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Abstract.  The aim of this paper is to investigate in which sense, for n > 3,
n-Lie algebras admit universal enveloping algebras. There have been some
attempts at a construction (see Dzhumadil’daev, A. S., Representations of vector
product n-Lie algebras, Comm. Algebra 32 (2004), 3315-3326, and Bailibanu,
D., and J. van de Leur, Irreducible highest weight representations of the simple
n-Lie algebra, Transform. Groups 17 (2012), 593-613) but after analysing
those we come to the conclusion that they cannot be valid in general. We give
counterexamples and sufficient conditions.

We then study the problem in its full generality, showing that universality
is incompatible with the wish that the category of modules over a given n-Lie
algebra L is equivalent to the category of modules over the associated algebra
U(L). Indeed, an associated algebra functor U: n-Liex — Algx inducing such
an equivalence does exist, but this kind of functor never admits a right adjoint.

We end the paper by introducing a (co)homology theory based on the
associated algebra functor U.
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1. Introduction

The algebraic concept of an n-Lie algebra (also called a Filippov algebra or a
Nambu algebra) is a natural generalisation of Lie algebras. Alternative generalisa-
tions of Lie algebras to n-ary brackets exist, such as Lie triple systems [17], but
we shall not study those in the present paper. By definition, an n-Lie algebra
is a K-module with a skew-symmetric n-ary operation which is also a derivation.
In recent years these have shown their relevance in some areas of physics such as
Nambu mechanics [20] or string and membrane theory [2, 3.

In this article we investigate how to extend the concept of universal envelop-
ing algebra, an important basic tool in theory of ordinary (= 2-) Lie algebras, to
n-Lie algebras where n > 3.
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Given a Lie algebra L, its universal enveloping algebra U(L) has three
distinguishing characteristics:

(U1) equivalent representations: the category of Lie modules over L is equivalent
to the category of “standard” modules over U(L);

(U2) wuniversality: the functor U: Liexk — Algy has a right adjoint
(_)Lie: AIgK d LieK

which endows an associative algebra with a Lie algebra structure via the
bracket [a,b] = ab — ba;

(U3) enveloping algebras are enveloping: if L is free as K-module (for instance,
whenever K is a field), then the L-component 7,: L — U(L) of the unit 7
of the adjunction considered in (U2) is a monomorphism [16].

In the literature, already some attempts at introducing universal enveloping
algebras for n-Lie algebras have been made [5, 11|. However, in the beginning of
Section 3 we give an example showing that those cannot be fully valid. The problem
with these approaches is that they depend on the existence of a functor from n-Lieg
to Liex, analogous to the Daletskii-Takhtajan functor for Leibniz algebras [10].
The construction proposed in [5], though, produces an object is not always a Lie
algebra. That is to say, the “functor” in question does not land in the right category.
In Corollary 3.3 and Proposition 3.6 we give some conditions which establish when
the construction of [5] is, or isn’t, a Lie algebra. Luckily, this imprecise definition
is not an obstruction to further results in the papers [5, 11], since those focus on
simple n-Lie algebras over the complex numbers, and in Remark 3.10 we explain
that for those n-Lie algebras the construction proposed in [5, 11] does indeed work.
Nevertheless, the general definition of universal enveloping algebra proposed there
is not correct.

Another point of view in this topic was given by Elgendy and Bremner
in [12], where they study the universal enveloping algebra of an n-Lie algebra in
an alternative setting. Although it does not give us information about our problem,
this framework is also interesting and challenging.

One problem we face when extending the concept of universal enveloping
algebra to the category of n-Lie algebras is the lack of a natural generalisation
of the functor (—)p, so that U cannot be defined via (U2). Therefore, using a
standard categorical technique, in Section 4 we define a functor U: n-Liex — Algx
such that (U1) holds: the category of modules over an n-Lie algebra L is equivalent
to the category of U(L)-modules. It happens that this functor does not have a
right adjoint. In fact, we prove that any functor satisfying (Ul) cannot have
a right adjoint of the kind needed for (U2), so that the requirements (Ul) and
(U2) are shown to be mutually incompatible. And without condition (U2), the
third requirement (U3), which asks that components of the unit of the adjunction
from (U2) are monomorphisms, loses its sense. We thus end up with a functor
U: n-Liex — Algy satisfying just (U1), which we call the associated algebra functor.

In the final Section 5 we extend Lie algebra (co)homology to a (co)homology
theory based on this associated algebra functor and we prove it to be different from
the cohomology theories introduced in 23], [10] and [1].
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2. Preliminaries on n-Lie algebras

Let K be a commutative unital ring and n a natural number, n > 2. The following
definitions first appeared in [13, §|.

2.1. n-Leibniz algebras and n-Lie algebras. An n-Leibniz algebra L is
a K-module equipped with an n-linear operation L™ — L, so a linear map
[—,...,—]: L®" — L, satisfying the identity

[[xlv v 7xn]>yla <. 7yn—l] = Z [l’l, e Ti—1, [xhyla <o 7yn]7xi+la <. 7xn] (*)
i=1
for all x;, y; € L. A homomorphism of n-Leibniz algebras is a K-module homo-
morphism preserving this bracket; this defines the category n-Leibg.

An n-Lie algebra is an n-Leibniz algebra L where the bracket [—,..., —]
factors through the exterior product to a morphism

ANML=LAn---ANL— L.
—

n factors

We thus obtain the full subcategory n-Liex of n-Leibg determined by the n-Lie
algebras.

The latter condition means that the bracket [—, ..., —] is not just n-linear,
but also alternating: it vanishes on any n-tuple with a pair of equal coordinates.
In other words, [z1,...,z,] = 0 as soon as there exist 1 < i < j < n for which
Ty = Tj.

When n = 2, identity () yields the Leibniz identity. In this case, being
alternating is equivalent to skew-symmetry, which gives the Jacobi identity. Thus
the above definition describes Leibniz and Lie algebras, respectively.

2.2. Derivations. A linear endomap d: . — L on an n-Lie algebra L is called
a derivation if

n

d([x1, 22, w]) = Y [2n, - d(xs), @]

=1

The K-module of all derivations of a given n-Lie algebra L is denoted
by Der(L) and forms a Lie algebra with respect to the commutator [di,ds] =
dydy — dody .

2.3. Ideals. An ideal of an n-Lie algebra is a normal subalgebra. It is easily

seen that a K-submodule I of an n-Lie algebra L is an ideal if and only if
[I[,L,....L]<I.

2.4. Right multiplication, adjoint action. Given a generator
rT=21Q - Qx,_q1 of L®("_1), the right multiplication and the adjoint action
(also called left multiplication) by x are maps

R, = R(zy,...,2,—1) and ad, =ad(xy,...,2,1): L > L
respectively defined by

R(xy,...,zn1)(a) = a,z1,..., 2, 1]
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and

ad(z1,...,2p-1)(b) = [21,..., 251, b]
for a, b € L. Clearly, ad, = (—1)"'R,, and due to identity (*) both maps
are derivations. They are called inner derivations of L and generate an ideal
InnDer(L) of Der(L). We will use the same notations ad, and R, for the
extensions (by derivation) of these maps to the entire tensor algebra T'(L). (That
is to say, R,(a1 ® az) = R,(a1) ® as + a1 ® Ry (asy), etc.)
2.5. The centre. Theideal Z(L) = {z € L | ad,(z) = 0,Vz e L&} is called
the centre of L.

2.6. Simple n-Lie algebras. Given an ideal I, we write I' = [I,L,..., L] for
the K-submodule spanned by the elements R, (i) where i € I and z € L®M"=1,
It is easy to see that I' is an ideal of L. If L' # 0 (so that it is non-abelian,
i.e., it doesn’t come equipped with the zero bracket) and L does not admit any
non-trivial ideals then L is called a simple n-Lie algebra.

We now recall from [13] an important example of an (n + 1)-dimensional
n-Lie algebra which is an analogue of the three-dimensional Lie algebra with the
cross product as multiplication.

Example 2.1.  Let K be a field and V,, an (n + 1)-dimensional K-vector space
with a basis {e1,...,e,11}. Then V,, equipped with the skew-symmetric n-ary
multiplication induced by

[617 sy €15, i1y - 7€n+1] = (_1)n+1+iei7 I<is<n+ 17

is an n-Lie algebra.

This algebra is a simple n-Lie algebra. Conversely, as shown in [18], over
an algebraically closed field K all simple n-Lie algebras are isomorphic to V,,.

2.7. Leibniz and Lie algebras associated to an n-Lie algebra. Given an
n-Lie algebra L, we introduce the operations

[, —]: L8O o 190 0@y o [, y] = ad, (y),
—0—: LB 180D p @y oy = 1(ad,(y) — ady(z)).
Note that o is skew-symmetric. Furthermore, the operations coincide if and only

if ad,(y) = —ad,(z), i.e., when [—,—] is skew-symmetric. These two products
have the following property relating them to the adjoint action.

(n—1

Proposition 2.2.  For any z, y € L™V the equality

[ad,, ady| = ad[g,) = adgey
holds.

Proof. Letz =220 - ®x,, y=14® - -®y, and x; € L. Then from identity
(%) we deduce
ad, ad,(z1) = ad, ad,(z1) + (=1)""1 Y [z, ..., ady(zx), . .., 0],
k=2
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which is equivalent to

[ad,, ad,]( Z Ty, Ta, ... ady(xg), ..., 2] = —ad(21),
where z = ady(x). By symmetry, [ad,,ad,] = —ad,, where w = ad,(y).
Since InnDer(L) is a Lie algebra we obtain [ad,,ad,] = ad, = adp, and
lad,, ad,| = %(adw —ad,) = adoy. m

The following result is due to Daletskii and Takhtajan [10].

Theorem 2.3.  Let L be an n-Lie algebra. Then L™V with bracket [—, —]
15 a Leibniz algebra. [ |

This algebra is called the basic Leibniz algebra associated to an n-Lie
algebra L. We denote it by BLb® | (L).

Following [10] let us write K, ; = Span{z € L®"V | ad, = 0} for the
kernel of the adjoint action. We recall the following result from [10].

Theorem 2.4.  The subspace K,_; is an ideal of BLb®_ (L) and the quotient
algebra BLb® | (L)/K,_1 is a Lie algebra. [

This Lie algebra was introduced in [9] and called the basic Lie algebra of
the given n-Lie algebra L.

3. Algebras associated to an n-Lie algebra

Given an n-Lie algebra L over the complex numbers C, in the article [5] the
authors consider the algebra (A""'L, o). In Proposition 1 of 5], this product o is
claimed to satisfy the Jacobi identity. However, this cannot be correct, as we may
see in the following example of a 3-Lie algebra, which is a member of the class
of so-called filiform 3-Lie algebras given in [15]. For the sake of simplicity let us
denote J(a,b,c) =ao(boc)+co(aob)+bo(coa).

Example 3.1.  Consider the 3-Lie algebra with basis {x1, zo, 23, x4, x5} and the
table of multiplication determined by

[1'1,332,5133] = Ty, [:1717332,;54] = [x17$37$4] = [.172,373,1’4] = Is.

Then J(x1 A Z4,21 A X2, T3 A T3) = —%M A x5 # 0.

In order to determine when the algebra (A"L,0) defined in [5] is actually
a Lie algebra, let us have a look at the terms of Jacobi identity.

Proposition 3.2.  Let L be an n-Lie algebra. Then for any a, b, c € A" 'L
the following equality holds:

J(a,b,c) = —1([ads, ad.]|(a) + [ad,, ady](c) + [ad., ad,](b)) ()
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Proof. By Proposition 2.2 we obtain
o (boc) =1(ady(boc) — adyec(a))

=% (ada(%(adb(c) — adc(b)))) — %adboc(a)
iada (adb(c)) = iada (adc(b)) — %[adb, ad.](a).

After similar calculations for the other terms, equality (f) follows. [

Corollary 3.3. Let L be an n-Lie algebra with abelian InnDer(L). Then
(A""1L, o) is a Lie algebra. [

Remark 3.4. Corollary 3.3 provides us with a sufficient condition. Due to the
results in [21], for n = 3 it also seems to be necessary. Indeed, while considering a
more general question, in that work a similar product appears. Now given a free
skew-symmetric ternary algebra (F,[—, —, —]), the authors of [21] consider F' A F
equipped with the product z -y = ad,(z) — ad,(y) = —2(x o y). Observe that
(F' A F,-) is a Lie algebra if and only if (F' A F,0) is a Lie algebra.

Remark 3.5. It is claimed in [21, Theorem 3.1| that if I is a non-zero minimal
ideal of F' such that quotient F'/T A F'/I is a Lie algebra then

I = <[[l’1,l’2,l’3],{1)4,l‘5] - [[$1,$4,ZE5],ZL‘2,ZE3] | ZT; € F>

However, this result cannot be correct. Indeed, consider the central extension
F = Cz® V3 of the simple 3-Lie algebra V3 over C from Example 2.1. We have
I = (Jad,,ady](a) | a€ F, z,ye FAF) < V3 so that I = V3 because V5 is
simple. Set a = e3 A eq, b = €1 A ey, ¢ = e; Az and observe that ad, = 0,
[ad,, adp](e1) = eq, which yields J(a,b,c) = z A eq4 # 0. Hence (F' A F,-) is not a
Lie algebra. However, by [4, Corollary 1.2.4|, (V3 A V3,0) is indeed a Lie algebra
(isomorphic to soy). As a consequence, Z(F) = Cz is another minimal ideal with
the property that the quotient algebra is a Lie algebra.

It follows that the condition of Corollary 3.3 is sufficient, but not necessary.
A precise characterisation seems hard to find, but we have the following partial
result.

Proposition 3.6.  Let K be a field and let L be a 3-Lie algebra over K such that
InnDer(L) is not abelian. If dim Z(L) = 2 then (A""'L,0) is not a Lie algebra.

Proof. By assumption there are some x, y € LA L with [ad,,ad,] = ad[;,; # 0.
Pick an element z; € Z(L) and, if possible, take 2, € L such that ad,(22) ¢
Span{z;}. In other words, z; Aadp, ,(22) # 0. Putting z = 2y A 2y yields ad.(L) =

0 and adp,.j(z) +adp. .1(y) = 0. However, [ad,,ady](2) = 21 A ady)(22) # 0 and
thus the Jacobi identity does not hold.

If such a 2, does not exist, then let us assume that adp, , (L) = Span{z}.
In this case, pick z3 € Z(L) linearly independent from z;. Choose a z4 € L
such that adp,(zs) = 21 and consider z = z3 A z4. Obviously, z # 0 and
—4J(z,y,z) = 23 A 21 which is not zero. ]
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In the remaining cases it is not clear whether (A""'L,0) is a Lie algebra or
not.

3.1. The basic Leibniz algebra BLb) ,(L). Tt is hard to endow A" 'L with
a Lie algebra structure but it inherits a Leibniz algebra structure from the basic
Leibniz algebra of [10]. Consider the subspace

Wi—1 = Span{r1 ® -+ Q@ xy,—1 | x; = x; for some 1 <i<j<n-—1}

of [®rn-1)

Proposition 3.7. Let L be an n-Lie algebra. Then W, 1 s an ideal of
BLb® (L) and A" 'L = BLb®_,(L)/W,_:.

Proof. First, note that for any w € W,_; and v € L®"Y we have [w,v] =
ad,(v) = 0, so that W,,_1 € K,,_1. For w = 21®- - -®x,_1 € W,,_1, where z; = z;
for some 1 <i<j<n—1and ve L®" 1 we have

[v,w] = ad,(w) =[z1,...,ad,(x;), ..., 2, ..., Tn_1]
Hz1, oz, ady (), T
+ 2 [z1,...,ady(zr), ..., Tp1] € Wi
keti k]

since the sum of the first two terms and every summand in the sum belongs to
W,_1. Hence W,_; is an ideal of the Leibniz algebra BLb® (L) and we may
conclude that A" 'L = BLb® | (L)/W,_1. m

Let us denote this Leibniz algebra (A"'L,[—, —]) by BLb?_|(L). The ba-
sic Lie algebra BLb®_|(L)/K,_; is a subalgebra of the Leibniz algebra BLb_ (L).

Remark 3.8. 1In [11], given an n-Lie algebra L, the vector space A" 'L is
equipped with a product [z,y] = R.(y) = (—1)""'ad,(y). This algebra coincides
with BLb2 (L) up to a sign (—1)"~! in the multiplications. This product is not
skew-symmetric as shown in [4, Remark 1.1.16].

Proposition 3.9. BLb? (L) =~ InnDer(L) if and only if Kp_1 = Wp_1.

Proof. Due to Proposition 2.2 and the n-Lie structure of L, the map
T =129 A A Ly— ady

is a well-defined surjective Leibniz algebra homomorphism of BLb® (L) onto
InnDer(L). Now if the kernel of this map is zero, which means ad, # 0 for all
x # 0, then this map is an isomorphism. [ |

Remark 3.10. Consider the simple n-Lie algebra V,, over C of Example 2.1.
It is easily seen that K,,_1 = W,,_1, so we have an isomorphism

BLb® ,(V;,))/K,_1 = BLbY | (V,,) = InnDer(V},).
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Moreover, by skew-symmetry of the bracket we have x oy = [z, y] and therefore
(A"1L,0) is the same Lie algebra InnDer(V,). A different construction of the
simple n-Lie algebra is given in [5] and it is proven in [18] that its basic Lie
algebra happens to be s0,,1 (see also [4, Corollary 1.2.4]). Hence, the algebras
constructed in [11] and [5] for V;, coincide with the basic Lie algebra [10]

BLb® | (V,)/K,_1 = BLbY (V,,) = (A" 'L, 0) = InnDer(V},) = 50,,4;.

We may conclude that, although the constructions of the papers [11] and [5]
do not work in general, their results stay valid for the simple n-Lie algebra case.
In [11] the finite-dimensional, irreducible representation of the simple n-Lie algebra
is studied and in [5] irreducible highest weight representations of the same algebra
are studied.

Remark 3.11.  The recently published Erratum [6] states that Proposition 1
and the results of Section 2 of [5] are not generally correct unless the map

ad: A"V > AV

is skew-symmetric. Using our notation (and correcting A*V to End(A"'V)) we
assume that skew-symmetry of the homomorphism ad: A"'V — End(A"'V)
means ad,(y) = —ad,(x) for all z, y € A" 'V. This condition is equivalent
to aob = ad,(b) = [a,b]. The latter one forces (A""'V,0) to coincide with
BLb2 (V). Since one of them is antisymmetric and the other one is Leibniz
algebra, the result is a Lie algebra.

4. The associated algebra construction

4.1. The category of modules over an n-Lie algebra. Following [7] and [19,
Section I1.6|, given an n-Lie algebra L over K, we say that the category of L-
modules or n-Lie modules over L is L-Modx = Ab(n-Liex | L), the category of
abelian group objects in the comma category (n-Liex | L).

This definition may be unpacked as follows: an L-module is a K-module M
with a structure of n-Lie algebra on M @ L such that L is a subalgebra of M & L,
M is an ideal of M @ L, and the bracket is zero if two elements are in M.
A homomorphism of L-modules f: M — M’ is determined by an n-Lie algebra
homomorphism from M @ L to M’ @ L which restricts to the identity on L. In
the particular case of n = 2 we recover the notion of a Lie representation.

This may be further decompressed as follows. An L-module is a K-module
M with a linear map [—,...,—]: (A" 'L)® M — M satisfying the relations

I:xla R ¥ [yb SR 7yn—17m]] - [y17 - Yn—1, [‘Tla s 7xn—17m]]
n—1

= Z[yl, ey [.flfl,. .. ,I’n,byi],. .. ,yn,l,m]
i=1
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[[:m, e Tl Y2y ,yn_l,m] =
n—1
(_1)nii|:xl7 T ’Z/E\i’ ce Iy [‘TiayQ? s 7yn—17m]:|7
1

1=

for all z;, y; € L and me M.

Example 4.1. The base ring K is an L-module via the trivial action.

4.2. The associated algebra functor. For any n-Lie algebra L, the cate-
gory L-Modk is an abelian variety of algebras. It is well-known that this makes
it equivalent to the category of modules over the endomorphism algebra of the
free L-module on one generator [14, page 106]. This process determines a functor
U: n-Liexk — Algg from the category of n-Lie algebras to the category of associa-
tive unital K-algebras such that L-Modk is equivalent to the category Mody s of
“standard” modules over the associative algebra U(L). The following proposition
gives an explicit algebraic description of the functor U.

Proposition 4.2.  Given an n-Lie algebra L, the algebra U(L) is the tensor
algebra of A" 'L quotient by the two-sided ideal generated by

(xl A e /\137:,71)(:91 A e Aynf1)—(y1 A - /\ynq)(% A e /\xnfl)

n—1
= Zyl/\"'/\[1317-~~7$n71,yz’]/\"'/\ynfl
i=1

and
[T1, T AY2 A A Y
=Z(—1)"‘i(m1 AN AT A AT (T AYs A A Yn),
i=1
for x;, yie L and me M. [

Note that when n = 2 we obtain the universal enveloping algebra of
a Lie algebra. From the point of view of Proposition 4.2, the equivalence of
categories L-Modk ~ Mody(;) may be recovered by using that the L-module
bracket [z1,...,2,_1,m] defines a U(L)-module action (zq A -+ A z,_1)m and
vice versa.

Example 4.3. Let L,, be the free n-Lie algebra on m generators with m <
n — 1. (An explicit description of the free n-Lie algebra can be found in [22]).
Then U(L,,) = K, since the (n — 1)st exterior product is zero.

Assume m = n — 1. Then all brackets are zero and the relations of the
associated algebra vanish straightforward. Hence U(L,,) is K[X], the commutative
polynomial ring over K with one generator.
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If m = n, we can forget the elements with brackets by the second relation
in Proposition 4.2. Thus we see that

m=2) (1 A AZp )1 A AYn1) + (W1 A A1) (@1 A A Zpq)
n—l( 1
i=1

1S zero.

—
()" (@A ATGA AT AY) (TG AL A A A -/\ynl))
j=1
In the case of m = n this relation vanishes. Therefore U(L,,) is isomorphic
to K(X7,...,X,), the non-commutative polynomial ring over K in n variables.

If m > n then U(L,) is the non-commutative polynomial ring on (™)
elements quotiented by the two-sided ideal generated by the above relation.

Example 4.4. Let L be an abelian n-Lie algebra with n generators. Then
U(L) = K[X7, ..., X,_1] since the first identity of the associated algebra makes it
abelian, while the second one vanishes.

When n = 2 the functor U is universal in the sense that it has a right
adjoint. Let us explain why this is not possible for general n.

Lemma 4.5. Consider n > 2. If F: n-Liexk — Algg preserves binary sums,
then there is an n-Lie algebra L for which F(L) is not Morita equivalent to U(L).

Proof.  Recall that if two rings (or, in particular, K-algebras) are Morita equiv-
alent, then their centres are isomorphic.

Let L; be the free n-Lie algebra generated by one element. The coproduct
of n—1 copies of L, is the free n-Lie algebra on n—1 generators, denoted by L,,_1.
Its associated algebra U(L,_;) is K[X] as in Example 4.3, whose centre is itself.
Now K[X] cannot be Morita equivalent to F(Ly+---+ L) = F(Ly)+---+ F(Ly):
the latter algebra being a coproduct, its centre cannot be bigger than K, so is
strictly smaller than K[X]. n

Theorem 4.6.  The functor U: n-Liexk — Algx has a right adjoint if and only
if n = 2. More precisely, for n > 2 there is no functor F': n-Liex — Algx with
a right adjoint G: Algy — n-Liex such that there is an equivalence of categories
between L-Modk and Modpr) for all L.

Proof. If n = 2 this result is well known. Consider the case when n > 2;
assume that there is an adjoint pair F' - GG as required. Then, on the one hand,
F' preserves binary sums, while on the other hand, we have an equivalence of
categories L-Modk ~ Modp() ~ Mody(z) for any n-Lie algebra L. This is in
contradiction with Lemma 4.5. [ |

This theorem shows that for n > 2 there is no way we can obtain a functor
F: n-Liex — Algy satisfying both requirements (U1) and (U2) of the introduction:
to have an equivalence of categories between L-Modk and Mody () for all L and
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to have a right adjoint for the functor F'. In particular, it is shown that U(L)
does not satisfy (U2). Of course there may still exist other functors F' such that
all F(L) are Morita equivalent to U(L).

Remark 4.7. If K=C and L =V, then U(L) coincides with the construction
of the universal enveloping algebra given in [11] and [5]. Moreover, for any n-Lie
algebra L such that BLb? |(L) is also a Lie algebra, U(L) is isomorphic to the
universal enveloping algebra given in [11]. However, if (A"7'L, o) is a Lie algebra,
then U(L) might be different from the universal enveloping algebra of [5].

5. (Co)Homology theory and the associated algebra
Let L be an n-Lie algebra and M an L-module. Let

L=Ame M| [z1,...,2p1,m] =0 for all z; € L}

be the invariant submodule of M, and let M; = M/LM be the coinvariant
submodule. As in Lie algebras, we can obtain (co)homology theories deriving the
invariants and coinvariants functors.

Definition 1.  The homology groups of M with coefficients in L, denoted by
H. (L, M) are the left derived functors of (—)z,. The cohomology groups of M with
coefficients in L, denoted by H*(L, M) are the right derived functors of (—)~.

There is an immediate relation between this (co)homology theory and the
associated algebra. Let ¢: U(L) — K be the K-algebra homomorphism sending
the inclusion of A" 'L to zero. Its kernel, (L), is called the augmentation ideal.
Therefore, (L) has a U(L)-module structure.

Proposition 5.1.  Let L be an n-Lie algebra and M an L-module. There are
1somorphisms

H. (L, M) = Tor!® (K, M),
H*(L, M) = Extj (K, M).

Proof. As in the Lie algebra case (see [24]), we just have to check that the
underlying functors are the same.
— U@ ~_M _ M _
K®uwy M = g7y Quay M = gip = 7 = Mu,
and

Homyr) (K, M) = Homp (K, M) = M*. m

Following the computations done for Lie algebras in [24, Section 7.4] we
obtain that H;(L,K) = Q(L)/Q(L)? and H'(L,K) =~ Homg(2(L),K). In the
particular case of Example 4.3, we see that

Hi(Ly,K)=[[K  and  H'(L,.K)=][K
() ()
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These results show that the cohomology theory defined above is different from the
n-Lie algebra cohomology theories studied in [23], [10] and [1] when n > 2.
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