kv=qg"Vo}. (2.1)
AEP



1122 L1 AND QIAO

In the following, all representations will be assumed to be finite-dimensional and of
type 1 without further comment. The decomposition of a finite-dimensional
representation V' into its U,g-weight spaces can be refined by decomposing it into
the Jordan subspaces of the mutually commuting operators qbf 4, see [11]:

V= @ V’Y? % ir)ZEI r€l>0> 7@ 4 € (C (22>

where
V,={veV:IkeNViel,m=>0 (¢, — Vigm) v =0}

Here gbi[n’s are determined by the formula

Z¢zin Zkflexp< ¢—q" Zh,imu ) (2.3)

If dim(V,) > 0, then v is called an [-weight of V. Let  be the [-weight of a
finite dimensional U,g-module. In [I1], it is shown ~ satisfies

+ _ S + r_ degQi—degR; Qi(ug; Y Ri(ug;) 9.4
U) Zf)/l,:t’l‘u 4; Qz(qu)RZ(uqi—l)7 ( . )

where the right hand side is to be treated as a formal series in positive (resp.
negative) integer powers of u, and @Q;, R; are polynomials of the form

Qi(w) = [] (1 —ua), Ri(u) = [] (1 — ua)™=, (2.5)

aeCx aeCX

for some w; 4, %4 € Z>0,1 € I,a € C*. Let P denote the free abelian multiplica-
tive group of monomials in infinitely many formal variables (Y;,)icsaecx . There
is a bijection v from P to the set of [-weights of finite-dimensional modules such
that for the monomial m = [] Kf’;’”aﬂi’“, the [-weight ~(m) is given by
3.

Let ZP = Z[Y® s Yicr.accx be the group ring of P. For y € ZP, we write
m € P if the coefficient of m in y is non-zero.

The g-character of a U,g-module V' is defined by

i€l,acCx

Zdlm ym € ZP,

where V;,, = V() , see [L].

Let Rep(U,g) be the Grothendieck ring of finite-dimensional U,g-modules
and [V] € Rep(U,g) the class of a finite-dimensional U,g-module V. The ¢-
character map defines an injective ring homomorphism, see [I1],

Xq : Rep(U,g) — ZP.
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For any finite-dimensional U,g-module V', we use m € x,(V') to denote that
m is a monomial in x,(V). For each j € I, a monomial m = []ic; ccx Y;ua“,
where u;, are some integers, is said to be j-dominant (resp. j-anti-dominant) if
and only if u;, > 0 (resp. u;, < 0) forall a € C*. A monomial is called dominant
(resp. anti-dominant) if and only if it is j-dominant (resp. j-anti-dominant) for
all j € I. Let Pt C P denote the set of all dominant monomials.

Let V be a U,g-module and m € x,(V) a monomial. A non-zero vector
v €V, is called a highest l-weight vector with highest l-weight ~(m) if

x;fr v =0, Q%it v = y(m)fﬂv, Viel,reZ,te sy
The module V' is called a highest [-weight module if V = U,g-v for some highest
[-weight vector v € V.

In [5], [6], it is shown that there is a one to one correspondence between
dominant [-weights and finite-dimensional simple U,g-modules. Therefore for
every m, € PT | there is a unique finite-dimensional simple U,g-module L(m,).
We use x,(my) to denote x,(L(m4)).

Let pi,ps be two polynomials in Z[}Qil]iemecx. If m is a monomial in
the polynomial, then we write m € p;. If m € p; and m € p,, then we write
m € p; N po. If all monomials in p; are in py, then we write p; C ps.

The following lemma is well-known.

Lemma 2.1.  Let my,my be two dominant monomials. Then L(mimsy) is a
sub-quotient of L(my) ® L(ma). In particular, x,(mima) C x,(m1)x,(ms). [

For b € C*, define the shift of spectral parameter map 7, : ZP — ZP to be
a homomorphism of rings sending Yfal to Yzﬂ;}) Let mq,my € PT. If 7y(my) = mo,
then

ToXq(M1) = Xq(m2). (2.6)

A finite-dimensional U,g-module V is said to be special if and only if x,(V)
contains exactly one dominant monomial. It is called anti-special if and only if
Xq(V') contains exactly one anti-dominant monomial. It is said to be prime if and
only if it is not isomorphic to a tensor product of two non-trivial U,g-modules, see
[8]. Clearly, if a module is special or anti-special, then it is simple.

Define A;, € P,i€ I,a € C*, by

Al,a = Y’I,aq3le,aq_?’Yfi1 Yéilyil AQ,(Z = }/P2,an'2,aq—1Y71Ta1-

2,ag=2"2,a ~2,aq?

When a € C* is fixed, we write A;, = Aj -
Let Q be the subgroup of P generated by A;,,i € I,a € C*. Let QF be

the monoids generated by Afal,i € I,a € C*. There is a partial order < on P in
which

m < m/’ if and only if m'm~" € Q. (2.7)

For all my € Pt x,(my) C myQ, see [10].
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Definition 2.2 ([I0]). Let m be a monomial. Suppose that for all a € C* and
i € I, we have the property: if the power of Y; , in m is non-zero and the power of

Y aqr in m is zero for all j € I,k € Z-q, then the power of Y;, in m is negative.

Then the monomial m is called right negative.

Lemma 2.3 ([I0], [16]). For i€ I,a € C*, A, is right-negative. A product

of right-negative monomials is right-negative. If m is right-negative and m’ < m,
then m’ is right-negative.

Lemma 2.4 (Lemma 4.4, [15]).  All monomials in the q-character of a Kirillov-
Reshetikhin module is right-negative except the highest [-weight monomial.

We need the following result from [10], [1§].

Proposition 2.5 (Proposition 5.3, [18]).  Let VW be two U,g-modules. If
Xq(V) and x,(W) have the same dominant monomials with the same multiplicities,
then x,(V') = xq(W).

2.3. Minimal affinizations of U,g-modules. Let A\ = kw; + lwy. A simple
U,g-module L(my) is a minimal affinization of V(\) if and only if m, is one of
the following monomials

k—1 -1 -1 b1
H Y1 agsi H Y5 agort2itr |, H Y5 qg-6k—2i-1 H Yiag-si |
=0 =0 i—0 =0

for some a € C*, see [1].

From now on, we fix an a € C* and denote iy = Y45, @ € [, 5 € Z.
Without loss of generality, we may assume that a simple U,g-module L(m.) is a
minimal affinization of V() if and only if m, is one of the following monomials

k—1 -1 -1 k—1
T;Sl) = <H 1s+6i> <H 2s+6k+2j+1> : Tk(,sl) = <H 2—5—6k—2i—1> (H 1—5—6j) :
i=0 i=0 Jj=0

J=0

2.4. g-characters of Uqglz—modules and the Frenkel-Mukhin algorithm.

We recall the results of the g-characters of Uq.f:\lg—modules and Frenkel-Mukhin
algorithm, see [4], [11], [10], [14], [17].

Let W,ia) be the simple quAlz -module with highest weight monomial

k—1
XY =T Yage2ir,
=0

where Y, = Y;,. Then the g-character of W,g“) is given by

k i—1

XaWi?) = XS T Avdisrs (2.8)

i=0 j=0
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where A, = Y,,-1Yo,.

For a € C*,k € Z>1, the set ng) = {aq¢" " 1}izo.. k1 is called a q-
string. Two q-strings 2}(:) and E,(j/) are said to be in general position if the union
E,(f) U E,(;/) is not a g-string or E;,a) C Z;jl) or Z,(;f,) C Z,(f).

Denote by L(m, ) the simple Uqglg-module with highest weight monomial

my. Let my # 1 and € Z[Y,]secx be a dominant monomial. Then m, can be
uniquely (up to permutation) written in the form

S

m+:H HYL )

=\ pexy?
where s is an integer, E,(;i”), t=1,...,s, are g-strings which are pairwise in general
position and
Limy) = Q@Wi, xo(L(ms)) = [T xa (W) (29)
i=1 i=1

Let i e l. Wecall n =YY 402 - - Y;’aqfkfz a ¢;-string in a monomial m if
n is a factor of m. We say that two ¢;-strings n; and n, are in general position
if nyny is not a ¢;-string or ny is a factor of ny or ny is a factor of n;.

The Frenkel-Mukhin algorithm is very powerful to compute ¢-characters of
simple U,g-modules, [10]. Let m, be a dominant monomial. Roughly speaking,
when the Frenkel-Mukhin algorithm computes x,(m. ), the algorithm starts with
m4 and gradually expand it in all possible qusA[Q—directions (iel).

Although in some cases the algorithm may fail, it works for a large family
of modules. In particular, if a module L(m.) is special, then we can use Frenkel-
Mukhin algorithm to compute its g-character, see [10].

Theorem 2.6 (Theorem 3.8, [I6], Proposition 7.1, Theorem 7.2, [20]).  The
minimal affinizations in the first (resp. second) part of the M-system of type G
are special (resp. anti-special). Therefore we can use the Frenkel-Mukhin algorithm
to compute the q-characters of the minimal affinizations in the first part of the M-
system of type Gs.

We will need the following result from Section 5 of [I8]. Let m be an i-
dominant monomial and ¢;(m) a polynomial defined as follows. Let 7 be the
monomial obtained from m by replacing Y;, by Y, if j =4 and by 1 if j # .
Then the g-character x,(L(m)) of the quAlg -module L() is given by , 1’
Write x,(L(m)) =m(1+ ), M), where the M, are monomials in the variables
A (a € C). Let wi(m) :=m(1+ > M,) where each M, is obtained from the

corresponding M, by replacing each variable A;! by A =L

Theorem 2.7 (Section 5.3, [I§]).  Let m be a dominant monomial and let mM
be a monomial of x4(L(m)), where M is a monomial in A5, (j € I). If M
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contains no AZ_; , then mM s i-dominant and @;(mM) is contained in x,(L(m)).
In particular, ¢;(m) is contained in x,(L(m)).

Let i € I and B; : P — P be a map such that §;(m) is obtained from
m € P by replacing all Y;, by 1, j # i. For example, 81 (1ols1i52123) = lolgliy -
By the Frenkel-Mukhin algorithm [10] and the formulas ([2.8]), (2.9)), we have

the following result which is used frequently in our proof.

Lemma 2.8. Let my be a dominant monomial. Then every monomial in
Xq(my) is a monomial in some @;(m), where i € I and m is an i-dominant
monomial in x,(m4). The l-weights of the monomials in @;(m) are less or equal
to the l-weight of m.

Suppose that Bi(m) = isisior, = istokr,—2r;, (K € Z>1) is a g;-string and
m' € pi(m). If isiopr,—or, is a factor of m’, then [;(m’) = Bi;(m) and hence
mA; o, (7 €1{1,...,k}) is not a monomial in x4(my).

For example, 102729/12_3“18 = 1ply is not in x4(12729).

2.5. Cluster algebras. Cluster algebras are invented by Fomin and Zelevinsky
in [I2]. Let Q be the field of rational numbers and F = Q(x1,x2, - ,z,) the
field of rational functions. A seed in F is a pair ¥ = (y,Q), where y =
(y1,Y2, -+ ,yn) is a free generating set of F, and @) is a quiver with vertices
labeled by {1,2,---,n}. Assume that @ has neither loops nor 2-cycles. For
k = 1,2,--- n, one defines a mutation pu; by ux(y,Q) = (y',Q’). Here y' =

(yi77y;1)7 y;:yla fori%k7 and

Hz‘—>k Yi + Hk—>j Yj
Yk ’

vi— 2.10)
where the first (resp. second) product in the right hand side is over all arrows of
() with target (resp. source) k, and @)’ is obtained from @ by

(i) adding a new arrow ¢ — j for every existing pair of arrow ¢ — k and k — j;
(ii) reversing the orientation of every arrow with target or source equal to k;
(iii) erasing every pair of opposite arrows possible created by (i).

The mutation class C(X) is the set of all seeds obtained from ¥ by a finite sequence
of mutation p. If ¥ = ((v1, 95, -+ ,9,), Q') is a seed in C(X), then the subset
{y1,v5, -+ ,y,} is called a cluster, and its elements are called cluster variables.
The cluster algebra ofs as the subring of F generated by all cluster variables.
Cluster monomials are monomials in the cluster variables supported on a single
cluster.

In this paper, the initial seed in the cluster algebra we use is of the form
Y = (y,Q), where y is an infinite set and () is an infinite quiver.

Definition 2.9 (Definition 3.1, [I3]). Let @ be a quiver without loops or 2-
cycles and with a countably infinite number of vertices labelled by all integers
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1 € Z. Furthermore, for each vertex ¢ of @) let the number of arrows incident with
i be finite. Let y = {y; | ¢ € Z}. An infinite initial seed is the pair (y,Q). By
finite sequences of mutation at vertices of ) and simultaneous mutation of the set
y using the exchange relation , one obtains a family of infinite seeds. The
sets of variables in these seeds are called the infinite clusters and their elements
are called the cluster variables. The cluster algebra of infinite rank of type @ is
the subalgebra of Q(y) generated by the cluster variables.

3. The M-system of type G,
In this section, we describe the M-system of type Gs.

3.1. The M-system of type G,. We use 7;‘; to denote the simple finite-

dimensional U,g-module with highest [-weight T r - Here T, (l is defined in Section
I Let [T] be the equivalence class of the U,g-module T in the Grothendieck ring

Rep(Uqg)

Theorem 3.1.  For s € Z, we have the following system of equations:
TNTE) = (RONTE + [Tk (k€ Zan1€{1,2,3), (31)
TRATE ) = (BT ) + Toaal T ™01 (k1€ 21).3.2)

Moreover, every module in the summands on the right hand side of the above
equations corresponds to simple modules.

This is the first part of the M-system of type (G5. The equations in Theorem
will be proved in Section [5| and the simplicity of the modules in the summands
on the right hand side of the equations in Theorem [3.1] will be proved in Section
0l

Theorem 3.2.  For s € Z, we have the following system of equations:
—(8)114(s+6 (s ~—(s+6 (s
TT0"™) = (BT + Toaka (k€ Zo1,1 € {1,2,3)),
Ten TS = BTl + T N T akria) (ki1 € Z3).

Moreover, every module in the summands on the right hand side of the above
equations corresponds to simple modules.

This is the second part of the M-system of type G5. Theorem will be
proved in Section [7]

The M-system gives more efficient recursive procedure for computing the
g-characters of minimal affinizations than the extended T-systems from [20].

The equations in Theorem are equivalent to the following equations.

Xa(TEX(TST) = o (T X (TETD) + xo(Tonss) (k€ 2,1 € {1,2,3}),
Xa(TS )Xo (TS = X (T X (TET00) + Xa Tkt Xa (T T O) (1 € Zsy).
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Example 3.3. The following are some examples of equations in the M-system
of type Gs.

[1-720][1
[1-9252¢][1_3

] —1J[20] 4 [2-62-42-220],

]
1112242 520][1 5]

]

]

[1-
[1- ;][ —220] + [2-82-62-42220],
(1111 5][2-42220] + [2-102-82 6242 220],
(1-132-62-42_ 220][1 720) = [1
(1531972 90 - -+ 2-920][1 071l 912 14+ - - 292] = |

131 20] [2 2 42 220] + [20] [27122710 T 27220]1
Tossl o7l 912 14+~ 2920][1 27290 - - - 22920 + [2-142-12 - - - 2-220][2-522 30 - - 2_220].

Example 3.4. The following are some examples of equations in the second part
of the M-system of type Gs.

2017][14 71[20] + [20222426]
[2022 ][ 3 19} [2022] —+ [2022242628]
[202224111][ 5111][202224] + [2022242625210],

[20222426113”20 7
[2022 U 220127133] [2022 e 214121127

1 113”20222426] + [20] [2022 2102]2]>

L] =
13] =
15] =
17]

|= - 214191 197153][2022 - - - 290197] 4 [2022 - - - 212214][2022 - - - 230232).

(i1
(15
[
20
(202

3.2. The m-system of type Gy. For k.l € Zsg, let my; = Res(ﬁ(fl])) (resp.

MmE, = Res(%g?l))) be the restriction of '7;(’?) (resp. ,7-1(4501)) to U,g. Let x(M) be
the character of a U,g-module M. By Theorem (3.1, we have the following result.

Corollary 3.5.  We have

X(Mig1,0)x(Mr—10) + x(Mosrrt) (k€ Zxy,1 € {1,2,3}),
(Mg 1,0) X (Mi—1043) + X(Mog)x(Moskties) (K1 € Zsy),
(Mer10)X(Mh-11) + X(Mo3k11) (K € Zx1,1 € {1,2,3}),
(Mr1,0) X (Mp—1043) + X (M00) X (Mo 3krir3) (k1 € Zsy).

X (M) X (M0

)
(mk z+3)X(mk,z) =

)

)

>

(mk z)X(mk,o

(mk l+3)X(mk,l

I
=

= x\um

We call the above system of equations the m-system of type Gs.

4. Interpretation of the equations in the M-system of type G, as
exchange relations

In this section, we interpret the equations in the M-system of type G5 as exchange
relations in certain cluster algebra constructed by Hernandez and Leclerc in [19].

4.1. The cluster algebra &/ constructed by Hernandez and Leclerc in
[19]. Let S ={-2n+1|n € Zs}, S = {-2n+2 | n € Z>}, and

= ({1} x 9)U({2} x S"). Let @ be a quiver with the vertex set V. The
arrows of ) are given by the following rules. For sy,s5 € S,s),52 € §', there is
an arrow from (1,s1) to (1,sy) if and only if sy = s; + 6, there is an arrow from
(2,57) to (2, 52) if and only if s, = s] + 2, there is an arrow from (1, s7) to (2, s})
if and only if s = s; — 5, and there is an arrow from (2, s}) to (1, s9) if and only
if so =55 —1. The quiver @ is the quiver G~ of type G3 in [19].

Let t = {tko , 52) | s1,80 € S, k,l € Z>1}. Let o/ be the cluster algebra
defined by the initial seed (t,Q). By Definition 2.9, o7 is the Q-subalgebra of the
field of rational functions @(t) generated by all the elements obtained from some
elements of t via a finite sequence of seed mutations.
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4.2. Interpretation of the first part of the M-system of type G, as
exchange relations. We use “C)” to denote the column of vertices (1,—1),
(1,=7), ..., (1,=6n +5), --- in the quiver Q. We use “Cy” to denote the
column of vertices (1,—3), (1,=9), ..., (I,—=6n+3), --- in Q. We use “C3” to
denote the column of vertices (1,-5), (1,—11), ..., (1,—=6n+1), --- in Q. We
use “Cy” to denote the column of vertices (2,0), (2,-2), ..., (1,—2n+2), ---
in Q.

By saying that mutate at the column Cj, i € {1,2,3,4}, we mean that we
mutate the vertices of C; as follows. First we mutate at the first vertex in the
column C}, then the second vertex, an so on until the vertex at infinity. By saying
that we mutate C;,,C;,, ..., where i; € {1,2,3,4},j = 1,2,...,n, we mean that

we first mutate the column Cj, , then the column Cj,, an so on.

The variables tfjé), t(()ff), 51,89 € S, are the cluster variables in the initial
(s1)
[—s1/6],0

(1,s1) and write tésf_s2+1)/2 at the vertex (2, s3) in the initial quiver @, s1,$2 € S.

seed of &7 defined in Section . For convenience, we write ¢ at the vertex
Then we obtain the quiver (a) in Figure [1]

We define some variables t,(:l) ( k,l € Zsy, s €S ) recursively as follows.
Let Seq,, i = 1,2, 3, be the mutation sequence C;,C;,Cj, .. ..

We define
te) = (t5g”), k€Zs,le{1,2,3},s=20+3 (mod 6), @)
o) = (Y, k1€ Zs,
where
(s) (s+6) (s)
t t, .+t
(1) = S ke 2oL € {1,238
k,0
75(5) £(516) + t(s) 4(5+6k-+6) (4.2)
(54+6) v/ E+1,0%—1,043 T Yo 3k+i+3b0,
(tey ) = [ +6) . k1€ Zsy.
k.l

are exchange relations which occur when we mutate Seq;, i € {1,2,3}. The
variables are defined in the order according to the mutation sequence Seq;. In
this order, every variable in is defined by an equation of using variables
in t and those variables in (4.1)) which are already defined.

Figure [1] is the first few mutations in the mutation sequence Seq; .

The exchange relations in (4.2) coincides with the equations in the first
part of the M-system of type Gy in Theorem [3.1] Therefore the equations in the
first part of the M-system of type G5 can be interpreted as exchange relations
in the cluster algebra 7. The cluster variables t,(:? corresponds to the minimal
affinizations 7;(";), k,l € Zsy.

Using the mutation sequence Seq,, ¢ € {1,2,3}, we obtain minimal affiniza-
tions

TR ki€ Zoy, 1=i (mod 3).
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4.3. Interpretation of the second part of the M-system of type G5 as
exchange relations. We can also interpret the second part of the M-system of
type Ga as exchange relations in the cluster algebra </ defined in Section [d Let
Seq;, ¢ = 1,2,3, be the mutation sequence C;,C;,C;,.... The cluster variables
tgfl) corresponds to the minimal affinizations 73,{‘;), k,l € Zq. Using the mutation
sequence Seq;, i € {1,2,3}, we obtain minimal affinizations

Nk(,l_ﬁk_2l+1)7 k7l € ZZI, =1 (mOd 3)

5. Proof of the equations in Theorem (3.1

In this section, we prove the equations in Theorem [3.1].
Using the Frenkel-Mukhin algorithm, one can easily compute the g-characters
of the fundamental modules.

Lemma 5.1.  The fundamental g-characters for U,g of type Gy are given by

Xo(lo) = T1o+21252515" + 2,232 +2,2:12 11, + 251251221,
12129170 + 141t 4+ 2512910150 + 25272915 175 + 21277
+23120 1o + 2527200 151 + 252120 + 277125120 16 + 17y

Xa(20) = 204+2511 + 2426171 + 24251 + 25125 5 + 25017 + 215

5.1. Classification of dominant monomials in the summands on both
sides of the M-system. By Theorem 3.8 in [16] (see also Theorem 3.3 in
[20]), the modules T,E;sl) (s € Z,k,l € Z>y) are special. Therefore we can use the

Frenkel-Mukhin algorithm to compute the g-characters of T,(Csl) (s € Z,k,l € Z>p).
Now we use the Frenkel-Mukhin algorithm to classify dominant monomials in the
summands on both sides of the M-system.

Lemma 5.2.  We have the following cases.
(1) Let
M =TT (k€ Zsy,1 € {1,2,3}).

Then the dominant monomials in Xq(T,Sl))Xq(T,SJG)) (k € Z>1,1 € {1,2,3})
are M and

i—1

M;=M][ AL ohos i=12.....k,

=0

with multiplicity 1.
The dominant monomials in Xq(T,gLO)Xq(T,gi?l)) (k€ Zs1,1 € {1,2,3}) are
M, My, ..., My_q, with multiplicity 1.
The only dominant monomial in Té’sg)kH (k € Zs1,l € {1,2,3}) is My with
multiplicity 1.
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(2) Let
M =T T50 (k1€ Zsy).

Then the dominant monomials in Xq(T,Efl)Jr3)xq(T,§j+6)) (k,l € Z>y) are M
and

i—1
Mi=M[[ A ioros i=12...,k
=0
with multiplicity 1.
The dominant monomials in Xq(Tk(fng)Xq(T,gs_ﬁLS) (k,l € Z>1) are M, M,
oy My, with multiplicity 1.

The only dominant monomial in Xq(Téf?))k+l+3)Xq(To(j%k%)) (k,l € Z>1) is My
with multiplicity 1.
Proof.  We will prove Part (2). Part (1) is similar. In the proof, we use Lemma

frequently to show that some monomials cannot occur in a g-character.

Classify the dominant monomials in Xq(n(f’) )Xq(ﬁ(j%))-

143
Let m) =T, ,5313, ml = Tk(fl%). Without loss of generality, we may assume
that s = 0. Then
my = (lole - - Lok—6)(26k+126k+3 * - 26k-+21+5);
my = (Lelio - - - Lok) (2654726549 * - * 26k-+2145)-

By Theorem [2.6] we can use Frenkel-Mukhin algorithm to compute x,(m}) and
Xq(m5).

We want to classify all dominant monomials m = myms, m; € x,(m}),i =
1,2. Let m = mymy be a dominant monomial, where m; € x,(m;),i = 1,2. We
denote

m3 = 26k4126k+3 " * * 26k+20+5;

My = 265+726k+9 * * * 26k+21+5-

We have the following cases.
Case 1.

my € Xq(m7) N Xq(lole - - - Lex—s) (Xq(m3) — ms3),
my € Xq(my) N xg(leliz - - - Lek) (Xq(1m4) — my).

We have m; = zy, © € x,(lole- - Llek—6), ¥ € Xq(m3) —ms. By Lemma
, y is right negative since L(mgs) is a Kirillov-Reshetikhin module. If =z =
lolg - - lgx_g, then m; = zy must be right negative because the largest index in
x is 6k — 6 and lgy_¢ cannot cancel the negative factors in y (all indices of the
factors in y are larger than 6k — 6). If 2 € x,(lole- - Lek—6) — lole - - Lok—6,
then z is right negative since L(1glg---1lgr_g) is a Kirillov-Reshetikhin module.
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By Lemma [2.3] the product of two right negative monomials are right negative.
Therefore m; = xy is right negative.
Similarly, ms is right negative. It follows that m = mymsy is right negative
and hence m is not dominant. This contradicts our assumption.
Case 2.
m1 € Xq(mi) N xg(lole - -+ Lor-6) (Xq(ms3) — ms),
mo - Xq(mé) N Xq(16112 R 16k)m4.
In this case, the indices of the negative factors in m; are larger than 6k + 2] + 5.
By Lemma[5.3], the largest index in my is 6k + 20+ 5. It follows that the negative
factor with largest index in m; cannot be canceled by the factors in msy. Therefore
m = mymsy is right negative and hence m is not dominant. This contradicts our
assumption.
Case 3.
my € Xq(m}) N xg(lole - - lor—6)ms,
ma € Xq(mh) N Xg(Teliz - - - Tor) (Xq(ma) — ma).

By using the same argument as Case 2, we have that m = myms is right negative
and hence m is not dominant. This contradicts our assumption.
Case 4.

my € xq(m7) N Xq(lols - - Lok—o)ms,
ma € Xq(msy) N xg(leliz - - - Lek)ma.

We need the following lemma.

Lemma 5.3. 1. Suppose that
my € xq(m7) N xg(lole - - log—6)ms.
Then my is one of the following monomaials:
m,
ny = mllAiék,g = 1olg - Lop—1215, 266—526%—3  26k+21+5,
ny = My AL g 3AL6e—o = Lole - - loe—181g,_gLgr 260—1126k—0 - - 26642145,

- 1 R | 1 q-1
ng = mlAl,Gk;—SAl,Gk—Q Ay =1 L6 ler 2123 26842145

)

2. Suppose that
my € Xq(ma) N Xq(Leliz - - Lok)ma.
Then ms is one of the following monomials:
ma,
mIQAiékJrg =16 Lon—olgey26k+126k+3  * * 26k12145,

;g1 -1 —1q-1
My AL o134 6r3 = Lo Lok—121gy Logr626k—526k—3 * * * 26k-+20+5)

141 -1 -1 _ q-11-1 —11-1
m2A1,6k+3A1,6k—3 o 'A1,9 - 112 118 e 16k 16k+62729 "+ 26k-+21+5-
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Proof. We will prove Part 1. Part 2 can be proved similarly. Suppose that
my € Xq(my) Nxg(Lole - - - lek—s)ms3. We have

my € Xq(m}) N xg(lole - - Lok—12)ler—6ms
or
my € Xq(m)) N xg(lole - Lek—12) (Xq(lek—6) — lor—6)ms.

If my € xq(m}) N xg(lole - leg—12)lex—6ms, then my € @i(m}), where
the map ¢; is defined before Theorem . By Lemma , we have m; = m)
since 51(1016 tee 16k_1216k_6m3) == 1016 tee 16k—6 is a q1 —string in m’l and 16k—6 is
a factor of m;.

If my € Xq(mll) N Xq(l()l(j cee 16k—12>(Xq(16k—6) — 16k_6)m3, then

my € Xq(m}) N xy(Lole - - - Tor—12) 15 265—526k—326%—11M3

since 26x—526x—326k—113 = 26k—526k—326k—1 " * * 26k+21+5 1S & Go-string and 2gx19145
is a factor of m;.

By the same argument, since 2gx_526x-326k—1 * - * 26k12145 1S & @o-string and
26112145 15 a factor of my, by Lemma [2.§ we have that m; = m/ or

I A—1 —1
my =n1 =myAj g 3= lole - Ler—121g, 266-526x—3 * * * 26k+21+5,
or
/ 1 41
my € Xq(m7) N xg(Lole - - Lok—18)1gi_gLlor 266—1126k—9 * = * 26k-+21+5-

Using the same argument, we have that m; must be one of the following mono-
mials:

/
m17
I A—1 —1
ny = myAy g 3= lole - lok—121g; 26k—526k—3 " * * 26k+21+5,
rA—1 1 1 -1
ny = my Ay g 347 6x_0 = Lole "+~ Lok—1816,_6Llor 265112669 * * * 26k-+20+5,
a1 —1 1 _ -1 -1 -1
nE = mlAl,ﬁk—3A1,6k—9 T 'A173 =16 - lop_eler 2123 - - 2642145 n
In this case, we have my € x,(1ole - - - lek—g)ms3 and mao € x,(leliz - - Lok)may.

Since m = mymsy is dominant, by Lemma [5.3| we have that m = m;ms is one of
the following dominant monomials

1
— I o _ I —1 _ I —1
M =mmy, My =nymly=MAg o My=nymy=M[[Arg g5 -
7=0
k—2 k—1
_ r_ -1 _ r_ -1
My—y = ngymly = M [ Arge_gj_s Mi=memb = M [ [ AT isi_s.
Jj=0 J=0

and every monomial above has multiplicity 1 in Xq(ﬁs(l)l?,)xq(ﬁf)).
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Classify the dominant monomials in y,(7, ,fflyl)xq(Téi?l)Jrg).
Let m} =T, ,Ei)l’l, mh =T, ,ﬁs_ﬁlﬂ Without loss of generality, we may assume

that s = 0. Then

my = (1ole - - Lok) (2654726819 * * * 26621455

my = (Leli2 - Lop—6)(26k+126k+3 * - - 26k-+20+5)-

Let m = mymy be a dominant monomial, where m; € x,(m;),i = 1,2. By
the same argument as above, we have m; = m/ and ms is one of the following
monomials.

! A—1 —1
p1=moA g5 = lole - Ler—121g, 26552663 * 26k+21+5,

I A—1 -1 -1 -1
b2 = m2A176k73A176k79 = 1016 o 16k—1816k7616k 26k—1126k—9 e 26k+2l+57

1 g1 -1 -1 _ -1 —1 q-1
Pr—1 =M AT g s AT ero - ATy = 115 - 15616 2720 - - - 2604 2145-

)

It follows that the dominant monomials in XQ(Tk(i)l,l)XQ(T k(ﬁ)u Lg) are

1
— !y _ / _ —1 _ _ -1
M =mimy, My =mip = MATy 5 My =mupy=M[[Aigs g3 - -
J=0

k-2
o _ -1
My =mypg—1 = MHAl,Gk—Gj—37
J=0

and every dominant monomial has multiplicity one in Xq(Tlgg?l,l)Xq(Tliﬁ)l,l 13)-

Classify the dominant monomials in X(J(T(J(,S?))k+l+3)Xq(TO(TFGk%)) .

/o (S) !’ (S+6k‘+6)
Let mj = To,3k+l+3v Mgy = To,l

assume that s = 0. Then

. Without loss of generality, we may

!
my = 2123 26512145,

/
My = 26k+726k+9 * * * 26k+21+5-

Let m = myms be a dominant monomial, where m; € x,(m}),i = 1,2. By Lemma
, if my # m/, then m; is right negative. The index of the negative factor in
my with largest index is greater than 6k + 2+ 5. If my = mj, then the negative
factor with largest index in m; cannot be canceled by msy. Therefore m = mims
is not dominant which contradicts our assumption. Hence my # mf. Therefore
by Lemma , mi is right negative. It follows that m = myms is right negative
since both of m; and msy are right negative. This is a contradiction. Therefore
my = mj.

If my # m),, then my is right negative and m = myms is right negative.
This is a contradiction. Therefore mgy = mi,. It follows that the only dominant
monomial in Xq(TO(f);HHS)Xq(TéSHﬁ)) is Té%)HHSTégHG) and Tég)k+l+3Té3k+6) has

multiplicity one in X‘I(T()(g)k+l+3)Xq(To(gk+6))- .
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5.2. Proof of the equations in Theorem [3.1. By Lemma [5.2], the dominant
monomials in the g-characters of the left hand side and of the right hand side
of every equation in Theorem are the same and have the same multiplicities.
Therefore by Proposition 2.5 the theorem is true.

6. Proof of the simplicity of the modules in the summands on the
right hand side of the equations in Theorem

By Lemma [5.2], the modules corresponding to the second summand of every
equation in Theorem are special and hence they are simple. We only need
to show that the modules in the first summand corresponding to every equation in
Theorem are simple. Let S be a module corresponding to the first summand
corresponding to an equation in Theorem [3.1]. It suffices to prove that for each
non-highest dominant monomial M in &, we have x,(L(M)) € x4(S), see [15],
[24].

Lemma 6.1.  We consider the same cases as in Lemma [5.2]. In each case M;
are the dominant monomials described by that Lemma [5.2|.

(1) For k € Z>y, | € {1,2,3}, let
ti = MiAT  op_givsr ©=1,2,...,k—1.
Then for i =1,2,--- k=1, t; € x,(M;) and t; & Xq(’ﬁg(j)l’o) (T(S+6 ).
(2) For k,l € Z>y, let
= MiA o gigr 1= 1,2, k=1,
Then for i =1,2,--- [k —1, t; € xq(M;) and t; & x,( k+)1l)xq(7;(fi?)+3).

Proof. We will prove Part (2). Part (1) is similar. Without loss of generality,
we may assume that s = 0. By definition, we have

Tk(?r)l,l = lole - Lox—61l6r26k+726k+9 * * * 26k+2145,
Tk@LHg = lgliz - - lor—626k+126643 - - 26k+2145-
Let i € {1,2,...,k—1}. Then

1—1

M; = MHA16k 65—3

7=0
_Tk+ll k— 1l+3HA16k 65—3

_ 112 2 2
=lolg--- 1614761‘7616k76i26k76i+126k76i+3 26k 4526617 " 26k12045-
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By Theorem 2.7, the monomial

-1
MiAl,Gk—6i+3

— 2 2 1 2 2 2 . . e 2 . 2
= Lo16 - 16k_6i—6 Lok —6i+r626k—6i+126k—6i+326k—6i+526k—6i+726k—6i+9 * * * 26k+526k+7 * 26k+20+5

is in x4 (M;).
We have

= M;A7}

1,6k—6i+43

_ (6) -1
= ( ka1, 11y 11+3HA1 6k—65—3 16k 6i+3
1 (6)
(Tk+llA1 6k— 6z+3> (Tk 1l+3HA1 6k—6j— 3)-

By Theorem 2.7 the monomial

1.~ 1l+3HA16k 65—

i—1

= leli2 - - Lok—626k+126k+3 " - 26k+2l+5HA1 6k—6/—3
7=0

1 “1
= 1elio - Lop—i—12ler—6i61gs 6i+6L6k—6i " * " Lok 26k—6i+126k—6i+3 * * * 26k+21+5

is in Xq(TéG)l 113)- Since lgq; is not a factor of Tk 1043 Hl VAT ék 6j_3 (this

monomial is in Xq(TkE—)l,l +3)), we have that the monomial

-1
( k— 11+3HA1 6k—6j— )Al,ﬁk—Gi—l—S

is not in Xq(T,gﬁ_)u +3) by the Frenkel-Mukhin algorithm.
Therefore if

1 6)
b= ( k+1lA1 6k— 6z+3> (Tli 11+3HA1 6k—6j— 3)

. 6 . 0 :
were in Xq('ﬁHl l)xq(T( )”Jrg) then Tk+1 AT ék 6irs would be in Xq(T/éJr)1 ;). This
implies that Tk+llAl_6k 6ir3 € gOI(Tk(+)”) where the map ¢, is defined before
Theorem [2 , 7, which contradicts Lemma 2.8 f; (Tk(?r)u) = 1plg---1g is a g -string
: 0 . 0 4— 0) 4— 0

m Tk(+)1,lv Ly is a factor of Tlg-&-)l,lAl,ék—Gi—&-S’ but 51(T/§+)1,1A1,ék—6i+3) # 5 (Tkg-&-)l,l)'

Therefore ¢; is not in Xq(n(ﬂ,z)Xq(n(E)l,l i3)- n
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7. Proof of Theorem [3.2

In this section, we prove Theorem [3.2]

Theorem 7.1 (Theorem 7.2, [20]).  The module ﬁ(j), s € Z,k,l € Z>y are
anti-special.

Lemma 7.2 (Lemma 7.3, [20]).  Let ¢ : ZP — ZP be a homomorphism of rings
such that Y1 g5 — y ! Yo .0 — y ! forall a € C*,s € Z. Then

1,(1(]12*3 ) 2,aq12*5
(7)) = ()
Xa\ Tk, tXq\ Tk ))-

Proof of Theorem [3.2] The lowest weight monomial of Xq(ﬁ,(j)) is obtained
from the highest weight monomial of Xq(ﬁ(j)) by the substitutions: 15 — 13,,,,
25 > 215, After we apply ¢ to Xq(’];(j)), the lowest weight monomial of Xq(ﬁ(j))

becomes the highest weight monomial of L(Xq(ﬁ(j))). Therefore the highest weight

monomial of L(Xq(ﬁ(j))) is obtained from the lowest weight monomial of Xq(n(j))

by the substitutions: 1, — 155 ., 25 > 25 ,. It follows that the highest weight

monomial of L(Xq(ﬁ(j))) is obtained from the highest weight monomial of Xq(ﬁ(j))
by the substitutions: 1, — 1_,, 2, — 2_,. Therefore the second part of the
M-system is obtained from the first part of the M-system by applying ¢ to both
sides of every equation in the first part of the M-system.

The simplicity of every module corresponding to the summands on the
right hand side of every equation in Theorem follows from the simplicity of the
modules corresponding to the summands on the right hand side of the equations
in Theorem B.1] and Lemma [7.2]. [
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