Journal of Lie Theory
Volume 28 (2018) 79-105
(© 2018 Heldermann Verlag

On Integrable Modules
for the Twisted Full Toroidal Lie Algebra

Punita Batra and Senapathi Eswara Rao

Communicated by A. Fialowski

Abstract.  The paper is to classify irreducible integrable modules for twisted
full toroidal Lie algebras with some technical conditions. Twisted full toroidal
Lie algebras are extensions of multiloop algebras twisted by several finite order
automorphisms. This result genaralizes a result by Fu Jiayuan and Cuipo Jiang
(Integrable representations for the twisted full toroidal Lie algebra, Journal of
Algebra 307 (2007), 769-794) where they consider only one automorphism, and
the result in Eswara Rao, S., and C. Jiang, Classifications of irreducible integrable
representations for the full toroidal Lie algebra, Journal of Pure and Applied
Algebra 200 (2005), 71-85.

Mathematics Subject Classification 2010: Primary 17B67, Secondary 17B65,
17B70.

Key Words and Phrases: Twisted Toroidal Lie algebras, Integrable modules.

Introduction

The main purpose of this paper is to classify irreducible integrable modules for
twisted full toroidal Lie algebra under certain technical conditions. Twisted full
toroidal Lie algebra in several variables is defined using several commuting finite
order automorphisms of the underlying finite dimensional simple Lie algebra g.
The result of this paper generalizes the main theorem of [16], where they consider
only one automorphism, and the result in [14].

Twisted full toroidal Lie algebra is a natural genaralization of the classical
twisted affine Lie algebra. The classical procedure of realizing twisted affine Lie
algebras using loop algebra in one variable proceeds in two steps [21]. In the first
step, the derived algebra modulo its center of the affine Lie algebra is constructed as
the algebra of a diagram automorphism of a finite dimensional simple Lie algebra.
In the second step the affine Lie algebra is built from the graded loop algebra by
forming universal central extension (one dimensional center) and adding graded
algebra derivations (one dimensional).

The replacement of derived Lie algebra is multiloop algebra (Sec. 1.5) in
several variables twisted by finitely many automorphisms. Then we consider the
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Universal central extension of the multiloop algebra (infinite dimensional) and
add graded algebra of derivations (infinite dimensional) which we call twisted full
toroidal Lie algebra and denoted by 7.

The classification of irreducible integrable modules for affine algebras with
finite dimensional weight spaces is done in [7]. The twisted case has been done
in [8] and [9]. Sevaral modules for full toroidal Lie algebras are constructed in [3]
and [4]. The twisted case is done in [5]. The classification of irreducible integrable
modules for full toroidal Lie algebras with finite dimensional weight spaces is done
in [14].

In this paper we classify irreducible integrable modules for twisted full
toroidal Lie algebra 7 with finite dimensional weight spaces with non-zero central
action and with some technical conditions that are satisfied for the well known Lie
algebras called Lie Torus. See [1].

The contents of the paper are the following. We fix an irreducible integrable
module for 7 with non-zero central action.

The central operators act as scalars. Upto choice of co-ordinates (in other
words upto an automorphism) we can assume that K, acts as Cp > 0 and K; acts
trivially for ¢ # 0. In the first main Theorem 5.2 we prove that V is a highest
weight module with respect to some natural triangular decomposition

r=7" e
Let T be the highest weight space which is an irreducible 7-module(Proposition 6.1)
and naturally Z"- graded. In Sections 7, 8 and 9, we describe T' as m-module.

We noticed that some parts of 7y acts as scalars and hence we only consider a
subalgebra L (See 7.3) for which T is irreducible. Here T" and L are Z"-graded

and T is a graded modules for L. We will now consider a subalgebra Lof L (see
8.1) which is not graded. We further consider a finite dimensional quotient V' of
T and it is an [-module. As V is a finite dimensional it is possible to describe V/

as Z—module. We then lift the module for L. Then we have a decent description
of T as an L-module. This is our classification result (Theorem 9.6).

~

In the process of the proof we define an L-module L(V') (See 8.3) and prove

L(\?’) naturally decomposes into L-modules (See notes after Proposition 8.4).
Also see Lemma 8.5, 8.10 and Proposition 8.6. We prove one of the component

is isomorphic to 7. We also prove in Theorem 8.13 that ‘7 is irreducible lN;-

~

module if and only if L(V) decomposes into mutually non-isomorphic irreducible
L-modules. In this case T' can be identified in a natural way as a component of

L(‘?) In the case 17 is reducible, we prove that 17 is completely reducible as Z
-module and all components are isomorphic (See Theorem 8.3). In this case also

~

T is a submodule of L(V) but the inclusion is twisted. In the rest of the paper

we describe each component of V. It turns out to be an irreducible module for
0 0
9l,® 9 (Theorem 9.4). See 7.5 for the Definition of §. We will indicate in 9.2,

0
given an irreducible module for ¢l @, how to obtain a module for L and thereby
for 79. In the Theorem 9.6 we will state our final result that the original module
V' is an irreducible quotient of an induced module of 7T'.
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1. Notation and Preliminaries

Throughout this paper we will use the following notation

(1.1) All vector spaces, algebras and tensor products are over complex num-
bers C. Let Z,N and Z, denote integers, non-negative integers and positive
integers.

(1.2) Let g be a finite dimensional simple Lie algebra and let (,) be a non-
degenerate symmetric bilinear form on g. We fix a positive integer n. Let

00,01, ,0, be commuting finite order automorphisms of g of order
Mo, My, -+ ,my, respectively. Let m = (my,---,m,) € Z". Let k = (ky, -+ ,ky)
and [ = (Iy,---,l,) denote vectors in Z".

(13)_ Let F = mlz@ te @ng and FO = m()Z. Let A = Z”/F and A()_: Z/FQ
Let k and [ denote the images in A. For any integers ky and [y, let kg and [
denote the images in Ag.

Let
A = C[t()ilv 7t1:i:1]7
A, = C[tida ) tilh
A(m) - C[titml ) ) trjt:an
A(mg,m) = C[g™ 5™, ... tEm]

(1.4) For k € Z", let t* =" ... tk» € A, Let Q4 be the vector space spanned
by symbols tlgotkKi, 0<i<nky€Z,keZ" Let dA be the subspace spanned

by Zk’ltlgotkKl
=0
Let L(g) = g® A and notice that it has a natural structure of a Lie algebra.
We will now define toroidal Lie algebra

~

L (g9) = L(g) © Qa/dA.

Let X (ko k) = X @ thotk and YV = Y @ to#! for X,V € g,ko,lo € Z and
k,leZ".

L (X (ko k), Y (lo, )] = [X,Y](lo + ko, L + k) + (X, Y) 3 kst thogth g,

2. Qu/dA is central in L (9).

It is well known that [ (g) is the universal central extension of L(g). See
[15] and [22].
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(1.5) We will now define multiloop algebra as a subalgebra of L(g). See [1] for
more details. For 0 <7 <mn, let & be a m;th primitive root of unity.
Let
a(ko, k) = {z € gloyw = &'x,0 < i <n}.

Then define o
L(g,0)= P ok k) @15t

(ko,k)ezZn+1

which is called a multiloop algebra.

(1.6) The finite dimensional irreducible modules for L(g,o) are classified by
Michael Lau [24].

(1.7) Suppose b; is a finite dimensional ad-diagonalizable subalgebra of a Lie
algebra g;. We set for a € b

010 = {x € g1|[h.x] = a(h)z,h € b }.

g1 = @gl,a-

achy
Let A(g1,h1) = {« € b7|g1.o # 0}, which includes zero.
Let A*(g1, b1) = A(ga, 51)\{0}.

Then we have

(1.8)  We will now define the universal central extension of L(g, o). Define
Qa(mo,m) and dA(mg,m) similar to the definition of Q4 and dA by replac-
ing A by A(mg,m). Denote Z(mg,m) = Qa(mg,m)/dA(my, m) and note that
Z(mg,m) C Qa/dA.

Define N

L (g,0) = L(g,0) & Z(mo, m).

Let X € g(ko,k) and Y € g(lp,1) and let X (ko, k) = X @ thotk and Y (lp, 1) =
Y @t

Define

L [X (ko k), Y (lo, )] = [X,Y](ko + lo, k + 1) + (X, Y) S ktlothog+k i,
2. Z(mg, m) is central.

Notice that (X,Y) #0=k+1 €T and ko+1y € T'y. This follows from the
standard fact that (,) is invariant under o; for 0 < i < n. This proves that the
above Lie bracket is well defined. This Lie bracket is nothing but the restriction
defined in (1.4).

~

Proposition 1.1. [ (g,0) is the universal central extension of L(g,0).

See Corollary (3.27) of [20].
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2. Derivation algebra of A(mg, m) and its extension to Z(mg, m).

(2.1) Let D(mg,m) be the derivation algebra of A(mg, m). ;From now onwards
we let s and r to bein I" and sg and rg to be in I'y.

For 0 < i < n, consider tf)otstid% which acts on A(mg, m) as derivations.
It is well known that D(mg, m) has the following basis

d
{tg%%i%m <i<n,s,€ly,s¢€ F} )

Let d; = ti% and it is easy to see that

[to0t5dy, t0t"dy] = 1oty Ot Ty — sytd Tt d,,.
(2.2)  D(mg,m) acts on Z(mg, m) in the following way

tot dy (K0 IG) = gty O T K+ 6 Y syt UK,
p=0

(2.3) We also consider two non-trivial 2-cocycles of D(mg, m) with values in
Z(mg,m). See [BB] for details

pr(te’t do, t5'1°ds) - = —saerpt60+ sogres
p=0

Pt do, 11 dy) = rasy Y rpt UK,
p=0

(2.4) Let ¢ be arbitrary linear combinations of ¢; and @,. Then there is a
corresponding Lie algebra

T = L(Qva) S Z(m07m) S5 D(m07m)
The Lie brackets are defined in the following way in addition to 1.8(1) and 1.8(2).

(a) [t’t"dy, X (Ko, k)] = ko X (ko + 10,k + 1),

(b) [tgot"‘da, tSOtst] = Sat60+sotr+st + 5abz,rpt6()+80tr+st’
p=0

Q) [0 gy 1Y) = 5ot 15y — rylp O3, + (10, 103y
0 0 0 b5 0
where r, s € ', g, 80 € To, X € g(ko, k).

3. Assumptions and automorphisms.

In this section we will make some assumptions on L(g, o) which will hold through-
out this paper. We will also define a class of automorphisms on 7.
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(3.1) Assumptions

(a) ¢(0,0) is simple Lie algebra.

(b) We can choose Cartan subalgebra h(0) and b for g(0,0) and g such that
H(0) C h. This will follow from Lemma A.1 in [6].

(c) Tt is known that AJ = A(g(0,0),5(0))\{0} is an irreducible reduced finite
root system and has atmost two root lengths. Let A&S , be the set of non-zero
short roots. Define

O,en —

AX {Ag U2A,, if Ag is of type B;

AJ  otherwise

AO,en - AX

0,en

U {0}. We assume that A(g,h(0)) = Agen-

Remark 3.1. The assumptions are very strong and will not be true in genaral.
For example g(0,0) could be zero. But these assumptions are true for Lie tori. See
Proposition 3.2.5 of [1]. It should be mentioned that Lie tori is very important class
of Lie algebras and give rise to almost all Extended Affine Lie algebras [EALA].
EALA’s are extensively studied. See [23], [1] and references there in.

(3.2) Change of co-ordinates
In this subsection we will define a class of automorphisms for the Lie algebra

T(1,1) =g A® Qa/da® D(1,1).

It is standard fact that GL(n+1,7Z) acts on Z"* and we denote the action
by dot. Let B = (b;;) € GL(n + 1,Z), then define automorphism, again denote
by B on 7(1,1).

Let thot* = t(ko, k), then define

B-x®t(ky, k) = x®tB'(k0’k),
B-t(ko, k)K; = Zb (ko k) ¢

B-t(ko.k)d; = Y cpit® 00,

p=0

where B™' = (¢,;).

The action of B on 7(1,1) is nothing but change of co-ordinates. Recall
from (2.4) that the twisted full toroidal Lie algebra 7 C 7(1,1), we have Bt = 7.
We will call this isomorphism “change of co-ordinates”.
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4. Root space decomposition and integrable modules for T.

(4.1) First note the center of 7 is spanned by Ko, Ky, -, K,.

Let H=4(0) ® > CK,; @ > Cd; which is an abelian Lie algebra of 7 and
plays the role of Cartan subalgebra.

Define §;,w; € H*(0 < i < n) be such that

w;(H(0)) = 0, w;(K;) = 5, wi(d;) = 0, (4.11)
6;(h(0)) = 0,6;(K;) = 0,65(d;) = ;- .
Let 6, = zn:kiéi for keZ".

(4.1.2) Let g(ko, k,a) = {z € g(ko, k)|[h, 2] = a(h)z for all h € h(0)} then 7 has

a root space decomposition.

(4.13) 7= @7’5 where A C {a + kodo + I, v € Aq,, ko € Z, k € Z™}.
gea

Torkosors, = 0(ko,k,a)@tpeth for a #0,

Trosors, = (Ko, k,0) ® thot* @ @Ctkot’“Ki@@Ct’g%kdi.

1=0

Notice that 7o = H.

(4.1.4) Now we will define a non-degenerate bilinear form on H*. For a € h(0)*
extended « to H by a(K;) = a(d;) =0,0 <i<mn.

Let (5(0), K;) = 0= (h(0),di), (O + Ok, 01+ 01,) = 0 = (wi, w;), (6, 0) = 0
(0;;w;) = d;5. The form on h(0) is the restriction of the form (,) on g.

(4.1.5) For v = o+ kodp + 0y, is called real root if a # 0 which is equivalent to
(7,7) # 0. Denote A" be the set of real roots. For v € Ag,,, denote a" the
co-root of a.

Define

V:

~
for v real. Then v(v") = a(a”) = 2. For v real root, define reflection on H* by
r(A) = A =A(y)v, A € H™.
Let W be the Weyl group genarated by r.,,y € A™.
Definition 4.1. A module V of 7 is called integrable if

(a) V=@EPVsVa={veV]|hw=Ah,heH} dimV, < oo,
AeH*
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(b) g(ko, k, o) @ tht* acts locally nilpotently on V' for a # 0.
Let P(V)={vy e H*|V, # 0}.

The following Lemma is very standard.

Lemma 4.2.  Suppose V is an irreducible integrable module for . Then

(a) P(V) is W - invariant.

(b) dimV, = dim V,,, for all w e W.

(c) For a € A™ \ € P(V) we have A\(a") € Z.

(d) For a€ A" X € P(V). If N(«Y) >0 then A\—a € P(V).

(e) For A € P(V),\(K;) is an integer independent of A .

The purpose of this paper is to classify irreducible integrable modules for 7
with non-zero central action.

For an irreducible integrable module with non zero central charge, we can
assume that Ky acts as Cy > 0 and K;(i # 0) acts trivially upto a choice of
co-ordinates. See (3.2).

5. Existence of highest weight

Throughout the rest of the paper we fix an irreducible integrable module for 7
with K, acting as Cy > 0 and K;(i # 0) acts trivially. Notice that for any
Ae PV),AMK;) =C; =0 for 1 <i<mnand \Kj) = Cy. Given a A € H*
let X denote the restriction to h(0). Given a X in h*(0), extend to H by
N(K;) = A(d;) = 0. Then A can be uniquely written as

=N+ Z/\ d;)0; +Z)\ (5.1)

For A € P(V)

A=)+ Ado 50+Z)\ d;)8; + A(Ko)wo

=1

and note that (X, dy) = A\(Kp) # 0.
Put X = N + A(do)do + A(Ko)wo, so that A = X + Z)\ d;)6;. Let o =

—By + 0o where [y is maximal root in Ag.,. Note that ag may not be root of 7.
Let g, 9, ,q, be a set of simple roots for A(g(0,0),H(0)) and let
P

Qt = @Nai. Define an ordering on H* A < p for A,y € H*, if u — X € Q™.
i=0
Notice that in this case u(d;) = A(d;) for 1 <i <n.
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Proposition 5.1.  Assumptions as above. Given a A € P(V) there exists
€ P(V) such that A < p and u+ o ¢ P(V) for all o > 0 where p is dominant
i.e. (N, a¥)>0 foralla>0).

Proof. The proof of the proposition follows from the results of section 6 of
[13]. See also [12]. We will briefly sketch the proof. Suppose the proposition
is false. Then the conclusion of Proposition 6.6 of [13] holds and it will lead to
contradictions as explained in the proof of Theorem 6.1 of [13]. Also note that the
proof in [13] is worked only in the case n = 0 but holds for any n. Here we need
to observe in the construction of A;’s in proposition 6.6 of [13], the dx, k € Z" does
not appear. In Proposition 5.1, p is clearly dominant. [ |

Theorem 5.2.  Let V' be an irreducible integrable module for T with Ko acting
as Cop > 0 and K;(i # 0) acting trivially. Then there exists A\ € P(V') such that
A+ B+ ¢ P(V) for any root 8+ 0y with B> 0,k € Z™.

Proof. Suppose the Theorem is false. First some word about the notation. The
n(k),n' (k) and n(g) that occur below are always linear combination of 61,0z ... dy,.

Fix A\; € P(V) and let n(g) = Z)\l(di)éi. Note that (A,0;) =0 for 1 <i<n
i=1

which follows from the unique expression (5.1). Now by the Proposition 5.1 there
exists u; € P(V) such that Ay < py and gy +a ¢ P(V) for @« > 0. By our
assumption there exists a root 8y +n(1) with 51 > 0 and 7(1) # 0 such that

Ay =1+ B +n(l) € P(V)

Notice that Ay = Ay +71(g) +n(1) and A\; < i, < Ay. By repeating the argument
infinitely many times we get dominant integral weights p, € P(V),b € Z, and
roots [, + n(b) with 8, > 0 and 7(b) # 0 such that

(@) Ap1 =y + By +n(b) € P(V)
(

b) wy+p ¢ P(V) foral >0
(c

(d) Ny <oy < Apy1 < Tpyq- It is easy to see that

Ao < 1y

)
)
)
)

(e) po =T, +n(g) +n'(b) where 7/(b) = Zn(j)

ﬁbl < ﬂbg for by < bsy. -

Claim 1. (u + 0B, 8) > 0. Since py, is dominant integral we have (uy, 5,) > 0.
Also we have (5, 3,) > 0. Suppose (B, 8p) > 0 we are done. So suppose
(By, Bp) = 0. Then it is easy checking that 3, = Pd, for some P € Z, . Thus
(tp, Bp) = Pup(Ko) > 0 see (5.1). Thus claim 1 follows.
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Claim 2. pp, < pp, — 1'(b2) +1/'(b1) for by < by. To see the claim 2, note that
iy, —1(g) —n'(b1) < pp, —1(g) — 1 (bo) which follows from (e). The inequality
still holds if we add n(g) 4+ n'(b1) both sides and hence claim 2 follows.

Claim 3. There exists b; < by such that n/(by) — n'(b;) € T'. To see the claim
consider the infinite set {n/(b),b € Z} and its image in the finite set Z"/T".
Clearly there exists by, by such that 7'(bs) — n'(by) = 0 in Z"/T". Now the
claim is obvious and can assume b; < by.

We know that [, + n(by) € A and from definitions it follows that
Boy +1(b2) +1'(b2) —1'(b1) € A
Now from claim 1 and (5.1) it follows that
(oo + By +1(b2), By + 0(b2) + 1 (b2) — 1/ (b1) > 0
Now from Lemma 4.2(b) it follows that
= iy +1'(b) — 7' (b2) € P(V)

But by claim 2 we have p, < g/ which means ' = pp, + 3,8 > 0 a contradiction
o (b). This completes the proof of Theorem 5.2.

6. Triangle decomposition

(6.1) We will now define triangular decomposition for 7. Let Z = QA/dA.

Let
L¥g.0) = @B  alkok a) @t
a+kodo>0,keZ™
L (go) = P  alkoka) et

a+kodo<0,keZn

L(g,0) = EPa(0,k,0)*
kezZm
Dt (mg,m) = EB Ctt'd;

0<i<n
so>0,sel’

D~ (mg,m) = EB Ctt*d;
0<i<n
s0<0,sel’

D°(mg,m) = @ Ct*d;;

0<i<n,scl
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7t = @ CLrt°K.

0<i<n
s0>0, ,sel

77 = @ CLrt° K.

0<i<n
s0<0,s€l’

70 = @ Ct°K;;

0<i<n,sel’
™ = L(g,0)® Z* ® Dt (mgy, m);
7= = L (g,0)®Z & D (mg,m);
0 = L%g,0)® Z°® D°(mgy, m).

Then clearly 7 = 7~ ®7°@ 77" is a triangular decomposition. Let T = {v €
V|rtv =0} # 0 by Theorem 5.2.

0 0

Proposition 6.1. T isa 7T - module.

Further V.=U(17)T.

- module and in fact irreducible as T

Proof. It is easy to check that [7%,77] C 7. ;jFrom this it follows that T is a
79- module. Now from PBW theorem, we have U(7) = U(77)U(®)U(7"). (Here
U denotes the universal enveloping algebra.) Using this and the fact that V' is
T-irreducible, it follows that T is 79-irreducible and V = U(77)T.

Recall that {dy,---,d,} € D(mg,m) and hence T is Z"- graded.

Let

where A is a fixed weight in P(V') coming from Theorem 5.2. We will now record
some result on 7" which can be proved similarly as in [19], [14] and [16]. ]

Lemma 6.2.
(a) For v e T\{0},t*Kov #0 forall s€T.
(b) dim 7T}, = dimTHs =p Vsel'keZ" p, € N.

(¢) Let vi(k),va(k), -+, v, (k) be a basis of Ty, for k € Z™,0 < k; < m;. Let
vi(s+ k)= CLOtSngi(k), then {vi(s+k), -+ v, (s+k)} is a basis of Tiis.

(d) Zt*Ko(vi(k+7),-- o (k+7)) = (vi(k+7+5), - o (k+7+5)) for all
r,sel.

(6) h®t5(vl(k+r)7'” ,Upk(k}—l—T» - )‘(h>(vl(k+r+s)7"' 7Upk<k+r+8)) fOT
h € §(0) and all r,s € I', where X is a fized weight of P(V).

(f) t°do(vi(k+71), - v, (k+7)) = XNdo)(vi(k+7+5), - v, (k+7+5)) for
all s,r € I' where X\ s fized.
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(9) 'K, - T=0 1<p<mn,rel.

(h) t"Ko-t°Ky-v=Cot""*Kov for allveT and r,s € T.

7. More notation and co-finite ideals

(7.1) Let DerA(m) be the derivation algebra of A(m). Let e,---,e, be the
standard basis of C" and let v = > u;e; € C". Let D(u,r) = Zuitrdi,r el.
i=1

(7.2) From the earlier section T can be identified with V! ® A(m) where V! can

be taken as
D T

0<k;<m;
1<i<n

(7.3) Now D(myg,m) is spanned by t"d;,7 € I',0 < i < n. Thus D"(mg, m) can
be identified with DerA(m) & Z(Ctrdo. Z° can be identified with Z(CtTKO as

rel’ rel’
the rest of the space acts trivially on 7. Thus V! ® A(m) is an irreducible module

for
L =L°(g,0) ®DerA(m) @ » Ct'dy ® A(m),

rel’

where we identify ZCtTKO by A(m) and CLOtTKO goes to t" which is well defined

rel’

by Lemma 6.2(h).

(7.4) We note the following

roett = vt
t'dy-v@t = Mdy)vt ™ forr,sel,veVh

(7.5) Let 8: {X € glopX = X,[h,X] =0,h € h(0)} and the following is easily
checked.

0. 0
(7.5.1) 04(8) Cg for 1 <i<mn.

0 0
(7.5.2) @= @ gz is a natural A- grading where
keA
SEZ {X 68 ;X =¢€F X, 1<i<n}.
The corresponding multiloop algebra is denoted by

0 0
L(8,0) = @ g5 @t".
keA
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0 0
It is clear that L°(g,0) = L(8,0). When we say X (k) = X @ t* € L(9,0)
0
we always mean X egk

Thus L & L(g,0) ® DerA(m) ) ® » Ct'd.

rel’

(7.6) The brackets in L are given as follows :

(a) [X(k),Y(D)] = [X,Y](k+1),

(b) [D(u,7),D(v,s)] = D(w,r + s) where w = (u, s)v — (v, r)u,
(©) [D(u,r),t°] = (u, s)t",

(d) [D(u,r), X (k)] = (u, k)X (K +7),

(€) [D(u,r),t*do] = (u, s)t" dy.

Now we would like to understand the irreducible L- module V! @ A(m).
We need some preparation for that.

0
(7.7) For ke Z", X €9 and ry,ry,--- ,7g € I', define X(k,ry,--- ,1q) =

ZX k+r)+ > X(k+ri+1)) (7.1)
1<j
=Y (ki) (D)X (ko). (7.2)
1<j<p
(7.3)

0
Let Fy be the subspace of L(8,0) spanned by X (k,rq,---,74). It is easily

0
checked that Fj is an ideal in L(9,0)

0 0
Lemma 7.1. a) F; C Fyq,b) [Fy, Fyl C Fyq, ¢) L(8,0)/F =8.

Proof. Note that X(k,ry, -+ ,rq) = X(k,r1,- -+ ,ra-1) = X(k4+7a,71, - ,7a-1)
which proves (a).

0 0
Now consider for [,k € Z",r,--- ,rq,s €', X €9z,Y €9;.

(X (kyry,--,r), Y() =Y ({+s)]=[X,Y]|(k+1ry,-,rq)
_[X7Y]<k+l+877ﬂla"' 7Td)
= [X,Y](k+l,7“1,r2,--- ,’I"d,S) & Fd+1.

By the above note we see that Fjy is spanned by vectors of the form
X (k) — X(k+s). Thus from above (b) follows. To see (c), first notice it for non-
twisted case and then deduce it for the twisted case using commutative algebra.
See also [24]. [
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(7.8) In this subsection we recall some facts from [11] on Der A(m). Let I(u,r) =
D(u,r) — D(u,0),u € C",r € I'. It is easy to check,

(7.8.1) [I(u,r),I(v,8)] = (v,r)[(u,r) — (u,s)I(v,s) + I(w,s + r), where w =
(u, s)v — (v, r)u.

Let I be the space spanned by I(u,r),u € C",r € I' which can be seen as
subalgebra of DerA(m).

(7.9) For d>1,uecC" sy, 54,7 €1, let

Iy(u,r, 81,82, ,8q) :I(u,r)—Zl(u,r—l—si)+ZI(u,r+si—|—sj)
i i<j
o () (ur + 81+ So e+ 8)

Let I be the space spanned by I,;(u,r,s1, 82, ,8q) for u € C" 1, s1,---s4 € T.
The following is proved in [11].

Lemma 7.2.
(a) 1; is a co-finite ideal in I.
(b) Any co-finite ideal of I contains Iy for large d.

(c) Iy =1 and I/1; = gl,,.

8. Finite dimensional modules

(8.1) Let W be the subspace of V! ® A(m) spanned by vectors of the form
t"v(s) —wv(s) for r,s €T and v € V1,

~ 0
Let L=1x L(9,0)

Lemma 8.1. W isan L DA(m) & Z(Ctrdo module.

rel’

Proof. It is easy to check using the following

[D(u,r)] — D(u,0),t’] = (u, s)(iﬁTJrs —t%),
L(8,0), A(m)] = 0,
[t"dy, A(m)] = 0.

Let V= (V! ® A(m))/W which is an L- module. Notice that A(m) ® Z(Ctrdo

rel’
acts as scalars on V' and hence we ignore them. We would like to prove that V' is

completely reducible Z—module. [
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(8.2) Recall that the Lie brackets in I are given by

(a) [L(v,s), I(u,r)] = (u,s)I(v,s) — (v,r)I(u,7) + I[(w,r + s), where I(u,r) =
D(u,r) — D(u,0) and w = (v,7)u — (u, s)v,

(b) [I(v,s), X(K)] = (v, k)(X(s + k) — X(k)),
(¢) [X(R),Y (D] = [X,Y](k+1),

where X € g7, Y € g, k,l € Z",r,s €' and u,v € C".

(8.3) Recall that we fixed A € P(V). Let a; = A(d;) . Let o = > cje; € C”

and let V; be any L- module. Then we will define L- module structure on
L) =V1® A,.

XE)-vnot = (X(k)v) @t
D(u,r)-vy @t = (I(u,r)vy) @t + (u, 1+ a)v; @ 7,
o, @ttt = v @t
t'dy-vy @t1 = Ndp) - v, @t

where v, € Vi, I,k e Z",r, s, T.
We need to check the brackets in (7.6). We will first check 7.6(d). Consider

D(u, ") X (k)(vy®@t) = D(u,r)(X(k)v, @ t"F)
= I(u,r) - X(E)v, @ 757 4 (u, 1 + k + o) X (k)v, @ ¢+

Consider

X(E)D(u,r) (v @t) = X(E)I(u,7)v; @ 7" + (u,l + a)vy @ t7)

= X(k)I(u,r)v; @ " 4 (u, 1 + o) X (k)vy @ ¢+

Now we will use the fact [I(u,r), X (k)] = (u, k)(X(k+ 1) — X(k)).

So

(D(u,r)X (k) — X(k)D(u,r)) - (11 @ t) = (u, k) (X (k 4+ 7) — X (k))v, @ ¢+
+ (U, ) ( )"U ® tl-i—k-i—r
= (u, k)X (k + r)v; @ tHHFHT
k)X (k +

= (u, k)X (k +r)(n @),

This proves 7.6(d). We will now check 7.6(b). Consider D(v,s)D(u,r)(v; @ t!)

= D(v,s)(I(u,7)v; @ 7" + (u, 1 + a)v; @t
= I(v, 8)I(u,r)vy @t 4 (v, 1+ 7 + ) (u,r)v, @ 7T
+ (u, 14+ )1 (v, 8)vy @ 77 + (u, 1 + ) (v, 1 + 7 + a)v, @ 5,
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Similarly we have D(u,r)D(v,s)(v; ® t')

= I(u,7)I(v,s)v; ® tH+s
+ (u, 1+ 5+ a)I(v,s)vy @t 4+ (v, 1+ ) I (u,r)v; @ 7+
+ (v, 1+ a)(u, 1 + s+ a)v, @ tHH7Fs,

Now we will use 8.2(a). So (D(v, s)D(u,r) — D(u,r)D(v, s))v; @ t!
= ((u, s)I(v,5) = (v, 7)1 (u,7)

+ I(w,r + 8))vy @ T 4+ (v, ) (u, ), @ ¢
— (u, 8)I (v, 8)v; @ T + (w,l + a)v; @ TS

= D(w,r + s)(v; @ t')

This proves 7.6(b). The remaining brackets 7.6(a), 7.6(c), 7.6(e) are trivial
to verify.

(8.4) Recall
(8.4.1) T is an irreducible L-module from Proposition 6.1.
(8.4.2) V is an L-module from Lemma 8.1.
(8.4.3) L({}) is an L-module from (8.3).

We will now establish that 7" is contained in L(X?) as L-modules.
For v, € Ty, let T, be the image in V= T/W. Let ©: T — L(V),
SO(U;C) :m@t’“,kEZ".

Lemma 8.2. ¢ is an L-module map.

Proof. Consider ¢ (D(u,r)vy) = D(u,r)vp @ ti+7. Now

(D(u,r) — D(u,0))v;, @ tF+"
+ (u, k + ) @ 5T
= D(u,r)v, @ tF,

D(u,r) (v, @ t¥)

Thus we have verified @ (D(u, 7)) = D(u,r) @ (k).

The rest of the relations are easy to verify. Cleary ¢ is a non-zero map and

since T' is an irreducible L-module we have T C L(‘?) as L-module. n
Theorem 8.3. 17 1s completely reducible as [N;- module and all components are
isomorphic.

We will prove some results before proving Theorem 8.3. The following is
very standard.
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Proposition 8.4. Let g be any Lie algebra. Let Vi, Va,--- V, be mutually
non-isomorphic irreducible g-modules. Suppose W is a non-zero g-submodule of

@Vi. Then there exists S C {1,2,--+ ,n} such that

=1

W=

i€S

~

We will now prove a decomposition theorem for L(V) as L-module. First
we give some notation. Recall that

@
peEA

Let p€ Z™ and p € A.

Define

~

L(V)(®) = {o @ 77 5, €Vy,r € T,k € Z'),

Clearly L(&)(ﬁ) is closed under A(m) and ZCtTdO.

rel
0
Consider for X €g;,
X(1).( @ t7747) = X (v @ " e L(V) ().
D(U’7 S)(ﬁk ® tk‘H'JFp) = I<u7 S)Uk: & tk+T+p+s + (U, k +7r+ p -+ a)ﬁk ® tk+7’+p+87

~ ~

s € I'. We see that the above vector belongs to L(V)(p). Thus L(V)(p) is an
L-module. Clearly

L) =B L))

which is a finite sum of L-modules.

Lemma 8.5. 1 is graded irreducible L-module if and only if L(‘;)(O) is an
wrreducible L -module.

Proof. Recall that V and L are A-graded. Further using the map @, T = QNO(T)
as L-modules. We will first note that the L-module generated by v, ® t*, k € Z"

is equal to the L ®A(m)-module generated by T, ® t* k € Z". This follows from
the fact

D(u, ) (T @ t*) = I(u, r)v, @ "7 + (u, k + )v; @ tF7

and
"0 @ tF =T, @ tF1T

Also note that ¢" acts trivially on ‘7 From this it is easy to see that both the
statements of the Lemma are true. ]
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(8.5) It is easy to see that T = L(‘?)(G) as L-modules (See Lemma 8.2) and

in particular L(V)(0) is an irreducible L-module. Thus by above Lemma V is

irreducible graded Z—module.

~

Proposition 8.6.  Each L(V)(p) is an irreducible L-module.

Proof. Consider the map for a fixed p € Z" such that p # 0,

~

w(p) : L(V)(B) = L(V)(0)
7T<]_9) (Ek ® tk-i—r-i—p) =T ® tk—H.

It is easy to see that m(p) is a vector space isomorphism and not a L-module map.
For example

(u, k+1+p+a), @t TP = d; (0, @*TP) £ d; (0, ) = (u, k+r+a)v,@tF T

~

Now suppose W is a non-zero proper submodule of L(V)(p). Clearly =(p)(W) is

~ ~

a non-zero proper subspace of L(V)(0). To prove that L(V)(p) is irreducible, it
is sufficient to prove that 7(p)(W) is an L-module. Since 7(p) commutes with

L(g,a) ® A(m) @ ZCtTdO, it follows that 7(p)(W) is a module for the above

rel
space. Since W is a weight module, it is easy to check that 7(p)(WW) is also a

weight module. Let w = 7), @ t**" € 7(p)(W) be a weight vector, then
D(u, s)(0, @ ") = I(u, s)vp, @ "7 4+ (u,k + v+ p + a)v, @ TP e W

Also
ts(@k ® tk+r+p) =T ® tk+r+s+p cW.

This proves I(u,s)vy @ th7 1P + (u, k + 1 4+ a)vp @ tFH7T51P € W. This means
7 YP)(D(u, s)(v, @t*17)) € W. So D(u, s)(v, @ ") € w(p)(W). Thus 7(p)(W)
is an L-module. This proves that L(V)(p) is irreducible L-module.

It is possible that some of the modules in L({?) are isomorphic. We need

to develop the notion of graded automorphisms of 17 |

Definition 8.7. An L-module automorphism 6 of V is called p-graded if
0(Vg) =V_p for all keA.

1. In this case dim ‘7E = dim ‘7%75-

2. Suppose € is a p-graded automorphism of 17 Choose minimal integer
N, > 0 such that N,.p = 0 in A.Then clearly 6™ Vz=V%. Thus there

exists a vector v in Vg such that " v = v for some non-zero scalar \.
Consider the space

W = {v eV [0Vv = I},
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which can be seen as a graded submodule of V Since V is graded irreducible

by 8.5, we see that W V Thus 0> = X\ on V Now by suitably multiplying
0 by a scalar we can assume 6V = 1.

So here after we will work only with graded automorphisms of finite order.
Recall we have fixed a« € C" from 8.3. For any L-module V| we define

Vi ={v € V|D(u,0)v = (u, k + a)v},

for k£ € Z™. Thus we have

LV)k=EPLOV) P

pEA
Lemma 8.8. dim 175 = dim L(‘;)(G)k = dim L(V)( it -

Proof. Proof follows from the definitions of L({})(ﬁ) ]

(8.14)  Suppose 0 is a p-graded automorphism of V and N, be the order. Then
0 defines an L -module isomorphism

6 : L(V)(0) = L(V)(P)
0 (T, @ t"7) = 0(T;) @t

It is easy to check that # is an isomorphism of L-modules. Suppose there exists

an L-module isomorphism ¢ from L(I?)(G) to L(&)(}‘?), then k-weight vectors go
to k-weight vectors under this isomorphism. Thus

0 (Tp @ t*) = Wy_, @ t*.

We now define 6(7y,) = Wi_,. This can be checked to be p-graded automorphism

of ‘7 and can be assumed to be of finite order.

Proposition 8.9.  There is a one-one correspondence between p-graded ZN;—

module automorphism of V and isomorphism between L(X?)(G) and L(I?)(ﬁ)
Proof. Proof follows from above discussion. ]
Lemma 8.10.  Suppose such an automorphism exists, then

1. dim Vi = dim Vi,

2. dim L(V)(0), = dim L(V)(0)x_,

Corollary 8.11.
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2. dim L(If;)(jﬁ)m = dim 175 forany 1,5 € Z.

Proof. Repeated application of §. Note that ¢’ is also an automorphism. We
will first prove the following Proposition which is also independent interest. |

Proposition 8.12.  Let g be any A-graded Lie algebra. Let V' be finite dimen-
sional A-graded g module. Let p € A and let 6 be p-graded g module automor-
phism of V' of order N, < 00.

1. Then each eigenspace of 0 is a g-module and all eigenspaces are isomorphic
as g modules.

2. Let Z, be the finite subgroup of A genarated by p. Let A, = N/Z,. Suppose
V' is A-graded g irreducible then each eigen space is A, -graded g-irreducible.

Proof. LetV = @Vq be A-gradation and let dim V, = n,. Since 6 is A-graded

qEA
automorphism we have n,., = n, V¢ € A. We have |Z,| = N,. Let |[A,| =m, so

that Nym, = |A|. Let q1,¢2- -+, qm, be distinct coset representations of A,. Let

Sp = anj. Then in view of above we have N,S, = dimV . Let ¢ be the N,th
j=1
primitive root of unity. Let for 0 <i < N,,.
Vi={veV|fv=_"v}

Then
Np—1

Ppvi=v
=0

For v € V, let v(i) = v+ C'O(v) + - - - + (N~ DgNo—1y),
Then clearly v(i) € V*. Note that if v € V, and w = ¢’v € V,,. We have
w(i) = (Ywv(i). It is easy to check that there is a injective map

@qu — Vv — (1)
j=1

(a) Thus S, < dim V* and note that L.H.S. is independent of i. Now summing
Np—1

over ¢ we see that dimV = NS, < Z dimV?® = dim V. Thus equality holds
i=0
at (a). This proves that dimV* = dimV’ = S, for all 0 < i,j < N,. Also, as

equality holds at (a), we see that V' is spanned by v(i),v € @qu. Now consider
j=1
the g-module map from ’ '
Vi— VY
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o(i) — v(j),v € DV,
j=1

which is clearly injective and surjective. Thus proof of (1) is complete.

To see (2), note that any A-graded vector space is also A,-graded. To
prove V' is Aj,-graded g-irreducible it is sufficient to connect v(z) and w(i) for
v € Vg,w € Vp under g. Since we are assuming V' is A-graded irreducible we
know that v and w are g-connected. Then clearly v(i) and w(i) are g-connected.
The proof of (2) is now complete. Note that each V* is no longer graded by A but
by A,. |

Theorem 8.13. V is an L irreducible module if and only if L(v )( ), D €A
are mutually non-isomorphic as L-modules.

Proof. = We can suppose L({?)(G) = L(V)( ) for 0 #p € A. Then there exists
a p-graded automorphism of V Let N, be the order. For v}, € Vk, define

ﬁk(O) = U + G(Ek) 4+ -+ eprl(@k).

It is casy to check that H(Ek( )) = Tk (0).

Let Mo= {7, (0 ) Uy, € Vk,k: € A}, where {} means the space spanned by the
vectors inside V Clearly M o 18 a non-zero proper submodule of V This proves
one side of the theorem. Now suppose L(V)(p) P € A be mutually non-isomorphic
modules. Suppose W is a L submodule of V Then clearly

L(W) C L(V) = P LV) (D)
peA
Then by Proposition 8.4, we see that there exists S C A such that

- P L)@

peES

This means L(&)(ﬁ) C L(W) for some p. This means vy, ® t*? € L(W), which

means v € W. By 8.5, the module generated by vy is \7 Hence W 217. This
proves the other part of the theorem. [ |

(8.6) The aim is to find suitable irreducible L submodule of V. Fix a 0 #pEA

from p € Z™. Suppose 6 is a A-graded L-module automorphism of degree p. Let
N, be the order of 0.

(8.7) Let Z, be the cyclic group generated by p inside A. Let A, = A/Z,.
Consider

Z" - 72" I = A = A,
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Let T'y be the kernal of the above map. For 0 < ¢ < NN, define
(i) = T + CO() + - - - (DNl

Then clearly Q(Uk( )) = ¢ 0r(i)
Let M— {v cv |0(v) = ("'v} which can seen as a proper submodule of V.
N,—1

Further 17: @ ]\NL By earlier Proposition 8.12, all ]\NL are isomorphic as Z—

=0
modules and Ap-graded. Let m, = [Ay|. As earlier let 0 = ¢1,q2, - ¢m, be a set

of coset representatives of A,. Now, for 1 <[ <m,, we have
L(V)(q) = LV)(@+p)-- = LV)(@+ (N, = 1)p).
(Np—1)
Let W(g) = €5 L(V)(a + jp)
j=0
Let M! = {v,(i) @ th*tr+a 7, 6‘7@, k€ Zm reT}. It is easy to see that M}
is a L-module and contained in W(q,).

Claim o (i)@t"+ta=iP ¢ M!. To see this consider for any j, v, (i) = ¢'0(vy (i) =

€707 (g (7)) = Wg—jp(7) for some Wy, E&k_jp. The claim now follows from def-
inition. Thus in the definition of M/, I" can be replaced by I',. It is easy to see

that L(M;) = @Ml %)

By Proposition 8.12(2) we know that each M is A, -irreducible. Now by
arguments similar to Lemma 8.5 and Proposition 8.6 it follows that each M} is
irreducible L-module. We have already noted that M! C W (g) which is sum of

isomorphic L-modules. It now follows that M} =2 L(I?)(ql). Now it also follows
Np—1

the @ M! = as the number of components are same each side and they

i=
are all 1somorph1(:

The situation * is similar to Theorem 8.13. We can now prove the following,
whose proof is similar to Theorem 8.13.

~

Theorem 8.14. We fix i. M; 1is irreducible as L -module if and only if
ML0<I< my, are mutually non-isomorphic as L-modules.

Np—1
Proof of the Theorem 8.3. Recall that \7: @ M; and all components
=0

are 1som0rph1c as L- modules which follows from Proposition 8.12(2). Further

dim M < dim V Suppose M is reducible as L module, then we can repeat the
above process. This process has to stop for dimensions reasons. Hence the theorem
follows. [ |
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(8.23) To avoid more complex notation we assume that each M; is irreducible
L-module.

9. Final Theorem

In this sectlon we will describe the I-module structure of M We are assumlng

that each M is irreducible L-module. We will actually prove that M is an
0

irreducible module for the direct sum gl,® 9. Recall that gl, is a quotient of [

from Lemma 7.2(c) and 8 is a quotient of L(B,O') by the map X (k) — X EEIE
(See Lemma 7.1(c)). Here X (k) is identified by X. We will start with a simple
Lemma.
Suppose S is a vector space such that S = @SE-
keA
An operator T : S — S is called degree k operator if T(S;) € Sp.5. The
following lemma is trivial to see.

Lemma 9.1.  Suppose T is a degree k operator such that k # 0. Suppose T
acts as a scalar X. Then A =0.

The following is well known. See Proposition 19.1(b) of [17].

Lemma 9.2. Let g’ be a Lie algebra which need not be finite dimensional. Let
(Vi,p) be an irreducible finite dimensional module for g’ .

We have a map p : ¢ — End Vi. Then p(g') is a reductive Lie-algebra
with at most one dimensional center.

Let g; and g, be infinite dimensional Lie algebra such that g; acts on gs.
Let g’ = g1 X go be the natural semi-direct Lie algebra. Let J be an abelian ideal
of go which will not be assumed to be a ideal of g¢’.

Proposition 9.3.  Suppose (V' p) is an irreducible finite dimensional module
for g'. We have p: g — End(V'). Then p(J) is central ideal in p(g').

Proof.  From above Lemma 9.2, it follows that p(g’) is a reductive Lie algebra.
Since g is an ideal in g’ we have p(gz) is an ideal in p(g’). Thus p(gz) is reductive
Lie algebra. Now we know that .J is abelian ideal in go and hence p(.J) is contained
in the center of p(g2). This proves p(.J) is actually contained in the center of p(g’).
In particular p(J) is an ideal in p(g’). [

Theorem 9.4. ]\7[Z s actually an irreducible finite dimensional module for the

0
direct sum gl,® 9.

We need the following Lemma.
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Lemma 9.5. Letk € Z" ri,ro, -+ ,rq € and d > 1. Suppose X (k,r, -+ ,rq)

acts as a scalar X on 17 Then the scalar X\ is zero.

0 _

Proof.  First we note that if X €g Ng(0,0) then X € h(0). This follows
from the theory of finite dimensional simple Lie algebras. Suppose k = 0, then
X € h(0). From Lemma 6.2(a), it follows that X (k,r) = X(k) — X(k+r) is zero

on V. Since X(k,r1,79,+ -+ ,74) is spanned by X(k,r),r € I, it follows that A is
zero. Now suppose k # 0, then from Lemma 9.1, it follows that A is zero. This
completes the proof of the Lemma. [ |

Proof of the Theorem 9.4. Let p denote the z—module action on ]\7[2 and

note that p is independent of i as all ]\NL are isomorphic. Consider (kerp) NI
which is a co-finite ideal of I. Thus from Lemma 7.2(b), it follows that (ker p) N[
contains I; for large d. Consider

[I(uvkﬂnl?er'” 7Td)7X<l)] :X(k—‘—l,’f’l,’l“g,"' ,Td) € kerp‘ (**)

This proves Fj; acts trivially on ]\NL But we know that [Fy_y, Fy_1] C F; by
0
Lemma 7.1(b). Thus p(F,;_1) is an abelian ideal in p(L(8,0)). By Proposition 9.3

it follows that p(F,;_1) is a central ideal in p(Z) . Tt is well known that center acts as
scalars on a finite dimensional irreducible module. Thus X (k,ry, 79, ,rq) acts

as scalar on each M, and the scalar is independent of i. Thus X (k, 7,79, - ,74)
acts as a single scalar on V Now by Lemma 9.5, scalar is zero. Thus Fy_; acts

trivially on each M It now follows that p(I;_1) is an ideal in p( L) by (xx). By
Lemma 4.2 of [11], I;_; acts trivially. By repeating this argument finitely many
times we see that [y acts trivially and F, acts trivially. Now from above argument

we see that Fj acts trivially. Thus I, & F) acts trivially on M As noted in the

beginning of the section we see that each M is a module for g¢l,® g and hence
the theorem is proved. [ |

(9.1) By Lemma 2.7 of [18], there exists an irreducible module V1 of gl, and an

irreducible module V5 for @ such that V1 ® Vo=V as gl,® g-module. Regarding
gradation, note that all vectors of I are grade zero and hence we can assume V4
is zero graded and Vo is A,-graded.

(9.2) We will now describe a class of modules for 7. For that we will define
modules for 7. Recall that

0 =L%g,0) ® Z° ® D°(mg, m)

where

70 = @ Ct"d,

0<i<n
rel’
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and
D°(mg, m) = DerA(m)@Z(Ctrdo

rel’

0
Let Wy, W5 be irreducible finite dimensional modules for gl,, and ¢ respectively.
We further assume that W, is A-graded which is compatible with A-gradation

0
on g. Let {E;|1 < i,j < n} be standard basis for gl,. Now define 7° module
structure on

WieW,® A,

0
Let r =) myrie; € I, N\ u,a € C*,u; € Wy and ug € Wo, [,k € Z", X €9 .
Define

D(u,r)- v @vy@t%) = (u,k+ a)vy @ vy ® tHT
+ Z(uirjijjivl) Q vy ® tHTT
Xt (1 Quath) = v @ Xv, @ th
t'dy -1 @ua @tF = v @vy @ FTT
CLOtTKO QAT = v Quy @
Ky @ua@th = 0,1<p<n

0
It is easily checked that W; ® Wy ® A is a module for § ®A,, & D°(mgy, m) ®

ZY. Tt is also a module for 7° as L(El, o) Qg ®A.
Let Wy = @WM be the A-gradation.
keA
Now consider the submodule 7" = @Wl @ W,z ® th C W, @ Wy ® A, for 7°.

keA
It is easy checking that the above module is irreducible for 7°. Now consider the

induced modules for 7.
M = Ind,op, T’

where 71 acts trivially or 7”. Now by standard arguments there is unique maxi-
mal module M"? for M. Consider the irreducible module M/M" for 7.

Theorem 9.6.  Let V' be irreducible integrable module for T with finite dimen-
sional weight spaces. Assume that Ko acts as Cy > 0 and k; acts trivially for
i#0. Then V = M/M™ where M is defined as above.

Remark 9.7. The assumption on the central elements are not serious. It is
sufficient to assume that some central element acts non trivially. In that case
there is exists another twisted full toroidal Lie algebra which is isomorphic to given
algebra where the assumption on the central elements hold. This is explained in
(3.2).
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~ ~ 0
Proof of the Theorem. We already have V; and V5 modules for gl,, and g .
We take Wy =V; and Wy =V,. It will also follows that L(M;) =V; @ V, ®A,.

Then the submodule @ 171 ® 17% ®t* is isomorphic to M} for all i. We have
kezZn

already seen that T = L(\?)(O)(%’ M}) as L-modules for all i. Note that it is

difficult to give a direct map between M} and T as there is a twisting taking

place. Taking 7" = T the theorem follows. ]
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