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Do n-Lie Algebras Have Universal Enveloping Algebras?
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Abstract. The aim of this paper is to investigate in which sense, for n ě 3 ,
n -Lie algebras admit universal enveloping algebras. There have been some
attempts at a construction (see Dzhumadil’daev, A. S., Representations of vector
product n -Lie algebras, Comm. Algebra 32 (2004), 3315–3326, and Bălibanu,
D., and J. van de Leur, Irreducible highest weight representations of the simple
n -Lie algebra, Transform. Groups 17 (2012), 593–613) but after analysing
those we come to the conclusion that they cannot be valid in general. We give
counterexamples and sufficient conditions.

We then study the problem in its full generality, showing that universality
is incompatible with the wish that the category of modules over a given n -Lie
algebra L is equivalent to the category of modules over the associated algebra
UpLq . Indeed, an associated algebra functor U: n -LieK Ñ AlgK inducing such
an equivalence does exist, but this kind of functor never admits a right adjoint.

We end the paper by introducing a (co)homology theory based on the
associated algebra functor U .
Mathematics Subject Classification 2010: 17B35.
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1. Introduction

The algebraic concept of an n-Lie algebra (also called a Filippov algebra or a
Nambu algebra) is a natural generalisation of Lie algebras. Alternative generalisa-
tions of Lie algebras to n-ary brackets exist, such as Lie triple systems [17], but
we shall not study those in the present paper. By definition, an n-Lie algebra
is a K-module with a skew-symmetric n-ary operation which is also a derivation.
In recent years these have shown their relevance in some areas of physics such as
Nambu mechanics [20] or string and membrane theory [2, 3].

In this article we investigate how to extend the concept of universal envelop-
ing algebra, an important basic tool in theory of ordinary (= 2-) Lie algebras, to
n-Lie algebras where n ě 3 .
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Given a Lie algebra L , its universal enveloping algebra UpLq has three
distinguishing characteristics:

(U1) equivalent representations : the category of Lie modules over L is equivalent
to the category of “standard” modules over UpLq ;

(U2) universality : the functor U: LieK Ñ AlgK has a right adjoint

p´qLie : AlgK Ñ LieK

which endows an associative algebra with a Lie algebra structure via the
bracket ra, bs “ ab´ ba ;

(U3) enveloping algebras are enveloping : if L is free as K-module (for instance,
whenever K is a field), then the L-component ηL : LÑ UpLq of the unit η
of the adjunction considered in (U2) is a monomorphism [16].

In the literature, already some attempts at introducing universal enveloping
algebras for n-Lie algebras have been made [5, 11]. However, in the beginning of
Section 3 we give an example showing that those cannot be fully valid. The problem
with these approaches is that they depend on the existence of a functor from n-LieK

to LieK , analogous to the Daletskii-Takhtajan functor for Leibniz algebras [10].
The construction proposed in [5], though, produces an object is not always a Lie
algebra. That is to say, the “functor” in question does not land in the right category.
In Corollary 3.3 and Proposition 3.6 we give some conditions which establish when
the construction of [5] is, or isn’t, a Lie algebra. Luckily, this imprecise definition
is not an obstruction to further results in the papers [5, 11], since those focus on
simple n-Lie algebras over the complex numbers, and in Remark 3.10 we explain
that for those n-Lie algebras the construction proposed in [5, 11] does indeed work.
Nevertheless, the general definition of universal enveloping algebra proposed there
is not correct.

Another point of view in this topic was given by Elgendy and Bremner
in [12], where they study the universal enveloping algebra of an n-Lie algebra in
an alternative setting. Although it does not give us information about our problem,
this framework is also interesting and challenging.

One problem we face when extending the concept of universal enveloping
algebra to the category of n-Lie algebras is the lack of a natural generalisation
of the functor p´qLie , so that U cannot be defined via (U2). Therefore, using a
standard categorical technique, in Section 4 we define a functor U: n-LieK Ñ AlgK

such that (U1) holds: the category of modules over an n-Lie algebra L is equivalent
to the category of UpLq-modules. It happens that this functor does not have a
right adjoint. In fact, we prove that any functor satisfying (U1) cannot have
a right adjoint of the kind needed for (U2), so that the requirements (U1) and
(U2) are shown to be mutually incompatible. And without condition (U2), the
third requirement (U3), which asks that components of the unit of the adjunction
from (U2) are monomorphisms, loses its sense. We thus end up with a functor
U: n-LieK Ñ AlgK satisfying just (U1), which we call the associated algebra functor.

In the final Section 5 we extend Lie algebra (co)homology to a (co)homology
theory based on this associated algebra functor and we prove it to be different from
the cohomology theories introduced in [23], [10] and [1].
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2. Preliminaries on n-Lie algebras

Let K be a commutative unital ring and n a natural number, n ě 2 . The following
definitions first appeared in [13, 8].

2.1. n-Leibniz algebras and n-Lie algebras. An n-Leibniz algebra L is
a K-module equipped with an n-linear operation Ln Ñ L , so a linear map
r´, . . . ,´s : Lbn Ñ L , satisfying the identity

“

rx1, . . . , xns, y1, . . . , yn´1

‰

“

n
ÿ

i“1

“

x1, . . . , xi´1, rxi, y1, . . . , yns, xi`1, . . . , xn
‰

(‹)

for all xi , yi P L . A homomorphism of n-Leibniz algebras is a K-module homo-
morphism preserving this bracket; this defines the category n-LeibK .

An n-Lie algebra is an n-Leibniz algebra L where the bracket r´, . . . ,´s
factors through the exterior product to a morphism

ΛnL “ L^ ¨ ¨ ¨ ^ L
looooomooooon

n factors

Ñ L.

We thus obtain the full subcategory n-LieK of n-LeibK determined by the n-Lie
algebras.

The latter condition means that the bracket r´, . . . ,´s is not just n-linear,
but also alternating : it vanishes on any n-tuple with a pair of equal coordinates.
In other words, rx1, . . . , xns “ 0 as soon as there exist 1 ď i ă j ď n for which
xi “ xj .

When n “ 2 , identity (‹) yields the Leibniz identity. In this case, being
alternating is equivalent to skew-symmetry, which gives the Jacobi identity. Thus
the above definition describes Leibniz and Lie algebras, respectively.

2.2. Derivations. A linear endomap d : LÑ L on an n-Lie algebra L is called
a derivation if

dprx1, x2, . . . , xnsq “
n
ÿ

i“1

rx1, . . . , dpxiq, . . . , xns.

The K-module of all derivations of a given n-Lie algebra L is denoted
by DerpLq and forms a Lie algebra with respect to the commutator rd1, d2s “

d1d2 ´ d2d1 .

2.3. Ideals. An ideal of an n-Lie algebra is a normal subalgebra. It is easily
seen that a K-submodule I of an n-Lie algebra L is an ideal if and only if
rI, L, . . . , Ls Ď I .

2.4. Right multiplication, adjoint action. Given a generator
x “ x1 b ¨ ¨ ¨ b xn´1 of Lbpn´1q , the right multiplication and the adjoint action
(also called left multiplication) by x are maps

Rx “ Rpx1, . . . , xn´1q and adx “ adpx1, . . . , xn´1q : LÑ L

respectively defined by

Rpx1, . . . , xn´1qpaq “ ra, x1, . . . , xn´1s
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and
adpx1, . . . , xn´1qpbq “ rx1, . . . , xn´1, bs

for a , b P L . Clearly, adx “ p´1qn´1Rx , and due to identity (‹) both maps
are derivations. They are called inner derivations of L and generate an ideal
InnDerpLq of DerpLq . We will use the same notations adx and Rx for the
extensions (by derivation) of these maps to the entire tensor algebra T pLq . (That
is to say, Rxpa1 b a2q “ Rxpa1q b a2 ` a1 bRxpa2q , etc.)

2.5. The centre. The ideal ZpLq “ tz P L | adxpzq “ 0, @x P Lbpn´1qu is called
the centre of L .

2.6. Simple n-Lie algebras. Given an ideal I , we write I1 “ rI, L, . . . , Ls for
the K-submodule spanned by the elements Rxpiq where i P I and x P Lbpn´1q .
It is easy to see that I1 is an ideal of L . If L1 ‰ 0 (so that it is non-abelian,
i.e., it doesn’t come equipped with the zero bracket) and L does not admit any
non-trivial ideals then L is called a simple n-Lie algebra.

We now recall from [13] an important example of an pn ` 1q-dimensional
n-Lie algebra which is an analogue of the three-dimensional Lie algebra with the
cross product as multiplication.

Example 2.1. Let K be a field and Vn an pn` 1q-dimensional K-vector space
with a basis te1, . . . , en`1u . Then Vn , equipped with the skew-symmetric n-ary
multiplication induced by

re1, . . . , ei´1, ei`1, . . . , en`1s “ p´1qn`1`iei, 1 ď i ď n` 1,

is an n-Lie algebra.

This algebra is a simple n-Lie algebra. Conversely, as shown in [18], over
an algebraically closed field K all simple n-Lie algebras are isomorphic to Vn .

2.7. Leibniz and Lie algebras associated to an n-Lie algebra. Given an
n-Lie algebra L , we introduce the operations

r´,´s : Lbp2n´2q
Ñ Lbpn´1q : xb y ÞÑ rx, ys “ adxpyq,

´ ˝ ´ : Lbp2n´2q
Ñ Lbpn´1q : xb y ÞÑ x ˝ y “ 1

2

`

adxpyq ´ adypxq
˘

.

Note that ˝ is skew-symmetric. Furthermore, the operations coincide if and only
if adxpyq “ ´ adypxq , i.e., when r´,´s is skew-symmetric. These two products
have the following property relating them to the adjoint action.

Proposition 2.2. For any x, y P Lbpn´1q the equality

radx, adys “ adrx,ys “ adx˝y

holds.

Proof. Let x “ x2b¨ ¨ ¨bxn , y “ y2b¨ ¨ ¨byn and x1 P L . Then from identity
(‹) we deduce

ady adxpx1q “ adx adypx1q ` p´1qn´1
n
ÿ

k“2

rx1, . . . , adypxkq, . . . , xns,
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which is equivalent to

radx, adyspx1q “ p´1qn
n
ÿ

k“2

rx1, x2, . . . , adypxkq, . . . , xns “ ´ adzpx1q,

where z “ adypxq . By symmetry, rady, adxs “ ´ adw , where w “ adxpyq .
Since InnDerpLq is a Lie algebra we obtain radx, adys “ adw “ adrx,ys and
radx, adys “

1
2
padw´ advq “ adx˝y .

The following result is due to Daletskii and Takhtajan [10].

Theorem 2.3. Let L be an n-Lie algebra. Then Lbpn´1q with bracket r´,´s
is a Leibniz algebra.

This algebra is called the basic Leibniz algebra associated to an n-Lie
algebra L . We denote it by BLbbn´1pLq .

Following [10] let us write Kn´1 “ Spantx P Lbpn´1q | adx “ 0u for the
kernel of the adjoint action. We recall the following result from [10].

Theorem 2.4. The subspace Kn´1 is an ideal of BLbbn´1pLq and the quotient
algebra BLbbn´1pLq{Kn´1 is a Lie algebra.

This Lie algebra was introduced in [9] and called the basic Lie algebra of
the given n-Lie algebra L .

3. Algebras associated to an n-Lie algebra

Given an n-Lie algebra L over the complex numbers C , in the article [5] the
authors consider the algebra pΛn´1L, ˝q . In Proposition 1 of [5], this product ˝ is
claimed to satisfy the Jacobi identity. However, this cannot be correct, as we may
see in the following example of a 3-Lie algebra, which is a member of the class
of so-called filiform 3-Lie algebras given in [15]. For the sake of simplicity let us
denote Jpa, b, cq “ a ˝ pb ˝ cq ` c ˝ pa ˝ bq ` b ˝ pc ˝ aq .

Example 3.1. Consider the 3-Lie algebra with basis tx1, x2, x3, x4, x5u and the
table of multiplication determined by

rx1, x2, x3s “ x4, rx1, x2, x4s “ rx1, x3, x4s “ rx2, x3, x4s “ x5.

Then Jpx1 ^ x4, x1 ^ x2, x3 ^ x2q “ ´
1
4
x4 ^ x5 ‰ 0 .

In order to determine when the algebra pΛn´1L, ˝q defined in [5] is actually
a Lie algebra, let us have a look at the terms of Jacobi identity.

Proposition 3.2. Let L be an n-Lie algebra. Then for any a, b, c P Λn´1L
the following equality holds:

Jpa, b, cq “ ´1
4

`

radb, adcspaq ` rada, adbspcq ` radc, adaspbq
˘

(:)



48 García-Martínez, Turdibaev and Van der Linden

Proof. By Proposition 2.2 we obtain

a ˝
`

b ˝ cq “1
2
padapb ˝ cq ´ adb˝cpaq

˘

“1
2

`

adap
1
2

`

adbpcq ´ adcpbq
˘˘˘

´ 1
2

adb˝cpaq

“1
4

ada

`

adbpcq
˘

´ 1
4

ada

`

adcpbq
˘

´ 1
2
radb, adcspaq.

After similar calculations for the other terms, equality (:) follows.

Corollary 3.3. Let L be an n-Lie algebra with abelian InnDerpLq. Then
pΛn´1L, ˝q is a Lie algebra.

Remark 3.4. Corollary 3.3 provides us with a sufficient condition. Due to the
results in [21], for n “ 3 it also seems to be necessary. Indeed, while considering a
more general question, in that work a similar product appears. Now given a free
skew-symmetric ternary algebra pF, r´,´,´sq , the authors of [21] consider F ^F
equipped with the product x ¨ y “ adypxq ´ adxpyq “ ´2px ˝ yq . Observe that
pF ^ F, ¨q is a Lie algebra if and only if pF ^ F, ˝q is a Lie algebra.

Remark 3.5. It is claimed in [21, Theorem 3.1] that if I is a non-zero minimal
ideal of F such that quotient F {I ^ F {I is a Lie algebra then

I “ xrrx1, x2, x3s, x4, x5s ´ rrx1, x4, x5s, x2, x3s | xi P F y.

However, this result cannot be correct. Indeed, consider the central extension
F “ Cz ‘ V3 of the simple 3-Lie algebra V3 over C from Example 2.1. We have
I “ xradx, adyspaq | a P F , x , y P F ^ F y Ď V3 so that I “ V3 because V3 is
simple. Set a “ e2 ^ e4 , b “ e1 ^ e2 , c “ e1 ^ z and observe that adc “ 0 ,
rada, adbspe1q “ e4 , which yields Jpa, b, cq “ z ^ e4 ‰ 0 . Hence pF ^ F, ¨q is not a
Lie algebra. However, by [4, Corollary 1.2.4], pV3 ^ V3, ˝q is indeed a Lie algebra
(isomorphic to so4 ). As a consequence, ZpF q “ Cz is another minimal ideal with
the property that the quotient algebra is a Lie algebra.

It follows that the condition of Corollary 3.3 is sufficient, but not necessary.
A precise characterisation seems hard to find, but we have the following partial
result.

Proposition 3.6. Let K be a field and let L be a 3-Lie algebra over K such that
InnDerpLq is not abelian. If dimZpLq ě 2 then pΛn´1L, ˝q is not a Lie algebra.

Proof. By assumption there are some x , y P L^L with radx, adys “ adrx,ys ‰ 0 .
Pick an element z1 P ZpLq and, if possible, take z2 P L such that adrx,yspz2q R

Spantz1u . In other words, z1^adrx,yspz2q ‰ 0 . Putting z “ z1^z2 yields adzpLq “
0 and adry,zspxq` adrz,xspyq “ 0 . However, radx, adyspzq “ z1^ adrx,yspz2q ‰ 0 and
thus the Jacobi identity does not hold.

If such a z2 does not exist, then let us assume that adrx,yspLq “ Spantz1u .
In this case, pick z3 P ZpLq linearly independent from z1 . Choose a z4 P L
such that adrx,yspz4q “ z1 and consider z “ z3 ^ z4 . Obviously, z ‰ 0 and
´4 Jpx, y, zq “ z3 ^ z1 which is not zero.
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In the remaining cases it is not clear whether pΛn´1L, ˝q is a Lie algebra or
not.

3.1. The basic Leibniz algebra BLbΛ
n´1pLq. It is hard to endow Λn´1L with

a Lie algebra structure but it inherits a Leibniz algebra structure from the basic
Leibniz algebra of [10]. Consider the subspace

Wn´1 “ Spantx1 b ¨ ¨ ¨ b xn´1 | xi “ xj for some 1 ď i ă j ď n´ 1u

of Lbpn´1q .

Proposition 3.7. Let L be an n-Lie algebra. Then Wn´1 is an ideal of
BLbbn´1pLq and Λn´1L “ BLbbn´1pLq{Wn´1 .

Proof. First, note that for any w P Wn´1 and v P Lbpn´1q we have rw, vs “
adwpvq “ 0 , so that Wn´1 Ď Kn´1 . For w “ x1b¨ ¨ ¨bxn´1 PWn´1 , where xi “ xj
for some 1 ď i ă j ď n´ 1 and v P Lbpn´1q we have

rv, ws “ advpwq “rx1, . . . , advpxiq, . . . , xj, . . . , xn´1s

`rx1, . . . , xi, . . . , advpxjq, . . . , xn´1s

`
ÿ

k‰i,k‰j

rx1, . . . , advpxkq, . . . , xn´1s PWn´1

since the sum of the first two terms and every summand in the sum belongs to
Wn´1 . Hence Wn´1 is an ideal of the Leibniz algebra BLbbn´1pLq and we may
conclude that Λn´1L “ BLbbn´1pLq{Wn´1 .

Let us denote this Leibniz algebra pΛn´1L, r´,´sq by BLbΛ
n´1pLq . The ba-

sic Lie algebra BLbbn´1pLq{Kn´1 is a subalgebra of the Leibniz algebra BLbΛ
n´1pLq .

Remark 3.8. In [11], given an n-Lie algebra L , the vector space Λn´1L is
equipped with a product rx, ys “ Rxpyq “ p´1qn´1 adxpyq . This algebra coincides
with BLbΛ

n´1pLq up to a sign p´1qn´1 in the multiplications. This product is not
skew-symmetric as shown in [4, Remark 1.1.16].

Proposition 3.9. BLbΛ
n´1pLq – InnDerpLq if and only if Kn´1 “Wn´1 .

Proof. Due to Proposition 2.2 and the n-Lie structure of L , the map

x “ x2 ^ ¨ ¨ ¨ ^ xn ÞÑ adx

is a well-defined surjective Leibniz algebra homomorphism of BLbΛ
n´1pLq onto

InnDerpLq . Now if the kernel of this map is zero, which means adx ‰ 0 for all
x ‰ 0 , then this map is an isomorphism.

Remark 3.10. Consider the simple n-Lie algebra Vn over C of Example 2.1.
It is easily seen that Kn´1 “Wn´1 , so we have an isomorphism

BLbbn´1pVnq{Kn´1 “ BLbΛ
n´1pVnq – InnDerpVnq.
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Moreover, by skew-symmetry of the bracket we have x ˝ y “ rx, ys and therefore
pΛn´1L, ˝q is the same Lie algebra InnDerpVnq . A different construction of the
simple n-Lie algebra is given in [5] and it is proven in r18s that its basic Lie
algebra happens to be son`1 (see also [4, Corollary 1.2.4]). Hence, the algebras
constructed in [11] and [5] for Vn coincide with the basic Lie algebra [10]

BLbbn´1pVnq{Kn´1 “ BLbΛ
n´1pVnq “ pΛ

n´1L, ˝q – InnDerpVnq – son`1.

We may conclude that, although the constructions of the papers [11] and [5]
do not work in general, their results stay valid for the simple n-Lie algebra case.
In [11] the finite-dimensional, irreducible representation of the simple n-Lie algebra
is studied and in [5] irreducible highest weight representations of the same algebra
are studied.

Remark 3.11. The recently published Erratum [6] states that Proposition 1
and the results of Section 2 of [5] are not generally correct unless the map

Ăad: Λn´1V Ñ Λ‚V

is skew-symmetric. Using our notation (and correcting Λ‚V to EndpΛn´1V q) we
assume that skew-symmetry of the homomorphism ad: Λn´1V Ñ EndpΛn´1V q
means adxpyq “ ´ adypxq for all x , y P Λn´1V . This condition is equivalent
to a ˝ b “ adapbq “ ra, bs . The latter one forces pΛn´1V, ˝q to coincide with
BLbΛ

n´1pV q . Since one of them is antisymmetric and the other one is Leibniz
algebra, the result is a Lie algebra.

4. The associated algebra construction

4.1. The category of modules over an n-Lie algebra. Following [7] and [19,
Section II.6], given an n-Lie algebra L over K , we say that the category of L-
modules or n-Lie modules over L is L-ModK “ Abpn-LieK Ó Lq , the category of
abelian group objects in the comma category pn-LieK Ó Lq .

This definition may be unpacked as follows: an L-module is a K-module M
with a structure of n-Lie algebra on M‘L such that L is a subalgebra of M ‘ L ,
M is an ideal of M ‘ L , and the bracket is zero if two elements are in M .
A homomorphism of L-modules f : M Ñ M 1 is determined by an n-Lie algebra
homomorphism from M ‘ L to M 1 ‘ L which restricts to the identity on L . In
the particular case of n “ 2 we recover the notion of a Lie representation.

This may be further decompressed as follows. An L-module is a K-module
M with a linear map r´, . . . ,´s : pΛn´1Lq bM ÑM satisfying the relations

“

x1, . . . , xn´1, ry1, . . . , yn´1,ms
‰

´
“

y1, . . . , yn´1, rx1, . . . , xn´1,ms
‰

“

n´1
ÿ

i“1

ry1, . . . , rx1, . . . , xn´1, yis, . . . , yn´1,ms
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and
“

rx1, . . . , xns, y2, . . . , yn´1,m
‰

“

n´1
ÿ

i“1

p´1qn´i
“

x1, . . . , pxi, . . . , xn, rxi, y2, . . . , yn´1,ms
‰

,

for all xi , yi P L and m PM .

Example 4.1. The base ring K is an L-module via the trivial action.

4.2. The associated algebra functor. For any n-Lie algebra L , the cate-
gory L-ModK is an abelian variety of algebras. It is well-known that this makes
it equivalent to the category of modules over the endomorphism algebra of the
free L-module on one generator [14, page 106]. This process determines a functor
U: n-LieK Ñ AlgK from the category of n-Lie algebras to the category of associa-
tive unital K-algebras such that L-ModK is equivalent to the category ModUpLq of
“standard” modules over the associative algebra UpLq . The following proposition
gives an explicit algebraic description of the functor U .

Proposition 4.2. Given an n-Lie algebra L, the algebra UpLq is the tensor
algebra of Λn´1L quotient by the two-sided ideal generated by

px1 ^ ¨ ¨ ¨ ^ xn´1qpy1 ^ ¨ ¨ ¨ ^ yn´1q ´ py1 ^ ¨ ¨ ¨ ^ yn´1qpx1 ^ ¨ ¨ ¨ ^ xn´1q

“

n´1
ÿ

i“1

y1 ^ ¨ ¨ ¨ ^ rx1, . . . , xn´1, yis ^ ¨ ¨ ¨ ^ yn´1

and

rx1, . . . , xns ^ y2 ^ ¨ ¨ ¨ ^ yn´1

“

n
ÿ

i“1

p´1qn´ipx1 ^ ¨ ¨ ¨ ^ pxi ^ ¨ ¨ ¨ ^ xnqpxi ^ y2 ^ ¨ ¨ ¨ ^ yn´1q,

for xi , yi P L and m PM .

Note that when n “ 2 we obtain the universal enveloping algebra of
a Lie algebra. From the point of view of Proposition 4.2, the equivalence of
categories L-ModK » ModUpLq may be recovered by using that the L-module
bracket rx1, . . . , xn´1,ms defines a UpLq-module action px1 ^ ¨ ¨ ¨ ^ xn´1qm and
vice versa.

Example 4.3. Let Lm be the free n-Lie algebra on m generators with m ă

n ´ 1 . (An explicit description of the free n-Lie algebra can be found in [22]).
Then UpLmq “ K , since the pn´ 1qst exterior product is zero.

Assume m “ n ´ 1 . Then all brackets are zero and the relations of the
associated algebra vanish straightforward. Hence UpLmq is KrXs , the commutative
polynomial ring over K with one generator.
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If m ě n , we can forget the elements with brackets by the second relation
in Proposition 4.2. Thus we see that

pn´ 2qpx1 ^ ¨ ¨ ¨ ^ xn´1qpy1 ^ ¨ ¨ ¨ ^ yn´1q ` py1 ^ ¨ ¨ ¨ ^ yn´1qpx1 ^ ¨ ¨ ¨ ^ xn´1q

´

n´1
ÿ

i“1

ˆ n´1
ÿ

j“1

p´1qn´j`ipx1^¨ ¨ ¨^pxj^¨ ¨ ¨^xn´1^yiqpxj^y1^¨ ¨ ¨^pyi^¨ ¨ ¨^yn´1q

˙

is zero.
In the case of m “ n this relation vanishes. Therefore UpLnq is isomorphic

to KxX1, . . . , Xny , the non-commutative polynomial ring over K in n variables.
If m ą n then UpLnq is the non-commutative polynomial ring on

`

m
n

˘

elements quotiented by the two-sided ideal generated by the above relation.

Example 4.4. Let L be an abelian n-Lie algebra with n generators. Then
UpLq – KrX1, . . . , Xn´1s since the first identity of the associated algebra makes it
abelian, while the second one vanishes.

When n “ 2 the functor U is universal in the sense that it has a right
adjoint. Let us explain why this is not possible for general n .

Lemma 4.5. Consider n ą 2. If F : n-LieK Ñ AlgK preserves binary sums,
then there is an n-Lie algebra L for which F pLq is not Morita equivalent to UpLq.

Proof. Recall that if two rings (or, in particular, K-algebras) are Morita equiv-
alent, then their centres are isomorphic.

Let L1 be the free n-Lie algebra generated by one element. The coproduct
of n´1 copies of L1 is the free n-Lie algebra on n´1 generators, denoted by Ln´1 .
Its associated algebra UpLn´1q is KrXs as in Example 4.3, whose centre is itself.
Now KrXs cannot be Morita equivalent to F pL1`¨ ¨ ¨`L1q – F pL1q`¨ ¨ ¨`F pL1q :
the latter algebra being a coproduct, its centre cannot be bigger than K , so is
strictly smaller than KrXs .

Theorem 4.6. The functor U: n-LieK Ñ AlgK has a right adjoint if and only
if n “ 2. More precisely, for n ą 2 there is no functor F : n-LieK Ñ AlgK with
a right adjoint G : AlgK Ñ n-LieK such that there is an equivalence of categories
between L-ModK and ModF pLq for all L.

Proof. If n “ 2 this result is well known. Consider the case when n ą 2 ;
assume that there is an adjoint pair F % G as required. Then, on the one hand,
F preserves binary sums, while on the other hand, we have an equivalence of
categories L-ModK » ModF pLq » ModUpLq for any n-Lie algebra L . This is in
contradiction with Lemma 4.5.

This theorem shows that for n ą 2 there is no way we can obtain a functor
F : n-LieK Ñ AlgK satisfying both requirements (U1) and (U2) of the introduction:
to have an equivalence of categories between L-ModK and ModF pLq for all L and
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to have a right adjoint for the functor F . In particular, it is shown that UpLq
does not satisfy (U2). Of course there may still exist other functors F such that
all F pLq are Morita equivalent to UpLq .

Remark 4.7. If K “ C and L “ Vn , then UpLq coincides with the construction
of the universal enveloping algebra given in [11] and [5]. Moreover, for any n-Lie
algebra L such that BLbΛ

n´1pLq is also a Lie algebra, UpLq is isomorphic to the
universal enveloping algebra given in [11]. However, if pΛn´1L, ˝q is a Lie algebra,
then UpLq might be different from the universal enveloping algebra of [5].

5. (Co)Homology theory and the associated algebra

Let L be an n-Lie algebra and M an L-module. Let

ML
“ tm PM | rx1, . . . , xn´1,ms “ 0 for all xi P Lu

be the invariant submodule of M , and let ML “ M{LM be the coinvariant
submodule. As in Lie algebras, we can obtain (co)homology theories deriving the
invariants and coinvariants functors.

Definition 1. The homology groups of M with coefficients in L , denoted by
H˚pL,Mq are the left derived functors of p´qL . The cohomology groups of M with
coefficients in L , denoted by H˚pL,Mq are the right derived functors of p´qL .

There is an immediate relation between this (co)homology theory and the
associated algebra. Let ε : UpLq Ñ K be the K-algebra homomorphism sending
the inclusion of Λn´1L to zero. Its kernel, ΩpLq , is called the augmentation ideal.
Therefore, ΩpLq has a UpLq-module structure.

Proposition 5.1. Let L be an n-Lie algebra and M an L-module. There are
isomorphisms

H˚pL,Mq – TorUpLq
˚ pK,Mq,

H˚pL,Mq – Ext˚UpLqpK,Mq.

Proof. As in the Lie algebra case (see [24]), we just have to check that the
underlying functors are the same.

KbUpLqM “
UpLq
ΩpLq

bUpLqM – M
ΩpLqM

“ M
LM

“ML,

and
HomUpLqpK,Mq “ HomLpK,Mq “ML.

Following the computations done for Lie algebras in [24, Section 7.4] we
obtain that H1pL,Kq – ΩpLq{ΩpLq2 and H1

pL,Kq – HomKpΩpLq,Kq . In the
particular case of Example 4.3, we see that

H1pLm,Kq –
ž

pmnq

K and H1
pLm,Kq –

ź

pmnq

K.
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These results show that the cohomology theory defined above is different from the
n-Lie algebra cohomology theories studied in [23], [10] and [1] when n ą 2 .

Acknowledgments. The authors would like to thank José Manuel Casas, Emzar
Khmaladze and Manuel Ladra for suggesting us to carry out this research and
for their useful comments and remarks. The first author would like to thank the
Institut de Recherche en Mathématique et Physique (IRMP) for its kind hospitality
during his stay in Louvain-la-Neuve.

References

[1] Arnlind, J., A. Kitouni, A. Makhlouf, and S. Silvestrov, Structure and coho-
mology of 3-Lie algebras induced by Lie algebras, in: Geometry and Math-
ematical Physics (AGMP, Mulhouse, France), 85 of Springer Proceedings in
Mathematics & Statistics, 2014, 123–144.

[2] Bagger, J., and N. Lambert, Modeling multiple M2’s, Phys. Rev. D 75 (4)
(2007), 7 pp.

[3] —, Comments on multiple M2-branes, J. High Energy Phys. 105 (2) (2008),
15pp.

[4] Bălibanu, D., “Convexity theorems for symmetric spaces and representations
of n-Lie algebras. Two studies in Lie theory,” Ph.D. Thesis, Universiteit
Utrecht, 2014.

[5] Bălibanu, D., and J. van de Leur, Irreducible highest weight representations
of the simple n-Lie algebra, Transform. Groups 17 (2012), 593–613.

[6] —, Erratum to: “Irreducible highest weight representations of the simple n-Lie
algebra”, Transform. Groups 21 (2016), 297.

[7] Beck, J. M., Triples, algebras and cohomology, Reprints in Theory and
Applications of Categories 2 (2003), 1–59.

[8] Casas, J. M., J.-L. Loday, and T. Pirashvili, Leibniz n-algebras, Forum Math.
14 (2002), 189–207.

[9] Daletskii, and V. Kushnirevitch, Formal differential geometry and Nambu-
Takhtajan algebra, Banach Center Publ. 40 (1997), 293–302.

[10] Daletskii, Y. I., and L. A. Takhtajan, Leibniz and Lie algebra structures for
Nambu algebra, Lett. Math. Physics 39 (2) (1997), 127–141.

[11] Dzhumadil’daev, A. S., Representations of vector product n-Lie algebras,
Comm. Algebra 32 (2004), 3315–3326.

[12] Elgendy, H. A., and M. R. Bremner, Universal associative envelopes of pn`1q-
dimensional n-Lie algebra, Comm. Algebra 40 (2012), 1827–1842.



García-Martínez, Turdibaev and Van der Linden 55

[13] Filippov, V. T., n-Lie algebras (in Russian), Sibirsk. Mat. Zh. 26 (1985),
126–140.

[14] Freyd, P., “Abelian categories,” Harper and Row, New York, 1964, republished
in Reprints in Theory and Applications of Categories 3, 2003.

[15] Goze, M., N. Goze, and E. Remm, n-Lie algebras, Preprint arXiv:0909.1419
(2009).

[16] Higgins, P. J., Baer invariants and the Birkhoff-Witt theorem, J. Algebra 11
(1969), 469–482.

[17] Jacobson, N., Lie and Jordan triple systems, Amer. J. Math. 71 (1949),
149–170.

[18] Ling, W. X., “On the structure of n-Lie algebras,” Ph.D. Thesis, Universität
Siegen, 1993.

[19] MacLane, S. “Categories for the working mathematician, Second Ed.,” Grad.
Texts in Math. 5, Springer, 1998.

[20] Nambu, Y., Generalized Hamiltonian dynamics, Phys. Rev. D 7 (1973),
2405–2412.

[21] Pojidaev, A. P., and P. Saraiva, On some algebras related with the simple
8-dimensional ternary Malcev algebra M8 , Pré-Publicações DMUC 03–19
(2003), 1–34.

[22] Rotkiewicz, M., Irreducible identities of n-algebras, Acta Math. Univ. Come-
nian. (N.S.) 72 (2003), 23–44.

[23] Takhtajan, L. A., Higher order analog of Chevalley-Eilenberg complex and
deformation theory of n-gebras, Algebra i Analiz 6 (1994), 262–272.

[24] Weibel, C. A., “An introduction to homological algebra,” Cambridge Stud.
Adv. Math. 38, Cambridge Univ. Press, 1994.

Xabier García-Martínez
Department of Mathematics
University of Santiago de Compostela
Lope Gomez de Marzoa s/n
Santiago de Compostela, 15782, Spain
xabier.garcia@usc.es

Rustam Turdibaev
Inha University in Tashkent
Ziyolilar 9
Tashkent, 100170, Uzbekistan
r.turdibaev@inha.uz

Tim Van der Linden
Institut de Recherche
en Mathématique et Physique
Université catholique de Louvain
chemin du cyclotron 2 bte L7.01.02
1348 Louvain-la-Neuve, Belgium
tim.vanderlinden@uclouvain.be

Received September 17, 2016
and in final form April 19, 2017


