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Abstract.  We study a class of pairs of Lie algebras (g, g1) that we call Car-
tan pairs; here g is semisimple and g; is a reductive in g subalgebra. For these
pairs, which generalize symmetric ones, we have standardly defined Cartan sub-
spaces, and consequently the set of restricted roots X(g,a). We prove that there
are infinitely many interesting nonsymmetric Cartan pairs. Next we prove that
every pair of the well known Brylinski-Kostant list of shared orbit pairs is a Car-
tan pair. As a continuation of the previous research we obtained some further
useful and clarifying results and examples related to Cartan pairs and Cartan
subspaces.
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Introduction

Throughout this paper by the letter K we always denote a field of characteristic
zero. Every Lie algebra we consider is finite dimensional over the ground field.
Given a K-Lie algebra g by By we denote its Killing form. Also we define
7 = g ® K, where K is a fixed algebraic closure of K. For any g and its proper
subalgebra g; which is not an ideal, let us formulate the following condition:

(C) The restriction of By to g1 is nondegenerate.

We refer to [BK, Ks2, Ks3| in order to see why this condition is worth of consider-
ation. Now assume that g is a semisimple Lie algebra, g; is a proper subalgebra
reductive in g and the condition (C) is fulfilled. For such a pair (g, g;) it is worth
to know if the following stronger condition hold.

(Q1) For any Cartan subalgebra b, C gy there is a unique Cartan subalgebra ) C g
containing by .
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It is well known that a number of interesting pairs (g, g;) satisfy the above
condition. For example, every symmetric pair does. More generally, assume g
is (complex) semisimple and ¢ is its finite-order automorphism; see [K| and [He,
Ch. X, Sect. 5] for the Kac’s classification of all such automorphisms. Then the
pair (g,g1), where g; is the fixed point algebra g7, satisfies (Q1). As an example
for the latter we can take the pair of type (Dy, G3), where now o is of order 3; see
Section 3 below. Besides, there are nonsymmetric pairs satisfying (Q1) that are
not of the above form. Perhaps as the most famous example of that kind we have
the pair of type (Bs, Gz); see again Section 3. Further, suppose for the moment
that g is a classical simple Lie algebra defined over an algebraically closed ground
field, and s is its principal sly-subalgebra. Then the (nonsymmetric) pair (g,s)
satisfies our condition. For more details concerning all the mentioned facts we
refer the reader to [S1, S2, S4, S5].

Now suppose that G is a noncompact and connected semisimple Lie group.
Let g be its Lie algebra. Assume that we have an involution 6 on G such that
the f-fixed point subgroup K is compact. By the same letter we denote the
differential of #, an involution of g. Define £ and p as the 1 and —1 eigenspace
for 0, respectively. Thus we get a symmetric pair of Lie algebras (g, ), and
the corresponding Cartan decomposition g = € & p; the latter sum is Killing-
orthogonal. Having such a setting we define a Cartan subspace as a maximal
commutative subalgebra a C p. The notion of Cartan subspace for real and
complex semisimple symmetric Lie algebras is important and standard; see, e.g.,
[Bu, Ch. 29]. Dixmier generalized the same notion for semisimple symmetric Lie
algebras over any ground field [D, Ch. I, §1.13]. A further generalization for not
necessarily semisimple Lie algebras is due to Lepowsky and McCollum [LM]. In
[S4] we showed that the standard definition of a Cartan subspace is meaningful
for an interesting class of semisimple (nonsymmetric) pairs of Lie algebras. More
precisely we consider a subclass of pairs that we call Cartan pairs, either of type
I or type I, within the class of pairs (g, g1) satisfying (Q1); see Definition 2.4
below. For Cartan pairs and their Cartan subspaces we proved several results that
generalize the classical counterparts for symmetric pairs.

For later needs recall the following. Suppose we have a symmetric semisim-
ple K-Lie algebra (g,0), and let g = €@ p be the corresponding Killing-orthogonal
decomposition. Let a C p be a Cartan subspace of (g,0). Define m to be the
centralizer of a in £, and let [ be its Cartan subalgebra. Then h = [P a is a
Cartan subalgebra of g. Define A’ and A” as the set of roots ¢ € A(g,h) satis-
fying ¢g = 0 and ¢z # 0, respectively. Then {¢|’[ | ¢ € A’} is equal to A(m, ),
the root system of m relative to [. More generally, supposing that a is a splitting
Cartan subspace of a symmetric semisimple Lie algebra (g, ), for each ¢ € a* we
define g, as the root subspace consisting of all x € g satisfying [A,z] = ¢(A)x,
for all A € a. And then X(g,a) as the set of all nontrivial ¢ such that g, # 0.
As we already noted, ¥(g, a) is an abstract root system; in general not necessarily
reduced. It is called the restricted root system of the pair (g,6).

The purpose of the present paper is to extend the previous research in a
nontrivial way. We obtained some further interesting and clarifying results, exam-
ples and remarks for Cartan pairs. Besides, we offer further examples of Kostant
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pairs; which complements our previous research in [S6]. Let us emphasize that our
primary interest here are nonsymmetric pairs of Lie algebras, as the symmetric
ones are necessarily Cartan pairs; see Lemma 2.9. The following theorem is our
first main result; see Theorem 2.14 for a bit more stronger formulation. It shows
that there are infinitely many nonsymmetric Cartan pairs; and implicitly suggests
that there should be more ones.

Theorem 0.1.  Suppose that g is a classical simple Lie algebra defined over an
algebraically closed ground field, and s is its principal sly-subalgebra. Then (g, s)
is a Cartan pair of type I.

Having a Kostant pair (g, g1), see Subsection 1, and the usual By-orthogonal
decomposition g = g; @ p, we have the notion of a Cartan subspace a C p. As
in the standard semisimple symmetric setting, for Cartan pairs (g,g;) and their
Cartan subspaces a we consider the set of restricted roots (g, a). Although the
latter set will not always be a root system in the standard sense, see (1) below, it
will be useful having quite similar meaning. For example, by [S4, Prop. 2.8] we
know that g = go & @E(w) g,. Related to the previous theorem, in Example 2.16
we computed ¥(g,a) for some small rank classical Lie algebras g. In particular
for g = sp(6, K) we showed that ¥(g,a) may be understood as a (reducible) root
system of type Ay X Ay X Ay; see (3) of Examples 2.16 for the details.

In particular our goal in this research was to compare Cartan pairs and
the shared orbit pairs of Brylinski and Kostant; see Theorem 1.4. The following
result gives a definite explanation. Let us say that its proof is technical and
rather tedious; see Lemma 3.1, Lemma 3.5 and Proposition 3.11. The pair of type
(Bs, G3) was treated in [S4].

Theorem 0.2.  FEvery pair of the Brylinski-Kostant list is a Cartan pair. More
precisely, the pairs of type (Bs, G3) and (D4, Go) are nonsymmetric Cartan pairs
of type I, while (Gy, As) and (Fy, Dy) are nonsymmetric pairs of type I1. All the
other pairs of the list are symmetric; and therefore Cartan pairs as well.

As a consequence of the latter theorem we have that the subclass of Cartan
pairs of type I is nonempty. Here it must be said that we are not aware of
any other such nonsymmetric Cartan pair. On the other hand it is important to
observe that within the class of all nonsymmetric Cartan pairs in fact only the
subclass of the pairs of type [ is really interesting for research.

For better understanding of the previous theorem it might be instructive to
state here the following basic facts; see Corollaries 3.2 and 3.6.

Scholium. Consider the standard inclusions of Lie algebras
g1 = 65(C) C g=150(7,C) C go = 50(8,C);
here B,(C) is the exceptional complex Lie algebra of type Gj.

(i) For the corresponding Killing-orthogonal decompositions g = g; @ p and
go = g1 D po we choose Cartan subspaces a C p, of dimension 1, and
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ap C po, of dimension 2. Then (g,g;) is a nonsymmetric Cartan pair (of
type I) and the set of restricted roots (g, a) is a (nonreduced) root system
of type A;. Also (go, 81) is a nonsymmetric Cartan pair (of type I') and the
set of restricted roots X(go, ap) is a (reduced) root system of type A,.

ii) If we denote by s the centralizer Cy, (a), then (g1,s) is a pair of Lie algebras
g1
of type (Ga, Ay), and it is a nonsymmetric Cartan pair (of type I1). Further,
for a convenient Cartan subspace a; and certain A € aj we have

S(g1, a1) = {FN, £2), £31}. (1)

Let us say a few words about our motivation for the presented research.
There are many instances where Cartan pairs (g, g;) arise; of course, primarily
symmetric ones. For example in branching problems, if we want to decompose
certain restrictions g, of some g-representations 7. As a particular “singular”
example we think about the already mentioned nonsymmetric pair (g, g;) of type
(B3, G5). Influenced by some Vogan’s ideas [V1, V2|, Levasseur and Smith [LS]
studied thoroughly that pair. As a surprising fact, they showed that there is a cer-
tain infinite-dimensional simple highest weight g-module which is as a g;-module
simple as well; see [V3] for a consequence about the unitary representations. Note
that the paper [BK]| was influenced by the mentioned research due to Levasseur,
Smith and Vogan. As the second source of inspiration we would like to mention
an important research due to Kobayashi on the side of Lie groups and unitary rep-
resentations; see [Kol, Ko3, Ko4, Kob, Ko6|, and also [KO]. In particular [Ko6]
includes some of his unpublished results around 1990 about restrictions of rep-
resentations. More precisely, he considered triples (G,G’, ), where G’ C G are
reductive groups and 7 is a representation of GG; with a special emphasis on the
case when (G,G’) is a symmetric pair. One of the main goals was to see when
the restriction of 7 to G’ is almost irreducible; i.e., 7 is as a GG'-representation a
finite direct sum of irreducible representations. He treated a general case where 7
is not necessarily a highest weight module (cf. [LS]) and (G, G’) is not necessarily
a symmetric pair; see Theorem 3.5 of the cited paper, which has been previously
presented in [Ko2]. Besides Kobayashi introduced an important notion of discrete
decomposability that works very nice for symmetric pairs. As the example of
(B3, G5) shows, we believe that a part of the mentioned research can be performed
for some nonsymmetric pairs of Lie algebras (and Lie groups) as well. Finally
observe that the pairs considered in our Theorem 0.1 had the central role within
the seminal Kostant’s paper [Ks1]; see also [S2].

The paper is organized as follows. Preliminary Section 1 has two subsec-
tions. The first one recalls some basic facts about pairs of Lie algebras we consider.
In the second one we recall the necessary facts about the Brylinski-Kostant clas-
sification of shared orbit pairs. In Section 2 we prove Theorem 0.1. Section 3,
which has two subsections, starts with some preliminary structural results about
the embeddings of Lie algebras g1 C g C gg, mentioned in Scholium. We also
introduce a notation that will be needed later. Then in the first subsection we
treat the pairs of type (Dy, G) and (Gg, As2). In the second one we treat the pair
(Fy, Dy). Section 4 contains some interesting general observations about Cartan
subspaces and Cartan pairs; given as Propositions 4.1, 4.2 and 4.5.
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1. Preliminaries on certain pairs of Lie algebras

Let us fix our notation that will be used throughout the paper. If g is a Lie algebra
and v is its subalgebra, then Cy(tr) and Ny(t) are the centralizer and normalizer,
of v in g, respectively. Given reductive g and a split Cartan subalgebra b of
g, by A(g,bh) we denote the root system of g with respect to h. By Il(g,h) we
denote a choice of simple roots. For a root ¢, X4 denotes a nonzero root vector
from the root subspace gs. By A* = A*(g,h) we denote the positive/negative
roots. Define a nilpotent radical n = @yea+ge, and analogously n~, which gives
the standard triangular decomposition g = n~ @& h @& n. Recall that a subset of
nonzero elements {f h,e} C g is called a standard triple if we have [h,e] = 2e,
[h,f] = —2f and [e,f] = h.

1.1. Kostant pairs.

For later use here we recall in short some definitions, facts and notation
concerning certain pairs of Lie algebras.

Suppose that a pair (g, g;) satisfies the condition (C). Let r: g*—gi be
the restriction map and K: g—g* the Killing homomorphism. By K;: g;—g] we
denote an isomorphism K;(x) = By(z,-). Then define the associated homomor-
phism 7 = K;'oroK : g — g;. Now we have the following lemma; see [S1, Sect.
3] or [S3, Sect.2] for more details.

Lemma 1.1.  Let (g,981) be a pair of Lie algebras as above. Define a subspace
p=kernm of g. Then we have a Killing-orthogonal direct sum decomposition

g=01 D p,
where [g1,p] C p. Further, the pair (g,91) ts symmetric if and only if [p,p] C g1 .

Now assume that g is a semisimple Lie algebra and g; is reductive in g.
We say that (g,g1) is a Kostant pair if the condition (C) holds. For the two facts

of the following auxiliary lemma see [S6, Thm. 0.1]

Lemma 1.2.  Suppose (g,g1) is a Kostant pair of Lie algebras. Then we have
a semidirect product of Lie algebras

Ng(g1) = [91, 01] ® Cy(g1),

and the pair (g, Ng(gl)) is a Kostant pair as well.

Given a (reductive) Lie algebra g it is often interesting to have precisely
defined some of its semisimple, and nilpotent, elements. For later use recall the
following useful observation; see [S4, Sect. 1].

Lemma 1.3. Let g be a semisimple Lie algebra, and suppose that {h e f} is
a standard triple. Then for arbitrary nonzero a,b € K the element ae + bf 1is
semisimple in g. In particular, suppose that § is a Cartan subalgebra of g. Then
for an arbitrary root ¢ € A(g,h), and root vectors Xiy € @14, the elements
Xy £ X_4 are semisimple in g.
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1.2. Shared orbit pairs.

Levasseur and Smith in [LS] considered a pair of complex Lie algebras
(50(7), ®5), where B, is the simple Lie algebra of type G standardly embedded
in s0(7), which is of type Bs. Motivated by questions posed by Vogan [V1], the
authors obtained several interesting geometric and algebraic results, about that
pair. Then Brylinski and Kostant, influenced by the above cited two papers, in
[BK] obtained some important results about the geometry of nilpotent orbits and
the related symmetry groups for a class of interesting pairs of complex Lie groups,
i.e., Lie algebras. To be more precise assume that G is a simply connected simple
complex Lie group. Let g be its Lie algebra, and G; C G a simple subgroup with
Lie algebra g; C g. Suppose there is a nilpotent G1-orbit O; in g; which (after
adding a boundary of codimension > 2) can be recognized as a certain nilpotent
G-orbit O in g. Then we say that (O,0;) is a shared orbit pair. Being slightly
incorrect in this paper we will also say that (g,g1), or (G, G1), is a shared orbit
pair if for it we have a shared orbit pair of nilpotent orbits. The main result of [BK]
is the determination of all shared orbit pairs of complex simple Lie algebras (and
of course the corresponding pairs of shared nilpotent orbits); see their Corollary
5.4 and Theorem 5.9. For the convenience of the reader we recall the list, in a
slightly changed notation.

Theorem 1.4.  The Brylinski-Kostant list of shared orbit pairs of (complex) Lie
algebras (g,91) is as follows.

(i) For the equal rank case rkgy = rkg we have the following possible types:
<G27A2); (F47D4); (F47B4) and (Bn)Dn> fOT n Z 3.

(ii) For the non-equal rank case rk g1 < rk g we have the following possible types:
(B37 GQ): (Eﬁa F4)} <D47 GQ) and (Dn+17 Bn); (AQTL—I; Cn) fOT n Z 2.

Remark 1.5. As we will see below all the pairs of the above list are symmetric
pairs, except the following four small rank pairs:

(GQ,AQ), (Bg,Gg), (D4,G2), (F4,D4).

2. Cartan pairs

In what follows for the convenience of the reader and later use, where it is necessary
we recall some definitions and facts from [S4, Sect. 2].

Now suppose that (g,g;) is a Kostant pair of Lie algebras. And let then
g = g1 D p be the usual decomposition; see Lemma 1.1. As in [BK, Eq.(5-5)] for
any Cartan subalgebra b of g define the corresponding “vector part” by

ah:bﬂp. (2)

Supposing the above setting recall the following [S1, Lemma 3.9].

Lemma 2.1.  Let by be a splitting Cartan subalgebra of g1 and b be any splitting
Cartan subalgebra of g containing by .
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(i) We have a Killing-orthogonal direct sum
h="bh D ay.
(ii) 1f we define Q(b) = {6 € A(g,b) | Gy, = 0}, then

Cy(b) =h & @%-

Q(h)

Corollary 2.2.  Let (g,91) be a Kostant pair and by any splitting Cartan
subalgebra of g1. Then both (g,b1) and (g,Cy(h1)) are Kostant pairs as well.

Proof.  First observe that h; is reductive in g. Next, by the part (i) of the
latter lemma it easily follows that the restriction of By to h; is nondegenerate.
Thus (g, b1) is a Kostant pair.

By Lemma 1.2 we first have the equality Ny(h1) = Cy(bh1), and therefore it
follows that (g,Cy(h1)) is a Kostant pair. ]

As we already said in the Introduction, the notion of Cartan subspace is
standard both for real and complex semisimple symmetric Lie algebras; where
for a semisimple symmetric pair (g,g;) we define a Cartan subspace a of g as
a maximal commutative subspace a C p. Recall that Dixmier generalized the
mentioned notion for semisimple symmetric Lie algebras over an arbitrary field
of characteristic zero. A further generalization, for not necessarily semisimple
Lie algebras, have been obtained in [LM]. Concerning that notion, we have the
following one for Kostant pairs (g, g1).

Definition 2.3. A Cartan subspace of g is a commutative subalgebra a C p
which is reductive in g and satisfies Cy(a) = a.

Now we can recall a definition of a Cartan pair which has been introduced
in [S4].

Definition 2.4. A Kostant pair (g, g1) satisfying (Q1) will be called a Cartan
pair if the following two conditions hold:

(Cpl) There exist a Cartan subspace a and Cartan subalgebra b of g such that
(hNg) ©a=h;

(Cp2) If we put B
A"={¢ € Ag,h) | ¢a = 0},
then ¢ € A’ implies that X4 € g7.
Remark 2.5.  Observe that in the latter definition in order to get a Cartan pair

we had to choose a particular Cartan subspace a, and a Cartan subalgebra h. Later
we will see that having such a particular choice of a, and b, we will in principle
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be able to obtain a number of other Cartan subspaces, and Cartan subalgebras,
for which the two conditions of our definition will hold as well. Further, for the

examples (g, g1) that we consider below it turns out that every Cartan subspace
will do.

The following simple lemma is a part of [S4, Prop. 2.7].

Lemma 2.6.  Suppose that (g,g1) is a Cartan pair, and a is a Cartan subspace
as in (Cpl). Then

Cy(a) = Cy(a) S a, (3)

the restrictions of the Killing form By to a and Cy,(a) are nondegenerate, and
Cy, (a) is reductive in g.

Remark 2.7. Suppose that (g,g1) is a nonsymmetric Cartan pair; i.e., by
Lemma 1.1, that [p,p] € g1. Then, concerning the latter fact and the above
stated nonobvious equality (3), observe that in general we can have that moreover
[a,p]  g1. For example, the latter will happen for the pair (g;,m) considered in
Lemma 3.5 below.

Corollary 2.8.  Let (g,91) and a be as above. Then (g,a), (g,Cy, (a)) and
(g,Cy(a)) are Kostant pairs.

Proof. By the latter lemma we know that (g,a) and (g,Cy, (a)) are Kostant
pairs. Now as in the previous corollary we conclude that Nj(a) = Cy(a), and
therefore (g, Cy(a)) is a Kostant pair as well. ]

Before we proceed let us note the following basic observation [84, Prop.
2.13]; of course, it comes as no surprise.

Lemma 2.9. A semisimple symmetric pair (g,91) is a Cartan pair as well.

The next lemma introduces a subclass of Cartan pairs that is of the primary
interest; see [S4, Lemma 2.10]. That will enable us to refine the above definition
of Cartan pair.

Lemma 2.10.  Let (g,91) be a Kostant pair satisfying the inequality tk g; < rk g
on ranks. Suppose there is a pair of the corresponding Cartan subalgebras h; C b,
and let then a = ay be as in (2). Suppose also that the condition (Cp2) holds.
Then a is a Cartan subspace of g, and H gy = bhy. As a consequence we have
that (g,g1) is a Cartan pair if it satisfies (Q1).

Definition 2.11. A Cartan pair (g, g;) is called a Cartan pair of type I if we
have rkg; < rkg, and for a and b as in (Cpl) there exists a Cartan subalgebra
h1 C b of g; so that a is given as in (2). If (g, g1) is not of type I, we say that it
is a Cartan pair of type I1.
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The following corollary is an immediate consequence of the previous defini-
tion and Lemma 2.1(i).

Corollary 2.12.  Suppose that (g,¢1) is a Cartan pair of type I, and let a
Cartan subspace a be as in (Cpl). Then

dima=rkg—rkg;.
For a Cartain pair (g,g;) let h and a be as in (Cpl). For A € a* define
om={reg|[4z]=AA)z,VA € a},

and then
X(g,a) ={A €a"\ {0} | gr # O}

Loosely speaking, it turns out that for nonsymmetric Cartan pairs the set (g, a)
takes the role of the restricted root system of the classical symmetric setting; see,
e.g., [Knl, Ch. V] or [Kn2, Ch. VI, §§4,5]. Thus it makes sense to call any
A € X(g,a) a restricted root of (g,a), and any corresponding nonzero element
of g\ a restricted root vector. Observe that we in particular have a direct sum

decomposition
g=Cyla)® @ gx;
Z(g,0)

to avoid ambiguity in the sequel, here we prefer to write Cy(a) instead of go.
Keeping the above setting, an element A € a is called reqular if \(A) # 0
for every A € 3(g,a). For later use let us define

areq = set of all regular elements of a;

clearly, a,., is a nonempty open subset of a. The following simple observation,
which in a sense improve (3), is an analog of a well-known standard fact, and has
the same proof; see, e.g., [Kn2, Lemma 6.50].

Lemma 2.13.  Suppose that A € a is a reqular element. Then
Cy(A) = Gy (a) B a,

and hence

Cy(A) = a.

The following result is the first one showing us that there are infinitely many
nonsymmetric Cartan pairs. Besides it suggests to look at some analogues settings,
for example when we have semisimple Lie algebras s C g C gl(n, K) so that there
is no faithful representation of s of dimension less than n. Further, as will be
seen below (Examples 2.16), this theorem enables one more useful insight. More
precisely, although our pairs are in a sense on the “edge” of the whole spectrum,
we will see what one can obtain for the set (g, a), of restricted roots.
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Theorem 2.14. Let K be an algebraically closed field. Suppose that g is a
classical simple K-Lie algebra and s is its principal sl -subalgebra; or g = sl(n, K),
with n > 1 odd, and s is a subreqular sly-subalgebra. Then (g,s) is a Cartan pair
of type I. Moreover, suppose that {f,h,e} is a standard triple which is a basis of
s, and b 1s a Cartan subalgebra of g. Then the Killing-orthogonal of h in b is a
Cartan subspace for the pair (g,s).

Proof.  First observe that by [S2, Sect. 4] and [S5, Lemma 2.7] we know that
every such (g,s) satisfies (Q1). Next suppose for the moment that (g,b) is any
split semisimple Lie algebra, and A" is a choice of positive roots in A = A(g, ).
Then recall that every element e = Y . ¢y Xy, with ¢y, # 0 for every ¢ of the
basis TI(g, h) C A*, is a (positive) principal nilpotent element; see [Bo2, Ch. VIII,
§11].
Suppose first that g = sl(n+1,K), n > 1. Define H; = E;; — E;41 ;11; then
=span{Hy,..., H,} is a Cartan subalgebra of g. Define (&)™ to be the dual
basis of (Ey)1 1" ie., €(Ej;) = 0;;. Define 8; = ¢;—¢€;41; then Il = {By,...,B3,} is
a root system basis, and A" ={¢; —¢; | 1 <i < j <n+ 1} are the corresponding
positive roots. Let (- | -) be the standard trace-form. Now consider a principal
nilpotent element e, and an attached h € b satisfying [h, e] = 2e; we can take

n n+1

e=)Y in+1-i)Xs and h=) (n+2-20)E;

i=1 i=1

Define
a=a(n)={Ae€h|(Ah) =0} (4)

i.e., a is the Killing-orthogonal of h in k. It is easy to see that every A has a form
Z?ill aiEii, where

n n+1
n+1—-1i)a;=0= a;.

2 ) 2

i=1 i=1

We may further assume that n > 2; as the pair (sl(3,K),s) is symmetric, and
therefore a Cartan pair. Now for every 1 < ¢ < j < n consider any S;; =
Z?Ill a;Ey satistying a; = 1 and a; = 0. Then (¢ — ¢;)(S;;) = 1. Similarly we
can find some S; such that (¢; — €,41)(S5;) # 0 for all ¢« < n. This shows that the
set of roots A’ given in (Cp2), is the empty set. It remains to note that for p,
the Killing-orthogonal of s in g, we have that it is a direct sum p = a @ p’, for a
certain vector subspace p’ < n~ @ n. Here n and n~ have the standard meaning;
see the beginning of Section 1. Thus by Lemma 2.10 we get that (g,s) is a Cartan
pair, and a is its Cartan subspace.

Let again g = sl(n + 1,K), but now n > 2 even; and consider a subregular
nilpotent element e = Xg, +---+ Xz . Here we can take for the corresponding h
the element > | (n+1—2i)Ej;; see Lemma 1.2 in [S5], and the paragraph following
it. Let a be again defined by (4). Then every A € a has a form Z:fll a;E;; , where
Sorn+1—2i)a; =0. If n =2, then a = KA, where A = Ey; + E9 — 2E33.
And therefore A" = {f,}, which shows that (Cp2) holds. For n > 4 we can check
that again A’ is the empty set. Thus we have the theorem for this case as well.
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Now suppose that g = sp(2n,K) < sl(2n,K); here we consider a realization
as in [S5, Subsubsection 1.2.1). Define H; = E; — Eonti1—iont1—i; then b =
span{Hy, ..., H,} is a Cartan subalgebra of g. This time (¢;)} is dual to the basis
(H;)7. Define f5; = ¢; — €41 for 1 < i <n and S, = 2¢,; then II = {f,..., 5.}

is a root system basis, and
AT ={e+e |1<i<j<n}U{26,...,2,}

are the corresponding positive roots. Consider a principal nilpotent element e =
w1 Xp,. An easy computation gives that now for the corresponding h we can
put

h=> (2n—2i+1)H,,
=1

and its Killing-orthogonal in b is equal to

i=1 i=1

In particular for n = 2 we have a = KA, where A = H; — 3H,. Hence it is clear

that A’ = (). For n > 2 we have the same. Thus we conclude that the theorem

holds for the pair (g,s), where s is the corresponding principal sly-subalgebra.
The cases when g is either of type B,, or type D,, are left to the reader. m

Remark 2.15. (1) Consider again g = sp(2n,K), but this time a slightly
different realization than the one of the above proof; see [S5, Subsubsection 1.2.3].
Here we also have IT = {f3i,...,,}, and then consider a subregular standard
triple 7 = {f,h,e} C g as in [S6, Lemma 4.4]; see also [CM, Ch. 5]. It is easy to
see that the pair (g,s), where s = span 7T, does not satisfy (Q1). We conclude
that we cannot expect that the previous theorem can be further generalized for
the setting when s is some other sl;-subalgebra, than the ones we considered.

(2) Given a splittable semisimple Lie algebra g, with a splitting Cartan
subalgebra b, let A' be a choice of positive roots in A(g,h). Consider any
standard triple 7 = (f, h, e) such that e is a principal nilpotent element belonging
to the nilpotent radical n determined by A'. Let s be a subalgebra spanned
by T; so, s is a principal sly-subalgebra. Now take g to be a classical splittable
simple Lie algebra. By adapting the given proof of the above theorem, one can
proceed in order to prove that (g,s) is again a Cartan pair of type . (We believe
that the same result holds for exceptional splittable simple Lie algebras as well;
but did not check that in details.)

For what follows it will be useful to have the following, more or less standard,
notation. Suppose that we have a Cartan pair (g,s) with a Cartan subspace a, of
dimension greater than one. Fix a basis (Si,...,Sk) of a. Then for any A € a*
satisfying A(S;) = r; we write A = (r1,...,7%).

Examples 2.16. (1) Consider first g = s[(3,K) and let s be a subregular sly-
subalgebra attached to e = X, and h = H;, and also a = KA for A = H, +2H>;



12 SIROLA

as in the proof of the above theorem. It is easy to check the following. If we define
A€ a* by AMA) =3, then g1y = span{Xig,, X4(5,44,)}; and therefore X(g,a) is
a root system of type Ay, while Cy(a) =5 @ a.

(2) Next take g = sp(4,K), and let 5, e, A and a be as in the theorem.
Then consider A € a* defined by A(A) = 2. It is easy to check that gy, =
SpaH{Xi(251+52)7X:F(51+52)}, O42) = KX:i:Bl and J43) = KX:';52. Thus it follows
that

Cy(a) =h and X(g,a) = {\, £2\, £3A}.

(3) Now consider g = sp(6,K). Here we have a = span{Si, Sa}, where
S1 = Hy; — 5H3 and Sy = Hy — 3H3. If we write down the values ¢(S;), for every
» € AT and i = 1,2, it follows the following observation. For the basis {Si, S}
of a define \;, p;, v; € a* as follows: A\; = (5,2) and Ay = (5,4), 1 = (2,0) and
pe = (4,3), v1 = (1,—1) and v, = (0,2). It is easy to check that here we have the
set of positive roots

E+(9a a) = {1, Ao, A+ Ao, i, fho, fia A+ o, v, Vo, v+ 2}

and thus X(g,a) = (=X (g,a)) UXT (g, a).

Here it might be interesting to note the following. We can take ay = a, =
a, = a, and then a = ay ® a, ®a,. Consider \; € a* = a and identify it with its
trivial extension to \; € a*; and analogously for p;,v;. Then put

S =31(g,a0) = {1, Ao, A1+ Aol

and also
Sy =g, ) = (-X))UL].

Analogously we define ¥, and ¥,. Thus we have a disjoint union
Y(g,a) =EUX, UYL,

where each of the three sets of roots is of type As. Hence, somewhat loosely
speaking, (g, a) is a reducible root system of type As x Ay X As.

3. Nonsymmetric pairs of the Brylinski-Kostant list

In this rather technical section we treat the four small rank pairs of the Brylinski-
Kostant list that were pointed out at Remark 1.5. Before starting to perform our
computations, for the convenience of the reader we recall the necessarily notation
and facts; cf. [S5, Sect. 3.1], where the presentation and notation are slightly
different.

Given n € N, by M,(K) we denote the space of n x n matrices and by
E;; € M,(K) the standard matrix with 1 on the place (i,j) and 0 elsewhere. For
k € N, by s, € M(K) we denote the matrix with 1 on the skew diagonal and 0
elsewhere. For A € M (K) we define the skew transpose A™ = s, Atsy,, where A’
is the ordinary transpose.

We will precisely describe the inclusions

g1 = 62(K) C g =50(7,K) C go = 50(8,K); (5)
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®,(K) is the exceptional Lie algebra of type G5. First consider a map A +— AT
on block-matrices A € Ms,(K), where each block is of size n x n, defined by

X v\ p (TT Y™
(Z T>_AHA_<ZT XT).

Then define a map ©(A) = —A'. It turns out that (sl(2n,K),©) is a symmetric
Lie algebra with gg = s0(2n,K) as its corresponding fixed point algebra. For each
1 < i < n we define H;, = Ej;; — Eopt1-i2n+1-i, and then a Cartan subalgebra
ho = span{Hy,...,H,} of go. Let (¢)7, & € b, be the dual basis of (H;)}.
Define ; = ¢; — €;41, for 1 < i <n, and v, = €,_1 + €,. Then Iy = I1(go, ho) =
{71, -,7} is a choice of simple roots in Ag = A(go, ho). The set of positive roots
relative to Il is
Af ={ete|1<i<j<n}.

Choose the root vectors

Xei—Ej = FEij — Eant1—jon+1—i, Xei+ej = Fiont1—j — Ejony1-4;

and note that in particular

Vi T .
En,LnJrl — En,nJrQ for i = n.

P {Ei,i-i—l — Eyp_ion—iy1 for1<i<mn,

Now we specialize to n = 4; i.e., we consider gy = s0(8,K) C sl(8,K). So
here we in particular have hy = span{Hy,..., H4}, where H; = E;; — Ey_; 9_;; and
Mo = {71,...,7}, where y1 = €1 — €2, o = €2 — €3, 13 = €3 — €4 and 74 = €3+ 4.
A (nonzero) root vector corresponding to a root ¢ € Ay will be denoted by Xg.
Further for easier notation a root ¢ = 2?21 ci; satistying ¢ + -+ + ¢4 > 2 will
be written as y(cy - -¢y).

Next define h = span{H;, Hy, H3}, and let n; be the restrictions of € to b.
Alsoput B1 = m—1n2, B2 = n2—n3 and B3 = n3. It turns out that II = {81, B, B3}
is a basis of the root system A, where

£+:{77177727773}U{77¢:i:77j ‘ 1 SZ<]§3},

is the corresponding set of positive roots. For a convenient choice of root vectors
Xy € M3(K), ¢ € A,
g=hoPKX,
e
is a Bs-type simple Lie algebra so(7,K). (Observe that g is not a subalgebra of
go.) Now consider the Dynkin diagram of type D, labeled as
V4

O

E PY<
o
o

V3
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Let 6 be its order 2 automorphism given by 0(v3) = 74 and 6(v;) = 7; for i = 1,2.
By the same letter we denote the corresponding lift to an involution of go. Then
define the fixed point algebra

9= 0.
It turns out that g is a Lie algebra isomorphic to g, b is its Cartan subalgebra
and the root system A = A(g,h) = A. In particular we have the following table,
see [S5], for root vectors X, where ¢ € AT = A*:

Xg = X0, Xg, = X3,

Xy = X5, + X5, Xpiap = X540y
Xpytps = X22+73 + X22+74 XB1+82+8; = X2(1110) + X2(1101)
Xpyr28; = —X3<0111) XB1+8,4+285 = —X»(y)(lm)

0
Xp1+28,+28; = _X'y(1211)

Note that also
X g =—(Xy)". (6)

In order to describe the inclusion g; C g, let o be an order 3 automorphism
of the above Dynkin diagram of type Dy, given by o(v4) = 3. By the same letter
we denote the lift to an order 3 automorphism of g. Next define the fixed point
algebra

[

g1 = 9o
and also h; = span{Cy, Cy}, where

Cy=H, — Hy+2H;,  Cy,= H,— Hj. (7)

Then g; is a simple Lie algebra of type G5, and b, is its Cartan subalgebra. Let
IT; = {1, s} be a basis of the root system A; = A(gy, b1) so that a; is the short
root and ay is the long one. Recall the table, see [S5], giving root vectors Xé € g1
corresponding to ¢ € A; in terms of the root vectors Xg € go, ¢ € Ay

Xo, =X) +X0 + X3, X, =X +X° +Xx%,
oy = XSQ XL, = ngz
X0141+042 - _X’(Y]1+72 T X’(Y]2+73 Xi(alJraz) - _Xg(vﬁw) T X9(72+’YS)
+ X’(Y)2+’Y4 + X9(72+’Y4)
Xoartan = X3<um) + XS(nm) Xi(2a1+a2) = Xg«,(nm) + ng(n()l)
+ Xg(mn) + ng(mn)
X§a1+a2 = X2(1111) Xi(3a1+a2) = _X97(1111)
X§a1+20¢2 = XS(1211) Xi(3a1+2a2) = _X97(1211)

3.1. Pairs of type (Bg,Gg), (D4,G2) and (GQ,AQ).
In this subsection we treat the (nonsymmetric) pairs of type (Bs,Gs),
(D4, Gy) and (Gs, As); i.e., we show that they are Cartan pairs.
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Now let g; C g C go be exactly the inclusions (5). Below we freely use
the above introduced notation. Let gg = g1 & po be the usual Killing-orthogonal
decomposition. In particular by ag C pg we denote the Killing-orthogonal of h;
in hy. It is immediate that

ap = span{a, Hy}, (8)

where a = —H; + Hy + Hs. Clearly, ay is commutative and reductive in gq.
Let us compute the centralizer Cy,(ag). For that purpose suppose that w' =
Z¢eAg ts X9 satisfies [w*, ap] = 0. It is easy to see that

wt e span{X,?z,XS(nn), X2(1211)} c g

Hence we conclude at once that Cy,(ag) = ag. In other words we have proved the
part (i) of the following lemma.

Lemma 3.1. (1) The set ag is a Cartan subspace of go.

(i) The pair (go,81) is a Cartan pair of type I.

Proof. (ii) We only have to check that the condition (Cp2) of Definition 2.4
holds. For that purpose we have to see that the set of roots

Ay ={¢ € Ao | ¢pap = 0}

is equal to {£72, £y(1111), £v(1211)}. Hence it follows that Xg € g1, for every
¢ € Af, as we had to see. (]

Now define A1, Ay € aj by

A(a) =1, Aa(a) =1,
A (Hy) = —1, Ao(Hy) = 1.

As an easy exercise we check that
o = X(go, a0) = Xg U (—X4),
where

E(J)r = EJF(QO, ap) = {1, A2, A1 + Ao},
and then

(90)x, = span{XSB, XSQ-{-'yg? X97(1101)}a
(gO)AQ = span{XSM X’(y]2+'y47 Xg'y(lllo)}’
(80)\+20 = span{XS(Om), ng X9(71+72)}
Similarly we compute the subspaces (go)_g, for ¢ € 3. The above computations
can be summarized as the part (ii) of the following corollary. For (i) see [S4, Ex.

2.14] where actually we considered another realization gNIVQ g of the Lie algebra
of type Gy and the corresponding pair (g, g1); see again [S5, Sect. 3.1].
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Corollary 3.2.  Let gy C g C go be the inclusions given by (5); i.e., g1 is of
type Go, g s of type Bs and go is of type Dy. Let a and ay be as above.

(1) Let g = g1 @ p be the usual By-orthogonal decomposition, and define a C p
to be the one-dimensional subspace spanned by a. Then the pair (g,g1) is
a nonsymmetric Cartan pair of type I, and a is its Cartan subspace. If we

define \ € a* by \(a) =1, then
%(g,a) = {£A, £2X}
i.e., X(g,a) is a (nonreduced) root system of type A .

(ii) The pair (go,081) s a nonsymmetric Cartan pair of type I, and ay is its
Cartan subspace. Further, 3(go, ag) is a (reduced) root system of type As.

Remark 3.3.  Define 0* = span{X? , X3 1,;), X3 (1915 }- Then mg = Cy, (ao)
is equal to h; &0~ & 0"; note that my = s, where s is defined below by (9). Next
define
Mo = (90)/\1 D (90))\2 ® (90)A1+)\27

which is a two-step nilpotent subalgebra of go. And then uy = 9+ @ ng; by [S4,
Prop. 2.8] it is clear that ug is a subalgebra of go. An easy exercise gives that for
the lower central series we have C%uy = 0, while CPuy = KXS(OHI). In other words,
Uy is a six-step nilpotent Lie algebra. In fact, by = ho @ uy is a Borel subalgebra
of go, while qog = my @ ag @ ng is a parabolic subalgebra containing by. Note that
here we do not have an analogue of the Iwasawa decomposition. But related to
that it is worth to note the fact that g; is not a maximal semisimple subalgebra
of go; cf. Remark 3.7 below.

Having Definition 2.11 and the above corollary, a natural further task is to
show that (nonsymmetric) Cartan pairs of type I/ do exist. We will show that
the pairs of type (Ga, Ay) and (Fy, Dy) are such. In order to treat the first one
define s = Cy, (a). In [S5] we observed that

s =b & PKX, (9)
peA
where AT = {ag, 30y + a9, 30 + 20} € A and A = AT U (—=A™), is isomorphic
to sl(3,K); there we wrote m instead of s. So we have the pair (g;,s), of type
(Go,As). Let us denote by p; the By, -orthogonal of s in g;. Thus we have a
direct sum decomposition

g1 =5Dp1.

A straightforward computation gives that

pl = Span{Xj:al ’ Xi(a1+012)7 Xi(2a1+a2)}'
Next define
+ X

1)

31:X1

—aq

do = Xi(al+a2) + Xl

altag?

_ 1 1 .
a3 = X—(2a1+a2) + X2041+0427



SIROLA 17

and observe that by Lemma 1.3 these elements are semisimple in g;. Also define
the one-dimensional subspaces a; C p; by a; = Ka;.

Lemma 3.4.  The sets a; are Cartan subspaces of g, .

Proof. We only have to check that Cy (a;) = a;. Let us take i = 1; the
other two cases are left to the reader. Let then an element E € p; be such that
[E,a;] = 0. Decompose E = F + G, where

F=t_,X', +t,X,,

G = t,(a1+a2)Xi(a1+a2) + ta1+a2X;q+a2

+ t*(2al+a2)Xi(2a1+a2) + t2&1+062X210¢1+a2'

It is easy to obtain that then necessarily G = 0 and t,, = t_,,. In other words,
E =F € a;, as we had to see. ]

Lemma 3.5.  The pair (g1,8) is a nonsymmetric Cartan pair of type I11I.

Proof. First observe that this pair is indeed nonsymmetric; see Remark 2.7.
Define the elements b; € s by

bl = X£(3a1+2a2) + X?}a1+2a27
1 1

by = X*(3a1+az) + X3a1+a2’

by = X!, + X1
and observe that these elements are semisimple in g; as well. We obviously have
[a;,b;] = 0, and thus ¢; = span{a;, b;} are Cartan subalgebras of g;. Next observe
that ¢;Ns = Kb;, and then (¢;Ns)®Ka; = ¢;. In other words, we have the condition
(Cpl) of Definition 2.4 fulfilled. Now we have to check that the condition (Cp2)
holds as well. For that purpose consider the root systems A(i) = A(gy,¢;), and
for the corresponding Cartan subspaces a; the subsets of roots

A(i)' ={¢ € Ai) | ¢a, = 0}

We have to show the following implication: If ¢ € A(i)’, then X, € s. As in
Lemma 3.4 we will again consider only the case i = 1; i.e., we will compute A(1)".

For that purpose assume that ¢ € A(1)’, which means that ¢(a;) =0 and

(gl)¢ = {J} € o | [U’ LE] = ¢(U)w7VU € cl}

is nonzero. This means that the above z satisfies both [a;,z] = 0 and [by,z] =
¢(by)x. So let us first see what kind of an element x belong to the centralizer
Cy, (a1). But to do that we just have to take into account the equality Cy,(a1) =
Cs(a1) @ ay, which is an analog of (3) for the present situation, and then determine
Cs(a1). An easy computation gives that

Cs(al) - Span{Hl + H27 let(3a1+2a2)}'
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In other words, we can write x as
xr = S(H]_ + HQ) + ta]_ + t_Xi(3Oé1+2062) + t+X?])-a1+2()!2’

for some s,t,t_ t, € K.
Now we compute

[b17 I’] = [b17 S(‘Hl + H2)] + (t_ - t+)[X31a1+2a27 Xi(3a1+2a2)]
= 28(X£(3a1+2a2) - X§a1+2a2) + (t— - t+)(H1 + HQ)?

and ask whether there is some nonzero v € K so that [by,z] = va. It is
straightforward to see that v € {£2} works. As the final conclusion we have
that A(1)" = {x¢}, where ¢(a;) = 0 and ¢(b;) = 2; and then (g1)s = KX,

where
Xy = X§a1+2a2 - X£(3a1+20¢2) — (Hy + Hy).

But clearly X4 € s, which finishes the proof of our lemma. [ ]

To the end of this subsection we assume that the ground field K is alge-
braically closed. In what follows by ¢ we denote an “imaginary unit”; i.e.; a fixed
element of K satisfying > = —1. Let us now compute the set of restricted roots
Y (g1, a1). Assume that € is any such root and z € (g). is a restricted root vector.
Decompose

xr = 8101 +SQCQ + Z thl,
YEAL

where s1, s9,ty € K; C; and Cy are the same as in (7). Let us identify ¢ with its
(nonzero) value €(ay). We are searching for € and z such that

[a1, x] = ex. (10)
A straightforward computation gives that

[a1, 2] = (ta; — t_ay)C1 + (251 — s2) X1, + (52 — 251) X,
+ 3t (102 Xy + Btarras Xa,
+ (~tan = 2t artran) X iarrag) T (—taz — 2t2a1+a2) X2, 4oy
+ (2t _(a1taz) F t-Bar+a2) X 2o tan) T (2lartas = t3a1+as) Xoar 1as

- 3t—(2a1+a2)Xi(3a1+a2) + 3t2a1+0¢2X§a1+a2‘

Hence we immediately have that i (3q,124,) = s2 = 0. Now first consider the case

s1 # 0 and ti,, = 0. Then it easily follows that necessarily € € {£2:}. For later
use define

1 1

Z(21) = Cy —1X_, +1X,,,

Z(—20) = Cy +1 X1, — X, .
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As the second case we take ti,, = s; = 0; and so ti,, cannot be both equal to
zero. By the equality (10), where its left side is written as above, we deduce that

g
t:t(a1+042) — g t:l:a27
3+ ¢e?
t:l:(?oq—i—ag) - - 6 t:tozgu
7+ ¢e?

t:l:(3oz1+a2) =t t:l:aza

6

and also
:|:3t:|:(2041+a2) = é\t:f:(3041+012)'
Hence it follows at once that & necessarily satisfies the biquadratic equation

el +10e2 4+ 9 = 0; i.e., that € € {44, 4+31}. In order to formulate the corollary
below let us now define the following elements of g;:

- 1 [ | 1
Z (Z) = X—ag + g X—(Oq—i-ag) - 5 X—(2a1+o¢2) - ZX—(3a1+a2)7
7 1
Z+<Z> = XCIMQ + g Xcln—l-ag - g X21a1+a2 + 7/‘)(31(:M1—‘y-0427
- 1 b1 | 1
Z (=) = X—Ocz 3 X—(Oél-i-on) 3 X_(2‘11+062) + ZX—(?’O‘I"‘O‘Q)’
7 1
Z+(_Z> = XCIVQ - g ng—i-ag - 5 X21a1+a2 - ZX?}OC:[“FQQ?
and also
— 1 1 1 1
Z7(3) = X o+ ZX*(a1+a2) + X*(2a1+0¢2) + ZX*(BOHJFO‘?)’
1 1 1 1
Z+<3l) = XOLQ + ZXaH—ag + X2a1+a2 - ZX30¢1+0¢27
— 1 1 1 1
Z (_32) = Xfaz - ZX*(O&1+C¥2) + X7(2a1+a2) - ZX*(SQl*FOLQ)’
Z+(_31) = Xolzz - ZX;1+042 + X21a1+az + ZX§6¥1+042'

As a conclusion of our calculations we have the following corollary.

Corollary 3.6.  Let the Cartan pair (g1,5), the element a; and the Cartan
subspace a; be as above. Define A € aj by A(ay) = 1. Then the set of restricted
roots of (g1,a1) equals

E(gl, Cll) = {:l:)\, :|:2)\, :|:3)\}
Further, keeping the introduced notation, for the restricted root subspaces we have:

(91)+x = span{Z~(%2), Z" (42)},
(91)+20 = KZ(£22),
(g1)13r = span{Z~ (£3), Z"(£31)}.

Analogs of the previous corollary for other two Cartan subspaces, as and as, are
again left to the reader.
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Remark 3.7. Define ny = (g1)x @ (g1)2x © (81)3x. Then it is immediate that
g1 =5Da; Dny;

i.e., here we have an analogue of the classical Iwasawa decomposition.

3.2. Pair of type (Fy, D,).

In this subsection we treat the only pair from the Brylinski-Kostant list
that remained; i.e., the pair of type (Fjy, Dy).

For later use recall a realization of Lie algebra &; of type D,, as a subalgebra
of the simple Lie algebra & of type B,,. First suppose we have & C sl(2n + 1, K)
as it was done in [S5, Subsection 1.2.4]; notice a slightly different notation. Let
H; = Ei; — Eopy1-iont1-i, for 1 <i <n;then $ =span{H,,..., H,} is a Cartan
subalgebra of &. Let (¢;)} be the dual basis of (H;)}. Define 5; = ¢; — €;41 for
1 <i<mn,and B, = €. Then Il = {f1,...,B,} is a basis of the root system
A = A(®,$); this is the same as in [Bol, Plate II, p. 267]. Put A} = {¢; £ ¢, |
1<i<j<n},and A; = (—A7)UAT. Then

5i=50 @ o, ()

is a simple Lie algebra of type D,,, with ) as its Cartan subalgebra and A(®q,$)) =
A as its root system. Observe that AT, the set of positive roots in A relative to
I1, is equal to Af U {ey,...,€6,}. Hence it is clear that for the Killing-orthogonal
B, of & in &, we have P = span{ X, | 1 <i < n}. Thus we in particular see
that [,9P] € &;, and so by Lemma 1.1 we obtain a well known fact that the pair
(6,8,), of type (B, D,,), is symmetric.

Although the above pairs of type (B,,D,) are symmetric, it will be in-
structive to note the following simple fact; an easy proof is omitted.

Lemma 3.8.  For each 1 <i <n define U, = X, +X_.,, and then a; to be the
one-dimensional space spanned by U;. Then every a; is a Cartan subspace of &.

Now we have to describe the inclusions

g3 = 9(D4) C g2 = 9(By) C g1 = g(F); (12)

more details about some sketchy recalled facts can be found in [S5, Subsection
3.3]. We start with a realization of the simple exceptional Lie algebra e of type
FEg; for more about realizations of exceptional Lie algebras see [Ad], [KS, §1], and
[Ba, Sect. 4]. Consider an obvious automorphism 6 of the Dynkin diagram of type
Eg, and lift it to an automorphism of es. Define g; to be the fix point algebra ¢f.
For certain elements H1, ..., H4, chosen within a convenient Cartan subalgebra of
¢, we get a Cartan subalgebra

b1 = Span{Hh e >H4}

of g;. For the root system A; = A(gy, h1) we choose a basis Iy = {d1,...,04} so
that the corresponding labeled Dynkin diagram has a form
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66— C——>—06——0

01 P J3 04

In order to list the (positive) roots in Aj, let us introduce the following
notation. By A;(t) we denote the set of positive roots of level ¢. Also for
¢ € Ay(t), when t > 3, we write ¢ = 8(cy - - - ¢4) instead of Y, ¢;0;; analogously
as we did for g = s0(8,K). Then we have

AT = {01,082, 03, 04,01 + 0y, 6 + 03, 05 + 04,
§(1110), 6(0111), §(0120), §(1111), §(1120), 5(0121),
§(1121), 5(1220), §(0122), 5(1122), §(1221), 6(1222), §(1231),
§(1232), 5(1242), §(1342), 6(2342)}.

For ¢ € Ay by X, € (g1), we denote the corresponding root vectors. In particular
for positive roots ¢ these root vectors will be the same as in [35, Lemma 3.12]; note
that there we write X é (Let us use this opportunity to correct two minor mistakes
in the proof of the mentioned lemma. Namely, contrary to what we claimed,
for there considered scalars Ny, we take them to be 1/2, while computing the
commutators [X3, 25| and [Xy, Zg].)

Next we need a realization of g, the simple Lie algebra of type By, as a
subalgebra of g;. For that purpose define

K1 = 02 + 203 + 204, Ko = 01, K3 = 02, Ky = 03.

Using the same notational convention as for the roots in A}, here we have Ay(t)
for 1 <t <7, and then

A;_ - {’ih R2, R3, R4, k1 + K2, K2 + K3, k3 + Ry,
k(1110), 5(0111), £(0012), £(1111), £(0112),
k(1112), £(0122), £(1122), £(1222)};

see [S5, Lemma 3.13]. By putting Ay = (—AJ) U AT, as a conclusion we get that

g=ho @ (91)0

PEA,

is a simple Lie algebra of type By; of course, h; is its Cartan subalgebra as
well. Observe that the root system A(ge,bh1) = As, and Il is a basis with the
corresponding labeled Dynkin diagram

e —  O——C—=>—0
R1 R2 K3 R4

Finally we give a realization of g3, the simple Lie algebra of type Dy, as a
subalgebra of gs; this is a special case of the above considered realization of pairs
(By, Dy,). More precisely, let

AT = AP\ {ka, k3 + k4, £(0111), 5(1111)}, (13)
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and then Az = (—A7F) UAZ. Thus as a special case of (11) we get

g3 = b @& D (91)o,
¢

€As

a simple Lie algebra of type Dy; again we have h; as a Cartan subalgebra.

Thus we have the inclusions (12). As we already know, the pair (g, g3)
is symmetric. As we could not find it in the literature, we include the following
simple, but non-obvious, fact.

Lemma 3.9.  The pair (g1,92), of type (Fy, By), is symmetric as well.

Proof. Let g1 = g» @ f be the usual Killing-orthogonal decomposition of g .
Using [S5, Lemma 3.12], a careful checking shows that we have a direct sum
f=1" @f", where

fi = span{Xi547Xi(53+54)> Xi6(0111)7 Xj:é(llll)a (14)
Xis00121), Xas(1121), Xrs(1221), Xas(1231) }-

Now a direct computation, using the above listed basis vectors of {*, gives that
[f£,§] C go. Analogously we check that [ft,§7] is also a subspace of g,. Let us
emphasize that during this computations we have to look all the time at the listed
roots for A7 and Aj. By Lemma 1.1 we conclude that (g, gs) is a symmetric
pair. (More precisely, by decomposing any = € g; as y + z, according to the sum
g2 = g1 D f, we see that 0(x) = y — z defines an involutive automorphism of g;
satisfying gf = g».) m

Remark 3.10.  The referee of this paper informed the author that some related
results, on the side of (split) algebraic groups of type Fj, have been obtained in
the Hutchens’ paper [Hu].

So in fact the only one interesting pair, among the three, is (g1, g3); i.e., we
have the following result.

Proposition 3.11.  The pair (g1,93), of type (Fy, Dy), is a nonsymmetric
Cartan pair.

Proof. Denote by p the Killing-orthogonal of g3 in g;. Then define

i = span{ Xus,, X(6,+65)s Xao(1110)> X£5(1232) }i
cf. (13). If we put p* = §= @ j*, with f& as in (14), it is clear that we have a
direct sum p=p~ dpT.

First observe that for example the commutator [Xs,, Xs,] is a nonzero
element of §*; and therefore the considered pair is nonsymmetric. Next we want
to show that it is a Cartan pair. For that purpose define

A= X—53 + X537
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and then a to be the one-dimensional subspace of p spanned by A. Note that a
is a (commutative) subalgebra, reductive in g. It remains to see that it is self-
centralizing in p. In order to do that denote by ©F the set of twelve roots ¢ € AT
so that p™ = {X, | ¢ € ©T}. Let then x € Cy(a) be written as © =z~ + a7,

where
in = Z CiX:I:q&
PpeO+
We have
[X537 er] :[X537 C$X§4 + C§;+53X52+53 + C(J;r(lllo)Xé(lll()) + C(§+(0111)X5(0111)
+ C(Jsr(1111)X5(1111) + 025?1221))(5(1221) + c(Jsr(1232)Xt5(1232)]7
and also
(X gy, 0] =Xy, 05, Xy + s, Kooty + Cgyy5, X154
+ C;r(1110)X5(1110) + C;r(0121)X5(0121) + C<J5r(1121)X5(1121)
+
+ Cgr(1231)X5(1231) + 05(1232)X5(1232)]'

Similarly we write [X4s,,27]. Using the equality [A,x] = 0, by careful inspection
during the descent on the level roots (from the top to the bottom), we conclude

that 0%232) = 0, c;r(mm) = 0, 0&1231) = 0, etc. We obtain that necessarily
zt = caiSXigg. Hence it is immediate that moreover ¢;, = cj,; i.e., € a as we
had to see.

Now we have to check that a satisfies the two conditions of Definition 2.4.
For that first observe that

B = {Hi, Ho + Hs, Hs +2H4}

is a basis of kerdz. Let then ¢ be a subspace spanned by BU {A}. Clearly ¢ is a
Cartan subalgebra of g;. Further, we have (¢Ng3) @ a = c; i.e., the first condition
(Cpl) holds.

In order to see that (Cp2) holds as well, we proceed as follows; cf. the proof
of Lemma 3.5. We may assume that the ground field K is algebraically closed.
Let then ) € A(gy,¢) be such that ¥, = 0, and then take any w € (g1),. We in
particular have [A,w] = 0; i.e., w € Cy(A). By (3) we can write w = v + cA,
for some v € Cy,(A) and scalar c¢. Let then U be any of the three basis vectors
in B satisfying ¢¥(U) # 0. Observe that [U,w] = [U,v]. On the other hand,
[U,w] = ¢(U)w. Thus it follows that

U] = (U)o = e (U) A,

But the left-hand side is an element of g3, while the right-hand side is an element of
p. We conclude that ¢ = 0; i.e., w = v. Thus we have our proposition proved. =

4. Some remarks about Cartan subspaces

In this section we conclude our present research by a few further facts and re-
marks about Cartan subspaces. Unless otherwise said, in order to avoid some
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technical complications we assume that throughout the section the ground field is
algebraically closed.

Assume that (g, g1) is a Cartan pair, g = g; @p is the usual decomposition,
and a is a Cartan subspace as in (Cpl) of Definition 2.4; choose also a Cartan
subalgebra b as there. Assume that G is a connected (linear) algebraic group with
g as its Lie algebra. Let G; C G be a connected closed subgroup with Lie algebra
g1. The following basic observations are again analogs of well-known standard
claims in the symmetric setting. For the sake of completeness we give a proof.

Proposition 4.1.  Suppose (g,81), p, a and the groups G; C G are as above.

(i) The group Gy acts on p via the adjoint representation, and so in particular
we have gy -p =P for every g1 € Gy.

(ii) The set g, - a is a Cartan subspace of g for every g1 € Gy.

Proof. The claim (i) is an immediate consequence of Lemma 1.1 and the in-
variance of the Killing form By for Autg, the group of automorphisms of g.

(i) Fix some g € G; and define a = ¢; - a. Clearly, using (i), a is a
commutative subalgebra of p. Next, let Z € C,(@). Then z = g;'-Z is from C,(a);
ie., z € a, and hence z € a. Thus we have Cy(a) C a. But a is commutative
which gives that moreover Cy(a) = a. It remains to see that every Aecdisa
semisimple element of g. But this follows at once by the fact that A = g;* Aea
is semisimple. [ |

Now fix again some g; € G and define the Cartan subspace a as in the
latter proof and h = g; - b; of course, b is another Cartan subalgebra of g. The
content of the next proposition was implicitly announced in Remark 2.5.

Proposition 4.2.  Suppose that a Cartan pair (g,981), b and a are as in Def-

inition 2.4. Then the above defined a and Y, for every g, € Gy, satisfy the two
conditions of the mentioned definition as well.

Proof. First we easily see that the condition (Cpl) holds; i.e., that we have
the equality B B
(hNg) @a=h.

In order to treat (Cp2) we proceed as follows. Consider a map v : h — E,
v(H) = g1 - H, and then the corresponding map on duals 7* : H* — b* given by
'y*(}\) = Ao~. Then 7* : A(g,g) — A(g, h) is an isomorphism of root systems.
At the same time we consider the restriction of v to a; i.e., v : a — a, and then

the corresponding map ~* : @* — a*. It is easy to check that then

7" X(g,a) = (g, a)

is a bijection; note that in general here we cannot speak of a root system isomor-
phism understood in the standard sense. Next, let A’ be as in Definition 2.4, and
define

A ={¢ e Ag,h) | ¢z = 0}.
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Now pick any 5 € A’ and a root vector X3 € gz. Define ¢ = 7*(5), which is a
root from A(g,h). We have the root subspace g4 = KX, where

Further, for any A € a and A = ¢; - A € @ we have the equality 5(;1/) = ¢(A).
Thus we deduce at once that the restriction

7*:&’—>A'

is again a bijection. To finish the proof it remains to see that X 3 € g1. But this
is an immediate consequence of the assumption that X, € g;, for every ¢ € A',
and the equality (15). n

Let us also formulate the following obvious lemma.

Lemma 4.3. Let a be a Cartan subspace, and for arbitrary g, € Gy define
another Cartan subspace @ = g1 - a as before. If A € a is a regular element, then
A =g -Ae€a is reqular as well.

Remark 4.4. Suppose V is a finite dimensional complex vector space, X is
its subset and G is a closed subgroup of GL(V'). Suppose that moreover G is
connected and reductive. Having such a setting for certain sets X it is interesting
to understand the topology of the orbit space G - X . In particular we would like
to know when G - X is a closed subset of V. But in general such questions are
quite involved. As an illustration for what we said consider the following example.
Let V = C? and G be the diagonal group

G:{(é ;L) [zeC}.

Take a vector w = (1,1) € V. An easy exercise shows that G - w is closed in V.
But on the other hand if we put W to be the one-dimensional subspace spanned
by w, then G - W is not closed in V. Nevertheless the following elementary fact
must be well known; we leave details of a proof to the reader.

Claim. Let W be any subspace of a finite dimensional complex vector space
V. Let G be any compact subgroup of GL(V). Then the orbit space G - W is
closed in .

Assume for the moment that G is a linear connected semisimple group,
real or complex. Let g be its Lie algebra and g = £ @ p a standard Cartan
decomposition for g. Then we have a maximal compact subgroup K of G, which
is connected having ¢ as its Lie algebra. As we already mentioned now we define
a Cartan subspace of g as a maximal commutative subspace of p. Keeping the
latter setting and notation recall the following well known basic facts; see, e.g.,
[Knl, Thm. 5.13]. For any Cartan subspace a C p we have

K-a=p. (16)
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More precisely, if a and a’ are two Cartan subspaces of g, then
k-a=d, for some k € K. (17)

Let again (g,g1) be a Cartan pair, G; C G the corresponding pair of
groups and the decomposition g = g; @ p as before. The claim (i) of the following
proposition might be understood as a weak analog of (16) and [D, Prop. 1.13.13],
while (ii) is just the first step toward an analog of the above conjugating result
(17).

Proposition 4.5.  Let (g,91) be a Cartan pair and a be as in Definition 2.4.

(1) Suppose there exist a € .., such that

[a,91] +a=p. (18)
Then G- a is dense in p.

(i) Suppose that (g,91) is of type 1. Let a’ be another Cartan subspace as in
Definition 2.4, and assume that the intersection vy - ape, N @' is nonempty,
for certain v1 € G1. Then v -a=4d'.

Proof. (i) The technical assumption (18) ensures the claim; here the same
argument as in [D] applies.

(ii) Let A" be an element of the mentioned intersection, and A € a,., so
that 7, - A = A’. Observe, by Lemma 4.3, that then A" € a],,. Now take an
arbitrary element Z € a/. As d' is commutative we clearly have [Z, A'] =0, and
hence it immediately follows that v; '+ Z € C,(A); here we use Proposition 4.1(i).
Therefore, by Lemma 2.13, it follows at once that Z € ~;-a. Thus we have proved
the inclusion a’ C 77 - a. To finish the proof we just have to take into account
Corollary 2.12. [ |

Concerning the above proposition the following two examples will be helpful.
Let us emphasize that again we use below the notation from the beginning of
Section 3.

Example 4.6.  Let (g, g1) be the pair of type (B3, G2) considered before. Recall
the decomposition g = g; & p, and also that a = —H; + Hs + H3 and a = Ka.

Claim. We have a direct sum decomposition

[aagl] +a:p

Proof. First we compute the following:

71(a) = =2, 2(a) =0, 3(a) =) =1 (19)



SIROLA 27

Hence it is an easy exercise to deduce the following table:

[a, X} ] = —2X0 + X9, + X0,
1
[a, X,,] =
1 0 0

[a on1+a2] = V1+’yz X72+’y3 XW2+’Y4

1 0 0
[a X2oc1+a2] = ’Yl+’Y2+’Y3 X71+72+74 + 2X72+“/3+”/4
[a X;oq—i—az] [a X?}a1+2a2} = 0

Using the first table at the preliminary part of Section 3 the latter nonzero com-
mutators can be written as follows:

[a Xolq] _2X51 + Xﬁs
3, X, o] = 2Xp, 48, + Xpis,

[, Xoarvasl = = Xpitpatss — 2Xpr426
Further, by (6), we also have:
[a, Xial] =2X_p, — X_p,
(2, X2 (0 o] = —2X_(1160) — X—(8450)
[3, XL 901 o)) = X (Brt o) + 2X_(3r4283)

Now, as we have dimp = 7, the above computations show that we have the stated
claim. [ |

Example 4.7.  Let (g1,5) be the pair of type (G, As) considered before; see
the paragraph after Remark 3.3. Recall the decomposition g; = s @ p;, and let
p1, a; and a; be as there.

Claim. We have direct sum decompositions
[aivs] +a; =Pp1.

Proof.  Again we consider only the case i = 1. Recall the decomposition (9),
where the Cartan subalgebra bh; = span{C, Cy} and A, AT are as there. It is well
known that ay(C)) = 2 = a2(Cy), ay(Cy) = —1 and as(Cy) = —3. Hence we
easily deduce that

[hl,al]:K(Xl Xl )

—a1

and also:
[al,X 2] = a1+a2)
a1, X ag] = _Xl (a1+az)
31, X301 40s) = = Xoayas
[al,Xl (3ar+az) ] = Xi (201 +a2)
[al?X:I:(3a1+2a2 ]=0
As we have dimp; = 6, the above computations give at once the proposed

equality. [ |
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Remark 4.8. Compared to the previous examples, let us point out at one more
fact which shows that we have to be careful while working with (nonsymmetric)
Cartan pairs. That is, observe that the equality (18) will not hold for every such
pair. To see this take the pair (go,g1) of type (D4, G3) considered before. (We
will see once more that this pair is in a sense “pathological”.) Then we have the
decomposition gy = g1 @ po and ag C py given by (8). Let also Aj, Ay € af be as
in the proof of Lemma 3.1. It immediately follows that

(ag)reg = {sa+tHy | 0 #£ s # £t}
Claim. Let Ay € (ag)., be arbitrary, written as above. Then
[Ao, g1] + ao # Po.

Proof. We have v,(Hy) = 0 = 73(Hs), v3(Hs) = —1 and 1y (Hy) = 1. Using
(19) it follows that

Vl(AO) = —2s, ’72("40) =0, 73(140) =s—1t, 74(‘40) =5+t
Hence we deduce at once that in particular

[AO7X:}:O£2] = [AO7X:}:(3061+(X2)] = [AO?let(?)al-l—Qaz)] = 07

and as a consequence that dim([Ag, g1] + ap) = 8. It remains to take into account
that dim po = 14. -
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